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ABSTRACT. We address the inverse problem of recovering the stiffness tensor and density
of mass from the Dirichlet-to-Neumann map. We study the invariance of the Euclidean
and Riemannian elastic wave equation under coordinate transformations. Furthermore,
we present gauge freedoms between the parameters that leave the elastic wave equations
invariant. We use these results to present gauge freedoms in the Dirichlet-to-Neumann
map associated to the Riemannian elastic wave equation.

1. INTRODUCTION

We study the elastic wave equation (EWE) in the n-dimensional Euclidean space and on
an n-dimensional Riemannian manifold. We address the inverse problem of recovering the
anisotropic stiffness tensor and the density of mass from the Dirichlet-to-Neumann (DN)
map. In this context it is essential for the reconstruction procedure whether the DN map
determines the stiffness tensor and density uniquely. For that purpose we study invariance
of the elastic wave equation: How the EWE behaves under coordinate transformations and
what gauge freedoms there are between the parameters. Based on these results we present
gauge freedoms for the DN map in the Riemannian setting and conjecture that these are
the correct and full gauge groups. If this holds true then the Euclidean DN map determines
the stiffness tensor and density uniquely in two (and possibly higher) dimensions. This
is of particular interest as the three-dimensional Euclidean EWE is the natural setting in
seismology, where the EWE models seismic waves.

Let M C R™ be the closure of a smooth domain, and let g be a Riemannian metric
on M. On M we use the Euclidean coordinates x. The material parameters are the
stiffness tensor ¢ (contravariant of rank 4) and the density p. The stiffness tensor has the
symmetry

GIRE — kL _ (kb 1)
and is positive in the sense thad!
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for some § > 0 and for all symmetric matrices A. See |[Hoo+23] for a discussion on these
structures. The density is assumed positive in the usual sense. The metric tensor is not a
property of the material but of the space itself, and it is therefore forced to be Euclidean
in practice — this will play an important role.

These material parameters give rise to the elastic Laplacian A¢ defined by

(A u(t, ) = ﬁ 0., <,/det(g)ciﬂ‘kfggmaxkum(t,x)> 3)

det

which maps vector fields to vector fields. The elastic wave operator is

Plocg) = 9 —p 1AL
The displacement vector u(t,r) € R" satisfies the Riemannian version P, . su = 0 of the
elastic wave equation.
We are therefore naturally led to the boundary value problem
P(p,ag)u(t,x) =0 in MT = (O,T) X M,
u=f on (0,7) x OM, (4)

u(0,2) = Qu(0,2) =0 in M

in the spacetime M x (0,7).
For the special case ¢ = gp the Riemannian EWE reduces to the familiar Euclidean
EWE

(Pip,e,gmyult,z)) =0 in Mp = (0,T) x M
u=f on (0,7) x OM, (5)
u(0,z) = u(0,z) =0 in M.
The Euclidean elastic Laplacian acts as
(AIZ u(t,r)); = Ox; (Cijre Oz ue(t, ) -

For the Euclidean elastic wave operator P
P in the following.

pegr) We will use the short hand notation

pegn) = Floe)

1.1. The Finsler metric arising from elasticity. Inverse problems related to elasticity
are mainly concerned with recovering the stiffness tensor ¢ or the reduced stiffness tensor
a = p~'c everywhere from boundary data. One way to define elastic geometry is in terms
of travel time distance between two points. Here one considers an elastic body that is
modeled as a manifold and distance is measured by the shortest time it takes for an elastic
wave to go from one point to the other. When the elastic material is elliptically anisotropic
the elastic geometry is Riemannian, but this puts very stringent restrictions on the stiffness
tensor.

Recent research is devoted to the fully anisotropic setting for the stiffness tensor, where
only the physically necessary assumptions as in ([I)—(2]) are needed. The resulting elastic
geometry is not Riemannian but Finslerian [Hoo+21; [Hoo+19]. The Finsler metric can
be derived from the principal behavior of the elastic wave operator P, .,y defined above.
The components of its matrix-valued principal symbol o (¢, z,w, p) are

O-(P(p,c,g))im(ta €, w, 5) = 5imw2 - p_l(x)ciju(x)gﬁmgjgka

with (¢,z,w,&) € T*((0,T) x M). Introducing the slowness vector p = w~'¢ and the
Christoffel matrix I'(z, p) defined by

Fim(x>p) = pil(x)cijkz(x)gﬁmpjpka
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one can rewrite the principal symbol as

O-(P(p,c,g))(t’ $>W,p) = w2[I - F(m,p)]
By symmetry and positivity of ¢ in (Il)-(2)) the Christoffel matrix I' is symmetric and
positive definite. Eigenvectors of I' are called polarizations and the corresponding eigen-
values are related to the wave speeds. It turns out that the Finsler metric F, associated to
the fastest polarization and the density-normalized stiffness tensor field a = p~'c for the
elastic geometry can be derived from the largest eigenvalue of I as described in [Hoo+19].

