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Abstract. The elastic properties of a material are encoded in a stiffness tensor field
and the propagation of elastic waves is modeled by the elastic wave equation. We
characterize analytic and algebraic properties a general anisotropic stiffness tensor
field has to satisfy in order for Finsler-geometric methods to be applicable in studying
inverse problems related to imaging with elastic waves.

1. Introduction

The propagation of elastic waves is accurately described by geodesics in a certain
Finsler geometry, and we study how the regularity of this geometry depends on the
properties of the stiffness tensor field that describes the elastic material. There are two
types of seismic waves, the qP- and qS-waves, and our main focus will be on the Finsler
structure arising from the qP-waves, which we will refer to as the elastic wave geometry.

In two dimensions we give a complete characterization of stiffness tensors that give
rise to an elastic wave geometry that is k-times continuously differentiable along the
manifold and smooth on the fibers, and in dimensions greater than two we show that
there is an open neighborhood of the isotropic stiffness tensors where the same regularity
continues to hold. We also show that for complex stiffness tensors the slowness surface is
always singular as a scheme in dimensions d /∈ {2, 4, 8}. We apply the regularity results
to two inverse problems; we prove the injectivity of the geodesic X-ray transform on
scalar fields in some specific low regularity elastic geometries relevant for seismology and
as a second application under suitable assumptions the determination of low regularity
elastic wave geometries up to a Finslerian isometry from travel time data.

1.1. Main Results. The horizontal regularity of the elastic wave geometry associated
to a stiffness tensor field c depends on the regularity of c along the manifold, while the
vertical regularity depends on the algebraic properties of c.

1.1.1. Horizontal Regularity. Our main result concerning horizontal regularity is the
following.

Theorem 1 (Proven in Section 3.6). Let M ⊂ Rn be a smooth domain with or without
boundary and let c ∈ Ck(M) be a stiffness tensor field such that the qP-branch of the
slowness surface associated to c is globally separate. Then the associated Finsler function
F c
qP is of class Ck along the manifold and smooth on the fibers.
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In order to prove Theorem 1 we introduce a class of anisotropic function spaces and
prove anisotropic implicit and inverse function theorems on general smooth fiber bundles,
a result we consider of interest in its own right. For details we refer to Section 3.

1.1.2. Vertical Regularity. In light of Theorem 1, the vertical regularity of the elastic
wave geometry depends on whether the qP -branch of the slowness surface is separate.

In two dimensions we have a complete characterization of stiffness tensors with sepa-
rate slowness surfaces:

Theorem 2 (Proven in Section 4.1). Let c be a two-dimensional stiffness tensor. Then
there exist explicit polynomials R and D in the components of c such that the slowness
surface of c is real and separate if and only if

R(c) ̸= 0 and D(c) ≥ 0. (1)

For the explicit expressions for R and D we refer to Section 4. In dimensions n /∈
{2, 4, 8} we obtain the following two-part result.

Theorem 3 (Proven in Section 4.2). In dimensions n /∈ {2, 4, 8},
(1) for every real isotropic stiffness tensor c0 there is a Euclidean open neighborhood

U(c0) of real stiffness tensors such that if c ∈ U(c0), then the qP-branch of the
slowness surface of c is separate and

(2) the slowness surface of every complex stiffness tensor is singular as a complex
scheme.

Remark 4. We note that the part (2) of Theorem 3 does not say anything about the
singularity of real slowness surfaces, nor about whether the qP-branch is separate or not.

1.1.3. Applications to Inverse Problems. As a direct corollary of Theorems 1 and 2 and
the result in [25] we obtain two results for inverse problems. The first one concerns X-ray
tomography, which arises as linearization of travel times between boundary points; see
e.g. [24] for ray tomography and linearizations in the Riemannian realm.

Corollary 5 (Proven in Section 5.1). Let M = B̄(0; 1)\B̄(0;R) ⊂ Rn for any R ∈ (0, 1)
and n ≥ 2 and suppose c is a spherically symmetric stiffness tensor field such that F c

satisfies the Herglotz condition. If c ∈ C3(M) and the qP-branch of the slowness surface
of c is globally separate, then the geodesic X-ray transform of (M,F c

qP ) is injective on
smooth scalar fields.

The second one concerns travel time data, which corresponds physically the collection
of boundary arrival times from interior source points measured on the planet’s surface.
See [14] for more details and [23] for analogous results in the smooth category.

Corollary 6 (Proven in Section 5.2). Let M1 and M2 be two smooth, connected and
compact manifolds with boundary. Let c1 and c2 be stiffness tensor fields on M1 and M2

respectively such that (Mi, F
ci
qP ) are simple for i ∈ {1, 2}. Then if the fields ci satisfy the

conditions of Theorem 1 for some k ≥ 2 and the travel time data of (Mi, F
ci
qP ) coincide,

there is a Ck+1-Finslerian isometry ϕ :M1 →M2 fixing the boundary.

Both corollaries only use qP-polarized waves, which is the fastest-propagating one.
The local regularity results are also valid for qS, but the qS branch of the slowness
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surface may fail to be convex and thus fail to correspond to any Finsler geometry. Also,
it is common that the qP branch is globally separate from other ones but the other
branches intersect each other. Therefore qP is usually the only polarization that gives
rise to nice global geometry.

1.2. Algebraic Notions of Singularities and Implications for Analysis. There
are several ways to ask whether a slowness surface is smooth or singular. We give the
definitions and their comparisons below. It is worth noting that different degrees of
smoothness as a manifold need not be compared because as an algebraic variety the
slowness surface is as a manifold either smooth or fails to be C1.

An important distinction for us is that between varieties and schemes. Schemes are
more fine-grained algebraic structures and capture concepts like multiplicity better than
varieties. Comparison between algebra and geometry may be helpful: varieties (in our
context) are simply sets in an ambient Euclidean space and are in one-to-one correspon-
dence with radical ideals of the polynomial ring over the ambient space, whereas schemes
have more structure than being a mere subset and are in one-to-one correspondence with
all ideals of the same ring. Not all ideals are radical, so schemes are a generalization of
varieties. See Section 6 for details.

Definition 7. Let K ∈ {R,C}. The vanishing set of a polynomial f : Kn → K is said to
be

(1) smooth as a scheme if there are no points where f = 0 and ∇f = 0, and
(2) smooth as a variety if the vanishing set of the radical rad(f) is smooth as a

scheme.

We will define the related concepts of the radical of a polynomial and the radical of an
ideal in Section 6. At this time it suffices to know that rad(f) is the minimal polynomial
for describing the vanishing set of f ; for example rad(x2y) = xy.

The slowness surface is, of course, defined by the single polynomial Pc, the slowness
polynomial. We will explain in Section 6 why our definitions of smoothness for a variety
or a scheme agree with the typical ones in our setting.

Degeneracy points are vectors p ∈ Kn where the Christoffel matrix Γc(p) has a multiple
eigenvalue. These are related to singular points of the slowness surface where smoothness
(as defined above) fails.

