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Abstract. We study the inverse problem of recovering the constitutive tensors of a homogeneous

anisotropic electromagnetic medium without magnetoelectric coupling (non-chiral) from its Fresnel

surface, the characteristic variety of Maxwell’s equations governing electromagnetic wave propaga-

tion. For known isotropic permeability, normalized to µ = I, we prove that the Fresnel surface

uniquely determines the permittivity tensor ε, and that the associated Fresnel polynomial is re-

ducible precisely when ε has a repeated eigenvalue. For general, positive-definite symmetric tensors

(ε, µ), we prove that the Fresnel polynomial is generically irreducible over C and we identify the

natural gauge symmetry under which it is invariant. Using geometric invariant theory, a powerful

tool of modern algebraic geometry, we construct an affine quotient of the parameter space by this

gauge action and prove that the induced Fresnel-polynomial map is birational onto its image. We

deduce that, outside a proper real algebraic exceptional set, the real Fresnel surface determines

(ε, µ) up to gauge. This establishes generic uniqueness for the inverse problem and, to our knowl-

edge, provides a new application of affine geometric invariant theory to gauge freedom in a PDE

inverse problem.

1. Introduction

An electromagnetic medium is described by its permittivity ε and its permeability µ, both

positive definite and symmetric 3 × 3 real matrices. These material parameters define a Fresnel

polynomial whose vanishing set is the Fresnel surface. This surface describes the propagation

of electromagnetic waves through the medium, so travel-time measurements provide information

about it, leading to the inverse problem at the heart of this paper: Are the material parameters

(ε, µ) uniquely determined by the Fresnel surface? We answer this question affirmatively, up to a

natural gauge freedom that disappears, for example, when a material is magnetically isotropic, i.e.,

when µ = µ0I is a known scalar matrix.

We use ideas from algebraic geometry to solve this inverse problem. For magnetically isotropic

materials, the methods we use are elementary, but in the general case, we leverage more sophis-

ticated tools from modern algebraic geometry, including geometric invariant theory. To the best

of our knowledge, this is the first use of modern geometric invariant theory to account for gauge

freedom in PDE inverse problems. However, the connections between this inverse problem and

classical algebraic geometry have deep historical roots, which we review in §3.1.
It is natural to ask for the further determination of permittivity and permeability fields ε(x)

and µ(x), i.e., for an understanding of how the parameters (ε, µ) vary across physical space in an

inhomogeneous material. Geometrically, this amounts to studying a Fresnel-surface bundle, whose
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fibres are individual Fresnel surfaces. To understand this global object, however, it seems prudent

first to study the fibres themselves and their determination from pointwise data. Such a study is

the objective of this paper.

The “fibrewise study of electromagnetic geometry” is analogous to a recent investigation into

slowness surfaces arising from anisotropic elasticity [Hoo+23]. Structural similarities are unmis-

takable: material parameters are to be determined from the characteristic variety of a system of

hyperbolic partial differential equations arising from a well-known physical model. The algebraic

structures one ends up with are, however, substantially different.

1.1. Main Results. The material parameters ε and µ are collected into a single 6×6 block matrix

M =

(
ε 0

0 µ

)
. (1)

In more exotic media, the off-diagonal entries may also differ from zero; i.e., we may have two

more 3 × 3 matrices η and ξ in the off-diagonal blocks, satisfying ξ = −ηT , which correspond to

magnetoelectric coupling, but we shall restrict our study to the block-diagonal case. Physically,

this corresponds to the absence of chirality in our medium.

For p ∈ R3, the linear endomorphism of R3 given by v 7→ p× v yields a matrix

p× =

 0 −p3 p2
p3 0 −p1
−p2 p1 0


under the standard basis of R3. Using the 6× 6 block matrix

Cp =

(
0 −p×
p× 0

)
, (2)

we define the Fresnel polynomial by

Pε,µ(p) = det(Cp −M) (3)

and the Fresnel surface as its zero-locus

Σε,µ = V(Pε,µ) := {p ∈ R3;Pε,µ(p) = 0}.

Our first two results together state that in a magnetically isotropic (µ = I) and non-chiral

medium, the permittivity ε is uniquely determined by the Fresnel surface.

Theorem 1.1. The Fresnel polynomial Pε,I is reducible if and only if the permittivity ε has a

repeated eigenvalue.

Theorem 1.2. Let ε1 and ε2 be positive definite, symmetric real 3× 3 matrices. If Σε1,I = Σε2,I ,

then ε1 = ε2.

From the conjunction of these two theorems, we deduce that a small Euclidean subset of the

Fresnel surface suffices to uniquely determine permittivity.

Corollary 1.3. A nonempty open set, in the usual Euclidean relative topology, of the smooth locus

of the Fresnel surface Σε,I ⊂ R3 uniquely determines the permittivity ε, as long as ε has no repeated

eigenvalues.
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Consequently, kinematic measurements of a medium providing access to an open subset of the

Fresnel surface generically suffice to uniquely determine an unknown ε.

Proceeding to non-magnetically isotropic materials, we give a new proof of an analog of Theo-

rem 1.1.

Theorem 1.4 (Generic Irreducibility). The Fresnel polynomial Pε,µ associated to generic material

parameters (ε, µ) is irreducible over C.

We emphasize that Theorem 1.1 is not a consequence of Theorem 1.4. Indeed, the set of pos-

sibly reducible Fresnel polynomials in the proof of Theorem 1.4 could have included all Fresnel

polynomials with µ = I for dimension reasons.

Theorem 1.4 is implicit in the classical theory of Fresnel wave surfaces due to their tight con-

nection to Kummer surfaces, which are known to be irreducible; see, e.g., Bateman [Bat10] and

Baekler–Favaro–Itin–Hehl [Bae+14]. However, not every Fresnel surface is a Kummer surface; this

is only true under a genericity assumption. For instance, the Fresnel polynomial with ε = µ = I is

reducible.

The proof of Theorem 1.4 also uses algebraic geometry, but it is remarkably simple.

The matrix Cp depends linearly on p but has only rank 4, because the operator p× has rank 2.

The Fresnel polynomial Pε,µ ∈ R[p1, p2, p3] has degree 4; it is supported on 22 monomials, all

of which have even degree, and its constant term is detM = det(ε) det(µ). Fixing a monomial

ordering, we identify Pε,µ ∈ R[p1, p2, p3] with its vector of coefficients, giving a point Pε,µ ∈ R22.

We denote the map from the material parameters (ε, µ) ∈ R6+6 to the Fresnel polynomial by

F : R12 → R22.

In Proposition 4.1 below, we show that

Pε,µ = Pµ,ε = Pλε,λ−1µ (4)

for all ε, µ ∈ R6 (symmetric real 3 × 3 matrices) and all λ ∈ R \ {0}. These conditions define

the gauge freedom for the Fresnel polynomial, and prompt us to define an equivalence relation

∼ on R12 by declaring that (ε, µ) ∼ (ε′, µ′) when (ε, µ) = (λε, λ−1µ) or (ε, µ) = (λµ, λ−1ε) for

some λ ̸= 0. Since the map F is constant on equivalence classes, it factors through the quotient

f : R12/∼ → R22.