1.2. Dirichlet-to-Neumann maps and inverse problems. The Dirichlet-to-Neumann
(DN) map is the map that sends the Dirichlet boundary condition f to its corresponding
Neumann boundary condition. For the elastic wave operator P, ., defined in (@) the
associated DN operator A, . ) reads

pic,g
(Apeg) f)! = 1/det(g) v 7* g0 peu™ , i=1,...,m, (6)
(0,T)x0M
where v is the unit outward normal to M. The inverse problem is to recover p, ¢ and g
from A, .4 (or only p and ¢ when g is assumed known).
In the Euclidean setting the DN operator A(, ) associated to P, ) defined in B sim-
plifies to

, i=1,...,n. (7)
(0,T)x0M
The inverse problem is to recover p and ¢ from A, o).

This inverse problem has been addressed for the case when the stiffness tensor is
isotropic [Rac00a; Rac00b; IHNZ17] and for the case when the stiffness tensor is trans-
versely isotropic or orthorhombic with additional assumptions on the symmetry axis and
symmetry planes [HNZ19]. Very recent results address the reconstruction procedure for
anisotropic stiffness tensors [Hoo+23].

For the DN maps corresponding to the Calderén problems for conductivities and Rie-
mannian and Lorentzian metrics, see Appendix [A.l

(Ap,e)f)i = Vj Cijiea Oy g

1.3. Acknowledgements. JI and HS were supported by the Research Council of Finland
(grant numbers 351665, 351656, 358047).

2. RESuLTS

All material parameters, metric tensors, and diffeomorphisms are assumed to be C'*
throughout the paper. The only possibly non-smooth function is the displacement field u.

2.1. Dirichlet-to-Neumann maps. The point is to identify the correct gauge freedom
in the inverse boundary value problems posed above. The natural gauges appear to be sur-
prisingly different in Euclidean and Riemannian geometries, differing not only by changes
of coordinates.

See section for the definitions of the various pushforwards.

Theorem 2.1. Let (M, g) be a Riemannian manifold of any dimension n > 2 with bound-
ary, let ¢ be a stiffness tensor satisfying the symmetry and positivity conditions in (I)—(2),
and let p > 0 be the density of mass. Let ¢p: M — M be a diffeomorphism fixing the
boundary and let p # 0 be a function so that u|lspy = 1. Then the DN map defined in ()
satisfies

A n_ _ 2 =A .
(u“” Pxpoph prcopp 2FM ¢*g) (per9)
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We find it likely that the gauge freedom found in the theorem is indeed the whole gauge:

Conjecture 2.1. In the setting of Theorem [21] with generic stiffness tensor fields ¢;, den-
sity fields p; and Riemannian metrics g; the following holds: If Ny, c; g1) = N(ps,co,g0)s then

n 2
(p1,c1,01) = (u%_n Gup1, b DsCy - 2H7 qﬁ*g) for some function u and diffeomorphism ¢.
In the Euclidean setting we expect no gauge freedom to remain:

Conjecture 2.2. Let Q C R? be a bounded, smooth, connected, and simply connected
domain. Let p; > 0 be density fields and c; be stiffness tensor fields that satisfy the
symmetry and positivity conditions in (I)—2)) for i = 1,2. If the DN maps defined in ()
satisfy Ay, ey = then py = p2 and c¢1 = co.

p2,c2)”

Conjecture follows from conjecture [Z1] as follows: In the Euclidean setting g1 =
g2 = gg, so the metric component of the conclusion of conjecture 1] becomes gp =
p= 2@+t ¢ gp. This makes ¢ a conformal map of (Q, gg) fixing the boundary, which in
fact forces ¢ to be the identity mapﬁ and pu = 1. Then the rest of the components of the
conclusion of conjecture 2Tl read p1 = p2 and ¢; = ¢ as desired.

Both conjectures are supported by the following recent observation:

Theorem 2.2 ([IN23]). Let Q C R? be a bounded, smooth, connected, and simply con-
nected domain. There is an open and dense set W of density-normalized stiffness tensor
fields on Q so that if a € W and ¢*FIF = quP with a diffeomorphism ¢: Q — Q fizing
the boundary, then ¢ =id and b = a.

The core of the proof of theorem is to show that ¢ has to be conformal. Then it
follows from fixing the boundary that it has to be the identity.