Proposition 8 (Comparison of concepts of singularity for real slowness surfaces; proven
in Section 6.3). Let c be a real positive definite stiffness tensor and let Σ = V (Pc)
associated real slowness surface. Then the following hold.

(1) If Σ is smooth as a scheme, then it is smooth as a variety.
(2) Suppose Pc is squarefree. Then Σ is smooth as a scheme if and only if it is

smooth as a variety.
(3) Σ is smooth as a real manifold if and only if it is smooth as a variety.
(4) Singular points of Σ as a scheme are exactly the same as the degeneracy points

of the Christoffel matrix.

For point (2) there is a partial converse: There is a stiffness tensor c (namely any
isotropic one) in dimensions n ≥ 3 so that Pc contains a square and the associated
slowness surface is smooth as a variety but not as a scheme.
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Proposition 9 (Comparison of concepts of singularity for complex slowness surfaces;
proven in Section 6.3). Let c be a real positive definite stiffness tensor and let Σ (the
slowness surface) be the complex vanishing set of the slowness polynomial Pc.

(1) If Σ is smooth as a scheme, then it is smooth as a variety.
(2) If Pc is squarefree, then smoothness of Σ as a scheme and as a variety are

equivalent. If Pc is not squarefree, then Σ is not smooth as a scheme.
(3) Σ is smooth as a complex manifold if and only if it is smooth as a variety.

The above results concern affine varieties and schemes. The results would be different
for complexified and projectivized versions of slowness surfaces. For example, in 2D
every isotropic slowness surface is singular because two circles of different radii intersect
at the complex infinity.

Remark 10. Points on the cotangent bundle where the elastic wave operator is of real
principal type are points where the operator behaves microlocally well. The crucial feature
of real principal type is that the dimension of the kernel of the principal symbol of the
operator is locally constant. A sufficient condition for this is that the slowness surface
is smooth as a scheme. The implication will not in general work in the other direction,
with the isotropic stiffness tensors serving as a counterexample. See [18] for a detailed
definition. While the other concepts are defined fiber by fiber, being real principal type is
a local property on the cotangent bundle.

An important example is the isotropic stiffness tensor. The slowness polynomial is

P (p) = (c2P |p|2 − 1)(c2S |p|2 − 1)n−1, (2)

where cP and cS are the pressure and shear wave speeds. The slowness surface is the
union of two spheres (with radii c−1

P and c−1
S ), and this is smooth as a variety and from

the analytic point of view. But as the shear sphere is counted with multiplicity n−1, the
isotropic slowness surface is not smooth as a scheme in dimensions n ≥ 3. The slowness
polynomial contains a square (a factor with an exponent ≥ 2).

The radical of the isotropic slowness polynomial in (2) is

rad(P )(p) = (c2P |p|2 − 1)(c2S |p|2 − 1). (3)

In fact, we conjecture that at least in dimension 3 a slowness polynomial corresponding
to a positive definite stiffness tensor contains a square if and only if it is isotropic. We
know no other examples of this behavior.

1.3. Motivation, Context and Related Results. The ray paths of seismic waves
can be modeled as integral curves of the Hamiltonian flows of the eigenvalues of the
Christoffel matrix. Under the assumption that the qP-branch of the slowness surface is
globally separate, the Hamiltonian flow of the qP-eigenvalue is the co-geodesic flow of
the elastic wave geometry. For more details and background see for example [2, 15, 34].
Another approach to modeling the wavefronts of elastic waves comes from microlocal
analysis. For example for strictly hyperbolic systems the singularities of solutions prop-
agate along the Hamiltonian flows of the eigenvalues of the principal symbol. Details
can be found for example in [19]. For a physical version of propagation of singularities
along the ray paths see [7]. For example in two dimensions the isotropic elastic wave
equation is a strictly hyperbolic system.
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The geometric point of view allows for the use of many powerful techniques of differ-
ential geometry in investigations of injectivity and stability for inverse problems related
to the elastic wave equation. The existing theory of microlocal analysis fails already at
a relatively high finite regularity, but we can still take the geometric point of view as
a model for the physics at lower regularity. The applicability of the classical theory of
Finsler geometry requires that the Finsler function is fiberwise smooth and at least of
class C1,1 along the manifold, so that the geodesic equation is uniquely solvable every-
where. This motivates the main results of our article, since in order to reliably apply the
geometric model to a physical situation, we need to determine what we have to assume
from the stiffness tensor in order for the geometric objects and results to remain valid.

There is an extensive literature on inverse problems related to elasticity. In the
isotropic case the resulting wave geometries are Riemannian, allowing one to apply the
results on inverse problems on Riemannian manifolds. For example, based on Riemann-
ian results it was shown in [31] that the wave speeds are uniquely determined by the
Dirichlet to Neumann map. For more on the Riemannian results we refer to [29] and
references therein.

It is however the case that in applications the materials are very often anisotropic
and nonsmooth. Hence there is a great need for generalizations to the Finslerian and
nonsmooth settings. Regarding results on inverse problems in the nonsmooth Riemann-
ian setting we mention [20, 21], where the authors prove injectivity results for metrics
of class C1,1 and [22], where the metric is assumed more regular, but the scalar field
recovered by the geodesic X-ray transform is only required to be in L2.

For results on ray transforms in the smooth Finslerian setting we mention [3], where
the authors prove a variety of injectivity results for various curve families over a Finsle-
rian surface and [10], where injectivity results are obtained for ray transforms on closed
Finsler manifolds of dimension greater than or equal to two. The injectivity of the Finsle-
rian geodesic X-ray transform on was proved on simple manifolds of arbitrary dimension
≥ 2 in [26]. There is also a number of works applying Finsler geometric methods to
inverse problems in anisotropic elasticity, related for example to the Dix problem [12]
and to broken scattering relations [13]. For previous work applying algebraic geometry
to inverse problems in anisotropic elasticity we refer to [16].

There is a large body of work in inverse problems in elasticity not utilising Finslerian
methods, related to for example unique continuation [17], to elastic surface waves [11],
to cloaking [30], to inverse source problems [5] and to scattering of elastic waves [6].

Elastic geometry is Finsler geometry, but very few Finsler geometries arise from elas-
ticity. Ivanov [26] gave a counterexample to boundary rigidity on Finsler manifolds, but
the example does not seem to stay in the class of elastic Finsler metrics. Therefore care
is needed in modelling on the correct level of generality; Riemannian geometry is too
narrow but fully general Finsler geometry is too broad.

1.4. Organization of the Article. The rest of the paper is organized as follows. Sec-
tion 2 is devoted to preliminaries, divided into those related to elasticity and to related
to Finsler geometry. The required prerequisites related to algebraic geometry will be
reviewed in Section 4. Section 3 is dedicated to the analytical results concerning the
horizontal regularity and contains the proof of Theorem 1, while Section 4 is dedicated
to the algebraic results concerning the vertical regularity and contains the proofs of
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Theorems 2 and 3. The applications to inverse problems are treated in Section 5 and
lastly Section 6 contains technical details on the definitions of singularities of schemes
and varieties along with the proofs of Propositions 8 and 9. Appendices A and B contain
proofs of the basic properties of our anisotropic function spaces and proofs of some of
the more technical lemmas.