Empirically, observed kinematic data determines the Fresnel surface, rather than a distinguished

normalization of the Fresnel polynomial. Thus, a more natural target for the map f is a projective

space of quartic polynomials, provided the polynomial is nonzero. However, there is an R-algebraic
subtlety here. Over C, two square-free polynomials vanish in the same set exactly when they differ

by a non-zero complex scalar. Over R, equality of real zero sets does not imply that two square-free

polynomials differ by a real scalar, since factors without real zeroes are invisible to the real vanishing

locus. On the other hand, since a general Fresnel polynomial is irreducible over C (Theorem 1.4),

and its real zero locus contains smooth real points, any quartic polynomial vanishing on the same

nonempty Euclidean open subset of the real Fresnel surface must be a scalar multiple of the Fresnel

polynomial (see Lemma 7.5). Therefore, generically, passing from the Fresnel polynomial to the

Fresnel surface amounts precisely to projectivizing the coefficient vector. Write q : R22\{0} → RP21

for the quotient map to the projectivization.
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Denote by R12
+ the set of points (ε, µ) where ε and µ are positive definite. The equivalence

relation ∼ induces an action of R>0 ⋊ Z/2Z on R12
+ . Writing X := R12

+ /(R>0 ⋊ Z/2Z), Y := RP21

and ϕ = q ◦ f
∣∣
X
, the inverse problem of reconstructing (ε, µ) from the Fresnel surface Σε,µ up to

the gauge (4) equivalently asks whether the forward operator ϕ : X → Y is injective. This is the

subject of the central result of our investigation:

Theorem 1.5 (Generic Unique Reconstruction). The material parameters (ε, µ) are generically

uniquely determined by Σε,µ up to the gauge freedom (4). More precisely, the map ϕ : X → Y is

generically injective.

Unfortunately, X is only a semi-algebraic set, so generic injectivity in Theorem 1.5 is not a

statement about Zariski open subsets. But we can be algebro-geometrically precise about what we

mean as follows (see §7.5). Regard pairs of symmetric 3 × 3 matrices (ε, µ) as points of the real

affine space

Sym3(R)× Sym3(R) ≃ R12.

Then there exists a proper gauge-invariant real algebraic subset E ⊂ R12 such that, whenever (ε, µ)

and (ε′, µ′) ∈ R12
+ \ E , if Σε,µ = Σε′,µ′ , then (ε, µ) and (ε′, µ′) differ by a gauge transformation (4).

Therefore, outside a proper real algebraic locus of R12, the Fresnel surface determines the material

parameters up to the gauge freedom (4).

1.2. Paper Outline. In §2, we review the form of Maxwell’s equations and derive the Fresnel

polynomial as the characteristic polynomial governing plane-wave propagation. We then place our

results in the context of the classical algebraic geometry of Fresnel and Kummer surfaces and of

inverse problems for Maxwell’s equations in §3.
The thrust of the paper begins in §4, where we establish the gauge symmetries of the Fresnel

polynomial and formulate the inverse problem modulo these natural equivalences.

We proceed to study the magnetically isotropic case in §5, where we characterize the reducibility
of the Fresnel polynomial in terms of the eigenvalue multiplicities of the permittivity tensor and

prove that the Fresnel surface uniquely determines the permittivity (Theorems 1.1 and 1.2).

General non-magnetoelectric media are treated in §§6–7. In §6, we prove the generic irreducibility
of the Fresnel polynomial (Theorem 1.4), and we establish the generic uniqueness theorem (Theo-

rem 1.5) in §7. We first construct the relevant algebraic quotient under the gauge action in §7.1,
then analyze the resulting rational map by passing to a suitable slice in §7.2, compactifying the pa-

rameter space, and resolving its indeterminacies in §7.3. Theorem 7.3 is the key algebro-geometric

result that allows us to prove Theorem 1.5. We conclude by relating projective classes of Fresnel

polynomials to real Fresnel surfaces, thereby proving generic reconstruction of material parameters

from the Fresnel surface up to the natural gauge freedom.

Use of AI. After completing a draft of this paper, we asked OpenAI’s GPT5.6-Sol Pro to audit

the manuscript for the correctness of claims and arguments and logical holes. Its response helped

to bolster some arguments that were essentially correct, but could have used more detail in §§4–5;
it suggested Theorem 6.1, greatly simplifying our original proof of Theorem 1.4, which followed

along the methods in [Hoo+23]; and it helped significantly improve the exposition in §7. The AI

also wrote magma code to perform further consistency checks on Examples 6.2 and 7.2, although

our original code already established all the claims we needed. The paper remains human-written.
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2. Review: Maxwell’s equations

We briefly recall the form of Maxwell’s equations we use and explain the origin of the Fresnel

polynomial. In our presentation, we assume the material parameters are homogeneous (independent

of the point), non-dispersive (independent of frequency), and free of free charge (so that the current

density vanishes).

In a general local linear medium, the electric field E(x, t) : R3 × R → R3 and magnetic field

H(x, t) : R3 × R → R3 are related to the electric flux density D(x, t) : R3 × R → R3 and the

magnetic flux density B(x, t) : R3 × R → R3 by the constitutive relations(
D

B

)
= M

(
E

H

)
, where M =

(
ε ξ

η µ

)
,

and the 3× 3 matrices ε, µ, η, ξ are constant. Throughout most of the paper, we restrict attention

to nonchiral media, for which η = ξ = 0, so that M takes the diagonal block form (1), with ε and

µ symmetric and positive definite. The fields E, H, D and B satisfy Maxwell’s equations

∇× E = −∂tB,

∇×H = ∂tD,

∇ ·D = 0,

∇ ·B = 0.

(5)

In a homogeneous medium, the propagation of electromagnetic waves can be understood using

the plane-wave ansatz

(E,H)(x, t) = (E0, H0)e
i(p·x−ωt)

with the wave (co)vector p ∈ R3 and frequency ω. Upon taking Fourier transforms, we replace

∇ 7→ ip, ∂t 7→ −iω

in (5) and obtain the system
p× E = ωB,

p×H = −ωD.
5



We use the matrix Cp in (2) to rewrite the system more compactly as

(Cp − ωM)

(
E0

H0

)
= 0. (6)

A nontrivial plane wave exists precisely when the matrix in (6) is singular, and the polarization

vector (E0, H0) is in its kernel. We thus get the condition

det(Cp − ωM) = 0.

There is a universal factor of ω2:

det(Cp − ωM) = ω2P̃ε,µ(ω, p),

where P̃ε,µ is homogeneous of degree 4. The reduced propagating characteristic surface is V(P̃ε,µ) ⊂
P3, and the affine Fresnel surface is the chart where we normalize ω = 1:

Σε,µ := {p ∈ R3 : P̃ε,µ(1, p) = 0}

This leads to the Fresnel polynomial

Pε,µ(p) := P̃ε,µ(1, p) = det(Cp −M).

cutting out the affine Fresnel surface.

The assumptions of homogeneity and lack of charge were convenient for global analysis but,

in fact, unnecessary for understanding the propagation of electromagnetic waves. If the material

parameters vary, one can use essentially the same procedure as above and show that Cp − ωM(x)

is the principal symbol of the Maxwell equations. The densities of electric charge and current are

lower order effects and do not contribute to the principal symbol. The set of spacetime covectors

(p, ω) for which this symbol has a kernel is exactly the Fresnel surface. In other words, the Fresnel

surface is the characteristic variety of Maxwell’s equations. Singularities of electromagnetic waves

propagate along the bicharacteristic flow generated by the Hamiltonian of Pε,µ, and the Fresnel

surface describes the admissible wave covectors at each point of the medium. This is a form of

wave–particle duality in the high-frequency limit that follows from microlocal analysis; see, e.g.,

citeDencker for details on the propagation of singularities for well-behaved hyperbolic systems.