This result suggests that the principal behaviour determines a = p~'c; cf. part (B
of Proposition Z5l Information about the density is contained in lower order terms; cf.
Lemma

This line of thought should be compared with Rachele’s work [Rac00al; Rac00b; Rac03]
in the isotropicﬁ setting:

(1) The DN map determines the travel times between boundary points for both wave
speeds cp and cg.

(2) If the manifolds (€, CIS?S gp) are simple, then this geometric information determines
the Riemannian metrics uniquely.

(3) The metrics are known to be conformally Euclidean, which eliminates the coor-
dinate gauge freedom intrinsic to a Riemannian manifold. Thus the DN map
determines cp and cg.

(4) The density p is a lower order term and can be recovered from the DN map via a
ray transform.

2.2. Various pushforwards. We define various different kinds of pushforwards, some of
which are somewhat non-standard. Let U,V C R™ be any open sets and let ¢: U — V be
a diffeomorphism.

2Suppose there is a conformal map ¢: Q — Q fixing the boundary. By the Riemann mapping theorem
there is a conformal map n: D — Q from the unit disc, and by smoothness of 2 it extends to a map
f: D — Q. Thus 7 opon: D — D is a conformal map of the disc fixing its boundary. But the conformal
self-maps of the disc are the Mobius transformations, and it is easily checked that only the trivial one fixes
the boundary. Thus 77 0 ¢ o7 = idp and ¢ = idg.

3The stiffness tensor of an isotropic material enjoys more symmetry than we assumed, and it can be
parametrized by the two Lamé parameters A and p as ¢ijre = Aij0ke + p(dindje + d:edjx). The wave speeds

for pressure and shear waves are cp = /(A + 2u)/p and cs = 1/ 11/p.
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For the stiffness tensor ¢?*¢, the metric tensor gij and the density p we define the
pushforwards ¢.c, ¢.g, and ¢4p in the usual fashion:

(600) M = (TH(D)" (D) (Do) (Do) () 0 67, (8)
(649)i; = (905(Dg ™) ; (DS ) 067, 9)
Gup=pod . (10)

All the familiar formulas from differential geometry hold for these standard pushforwards
— or, equivalently, pullbacks over ¢~ 1.
When the map ¢ is conformal with respect to the Fuclidean metric, we define

(6n0) M = (det(Do) 12T (D) (D) (D) (D) ) o0t (11)
gop = (det(Dg)~p) 0 7! (12)

and
(ome)' T = (det(D) /"I (D) (Do) (D) (Do) () 0 &L (13)

It is important to note that the usual pushforward ¢, is defined on the triplet (p, ¢, g), the
pushforward ¢ on the pair (p, ¢) and pushforward ¢m only on c.

Remark 2.3. If we want to define a pushforward over a possibly non-conformal diffeo-
morphism ¢, then the definitions of ¢r and ¢m need to be adjusted. The correct formulas
are obtained by treating the stiffness tensor as the mized rank object c”kz and applying
the usual formulas from differential geometry. Then the EWE is indeed invariant, but
the issue is that the so obtained ¢oc no longer satisfies the symmetry conditions. For a
conformal map ¢ this pushforward does preserve symmetry, and it gives rise exactly to our
equation ({LTJ).

One way to see this is as follows: The usual Fuclidean EWE is not coordinate invariant
because it is tied to the Fuclidean concept of distance. Conformal coordinate invariance
only follows because Lemma [Z0 allows shifting scalar factors within the triplet (p,c,g).

Remark 2.4. The elastic wave operator [Bl) on a Riemannian manifold can be written as

(Adu(t,z)) =V, (\/det(g)cijkgggmvgﬁkum(t,m))

using covariant derivatives. These two formulas are equivalent; the only difference is in
the coordinate representation of the covariant divergence.

2.3. Invariance of the elastic wave equation. The following results concern local
behavior of the EWE where the boundary is disregarded. These results address both the
Euclidean and Riemannian setting and the global results can be derived from these.

By Theorem [2.2] in most cases any diffeomorphism that preserves the Finsler metric
arising from elasticity in dimension two has to be conformal. In the following proposition
we write down explicitly how the Euclidean pushforward ¢mc by a diffeomorphism ¢: M —
M is defined so that the principal behavior of the Euclidean EWE is preserved.

Proposition 2.5. The Fuclidean and Riemannian elastic wave equations have the follow-
ing tnvariance properties:

(3) 0(Ppe) = 0(Pap-1c) = 0" 0(P gm(p-1e))) D= for any conformal map .
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The pullbacks ¢* and pushforwards ¢, surrounding the operators simply correspond to
how the solution vector fields transform.