1.5. Acknowledgments. J.I. was supported by the Research Council of Finland (Flag-
ship of Advanced Mathematics for Sensing Imaging and Modelling grant 359208; Centre
of Excellence of Inverse Modelling and Imaging grant 353092; and other grants 351665,
351656, 358047, 360434) and a Väisälä project grant by the Finnish Academy of Science
and Letters. P.K was supported by the Finnish Ministry of Education and Culture’s
Pilot for Doctoral Programmes (Pilot project Mathematics of Sensing, Imaging and
Modeling) and the Research Council of Finland (Flagship of Advanced Mathematics for
Sensing Imaging and Modelling grant 359208; Centre of Excellence of Inverse Modelling
and Imaging grant 353092). A.K. was supported by the Geo-Mathematical Imaging
Group at Rice University. We thank Maarten V. de Hoop for discussions.

2. Geometric preliminaries

We divide the preliminaries into those dealing with Elasticity and those dealing with
Finsler geometry.

2.1. Elasticity. An element c = cijkl of Rn4
is a stiffness tensor, if it has the elastic

symmetries cijkl = cjikl = cklij . We note that for us the stiffness tensors are not tensorial,

but are interpreted as sections of the trivial bundleM×Rn4
, whereM ⊂ Rn is the closure

of a bounded smooth domain in Rn modeling the elastic body. The dimension of the
stiffness tensor is the dimension of the manifold on which it is defined, and the space of
n-dimensional stiffness tensors with components taking values in K ∈ {R,C} is denoted

by EK(n) and can be identified with KN(n), where N(n) = n(n+1)
2 . The two dimensional

subspace of isotropic K-valued stiffness tensors will be denoted by IK(n). A stiffness
tensor field c : M → EK(n) is defined to be of class Ck(M), k ∈ N≥0, if the component
functions are of class Ck(M).

We will denote the space of symmetric n × n matrices over K by SymmK(n). The
Christoffel matrix field associated to a stiffness tensor field c : M → EK(n) will be
denoted by Γc, and is understood either as a map

Γc : T
∗M → SymmR(n) (4)

or as a map

Γc : T
∗
CM → SymmC(n), (5)

depending on the situation. Here T ∗
CM refers to the complexified cotangent bundle with

the typical fibers T ∗
p ⊗R C. In local coordinates (x, p) of T ∗M or T ∗

CM the Christoffel
matrix has the representation

(Γc)il(x, p) = cijkl(x)pjpk. (6)

The characteristic polynomial of the Christoffel matrix Γc(p) is called the slowness poly-
nomial and will be denoted by Pc(p). The leading eigenvalue of the Christoffel matrix,
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corresponding to the qP-waves, will be denoted by λcqP and the smaller eigenvalues, cor-

responding to the qS-waves, will be denoted by λcqS,j for j ∈ {1, . . . , n− 1}. We are not
ruling out the possibility that λcqP = λcqS,1. The Finsler functions associated to λcqP and
λcqS,j will be denoted by F c

qP and F c
qS,j respectively. In two dimensions we will omit the

index j.

2.2. Finsler Geometry. We recall the basic definitions of Finsler geometry. For more
details we refer to the books [1, 4, 32], and for a quick introduction to [9]. Let M be a
smooth manifold. A function F : TM → [0,∞) is a Finsler function if for each x ∈ M
and X,Y, Z ∈ TxM we have

• positive definiteness: F (x,X) = 0 ⇐⇒ X = 0,
• positive 1-homogeneity along fibers: F (x, λX) = λF (x,X) for all λ > 0 and
• strong convexity: F (x, • ) : TxM → [0,∞) is smooth outside the zero section
and for all X ̸= 0 the symmetric bilinear form

gx,X(Y, Z) :=
1

2

∂2

∂t∂s
(F (x,X + sY + tZ)2)|s=t=0 (7)

is positive definite. The form g is referred to as the fundamental tensor.

A Finsler manifold is a pair (M,F ), where F is a Finsler function. A Finsler function
will always be of class C1 at the zero section, but due to homogeneity F 2 is smooth at
the zero section if and only if

F (x, y) =
√
gij(x)yiyj , (8)

where g is a Riemannian metric.

Remark 11. Some authors replace the strong convexity condition with the subadditivity
assumption

F (x,X + Y ) ≤ F (x,X) + F (x, Y ) (9)

for all X,Y ∈ TxM . Since strong convexity implies subadditivity and the invertibility —
and hence positive-definiteness — of the matrix of the fundamental tensor is required for
writing the geodesic equation in the standard form, we choose to take strong convexity
as a part of the definition.

2.2.1. Metric Structure. Let ∞ < a < b < ∞ and let γ : [a, b] → M be a smooth curve.
The length ℓ(γ) of γ is defined as

ℓ(γ) =

ˆ b

a
F (γ(t), γ̇(t)) dt. (10)

Due to the homogeneity of the Finsler function the length of a curve is invariant un-
der positively oriented reparamerizations. Assuming M is path connected, the Finsler
function lets us define a distance on M by declaring for any x, y ∈M the distance

d(x, y) = inf{ℓ(γ) : γ : [0, 1] →M smooth and γ(0) = x, γ(1) = y}. (11)

We note that unless we require

F (x,−• ) = F (x, • ) (12)
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on each TxM , we do not necessarily have d(x, y) = d(y, x). A Finsler function F satis-
fying (12) fiberwise is called reversible, and the distance function of a reversible Finsler
function defines a metric on the manifold.

2.2.2. Geodesics. The Euler-Lagrange equation associated to the length functional ℓ can
be written, assuming strong convexity, in components as

γ̈i +
1

2
gij(γ, γ̇)

(
2
∂gjk
∂xl

(γ, γ̇)− ∂gkl
∂xj

(γ, γ̇)

)
γ̇kγ̇l = 0, (13)

where gij are the components of the fundamental tensor and [gij(x, y)]ni,j=1 is the inverse

matrix of [gij(x, y)]
n
i,j=1. The solutions to (13) are called geodesics. The lifts (γ, γ̇) of

geodesics are integral curves of the so-called geodesic spray G ∈ Γ(T (TM \ {0})), given
in local coordinates by

G(x, y) = yi
∂

∂xi
+ 2Gi(x, y)

∂

∂yi
, (14)

where the spray coefficients Gi are given by

Gi(x, y) =
1

4
gij(x, y)

(
2
∂gjk
∂xl

(x, y)− ∂gkl
∂xj

(x, y)

)
ykyl. (15)

3. Horizontal Regularity

A characteristic feature of the elastic wave geometry is that the Finsler function enjoys
much greater regularity on the fibers than along the manifold. In order to capture this
phenomena, we introduce a class of anisotropic function spaces. To motivate the specific
definition of our anisotropic function spaces, we take an interlude to talk about Legendre
transforms and how the elastic Finsler function F c is constructed.