It is easier to think of our results in the context of homogeneous media, since the Fresnel surface

is a single surface rather than varying from point to point, and it can be obtained directly from

travel-time measurements. This reduction is exactly the same as in [Hoo+23] for the elastic wave

equation, while the algebraic nature of the characteristic variety is quite different. The results

we present here lay the foundations for understanding gauge freedoms in the permittivity and

permeability fields ε(x) and µ(x), too.

The factor ω2 can be seen to correspond to two polarizations having zero frequency (ω = 0 is

a double root of the determinant). These polarizations point along the wave vector but do not

propagate, and it is physically sound to remove these spurious roots by factoring out the ω2. This

factor can also be seen to stem from the rank-deficiency of Cp.
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3. Review: Related Work

3.1. Algebraic Connections. The study of Fresnel surfaces originated with Fresnel’s 1822 work

on light propagation in anisotropic crystals [Dol20]. In birefringent media, a quartic dispersion

relation constrains admissible wave covectors; its zero set defines the Fresnel surface. Classical

investigations by Kummer in 1864 revealed a deep connection between these optical wave surfaces

and quartic surfaces with 16 nodes in algebraic geometry, now known as Kummer surfaces. The

singular points of these surfaces govern physically significant propagation phenomena, like conical

refraction. Bateman [Bat10], Hudson [Hud05], and Dolgachev [Dol20] provide historical and modern

treatments of this connection.

The geometric theory of electromagnetic wave propagation has undergone substantial develop-

ment in recent decades through the framework of local and linear constitutive laws. Notably, Hehl

and Obukhov formulated premetric electrodynamics, where the Fresnel surface emerges naturally

as the characteristic variety of Maxwell’s equations [HO03]. Subsequent studies [FB11; FBL11;

Bae+14; FH16a] clarified this Fresnel–Kummer link, proving that several physically relevant classes

of skewon-free linear constitutive tensors generate Fresnel surfaces projectively equivalent to clas-

sical Kummer surfaces, and detailing the resulting singularity structures. These results underscore

how the Fresnel surface’s geometry encodes critical information about the underlying constitutive

parameters.

The singularities of Fresnel surfaces have been studied extensively both from physical and

algebraic-geometric viewpoints. In generic local and linear electromagnetic media, isolated sin-

gular points on the Fresnel surface reflect algebraic constraints on the constitutive tensor. Favaro

and Hehl classified and visualized these singularities [Fav13; FH16b].

Our work also draws on recent developments in anisotropic elasticity for inspiration and tech-

niques. In that domain, the Christoffel equation determines a slowness surface analogous to the

Fresnel surface in electromagnetism. Algebraic-geometric techniques were used to tackle ques-

tions of irreducibility, singularities, and the recovery of elastic parameters from these wave sur-

faces [Hoo+23]. Yet, whereas elasticity phenomena typically give rise to sextic surfaces, Maxwell’s

equations naturally yield quartic Fresnel surfaces with a substantially different geometric structure.

From the perspective of inverse problems, the problems studied in this article differ fundamen-

tally from the classical inverse boundary value problems for Maxwell’s equations. Rather than

extracting material parameters from boundary measurements, we investigate whether the consti-

tutive parameters can be recovered from the characteristic geometry of the Maxwell system itself.

In this sense, our work is closer to the study of inverse problems for characteristic varieties and

dispersion relations. The main results show that, under suitable assumptions, the Fresnel sur-

face uniquely determines the constitutive parameters, thereby establishing a direct correspondence

between the geometry of wave propagation and the underlying electromagnetic medium.

7



3.2. Inverse Problems Connection. Inverse problems for Maxwell’s equations concern the re-

covery of electromagnetic material parameters from boundary measurements. In the time-harmonic

setting, one considers

∇× E = iωµH, ∇×H = −iωγE, γ = ε+ iσ/ω,

where ω > 0 is fixed, ε is the electric permittivity, µ is the magnetic permeability, and σ is the

conductivity. In the geometric formulation on an oriented Riemannian three-manifold (M, g), the

equations become

⋆dE = iωµH, ⋆dH = −iωεE,

and the boundary measurements are encoded by the admittance map

Λ : f = tE 7−→ tH,

where t denotes the tangential trace. This invariant formulation is particularly well suited to

anisotropic constitutive laws.

The fixed-frequency Maxwell inverse problem is closely related to Calderón’s inverse conductivity

problem. In the formal zero-frequency limit one recovers the conductivity equation, and many

uniqueness proofs rely on the complex geometrical optics method introduced by Sylvester and

Uhlmann for Calderón’s problem [Cal80; SU87]. Early work on the Maxwell inverse boundary

value problem includes the papers of Somersalo, Isaacson and Cheney [SIC92] and Sun and Uhlmann

[SU92]. The first global uniqueness theorem for smooth isotropic electromagnetic parameters was

established by Ola, Päivärinta and Somersalo [OPS93].

A central analytical idea is to augment the first-order Maxwell system with auxiliary scalar fields

and reduce it to a Dirac-type system

(P − k +W )Y = 0,

whose square yields a matrix Schrödinger equation

(P − k +W )(P + k −W t)Z = (−∆− k2 +Q)Z = 0.

This reduction, developed by Ola and Somersalo using generalized Sommerfeld potentials [OS96],

has become a standard tool for analyzing Maxwell inverse problems. Global uniqueness has subse-

quently been extended to lower regularity coefficients by Caro and Zhou [CZ14].

The anisotropic problem is substantially more delicate because of the natural geometric gauge

invariance. Kenig, Salo and Uhlmann proved uniqueness for time-harmonic Maxwell equations on

admissible Riemannian three-manifolds and, in Euclidean domains, for matrix-valued coefficients

belonging to a common conformal class associated with an admissible metric [KSU11]. Their

proof combines the Dirac–Schrödinger reduction with complex geometrical optics constructions on

admissible manifolds, extending the approach of Dos Santos Ferreira, Kenig, Salo and Uhlmann

[DSF+09]. In contrast, singular or degenerate anisotropic coefficients exhibit the nonuniqueness

phenomena of transformation optics and invisibility cloaking [Gre+07; Gre+09].
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4. Gauge Freedom

Recall that, quite generally, the material parameters of an electromagnetic medium are collected

into a 6× 6 block matrix

M =

(
ε ξ

η µ

)
composed of 3× 3 real blocks, such that ε and µ are symmetric, and ξ = −ηT . In this generality,

the Fresnel polynomial is defined by

P η,ξ
ε,µ (p) = det(Cp −M),

where Cp is the matrix (2). Let A = R[ε1, . . . , ε6, µ1, . . . , µ6]. A calculation shows that, as a

polynomial in A[p1, p2, p3], the Fresnel polynomial is supported on the 22 monomials

degree 4: p41, p
3
1p2, p

3
1p3, p

2
1p

2
2, p

2
1p2p3, p

2
1p

2
3, p1p

3
2, p1p

2
2p3, p1p2p

2
3, p1p

3
3, p

4
2, p

3
2p3, p

2
2p

2
3, p2p

3
3, p

4
3,

degree 2: p21, p1p2, p1p3, p
2
2, p2p3, p

2
3,

degree 0: 1.