We only prove that in the Euclidean setting conformal diffeomorphisms preserve the de-
sired structure of the stiffness tensor. For the other direction — that only conformal maps
preserve such the symmetry — we refer to the theorems and conjectures of section 211

Proposition is largely based on the following lemma on scaling freedoms which may
also be of independent interest:

Lemma 2.6. The operator AY satisfies the following relationship for the scalar functions p
and A which satisfy p # 0 and X #£ 0:

Aup) (AN = p (ALY + Q'

where
24n 24n

Q= A2 0 p T gy (HATE) O

Table [ lists the consequences of lemma [2.6] where we distinguish between principal
and full behavior of the PDE and between the Euclidean and the Riemannian setting. For

the full behavior we list the case when ,u)\HTn is a constant so that Qu = 0.

Euclidean EWE Riemannian EWE
Principal behavior | One conformal freedom u:| Two conformal freedoms i, A:
(P2, c2) ~ (pp1, per) (p2,¢2,92) ~ (Appy, per, Ag)
Full behavior No conformal freedom One conformal freedom pu:
_n_ 2
(P2, €2, 92) ~ (B> py, puer, pp” %7 g1)

TABLE 1. Consequences of lemma 2.6l for inverse problems. The relation ~
means that the two parameters give rise to the same boundary data on 952
or M. These are scaling freedoms, not diffeomorphism freedoms; the
freedom to choose coordinates in the Euclidean setting is eliminated by the
demand that boundary be fixed by the diffeomorphism.

3. PrOOFS
3.1. Proofs of auxiliary results.

Proof of LemmalZ4. A calculation gives
-1 A
(Aup) (A,fé U)
1 »
-1, -1 -1 ijke m
= —0, det(A TN Gom O, )
H Taeog) (\/ et(Ag) 1 ™" A gom Opru

< det(g) It 9tm amkum)

i

11 =
Vdet(g) ]Zl ’

=p~1(AZu)?
n
_24n ij 2+n
+ X Ty 1ZCZ]k£ggma$j (,u)\ 2 )8xkum.
j=1
=(Qu)*

as claimed. O
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Proof of Proposition 2.3 Part (): All structures used in this claim are tensor fields and
covariant derivatives in the sense of Riemannian geometry, and therefore they are invariant
under a change of coordinates by design. Verification using equations (8)), (@) and (I0) by
hand is also straightforward.

Part (2): A conformal map ¢ with respect to the Euclidean geometry satisfies

.95 = det(Dg) " gp.
Combining this with part (1) gives

— —1 A det(Dg)=2/n
. (p 1A3E)u:(¢*p) 1A¢*1;( ®) gEqb*u
for any u.
We then apply Lemma with A = det(D¢p)~%™ and p = det(D¢p)'+?/" (so that
pA 2t = 1) to get

- det(Dg)~2/n _
(60p) AT — Aet(D) (6.p) A, L aagug

The definitions in (1) and () were set up so that ¢ppc = det(Dp) ™' ~2/"¢,c and ¢op =
det(D¢) L p.p. Therefore

LA w = ¢ ((frp) AL, ) duu

from which the desired claim follows.

Part (3]): This is similar to part ([2) above, but we no longer need to satisfy pA 2+ =1
as the subprincipal term of Lemma is irrelevant. This corresponds to the principal
symbol only depending on the density normalized stiffness tensor p~!c, which is evident.

Our definition in (I3)) satisfies
dme = (¢01) ™ énc

with the constant density 1, so the claim follows from essentially the same calculation as
above. O

3.2. Proof of the main result.

Proof of Theorem [21l. As emphasized in part ({I) of Proposition 23] the pushforwards of ¢,
g and p defined in (§)—(I0) and the pushforward ¢,u of the solution leave the Riemannian
EWE invariant with respect to any diffeomorphism ¢. Therefore for any diffeomorphism ¢
that fixes the boundary the triplet (¢.p, dic, dsg) gives rise to the same DN map as the

triplet (p, ¢, g):

Agupsecong) = Mo (14)
Additionally it was shown as a consequence of Lemma that there is the following
conformal freedom for the elastic wave operator P, ) for any non-vanishing function y:
P(Mzu%np#c,ufﬂ%g) = Plp.c)-
This implies for any function p # 0 that satisfies plgy = 1:
= A (15)

A 2 .
(MHL" pvuc,;f“_"g) £:6:9)

Combining (I4) and (I5) yields

2 =A
(ﬂ%?n Dupoft Prcypp 2TM (;5*9) (p,c,9)

as claimed. O
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APPENDIX A. RELATION TO EUCLIDEAN, RIEMANNIAN, AND LORENTZIAN CALDERON
PROBLEMS

Coordinate gauge freedom and conformal freedoms occur in some other inverse boundary
value problems, and we discuss some examples to provide a point of comparison to our
results.