3.1. Legendre Transform and Construction of the Elastic Finsler Function.
Any smooth function H : T ∗M \ {0} → R with a fiberwise invertible Hessian, given in
local coordinates (x, p) of T ∗M \ {0} by

Hess(H)ij(x, p) =
∂2H

∂pi∂pj
(x, p), (16)

defines an invertible map ℓH : T ∗M \ {0} → TM \ {0} via the local coordinate formula

ℓH(x, p) = (x, ∂p1H(x, p), . . . , ∂pnH(x, p)). (17)

The Legendre transformation LH(f) of any f ∈ C∞(T ∗M \ {0}) is then defined to be
the smooth function LH(f) : TM \ {0} → R defined by

LH(f) = (ℓ−1
H )∗Ef , (18)

where the energy Ef of the function f is defined in the local induced coordinates (x, p)
of T ∗M \ {0} by

Ef (x, p) = pi
∂f

∂pi
(x, p)− f(x, p). (19)
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Now if the Hamiltonian is fiberwise convex and 2-homogeneous, then LH(H) is also

fiberwise convex and 2-homogeneous. Hence given a Finsler function F̃ on T ∗M , we can
then obtain a Finsler function F on TM by the formula

1

2
F 2 = L 1

2
F̃ 2

(
E 1

2
F̃ 2

)
(20)

by defining
ℓ 1
2
F̃ 2(0) = 0. (21)

Due to the fiberwise homogeneity of F̃ , we have by Euler’s theorem (see e.g. [4, Theorem
1.2.1]) that

E 1
2
F̃ 2 =

1

2
F̃ 2 (22)

and hence the equation for the Finsler function F simplifies to

1

2
F 2 = (ℓ−1

1
2
F̃ 2

)∗
1

2
F̃ 2, (23)

which then gives us
F = (ℓ−1

1
2
F̃ 2

)∗F̃ . (24)

The qP-Finsler function of a stiffness tensor c is obtained as follows. First we use
the implicit function theorem to write the qP-eigenvalue λcqP of the Christoffel matrix

Γc as a function on the cotangent bundle. The function (λcqP )
1/2 can be seen to define

a Finsler function on T ∗M . For details we refer to [14]. This is then used to construct
the elastic Finsler function F c

qP on TM via the Legendre transformation induced by the

function 1
2λ

c
qP . More specifically, by the previous discussion we have the formula

F c
qP = (ℓ−1

1
2
λc
qP

)∗(λcqP )
1/2. (25)

Hence to determine the anisotropic regularity of the qP-geometry arising from a stiff-
ness tensor c, we need to know how anisotropic regularity is inherited by implicit and
inverse functions. We have designed our anisotropic regularity classes so that they are
preserved exactly by implicit and inverse functions.

3.2. Anisotropic Regularity. Let V ⊂ Rm and U ⊂ Rn be open. Denote by ∂v the
derivatives with respect to the variables in V and by ∂u the derivatives with respect to
the variables in U . Define

Ck(V × U ;Rd) (26)

to be the set of functions f : V × U → Rd that are k-times continuously differentiable
with respect to the first variable and by

Cl(V × U ;Rd) (27)

the set of functions f : V × U → Rd that are l-times continuously differentiable with
respect to the second variable.

Definition 12 (Anisotropic regularity on Euclidean domains). The anisotropic regular-
ity class Ck

l (V × U ;Rd), 1 ≤ k ≤ l, is defined to be the set of functions f : V × U → Rd

for which

• f ∈ Ck(V × U ;Rd) ∩ Cl(V × U ;Rd),
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• ∂αu f ∈ Cmin{k,l−|α|}(V × U ;Rd) for all α with |α| ≤ l,
• ∂αv f ∈ Cl−|α|(V × U ;Rd) for all α with |α| ≤ k.

The following elementary Lemmas will be of great use. The proof of Lemma 13 can be
found in Appendix A and we omit the proof of Lemma 14 as an elementary consequence
of the chain rule.

Lemma 13. If f ∈ Ck
l (V × U ;Rd), we have that

∂αv ∂
β
uf = ∂βu∂

α
v f (28)

for all α and β with |α| ≤ k and |α|+ |β| ≤ l.

Lemma 14. Let U, V ⊂ Rn and l ≥ 2. Suppose f ∈ Ck
l (V × U ;Rn) and g ∈ Ck

l (V ×
f(V × U);R). Then

g ◦ f ∈ Ck
l (V × U ;R). (29)

Let then X×Y be a smooth product manifold. We define the regularity class Ck
l (X×

Y ;M) as follows.

Definition 15 (Anisotropic regularity on product manifolds). We say that f ∈ Ck
l (X×

Y ;M), if for each p ∈ X × Y there are local charts (Vp, x) and (Up, y) of X and Y
respectively such that projX(p) ∈ Vp and projY (p) ∈ Up and a local chart (Wf(p), z) of
M such that f((Vp × Up) ∩ (X × Y )) ⊂Wg(p) we have that

z ◦ f ◦ (x−1 × y−1) ∈ Ck
l (x(Vp)× y(Up); z(Wf(p))).

Remark 16. By Lemma 14 anisotropic regularity in a single local chart at a point
implies anisotropic regularity in all local charts at a point.

Let then E → B be a smooth fiber bundle with a typical fiber F . The regularity class
Ck
l (E;M) is defined via local trivializations:

Definition 17 (Anisotropic regularity on fiber bundles). Let {(Ui, φi)}i∈I be a bundle
atlas of E → F . We say that f ∈ Ck

l (E;M) if for any local trivialization φi of E we
have that

f ◦ φ−1
i ∈ Ck

l (Ui × F ;M).

Remark 18. For completeness, in the case of smooth G-bundles by Lemma 14 we
have that anisotropic regularity is preserved under the action of the structure group
and is hence well defined. In the cases relevant to our applications this just means that
anisotropic regularity is preserved by the local transition functions of TM and T ∗M .

3.2.1. Outline of the Proof of Theorem 1. The proof of Theorem 1 will proceed in three
steps. First we prove that anisotropic regularity is preserved by inverse functions and
then that fiberwise smooth anisotropic regularity is preserved by implicit functions. We
then use the result for inverse functions to determine the anisotropic regularity of the
Legendre transformation associated to a given function. The result then follows by
combining the above.
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3.3. Anisotropic Regularity of Inverse Functions. We begin with the anisotropic
regularity of inverse functions.

Proposition 19. Let M be a smooth manifold and (A,M, πA, FA) and (B,M, πB, FB)
be two smooth fiber bundles. Suppose f : A → B is a C1 bundle diffeomorphism and
moreover f ∈ Ck

l (A;B) for 1 ≤ k ≤ l. Then f−1 ∈ Ck
l (B;A).

The result is a relatively direct application of the following result, the proof of which
can be found in Appendix A.

Lemma 20. Suppose V ⊂ Rm and U ⊂ Rn are open and f : V × U → Rn is such that

• f ∈ Ck
ℓ (V × U ;Rn),

• f(v, U) = f(w,U) =: f(U) for all v, w ∈ V ,
• for each v ∈ V the function f(v, • ) is a Cℓ-diffeomorphism between U and f(U).