To what extent does the Fresnel surface determine a material’s parameters? That is, does the

Fresnel polynomial p 7→ P η,ξ
ϵ,µ (p) determine ε, µ, η, and ξ? Not in this generality: There is a gauge

freedom to this question, as follows.

Proposition 4.1. For t ∈ R \ {0} we have

P η,ξ
ϵ,µ (p) = P η,ξ

tϵ,t−1µ
(p), and P η,ξ

ϵ,µ (p) = P−ξ,−η
µ,ϵ (p).

Proof. Let

Lt =

(
tI 0

0 I

)
, Rt =

(
I 0

0 t−1I

)
, and J =

(
0 I

−I 0

)
,

all understood as 6× 6 matrices written using 3× 3 blocks. We have det(Lt) det(Rt) = det(J) = 1,

LtCpRt = Cp, and

LtMRt =

(
tε ξ

η t−1µ

)
Taking determinants of this last equality gives P η,ξ

ϵ,µ (p) = P η,ξ
tϵ,t−1µ

(p). We also have

J−1(Cp −M)J = Cp −

(
µ −η

−ξ ε

)
.

Taking determinants we get P η,ξ
ϵ,µ (p) = P−ξ,−η

µ,ϵ (p). □

5. The Magnetically Isotropic Case

Throughout this section µ = I, so we omit it from the notation. To condense further, we use the

shorthand Voigt notation

11⇝ 1, 22⇝ 2, 33⇝ 3, 23, 32⇝ 4, 13, 31⇝ 5, 12, 21⇝ 6
9



to write permittivity as

ε =

ε1 ε6 ε5
ε6 ε2 ε4
ε5 ε4 ε3

 .

With these conventions, the Fresnel polynomial (3) is given by

Pε,I = ε1p
4
1 + 2ε6p

3
1p2 + 2ε5p

3
1p3 + (ε1 + ε2)p

2
1p

2
2 + 2ε4p

2
1p2p3 + (ε1 + ε3)p

2
1p

2
3

+ (−ε1ε2 − ε1ε3 + ε25 + ε26)p
2
1 + 2ε6p1p

3
2 + 2ε5p1p

2
2p3 + 2ε6p1p2p

2
3

+ (−2ε3ε6 + 2ε4ε5)p1p2 + 2ε5p1p
3
3 + (−2ε2ε5 + 2ε4ε6)p1p3 + ε2p

4
2

+ 2ε4p
3
2p3 + (ε2 + ε3)p

2
2p

2
3 + (−ε1ε2 − ε2ε3 + ε24 + ε26)p

2
2 + 2ε4p2p

3
3

+ (−2ε1ε4 + 2ε5ε6)p2p3 + ε3p
4
3 + (−ε1ε3 − ε2ε3 + ε24 + ε25)p

2
3

+ ε1ε2ε3 − ε1ε
2
4 − ε2ε

2
5 − ε3ε

2
6 + 2ε4ε5ε6.

5.1. Irreducibility Results.

Lemma 5.1. If ε and µ are positive definite, then the Fresnel surface Σε,µ is compact in the

Euclidean topology.

Proof. It is closed, so it suffices to prove boundedness. For u ∈ S2, put

Bu = M−1/2CuM
−1/2.

The matrix Bu is symmetric and congruent to Cu. It has two positive eigenvalues, two negative

eigenvalues, and two zero eigenvalues. The ordered eigenvalues of a symmetric matrix depend

continuously on its entries. Since the map u 7−→ Bu is continuous and S2 is compact, there is a

constant c > 0 such that every nonzero eigenvalue of every Bu has absolute value at least c. Write

p = tu with u ∈ S2. If p ∈ Σε,µ, then 1 is an eigenvalue of

M−1/2CtuM
−1/2 = tBu.

Thus |t| ≤ c−1. Hence Σε,µ is bounded. □

Lemma 5.2. Let M be a real symmetric positive definite matrix. If PM (p) = det(Cp − M) is

reducible over C, then it is a product of two real quadratic polynomials.

Proof. For every u ∈ S2, the matrix Bu in the proof of Lemma 5.1 has four nonzero real eigenvalues.

Hence PM (tu) has four real roots, counted with multiplicity. Let f ∈ C[p1, p2, p3] be an irreducible

factor of PM . Since PM (0) = detM ̸= 0, we may normalize f(0) = 1. For generic real u, the degree

of f(tu) equals deg f , and all of its roots are among the real roots of PM (tu). Its constant term

is 1, and none of those roots are 0, so its leading coefficient, and hence all its coefficients, are real.

Writing f =
∑

j fj as a sum of homogeneous parts, this says that every fj(u) is real for u in a

Euclidean-open set. The imaginary part of fj is a real polynomial vanishing on that open set, so

it is identically zero. Hence f has real coefficients.

A nonconstant real linear factor would vanish on an unbounded affine plane contained in ΣM ,

contradicting Lemma 5.1. Since degPM = 4, every proper factorization therefore has degrees

2 + 2. □
10



For later use, when µ = I one has the useful identity

Pε,I(p) = |p|2 pT εp− pT
(
(tr ε)ε− ε2

)
p+ det ε.

It agrees term-by-term with the displayed Voigt-coordinate formula. In an orthonormal eigenbasis,

writing ε = diag(ε1, ε2, ε3) and p = (p1, p2, p3), this becomes

P = sq − ε1(ε2 + ε3)p
2
1 − ε2(ε1 + ε3)p

2
2 − ε3(ε1 + ε2)p

2
3 + ε1ε2ε3, (7)

where

s = p21 + p22 + p23, q = ε1p
2
1 + ε2p

2
2 + ε3p

2
3.

Proof of Theorem 1.1. The assertion is invariant under an orthogonal change of coordinates, so

we may take ε = diag(ε1, ε2, ε3), with ε1, ε2, ε3 > 0. Assume first that P = Pε,I is reducible.

By Lemma 5.2, write P = gh, with g, h ∈ R[p1, p2, p3] of degree two. Let gi, hi denote their

homogeneous parts of degree i. The degree-four part of P is sq. If ε1 = ε2 = ε3, there is already

a repeated eigenvalue, so suppose q is not a scalar multiple of s. The positive definite quadrics s

and q are irreducible and nonassociate in the UFD R[p1, p2, p3]. Consequently, after interchanging
g and h and rescaling them by inverse constants, we may assume that

g2 = s, and h2 = q.

The degree-three part of gh is zero, so

sh1 + qg1 = 0.

Since gcd(s, q) = 1, the polynomial s divides g1. But deg g1 ≤ 1, so g1 = 0; similarly h1 = 0. Thus

g = s+ γ, h = q + δ,

for constants γ, δ ∈ R. Comparing the degree-two part with (7) gives

δ + γε1 = −ε1(ε2 + ε3),

δ + γε2 = −ε2(ε1 + ε3),

δ + γε3 = −ε3(ε1 + ε2).

Subtracting pairs of equations yields

(ε1 − ε2)(γ + ε3) = 0,

(ε1 − ε3)(γ + ε2) = 0,

(ε2 − ε3)(γ + ε1) = 0.