The citations given in this appendix are only examples of the vast literature on these
problems. For more details and background, we refer the reader to [Uhll3; Bel07; Lasl§;
KKLO01] and references therein.

A.1. DN maps for Euclidean, Riemannian, and Lorentzian Calderén problems.
The inverse problems we introduced in section are closely related to the Calderén
problem concerned with the conductivity equation describing electrostatics:

Lyu(z) ==V - (y(z)Vu(z)) =0 in Q
u=f on 0f),
where v denotes an isotropic or anisotropic conductivity. The DN map corresponding

to L, is defined by

Afyf =V ’)/Z'j am].u (16)

Oq

The Calderén problem is then concerned with recovering « from A,. For an anisotropic
conductivity ~ it turns out that this inverse problem is closely related to a corresponding
geometric inverse problem. Consider the Dirichlet problem associated to the Laplace—
Beltrami operator

Agu=0 1in
u=f on 0f),
where (cf. Remark [2Z4] for an alternative formula)

ﬁ&pi ( det(9)g" Oy u)

A p—
g4 det

and with corresponding DN map defined by

Agf =14 g 0,u+/det g

Oq

Then the geometric Calderén problem asks to recover g from A,. One can also consider
the following geometric version of the conductivity equation on a Riemannian manifold

(M, g):

divg(fVgu) =0 in M
u=f on OM,

where 3 is an isotropic conductivity. In this setting the DN map is defined as

Mg f = vi Bg” Opiuy/detg| . (17)

Oq

This gives rise to the Calderén problem on a Riemannian manifold that asks to recover
and g from Ag ).
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There is also a similarity to the Lorentzian Calderén problem in that there is a conformal
gauge freedom in all dimensions. An example is the non-linear wave equation

Ogu(z) + a(z)u(z)* =0, on M,
u(z) = f(x), on OM,
u(t,z') =0, t <0,

where [y is the d’Alembert operator of g (the Laplace-Beltrami operator on a Lorentzian
manifold) and M = R x N. The corresponding DN map is defined as

A(g@)f = Vjaa:ju’(QT)xaN (18)

and the Lorentzian Calderén problem asks to recover the metric g and the function a

from A(

g9,a)*

A.2. Gauge freedom in the Euclidean and Riemannian Calderén problems. It
was observed by L. Tartar that the map A, defined in (I8]) does not determine vy uniquely
(see [KV84] for an account). This is due to the fact that any C°° diffeomorphism ¢: Q — Q
with ¢|gn = id and with the Euclidean pullback of the conductivity

¢D’Y = meﬁfquﬁt, (19)

produces the same DN map as ~:

Aqb‘j'y — A.PY
Notice that the pullback defined in (I9) and the pushforward defined in (II]) are not the
usual pullbacks and pushforwards of tensor fields in differential geometry.

Similarly to the Euclidean case A, as defined in (A.Il) does not determine g uniquely
due to the coordinate gauge freedom

Amg = Ag’

where ¢, denotes the classical pushforward of g by ¢. It was shown in [LUQ1] that this is
the only gauge freedom in dimension n > 3.

In dimension n = 2 the Laplace—Beltrami operator is conformally invariant which gives
rise to an additional gauge for the inverse problem:

Aa(mg) = A

This is proven by |[LUO1] to be the only obstruction for unique identifiability of g.
The inverse problems for the DN maps of (I6]) and (AJ]) are equivalent when n > 3.
Namely, if we set

1
g = (detv)m24"1  or equivalently

v = (det g)7g™",

then (see |[LUS89))
Ay =A,.

A.3. Gauge freedom in the Calderén problem on manifolds. It was shown in [SU03]
that the conformal freedom of the Laplace-Beltrami operator in two dimensions yields the

following conformal freedom for the DN operator defined in (I7) in two dimensions for
¢: M — M with ¢|gp = id:

Aas.g).0.8) = g5y
for any positive scalar function a.
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A.4. Gauge freedom in the Lorentzian Calderén problem. Similarly to the previ-
ous Calderén problems there is a gauge freedom by a diffeomorphism for the DN map
defined in (I8)). It was shown in [HUZ22] that for ¢: M — M with ¢|grr = id we have

Aa(gg),6%a) = Mg,a)

and that there is the conformal freedom
Me20g.e-00) = Mg.a)

for a smooth function 8 on M such that
Blomr =0, uBloar =0, Oge P =0.
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