Then
f−1 ∈ Ck

ℓ (V × f(U);Rn). (30)

Proof of Proposition 19. Pick p ∈ B and a neighborhood ΩB ⊂ B of p. By assumption
there is some neighborhood ΩA ⊂ A of f−1(p) such that ΩB = f(ΩA). Since f covers
the identity, we have that

πB(ΩB) = πA(ΩA) =: U. (31)

Pick a local trivialization φB of B at p and a local trivialization φA of A at f−1(p).
After possibly choosing ΩA smaller, we may assume that (U, x) is a local chart on M .
Take a local chart (VB, yB) of FB at projFB

(φB(p)) and a local chart (VA, yA) of FA at

projFA
(φA(f

−1(p))). Then the map

(x× yB) ◦ φB ◦ f ◦ φ−1
A ◦ (x−1 × y−1

A ) : x(U)× yA(VA) → x(U)× yB(VB) (32)

can be written in coordinates as

(x, yA) 7→ (x, f̃(x, yA)), (33)

where the map f̃ : x(U)×yA(VA) → yB(VB) is determined by (32). Since f ∈ Ck
l (A;B),

we have by definition that f̃ ∈ Ck
l (x(U)× yA(VA); yB(VB)). Since the map f is a bundle

diffeomorphism, we have that f̃(x, yA(VA)) = yB(VB) for all x ∈ x(U). Since f is a C1-

diffeomorphism, so is f̃ and since f̃ ∈ Cl(x(U)×yA(VA)), by the inverse function theorem

f̃(x, • ) is a C l-diffeomorphism onto yB(VB) for all x ∈ x(U). Hence the conditions of

Lemma 20 are satisfied and we get that f̃−1 ∈ Ck
l (x(U)× yB(VB); yA(VA)).

Since the map

(x, yB) 7→ (x, f̃(f̃−1(x, yB)) (34)

gives the identity map of x(U)× yB(VB) and the map

(x, yA) 7→ (x, f̃−1(f̃(x, yA))) (35)

gives the identity map of x(U)× yA(VA), we can conclude that(
(x× yB) ◦ φB ◦ f ◦ φ−1

A ◦ (x−1 × y−1
A )

)−1
(x, yB)

=
(
(x× yA) ◦ φA ◦ f−1 ◦ φ−1

B ◦ (x−1 × y−1
B )

)
(x, yB)

= (x, f̃−1(x, yB))

(36)
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for all (x, yB) ∈ x(U)× yB(VB). Hence

(x× yA) ◦ φA ◦ f−1 ◦ φ−1
B ◦ (x−1 × y−1

B ) ∈ Ck
l (x(U)× yB(VB);x(U)× yA(VA)), (37)

letting us conclude that f−1 ∈ Ck
l (B;A). □

3.4. Anisotropic Regularity of Implicit Functions. We move on to the anisotropic
regularity of implicit functions. We start with the following result, the proof of which
can be found in Appendix A.

Lemma 21. Let V ×U×W ⊂ Rn×Rm×Rd be an open set and let F : V ×U×W → Rd

be in Ck(V × U ×W ;Rd) with k ≥ 1 such that for each p ∈ V × U we have F (p, • ) ∈
C∞(W ;Rd). Denote variables in V,U and W by v, u and w respectively.

Suppose there is a continuously differentiable function ϕ : V × U → W for which we
have for all v, u ∈ V × U that

F (v, u, ϕ(v, u)) = 0 and det(JwF (v, u, w))|(v,u,ϕ(v,u)) ̸= 0. (38)

Then, if

• the functions ∂αuF are k-times continuously differentiable in v for all α,
• the function JwF is k times continuously differentiable with respect to v and
C∞-smooth with respect to u and

• the functions ∂αuJwF are k times continuously differentiable with respect to v for
all α,

we have that ϕ ∈ Ck
∞(V × U ;W ).

For implicit functions we prove the following less general result.

Proposition 22. Let (E,M, πE , FE) be a smooth fiber bundle, W ⊂ Rd an open set and
let F ∈ Ck(E ×W ;Rd) be a function such that F (p, • ) ∈ C∞(W ;Rd). Suppose that
there is a function ϕ ∈ C1(E;W ) such that

F (p, ϕ(p)) = 0 and det(JwF (p, w))|(p,ϕ(p)) ̸= 0 (39)

for all p ∈ E. If for each p ∈ E there is local bundle chart (U,φ) at p with x the
coordinate function on U and a local coordinate chart (V, y) at projFE

(φ(p)) such that
the function

(x, y, z) 7→ F ((φ−1 ◦ (x−1 × y−1))(x, y), z) (40)

satisfies the conditions of Lemma 21 in x(U)× y(V )×W , then ϕ ∈ Ck
∞(E;W ).

Proof. Let p ∈ E. By the assumptions there is a bundle chart (U,φ) at p with x a
coordinate function on U , and coordinate chart (V, y) of FE at projFE

(φ(p)) such that

ϕ ◦ φ−1 ◦ (x−1 × y−1) ∈ Ck
∞(x(U)× y(V );Rd). (41)

The claim follows by definition. □
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3.5. Anisotropic Regularity Under Legendre Transforms. Before discussing the
anisotropic regularity of Legendre transforms, we give the following lemma.

Lemma 23. Suppose H : T ∗M \{0} → R is fiberwise strictly convex and H ∈ Ck
ℓ (T

∗M \
{0}) for any 1 ≤ k ≤ l and ℓ ≥ 2. Then

ℓH : T ∗M \ {0} → TM \ {0} (42)

is a C1 bundle diffeomorphism and ℓH ∈ Ck
l−1(T

∗M \ {0};TM \ {0}).

Proof. That ℓH is a C1 diffeomorphism between T ∗M0 and TM under the prevailing
regularity assumptions is classical and we refer to [9] for a proof. It hence suffices to
establish anisotropic regularity.

Let p ∈ T ∗M \ {0} and let (U,φ) be a bundle chart of T ∗M \ {0} at p, induced by
the smooth structure of M . Denote by π′ the bundle map of T ∗M \ {0} and by (x, ξ)
the local coordinates of T ∗M \ {0} in φ((π′)−1(U)). Let (U,ψ) be a bundle chart of
TM \ {0} at ℓH(p), induced by the smooth structure of M and denote by π the bundle
map of TM \ {0} and by (x, y) the local coordinates of TM \ {0} at ψ(ℓH(p)). Then

ℓ̃H := (x× y) ◦ ψ ◦ ℓH ◦ φ−1 ◦ (x−1 × ξ−1) = (x, ∂ξ1H(x, ξ), . . . , ∂ξnH(x, ξ)) (43)

in φ((π′)−1(U)) = x(U)× (Rn \ {0}). Since by assumption

H ◦ φ−1 ◦ (x−1 × ξ−1) ∈ Ck
l (x(U)× (R \ {0}), (44)

we get that ℓ̃H ∈ Ck
l−1(x(U)× (Rn \ {0});x(U)× y(ψ(ℓH(p)))). The claim follows. □

With this we obtain the following result.