If ε1, ε2, ε3 were pairwise distinct, these equations would force γ = −ε1 = −ε2 = −ε3, a contradic-

tion. Hence ε has a repeated eigenvalue.

Conversely, suppose ε2 = ε3. A direct multiplication gives

Pdiag(ε1,ε2,ε2),I = (s− ε2)
(
ε1p

2
1 + ε2(p

2
2 + p23)− ε1ε2

)
.

If ε1 = ε2 = ε3, this specializes to

Pε1I,I = ε1(s− ε1)
2.

Thus, a repeated eigenvalue implies reducibility. □
11



5.2. Eigenvalues of ε and their Multiplicities. Given a hypersurface S ⊂ R3, denote by

R(S) ⊂ S the set of points p ∈ S where S is not smooth or where p and the normal vector of S at

p are linearly dependent. The set of these “radial points” helps identify ε. In the two lemmas that

follow ε is a positive definite 3 × 3 symmetric matrix. The permittivity ε can have three distinct

eigenvalues, two distinct eigenvalues, or one eigenvalue. We consider each case separately.

Lemma 5.3. If ε has three distinct eigenvalues, then R(Σε) consists of three circles, each cen-

tered at the origin and orthogonal to an eigenvector, whose squared radius equals the corresponding

eigenvalue.

Proof. The claim is rotation invariant, so we may act by a rotation to diagonalize ε so that

ε =

ε1 0 0

0 ε2 0

0 0 ε3

 . (8)

By assumption, the three diagonal entries are distinct. The Fresnel polynomial is now

Pε,I(p1, p2, p3) = ε3p
4
3 + (ε3 + ε2)p

2
2p

2
3 + (ε3 + ε1)p

2
1p

2
3 − (ε2ε3 + ε1ε3)p

2
3

+ ε2p
4
2 + (ε2 + ε1)p

2
1p

2
2 − (ε2ε3 + ε1ε2)p

2
2 + ε1p

4
1

− (ε1ε3 + ε1ε2)p
2
1 + ε1ε2ε3.

(9)

By positive definiteness Pε(0, 0, 0) = ε1ε2ε3 > 0 so the origin does not lie on the Fresnel surface.

A point (p1, p2, p3) ∈ R(Σε) is characterized among points of Σε by the property that the vectors

(p1, p2, p3) and ∇Pε(p1, p2, p3) are linearly dependent. This is equivalent to the vanishing of all

2× 2 minors of the 2× 3 matrix with rows (p1, p2, p3) and ∇Pε(p1, p2, p3). These minors are

m1 := (ε2 − ε3)p2p3(p
2
1 + p22 + p23 − ε1), (10)

m2 := (ε1 − ε3)p1p3(p
2
1 + p22 + p23 − ε2), (11)

and m3 := (ε1 − ε2)p1p2(p
2
1 + p22 + p23 − ε3). (12)

There are two cases where all these minors vanish:

(1) One of the three coordinates vanishes and the rest are on a circle defined by its eigenvalue.

For example, p3 = 0 and p21 + p22 = ε3.

(2) Two of the three coordinates (p1, p2, p3) vanish.

In the first case, substituting ε3 = p21 + p22 and p3 = 0 into the Fresnel polynomial makes it

vanish. Therefore, all the points on this circle are contained in Σε. This produces the three claimed

circles.

In the second case, assume without loss of generality that p2 = p3 = 0. Then Pε(p1, 0, 0) =

ε1(p
2
1 − ε2)(p

2
1 − ε3) and the roots are clearly p1 = ±√

ε2 and p1 = ±√
ε3. The 12 points produced

like this are exactly the intersection points of the three circles with the coordinate axes, so all of

R(Σε) is covered by the first case. □

Lemma 5.4. If ε has two distinct eigenvalues, then R(Σε) consists of a sphere whose radius is the

square root of the repeated eigenvalue, and a circle in the 2-dimensional eigenspace whose radius is

the square root of the simple eigenvalue.
12



Proof. The setting is very similar to the one in the proof of lemma 5.3: The permittivity can be

taken to be as in (8), the Fresnel polynomial is still given by (9) and the characterization of radial

points in terms of the minors in (10), (11), and (12) is still valid. The difference is that, without

loss of generality, ε1 ̸= ε2 = ε3.

This change implies that m1 = 0 at all points. Solving m2 = m3 = 0 splits into three cases:

(1) p1 = 0.

(2) p3 = p2 = 0.

(3) p21 + p22 + p23 = ε2.

In the first case the Fresnel polynomial becomes ε2(p
2
3 + p22 − ε1)(p

2
3 + p22 − ε2), so the vanishing

set contains two circles in the p2p3-plane with radii
√
ε1 and

√
ε2.

In the second case the Fresnel polynomial becomes ε1(p
2
1− ε2)

2, yielding the points (±√
ε2, 0, 0).

All points described in the third case are contained in Σε because

Pε(p1, p2, p3) = (p23 + p22 + p21 − ε2)[ε2(p
2
2 + p23) + ε1p

2
1 − ε1ε2].

Therefore R(Σε) consists of a sphere of radius
√
ε2 and a circle in the p2p3-plane of radius

√
ε1,

both centered at the origin. □

Lemma 5.5. If ε has only one eigenvalue, then R(Σε) = Σε is a single sphere whose radius is the

square root of the sole eigenvalue.

Proof. With ε = ε1I, we have

Pε(p1, p2, p3) = ε1(p
2
3 + p22 + p21 − ε1)

2.

The Fresnel surface is a sphere and all points on it are radial. Even if we were to construe Σε as a

scheme instead of a variety so that all points are singular, the claim would still remain valid. □

5.3. Uniqueness Results.

Proof of Theorem 1.2. The assumption Σε1 = Σε2 implies that R(Σε1) = R(Σε2). We will show

that this implies ε1 = ε2.

For each εi, one of the cases of Lemmas 5.3, 5.4, and 5.5 must hold. The geometries of the radial

sets R(Σεi) are different in each case, so the degeneracies of the spectra of εi are determined by the

radial points of the corresponding Fresnel surface. In each case the set R(Σεi) also determines the

eigenvalues and the eigenspaces, so εi is indeed fully determined by Σεi , and we have indeed that

ε1 = ε2. □

Proof of Corollary 1.3. By Theorem 1.1 the Fresnel polynomial is irreducible over C under the

assumptions. A nonempty Euclidean open subset of the smooth real locus is Zariski dense in the

complex surface V(Pε,I)C. Therefore, the Zariski closure of the Euclidean open set is the whole

Fresnel surface. The claim then follows from Theorem 1.2. □

6. The Non-Magnetoelectric Case I: Irreducibility Results

We (re-)prove that, generically, Fresnel polynomials are irreducible over C. As we noted before,

this result already follows from their connection to Kummer surfaces, but the methods below are

of an entirely different character.
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Let A be a finitely generated R-algebra and let R = A[p0, p1, p2, p3] be a polynomial ring in

4 variables with coefficients in A. The homogenized Fresnel polynomial P̃ε,µ ∈ R is obtained by

setting

P̃ε,µ(p0, p1, p2, p3) := p−2
0 det(Cp − p0M) = p40 Pε,µ

(
p1
p0

,
p2
p0

,
p3
p0

)
. (13)

Specialize to the case A = R[ε1, . . . , ε6, µ1, . . . , µ6], where the εi, µi are indeterminates. The

ring A is a free R-algebra on 12 generators. The homogenized Fresnel polynomial (13) can be

viewed as a homogeneous polynomial of degree 4 in the graded ring A[p0, p1, p2, p3], where A itself

is a polynomial ring in 12 variables. Its associated affine variety A12
R = SpecA is a parameter

space for block-diagonal material parameters and hence a family of Fresnel polynomials. We are

interested in the locus Y ⊂ A12
R where det(M) ̸= 0. This is an irreducible dense open subset,

being the complement of the hypersurface V(det(M)) ⊂ A12
R , which parametrizes nondegenerate

block-diagonal material matrices.

Let Hd = H0
(
P3,OP3(d)

)
= R[p0, p1, p2, p3]d be the R-vector space of homogeneous polynomials

of degree d in the polynomial ring R[p0, p1, p2, p3]. For a + b = 4, multiplication of polynomials

gives a map of projective spaces

ma,b : P(Ha)× P(Hb) −→ P(H4)

([f ], [g]) 7−→ [fg]

Since the source is projective, this map is closed.

Theorem 6.1. Let

ev : Y −→ P(H4)

(ε, µ) 7−→
[
P̃ε,µ

]
be the evaluation map, taking a nondegenerate block-diagonal material matrix diag(ε, µ) to its ho-

mogenized Fresnel polynomial. Then the locus

Irr(Y ) : = {(ε, µ) ∈ Y : P̃ε,µ is geometrically integral}

= {(ε, µ) ∈ Y : V(P̃ε,µ)C ⊂ P3
C is integral}

is Zariski open.

Proof. A homogeneous quartic polynomial is reducible over an algebraically closed field if and only

if its factorization is of type 1 + 3 or 2 + 2. Hence, the reducible locus of quartic polynomials in

P(H4) is the union of the scheme-theoretic images im(m1,3) and im(m2,2), which is a closed subset;

call its open complement U . The map evaluation ev is regular, so ev−1(U) is open in Y . □

We deduce Theorem 1.4 as a corollary.

Proof of Theorem 1.4. Since Y is irreducible, every nonempty open subset is dense. We show that

Irr(Y ) ̸= ∅ in Example 6.2 by exhibiting a homogenized Fresnel polynomial that is irreducible over

C. Since Pε,µ is a degree 4 dehomogenization of P̃ε,µ, one is irreducible over C if and only if the

other one is. □
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Example 6.2. Let

M =



2 0 1 0 0 0

0 2 0 0 0 0

1 0 1 0 0 0

0 0 0 2 1 0

0 0 0 1 4 0

0 0 0 0 0 2


.

The Fresnel polynomial associated to this matrix is

Pε,µ(p1, p2, p3) = 2p43 + 4p1p
3
3 + 8p22p

2
3 + 2p1p2p

2
3 + 6p21p

2
3 − 16p23 + 8p1p

2
2p3

+ 4p21p2p3 − 8p2p3 + 4p31p3 − 16p1p3 + 8p42 + 4p1p
3
2 + 12p21p

2
2

− 46p22 + 4p31p2 − 16p1p2 + 4p41 − 23p21 + 28.

A Magma calculation shows that the homogenization P̃ε,µ of this polynomial is irreducible over the

finite field F54 with 54 elements; applying [Hoo+23, Lemma 19] shows this calculation suffices to es-

tablish irreducibility over C. The accompanying file 1-exampleIrreducibleFresnel.m in [Coc+26]

contains magma code verifying the claims in this example.

Remark 6.3. Theorem 1.4 can also be proved by using the methods of [Hoo+23]. Indeed, this was

our original approach to the theorem, until an audit of a complete draft of the paper by GPT5.6-Sol

Pro suggested the above simpler proof.

7. The Non-Magnetoelectric Case II: Generic Uniqueness

In this section, we prove Theorem 1.5. It requires working knowledge of modern algebraic

geometry [Har77; Vak25] and geometric invariant theory [Muk03].

The Fresnel polynomial now depends on ε and µ. Our first task is to describe a scheme (or

variety) structure on X, parametrizing Fresnel surfaces, that incorporates the gauge freedom (4).

This requires attempting to take a quotient of an algebraic variety by a group action. In general,

the underlying topological space of such a quotient, in the algebraic category, need not coincide

with the set-theoretic quotient of the action, because the action’s orbits might have intersecting

closures, which must be identified in the algebraic category. However, we construct a geometric

invariant quotient X ◦ such that X injects into the set of real-valued points X ◦(R) and is Zariski

dense in X ◦.

7.1. The Algebraic Quotient. Let E := Sym3(R) × Sym3(R) be the 12-dimensional R-vector
space whose elements are pairs (ε, µ) of real symmetric 3× 3 matrices, and let

V := A(E) = Spec
(
SymR(E

∨)
)
≃ A12

R

be the affine variety associated with E; we have V (R) = E. Let C2 = ⟨τ⟩ be a group of order 2.

The algebraic group G := Gm,R ⋊ C2 acts on V by

t · (ε, µ) = (tε, t−1µ) for t ∈ Gm,R, and τ · (ε, µ) = (µ, ε).

The semidirect product structure is determined by τtτ = t−1. Note that G(R) = R×⋊C2, and the

intersection of a G(R)-orbit with the physical locus consists of one physical gauge class.
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The group G is reductive, so the invariant ring R[V ]G is finitely generated, and the affine good

quotient

X := V // G := SpecR[V ]G

exists (see, e.g., [Muk03]). Let ∆(ε, µ) = det(ε) det(µ); this is a G-invariant function on V , so we

can form the quotient of the open subset V ◦ := D(∆) = {∆ ̸= 0} ⊂ V by G to obtain an open

subset

X ◦ := V ◦ // G ⊂ X .

This quotient is equipped with a natural quotient morphism πG : V ◦ → X ◦ of schemes.

We claim that πG : V ◦ → X ◦ is a geometric quotient, i.e., X ◦ is a space whose geometric points

are precisely the G-orbits of V ◦. To see this, it suffices to show that for any algebraically closed

field extension K/R, the GK-orbits in V ◦
K are closed. We have

V ≃ SpecR[ε1, . . . , ε6, µ1, . . . , µ6];

let P := (e1, . . . , e6,m1, . . . ,m6) ∈ V ◦(K) be a K-valued point. There are indices i and j such that

ei ̸= 0 and mj ̸= 0. The Gm(K)-orbit of P is the vanishing set

V(εiµj − eimj) ∩ V(eiεk − ekεi,mjµℓ −mℓµj ; 1 ≤ k, ℓ ≤ 6) ⊂ V ◦
K ,

which is manifestly closed. The full G-orbit of P is the union of its Gm(K)-orbit and its τ -translate,

so it is a finite union of closed sets and hence closed.

Let

P := {(ε, µ) ∈ V (R) : ε and µ are positive definite}.
Then P ⊂ V ◦(R) is a nonempty Euclidean open subset, and hence a Zariski dense subset.

Lemma 7.1. Let (ε, µ), (ε′, µ′) ∈ P. If πG(ε, µ) = πG(ε
′, µ′), then there is a t ∈ R>0 such that

(ε′, µ′) = (tε, t−1µ) or (ε′, µ′) = (tµ, t−1ε).

In particular, the physical gauge classes X inject into X ◦(R), and their image is Zariski dense.