Proposition 24. Let F̃ : T ∗M \ {0} → R be a Finsler function of regularity class
Ck
l (T

∗M \ {0}) with 1 ≤ k ≤ l and l ≥ 3. Define ℓ 1
2
F̃ 2(0) = 0. Then

F := (ℓ−1
1
2
F̃ 2

)∗F̃ (45)

is a Finsler function on TM and is of class Ck
l−1(TM \ {0}).

Proof. The convexity and homogeneity of F is classical and for the proof we refer to [9].
Hence it suffices to establish regularity.

By Lemma 23, if F̃ ∈ Ck
l (T

∗M \ {0}), then ℓ 1
2
F̃ 2 ∈ Ck

l−1(T
∗M \ {0};TM \ {0}).

Since ℓ 1
2
F̃ 2 is a C1-bundle diffeomorphism, by Proposition 19 we have that (ℓ 1

2
F̃ 2)−1 ∈

Ck
l−1(TM \ {0};T ∗M \ {0}). The claim follows by Lemma 14. □

It is worth noting that the Legendre transformation may reduce vertical regularity,
since the definition involves taking first order vertical derivatives.

3.6. Proof of the Main Result on Horizontal Regularity. We have now developed
sufficient tools in order to prove Theorem 1.

Proof of Theorem 1. The Finsler function (λcqP )
1/2 satisfies by definition in the local

coordinates (x, p) of T ∗M \ {0} the equation

χ(Γc)(x, p) = det(Γc(x, p)− λcqP (x, p)Id) = 0, (46)
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where Γ is the Christoffel matrix. The function χ(Γc) is polynomial in λ and is hence
smooth in λ. By assumption the root λcqP (x, p) is simple and hence for each (x, p) ∈
T ∗M \ {0} we have that

∂λχ(Γc(x, p, λ))|(x,p,λc
qP (x,p)) ̸= 0. (47)

Since c ∈ Ck(M) and χ(Γc) is polynomial also in the fiber coordinates, the conditions
of Proposition 22 are satisfied. Hence we have that λcqP ∈ Ck

∞(T ∗M \ {0}), which then
by Proposition 24 implies that

F c
qP = (ℓ−1

1
2
λc
qP

)∗(λcqP )
1/2 ∈ Ck

∞(TM \ {0}). (48)

This concludes the proof. □

4. Vertical Regularity

We now move on to discuss vertical regularity. Let K ∈ {R,C} and p ∈ Cn and define
the set ΣK(n) of singular stiffness tensors as

ΣK(n) = {c ∈ EK(n) : Pc has a multiple root for some p ∈ Kn \ {0}}. (49)

Remark 25. By Proposition 8, in the real case the singularity of a slowness surface
means precisely the existence of a multiple eigenvalue of the Christoffel matrix.

The aim of this chapter is to prove Theorems 2 and 3. We start with the two dimen-
sional result.

4.1. Singularity of Slowness Surfaces in Two Dimensions. The main result of
this subsection is Proposition 26, which characterizes singular stiffness tensors in R2.
Theorem 2 then follows as an immediate corollary. The characterization is in terms of
certain semi-algebraic conditions on the stiffness tensor defined by the polynomials

D1(c) = (c1212 + c1122)
2 − 4c1112c1222,

D2(c) = (c1112 − c1222)
2 + (c1111 − c1212)(c2222 − c1212),

D(c) = D1(c) +D2(c),

L(c) = c1122c1222 + c1111c1222 − c1112c2222 − c1122c1112,

R(c) = L(c)2 −D1(c)D2(c).

(50)

Proposition 26. The following are equivalent for a stiffness tensor c ∈ ER(2):

(1) The Christoffel matrix has a multiple eigenvalue.
(2) R(c) = 0 and D(c) ≥ 0.
(3) R(c) = 0 and D1(c) ≥ 0.
(4) R(c) = 0 and D2(c) ≥ 0.

In particular,
ΣR(2) = {c ∈ ER(2) : R(c) = 0 and D(c) ≥ 0}. (51)

Proof. The existence of a multiple root of a polynomial Q is equivalent to the vanishing
of the discriminant ∆(Q) of Q. The discriminant of the characteristic polynomial of
H := Γc(p) is

∆(χH) = (h11 − h22)
2 + 4h212. (52)
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Thus ∆(χH) = 0 can be equivalently written as

h11 − h22 = 0 and h12 = 0. (53)

Spelled out we have the system of equations

c1112p
2
1 + (c1212 + c1122)p1p2 + c1222p

2
2 = 0 (54)

and

(c1111 − c1212)p
2
1 + 2(c1112 − c1222)p1p2 + (c1212 − c2222)p

2
2 = 0. (55)

Let us denote by F1 and F2 the polynomials in R[p1, p2] defining the equations (55) and
(54) respectively.

We will prove that equations (55) and (54) have a common non-zero root p ∈ Rn if
and only if any one of the conditions (2), (3) or (4) are true. This is done by analyzing
the discriminants and the resultant of the system of equations. More concretely, we use
the resultant of F1 and F2 to study existence of a common root and the discriminants
of F1 and F2 to determine whether a common root is real.

Since F1 and F2 are homogeneous our conclusions are the same independently whether
we choose to interpret F1, F2 ∈ (R[p1])[p2] and require p1 ̸= 0 or F1, F2 ∈ (R[p2])[p1] and
require p2 ̸= 0 when computing the discriminants and the resultant. We choose to use
the first interpretation.

We interpret F1(p1, p2) as a polynomial in the variable p2 with coefficients in R[p1].
Then the discriminant of F1 is

∆(F1)(p1) = [(c1212 + c1122)
2 − 4c1112c1222]p

2
1 = D1(c)p

2
1. (56)

Similarly, we interpret F2 as a polynomial in the variable p2 with coefficients in R[p1]
and compute its discriminant to be

∆(F2)(p1) = [4(c1112 − c1222)
2 + 4(c1111 − c1212)(c2222 − c1212)]p

2
1 = 4D2(c)p

2
1. (57)

Additionally, with F1 and F2 interpreted in this way their resultant is the polynomial

res(F1, F2, p2)(p1) = (L(c)2 −D1(c)D2(c))p
4
1 = R(c)p41. (58)

where L(c) is as in (50).
The proof is now completed by the following reasoning:

(1) From (58) we see that the slowness polynomial of Γc(p) has a double root at
p ∈ C2 \ {0} if and only if R(c) = 0.

(2) From (56) and (57) we see that p ∈ R2\{0} if and only if D1(c) ≥ 0 or D2(c) ≥ 0.
(3) From the vanishing of the resultant we see that D1(c) and D2(c) have the same

sign.
(4) In the case that D1(c) ≥ 0 and D2(c) ≥ 0 we have D(c) ≥ 0. In the case that

D1(c) < 0 and D2(c) < 0 we have D(c) < 0. □

Proof of Theorem 2. The claim is the same as equivalence of items (1) and (2) in Propo-
sition 26. □

4.2. Singularity of Slowness Surfaces in Higher Dimensions. In this subsection
we prove Theorem 3. Before going into the details, we have to take a slight detour
to discuss a modified notion of parallelizability, which we will refer to as projective
parallelizability.
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4.2.1. Projective Parallelizability. An n-dimensional smooth manifold M is said to be
parallelizable if there are n vector fields V 1, . . . , V n on it so that they form a basis of
TxM at all points x ∈M . Such a collection of vector fields corresponds to a trivialization
of the tangent bundle. We will study a weaker form of parallelizability:

Definition 27. An n-dimensional smooth manifold M is said to be projectively paral-
lelizable if there are n tangent line bundles L1, . . . , Ln so that at all points x ∈ M we
have TxM =

⊕n
i=1 L

i
x.

A tangent line bundle is a one-dimensional subbundle of the tangent bundle. If a
manifold M is parallelizable, then it is easily seen to be projectively parallelizable by
setting Li = V iR. The converse is only partially true. If each tangent line bundle Li

admits a nowhere vanishing section, then the manifold is parallelizable with said sections
as the required vector fields.

This definition arises naturally in our study of non-degenerate matrices. The tangent
line bundles correspond to eigenspaces of certain operators, and eigenspaces being more
unique objects than eigenvectors turns our attention to our projective kind of paralleliz-
ability. We prove two results concerning this definition:

Proposition 28. Every projectively parallelizable manifold has a parallelizable cover-
ing space. If the original manifold is connected or compact, so is the covering space,
respectively.

Proposition 29. The sphere Sn is projectively parallelizable if and only if n ∈ {1, 3, 7}.

Proposition 28 has an immediate generalization we will not need: It is unimportant
that the number of tangent line bundles or vector fields equals the dimension. The
statement remains true for any number k ∈ {1, . . . , n} of these bundles and fields. For
k = 1 this leads to an “unoriented hairy ball theorem”, which we record here without
proof:

Proposition 30. The sphere Sn has a tangent line bundle if and only if n is odd.

Proof of Proposition 28. LetM be a connected projectively parallelizable space with the
tangent line bundles L1, . . . , Ln. Endow M with any Riemannian metric.

Define the space

N := {(x, v1, . . . , vn);x ∈M, vi(x) ∈ Li
x for all i, and |vi(x)| = 1 for all i}. (59)

This N is a 2n-sheeted covering space of M with the canonical projection.
The space N is locally diffeomorphic to M and it has globally defined vector fields

vi(x) obtained by pulling back the vector field onM along the covering mapping. As each
tangent space ofM is by assumption the direct sum of the tangent lines L1, . . . , Ln, these
vector fields provide a basis of each tangent space of N . Therefore N is parallelizable.

This concludes the proof of the main claim. If M is compact, so is N . If M is
connected, any connected component of N will do. □

The proof is analogous to that of an unoriented manifold having an orientable double
cover. The unit vectors on the lines are unique up to sign, and switching any of the
signs is a deck transformation of the cover. With any choice of signs the vector fields
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are locally well defined and unique, and the point of the space N is to make these fields
globally well defined.

Proof of Proposition 29. It is well known that the sphere Sn is parallelizable if and only
if n ∈ {1, 3, 7}. Thus it remains to prove that for n ≥ 2 the sphere Sn is parallelizable if
(and only if) it is projectively parallelizable. This follows quickly from Proposition 28: a
projectively parallelizable sphere has a parallelizable cover, but the spheres (for n ≥ 2)
are their own universal covers and cannot be covered by anything else, thus proving that
the sphere itself is parallelizable. □

4.2.2. Proof of Theorem 3. Coming back to the main aim of the subsection, we start by
proving the Zariski-closedness of ΣC(n).

Lemma 31. The set ΣC(n) is Zariski-closed.

Due to the homogeneity of ∆(Pc) in p it suffices for us to investigate the set

B := {(c, p) ∈ EC(n)× CPn−1 : ∆(Pc(p)) = 0}. (60)

Remark 32. The homogeneity of the discriminant in p can be seen as follows. Since
the matrix Γ(c, p) is homogeneous in p, so are its eigenvalues. Since the discriminant of
the characteristic polynomial χΓ(c,p) = Pc(p) is given by∏

i<j

(λi − λj)
2 (61)

where λk, k ∈ {1, . . . , n}, are the eigenvalues of Γ(c, p), we see that ∆(Pc(p)) is homo-
geneous in p as well.

Let π : B → EC(n) be the projection

π : (c, p) 7→ c. (62)

We note the following, which follows directly from the definitions.

Lemma 33. It holds that π(B) = ΣC(n).

With this we are then ready to give the

Proof of Lemma 31. Since the setB is closed, by Lemma 33 it follows by the fundamental
theorem of elimination theory [8] that the set ΣC(n) is closed as well. □

We then move on to finding the Euclidean interior point in the real slice ΣC(n)∩RN .

Proposition 34. For n /∈ {2, 4, 8} the real slice ΣC(n) ∩ RN has a Euclidean interior
point.

The proof relies on the following result.

Lemma 35. Let c0 ∈ EC(n) ∩RN be any isotropic stiffness tensor and let ε > 0 be any
positive number. There is a Euclidean neighborhood Ω ⊂ EC(n) ∩ RN of c0 so that the
following hold:

(1) For all c ∈ Ω and all p ∈ Rn\{0} the eigenspace E1(c, p) of the highest eigenvalue
of Γc(p) is non-degenerate.

(2) For all unit vectors p ∈ Rn we have d(p,E1(c, p)) < ε.
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Proof. Choose an isotropic real stiffness tensor c0 ∈ EC(n) ∩ RN and let p ∈ Sn−1 ⊂ Rn

be a real unit vector. Denote by N(p) the outer unit normal field on Sn−1. For each
p ∈ Sn−1, the outer normal vector N(p) of Sn−1, identified with p, is an eigenvector of
the Christoffel matrix Γ(c0, p) and corresponds to a simple largest eigenvalue λ1(p) of
Γ(c0, p).

Since the leading eigenvalue λ1 is simple, by the implicit function theorem there is
for each p̃ ∈ Sn−1 a neighborhood Up̃ of (c0, p̃) in RN × Rn such that in Up̃ the leading
eigenvalue of Γ(c, p) remains simple, is continuous and the corresponding eigenvector
Z(c, p) can be chosen to depend continuously on (c, p). Hence for any ε > 0 we may —
by the compactness of Sn−1 — choose a finite number M(ε) ∈ N≥1 of points pi ∈ Sn−1

and some r > 0 such that

• Sn−1 ⊂
⋃M(ε)

i=1 B(pi; ε/2) and

• if c ∈ B(c0; rε) then for each i ∈ {1, . . . ,M(ε)} we have |Z(c, p) − pi| < 1
2ε

whenever p ∈ B(pi; ε/2).

This gives us (1), since we can cover Sn−1 with neighborhoods where the leading eigen-
value is simple and continuous.