Proof. By the discussion preceding the lemma, equality of points in X ◦ means that (ε, µ) and

(ε′, µ′) belong to the same geometric G-orbit. Thus, one of the two displayed relations holds with

t ∈ C×. Since ε, µ, ε′, and µ′ all give nonzero real matrices, we must have t ∈ R×. Finally, positive

definiteness forces t > 0. The density assertion follows from the Zariski density of P in V and the

surjectivity of πG. □

Let W ∼= R22 be the R-vector space whose vectors record the coefficients of monomials that can

occur in a Fresnel polynomial. Since the constant term of Pε,µ is ∆(ε, µ), any Fresnel polynomial

arising from a point on V ◦ is not the zero polynomial. This allows us to define a map

F̃ : V ◦ −→ P(W )

(ε, µ) 7−→ [P̃ε,µ].
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The composition q ◦ F from §1.1 can be understood as the map F̃ on the R-valued points of V ◦.

Proposition 4.1 shows that F̃ is G-invariant. Hence it factors uniquely through the quotient:

V ◦ P(W )

X ◦

F̃

πG

ϕ

Thus F̃ = ϕ ◦ πG. Let Y := F̃ (V ◦) ⊂ P(W ) with its reduced induced structure.

We obtain a dominant morphism ϕ : X ◦ → Y. Our goal is to show that this map is a birational

morphism of algebraic varieties, and hence generically injective. This will imply that a real Fresnel

polynomial, up to a global scaling, generically determines the parameters of the electromagnetic

material that gave rise to it, up to the gauge (4). However, working directly with X ◦ is computa-

tionally challenging, so in the next section, we first find a suitable replacement by ‘slicing’ V ◦ in

just the right way as to “kill” the Gm,R-action.

7.2. A Gm,R-slice of V ◦. Let D(ε1) ⊂ V ≃ A12
R be the open subset where ε1 ̸= 0, and set

V ◦
1 := V ◦ ∩D(ε1). This is a Gm,R-invariant subset of V

◦ containing the positive-definite locus P.

Let S := V ◦ ∩ V(ε1 − 1) be the “slice” of V ◦
1 where ε1 = 1. Every Gm,R-orbit of V ◦

1 contains a

unique representative in S. More precisely, the map

Gm,R × S −→ V ◦
1

(t, (ε, µ)) 7−→ (tε, t−1µ)

is an isomorphism; its inverse is (ε, µ) 7→ (ε1, (ε/ε1, ε1µ)).

Unfortunately, the swap τ does not preserve S. However, on the dense open subset S ∩D(µ1)

of S, swapping followed by returning to the slice gives a rational involution

j : S 99K S

(ε, µ) 7−→
(

µ

µ1
, µ1ε

)
whose fixed locus {(ε, µ) ∈ S : µ = µ1ε} is a proper closed subset of S ∩D(µ1). It follows that a

general G-orbit of V ◦ meets the slice S in only two distinct points: the Gm,R-orbit of P ∈ S meets

S only at P , while the Gm,R-orbit of τ(P ) meets S only at j(P ).

The map j pays mathematical dividends: it allows us to make the quotient X ◦ in two steps:

we can take Gm,R-invariants first, followed by taking ⟨j⟩-invariants. This is made precise in Theo-

rem 7.3, where we show the equality of function fields

R(X ◦) = R(V ◦)G =
(
R(V ◦)Gm,R

)⟨τ⟩ ≃ R(S)⟨j⟩ = R(Y).

7.3. Projective Compactification and Blowing-up. In order to study the fibres of F̃ alge-

braically, we first extend this map to a projective setting. Write the coordinates on P6 × P6 as

([ε1, . . . , ε6, r], [µ1, . . . , µ6, s]).
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The affine chart where r = s = 1 is naturally isomorphic to V . Bi-homogenising the coefficients of

the Fresnel polynomial, we obtain a rational map

g : P6 × P6 99K P(W ).

More precisely, if a coefficient of the affine Fresnel polynomial has bi-degree (a, b) in (ε, µ), then

it is multiplied by the appropriate powers of r and s so that it becomes bihomogeneous of degree

(3, 3). For instance, the term ε1µ1 is replaced by ε1r
2µ1s

2. The restriction of g to the affine chart

r = s = 1 agrees with F̃ .

The projective closure of the slice S is the subvariety

Π = {ε1 = r} × P6 ⊂ P6 × P6.

We use it to perform a blow-up calculation. Let B ⊂ Π be the scheme-theoretic base locus of g|Π,
and let

β : X ′ := BlB(Π) → Π

be the blow-up morphism. Concretely, X ′ is the projective closure of the graph of g|Π, and β

resolves g|Π in the sense that there exists a morphism h : X ′ → Y fitting into the commuting

triangle

X ′

Π Y

β h

g|Π

.

The variety X ′ is integral and projective, and the morphism h is proper and surjective: for this

last property, note that h(X ′) is closed, it contains F̃ (S) and F̃ (S) is dense in Y.

The key to proving birationality of the map ϕ : X ◦ → Y is showing there is a single point

y0 ∈ Y(R) such that h−1(y0) consists of two distinct reduced R-points. We record the existence of

such a point in the following example.

Example 7.2. Fix the ordered monomial basis

B =
(
p41, p

3
1p2, p

3
1p3, p

2
1p

2
2, p

2
1p2p3, p

2
1p

2
3, p

2
0p

2
1, p1p

3
2, p1p

2
2p3, p1p2p

2
3,

p20p1p2, p1p
3
3, p

2
0p1p3, p

4
2, p

3
2p3, p

2
2p

2
3, p

2
0p

2
2, p2p

3
3, p

2
0p2p3, p

4
3, p

2
0p

2
3, p

4
0

)
of W , and let

y0 =
[
200 : 140 : 120 : 700 : 100 : 1000 : −3181 : 280 : 240 : 420 : −1000 :

360 : −870 : 600 : 200 : 1700 : −5656 : 300 : −696 : 1200 : −8109 : 12528
]
∈ P(W ).

Equivalently, y0 = [Q0], where

Q0 = 200p41 + 140p31p2 + 120p31p3 + 700p21p
2
2 + 100p21p2p3 + 1000p21p

2
3 + 280p1p

3
2 + 240p1p

2
2p3

+ 420p1p2p
2
3 + 360p1p

3
3 + 600p42 + 200p32p3 + 1700p22p

2
3 + 300p2p

3
3 + 1200p43 − 3181p20p

2
1

− 1000p20p1p2 − 870p20p1p3 − 5656p20p
2
2 − 696p20p2p3 − 8109p20p

2
3 + 12528p40.

The scheme-theoretic fibre h−1(y0) is reduced of length two. Its support lies in the affine slice S

and consists of the two rational points

x1 = (ε1, µ1), and x2 = (ε2, µ2),
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where

ε1 =

 1 7/20 3/10

7/20 3/2 1/4

3/10 1/4 2

 , µ1 =

2 0 0

0 4 0

0 0 6

 ,

and

ε2 =

1 0 0

0 2 0

0 0 3

 , µ2 =

 2 7/10 3/5

7/10 3 1/2

3/5 1/2 4

 .

In other words, we also have F̃ (x1) = F̃ (x2) = y0. Moreover, ε2 = µ1/2, and µ2 = 2ε1, so x2 =

j(x1), and all four matrices are positive definite. The accompanying file 2-biGradedBlowup.magma

in [Coc+26] contains magma code verifying the claims in this example.

Theorem 7.3 (Birationality of the Fresnel polynomial map). The morphism F̃ |S → Y is generically

finite of degree 2, and at the level of function fields, we have

R(Y) = R(S)⟨j⟩ = R(X ◦).

In particular, the morphism ϕ : X ◦ → Y is birational.

Proof. The fibre h−1(y0) in Example 7.2 is zero-dimensional. Therefore, upper semicontinuity of

fibre dimension for surjective proper morphisms gives an open subset of Y over which h is quasi-

finite. The restriction of h to the preimage of this open set is therefore proper and quasi-finite,

hence finite. For a finite morphism, the fibre-degree function y 7→ dimκ(y)H
0
(
X ′

y,OX′
y

)
is also an

upper semicontinuous function. Since the fibre h−1(y0) has degree 2, we deduce that at the level

of function fields, we have the inequality of degrees

[R(S) : R(Y)] = [R(X ′) : R(Y)] ≤ 2,

where the first equality uses the fact that S and X ′ are birational. See [Hoo+23, §5.5] for more

details of how an argument like this works.

On the other hand, the nontrivial rational involution j of S satisfies F̃ |S ◦ j = F̃ |S . It therefore
induces a nontrivial automorphism of R(S) fixing R(Y). Consequently, [R(S) : R(Y)] ≥ 2, and

hence equality holds. Since R(Y) ⊆ R(S)⟨j⟩ and both subfields have index two in R(S), we obtain

R(Y) = R(S)⟨j⟩.
Finally, we have R(V ◦)Gm,R ≃ R(S). Under this identification, the residual action of τ is the

involution j. Because πG is a geometric quotient, pullback identifies the function field of X ◦ with

the field of G-invariant rational functions on V ◦. Therefore,

R(X ◦) = R(V ◦)G =
(
R(V ◦)Gm,R

)⟨τ⟩ ≃ R(S)⟨j⟩ = R(Y). □

Remark 7.4. Mathematically speaking, it would have been more natural to work directly with

the map ϕ : X ◦ → Y in the proof above, and try to show its general fibre is zero-dimensional of

degree 1. However, to write down X ◦, one needs a set of coordinate G-invariant functions. Let

sij = εiµj + εjµi, where 1 ≤ i ≤ j ≤ 6, and let S = (sij) be a 6 × 6 symmetric matrix collecting

these G-invariant functions. One can show that

R[V ]G ≃ R[sij : 1 ≤ i ≤ j ≤ 6]

I3(S)
,
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where I3(S) is the ideal generated by the 3 × 3 minors of S. With this presentation, X ◦ naturally

lives in A21. From here, we would have to take an open subset, homogenize, blow up, and look at a

fibre to run the above argument. This blow-up seems to be beyond current computational capabilities.

7.4. From Polynomials to Surfaces.

Lemma 7.5. Let F,G ∈ R[p0, p1, p2, p3] be nonzero homogeneous polynomials of the same degree.

Suppose that F is irreducible over C and that V(F ) has a smooth real point. If G vanishes on a

nonempty Euclidean open subset of the smooth real locus of V(F ), then G = cF for some c ∈ R×.

Proof. A Euclidean neighborhood of a smooth real point in V(F )(R) is Zariski dense in the complex

hypersurface V(F )C. Thus G vanishes identically on V(F )C, so the irreducible polynomial F divides

G in C[p0, p1, p2, p3]. Since F and G have the same degree, they differ by a nonzero complex scalar.

Because both have real coefficients, that scalar is real. □

By Theorem 1.4, there is a nonempty G-invariant Zariski-open subset V gi ⊂ V ◦ on which ho-

mogenized Fresnel polynomials P̃ε,µ are geometrically integral. Consider the polynomial condition

d(ε, µ) := Disct
(
Pε,µ(t, 0, 0)

)
̸= 0;

it is G-invariant because the Fresnel polynomial is G-invariant. This open condition is nonempty:

for the material parameter in Example 6.2,

Pε,µ(t, 0, 0) = 4t4 − 23t2 + 28 = 4(t2 − 4)(t2 − 7/4),

which has four distinct roots. Set

V surf := V gi ∩D(d) ⊂ V ◦.

This is a nonempty G-invariant Zariski-open subset. If (ε, µ) ∈ V surf(R) ∩ P, then the Fresnel

surface has a smooth real point. Indeed, let M = diag(ε, µ), let u = (1, 0, 0), and put

A := M−1/2CuM
−1/2.

The matrix A is real symmetric and has inertia tuple (2, 2, 2). Since

Pε,µ(tu) = det(M) det(tA− I),

its four roots are the reciprocals of the four nonzero eigenvalues of A, and are therefore real. Since

d ̸= 0, these roots are distinct. At each such root the derivative in the p1-direction is nonzero, so

the corresponding point of the full Fresnel surface is smooth.

Since V surf is G-invariant, its image

X surf := πG(V
surf) ⊂ X ◦

is a nonempty Zariski-open subset. Lemma 7.5 therefore gives the following consequence.

Corollary 7.6. Suppose (ε, µ) ∈ P has quotient class lying in X surf(R), and let (ε′, µ′) ∈ P. If

Σε,µ = Σε′,µ′, then F̃ (ε, µ) = F̃ (ε′, µ′) in P(W ). □
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7.5. Generic Reconstruction from the Real Fresnel surface.

Proof of Theorem 1.5. By Theorem 7.3, there exists a nonempty Zariski-open subset Y0 ⊂ Y such

that ϕ−1(Y0)
∼−−→ Y0 is an isomorphism. Set

Ω := X surf ∩ ϕ−1(Y0) ⊂ X ◦.

Both factors are nonempty Zariski-open subsets of the irreducible variety X ◦, so Ω is nonempty.

Since the image of the positive-definite locus is Zariski dense by Lemma 7.1, Ω(R) contains physical
gauge classes.

Suppose that (ε, µ) ∈ P has quotient class in Ω(R), and suppose that (ε′, µ′) ∈ P satisfies

Σε,µ = Σε′,µ′ . By Corollary 7.6 we know that F̃ (ε, µ) = F̃ (ε′, µ′). Equivalently,

ϕ
(
πG(ε, µ)

)
= ϕ

(
πG(ε

′, µ′)
)
.

The common image lies in Y0, and since ϕ−1(Y0) → Y0 is an isomorphism, we deduce that πG(ε, µ) =

πG(ε
′, µ′). By Lemma 7.1, there is a t > 0 such that either (ε′, µ′) = (tε, t−1µ) or (ε′, µ′) = (tµ, t−1ε).

This is the gauge freedom (4).

Finally, the inverse image π−1
G (Ω) ⊂ V ◦ ⊂ V is a nonempty G-invariant Zariski-open subset. Its

complement is a proper real algebraic subset of V . This gives the exceptional algebraic locus in the

formulation of Theorem 1.5 stated in the introduction. □
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Email address: antonio.r.popgorea@jyu.fi

Simons Chair in Computational and Applied Mathematics and Earth Science, Rice University, 6100

S. Main St., Houston, TX 77005, USA

Email address: mvd2@rice.edu

Department of Mathematics and Statistics, University of Jyväskylä, P.O. Box 35, FI-40014 Univer-
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