To deduce (2), we note that by the above if c ∈ B(c0; rε), then for each p ∈ Sn−1

the Christoffel matrix Γ(c, p) has an eigenvector Z(c, p) ∈ E1(c, p) such that for some
i ∈ {1, . . . ,M(ε)} we get

|Z(c, p)− p| ≤ |p− pi|+ |Z(c, p)− pi| < ε. (63)

Hence d(p,E1(c, p)) < ε for all p ∈ Sn−1. □

We can now prove Proposition 34.

Proof of Proposition 34. Pick any isotropic c0 ∈ ER(n). Let ε = 1
2 and let Ω ⊂ EC(n)

be the set given by Lemma 35. Take any c ∈ Ω. We will show that c ∈ ΣC(n).
Suppose that c /∈ ΣC(n). This means that for all unit vectors p ∈ Sn−1 ⊂ Rn the

Christoffel matrix Γ(c, p) has n positive and distinct eigenvalues. Let Ek(c, p) denote
the eigenspace of the kth highest eigenvalue.

The important property of these eigenspaces is that p /∈ Ek(c, p) for k ≥ 2. To see
this, fix k ≥ 2 and write p =

∑
i pi so that pi ∈ Ei(c, p). The properties provided by

Lemma 35 ensure that
n∑

i=2

p2i = d(p,E1(c, p))
2 < ε2 =

1

4
, (64)

and so |pk| < 1
2 . Any unit vector v ∈ Ek(c, p) satisfies

|p · v| = |pk| <
1

2
, (65)

so p cannot be parallel to v. Thus indeed p /∈ Ek(c, p).
This allows us to project the radial direction out smoothly. That is, the projection

Rn ∋ v 7→ v − (v · p)p ∈ Rn is injective when restricted to Ek(c, p). Therefore the space

Êk(c, p) := {v 7→ v − (v · p)p; v ∈ Ek(c, p)} (66)



HORIZONTAL AND VERTICAL REGULARITY OF ELASTIC WAVE GEOMETRY 19

is one-dimensional and orthogonal to p. This happens to p, and the space Êk(c, p)
depends smoothly on p — which means that one can locally write a spanning vector of
this space as a smooth function of p.

This means that the spaces Êj(c, p) ⊂ TpS
n−1, j ∈ {2, . . . , n} are smoothly varying

one-dimensional subspaces and thus they make up smooth tangent line bundles of Sn−1.
Since

TpSn−1 =
n⊕

j=2

Êj(c, p) (67)

for all p ∈ Sn−1, we get that Sn−1 is projectively parallelizable. This is however in
contradiction with Proposition 29 for n ∈ {2, 4, 8}. Therefore c ∈ ΣR(n) as desired. □

Theorem 3 now follows by combining the above with the following result.

Lemma 36. Let m ≥ 1 and suppose the real slice S∩Rm of a Zariski-closed set S ⊂ Cm

has a Euclidean interior point. Then S = Cm.

Proof. Suppose P is a polynomial vanishing on S. Since S∩Rm has a Euclidean interior
point, the polynomial P |Rm vanishes on an open set. Hence P |Rm = 0 by analyticity.

Suppose then that P |Rm = 0. Write

P (z1, . . . , zm) =

N∑
j=0

zj1Qj(z2, . . . , zN ), (68)

where Qj are polynomials and N denotes the edegree of P in z1. We get for any
(x2, . . . , xm) ∈ Rm−1 that

P (z1, x2, . . . , xm) (69)

is a polynomial in z1 vanishing on the real line and hence the zero polynomial in the
first argument. This shows that for each j the polynomial Qj is a polynomial on Cm−1

vanishing on Rm−1 and hence that the polynomial P vanishes on C×Rm−1. Repeating
the same argument for each Qj shows that Qj = 0 in C × Rm−2 and hence that the
polynomial P vanishes on C2×Rm−2. Iterating this process tells us that the polynomial
P vanishes in all of Cm, giving us the claim. □

We are now in the position to prove Theorem 3.

Proof of Theorem 3. Part (1) follows from Lemma 35.
To see part (2), we note that by Proposition 34 the set ΣC(n) is a Zariski closed

set with a Euclidean interior point in ΣC(n) ∩ RN . Hence by Lemma 36, it holds that
ΣC(n) = CN . □

5. Applications to Inverse Problems

Moving on to the applications, we start with Theorem 5 and then move on to discuss
the travel time problem.
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5.1. Injectivity of the Geodesic X-Ray Transform. The smooth version of Corol-
lary 5 was given in [25]. The proof below is a small variation of the proof given therein,
with focus on regularity matters to be checked.

Proof of Corollary 5. If our stiffness tensor c is of class C3(M) and the qP-branch of
c is globally separate, by Theorem 1 the associated elastic wave geometry is of class
C3
∞(TM0). In this regularity the definitions of the geodesic X-Ray transform and the

simplicity of a Finsler manifold make sense without change and the Herglotz condition
can be stated as in [25]. The result follows by verifying that the proofs of the key Lemmas
3.1 and 3.2 in [25] remain valid in this regularity. This is shown in Appendix B. □

5.2. Travel Time Problem. We begin by proving a generalization of the low regularity
Myers–Steenrod-type result presented in [28] to the case of a manifold with boundary.

Proposition 37 (Low Regularity Myers–Steenrod Theorem for Compact Manifolds with
Boundary). Let (M1, F1) and (M2, F2) be two compact, connected and reversible Finsler
manifolds with a smooth boundary, where the Finsler metrics F1 and F2 are of class Ck

with k ≥ 2. Suppose ϕ :M1 →M2 is a distance preserving bijection. Then the map ϕ is
a diffeomorphism of class Ck+1 and moreover F1 = ϕ∗F2.

Remark 38. We need the assumption k ≥ 2 since our proof relies on the use of boundary
normal coordinates, which makes sense only in the case that the geodesic equation is
uniquely solvable; a fact we can quarantee to hold only in the case k ≥ 2.

We need the following lemma, a straightforward generalization of [15, Lemma 3.3].

Lemma 39. Let (M,F ) be as defined above. There exists ε > 0 such that exp⊥ :
[0, ε)× ∂M →M is a Ck−1-diffeomorphism onto its image.

With this we move on to give the

Proof of Lemma 39. The map exp⊥ can be written as

exp⊥(s, z) = π(ϕs(νin(z)), (70)

where π : TM → M is the bundle map and ϕ is the geodesic flow of a Ck-extension
(M̃, F̃ ) of (M,F ). By implicit function theorem the field νin is of class Ck and the
geodesic flow is of class Ck−1 and hence exp⊥ is of class Ck−1. The rest of the claim
follows by the inverse function theorem and compactness as in [14]. □

Proof of Proposition 37. To see that ϕ and ϕ−1 are of class Ck+1, we begin by noting
that by the invariance of domain ϕ(int(M1)) = int(M2). By [28] the claim holds for
ϕ|int(M1). It therefore suffices to establish regularity near the boundary.

For i ∈ {1, 2} the Finslerian distance di induces an intrinsic distance on each connected
component of ∂Mi that agrees with the Finslerian distance ρi of the closed manifold
(∂Mi, Fi|∂Mi

). Hence the restriction ϕ|∂M1 : ∂M1 → ∂M2 is a metric isometry and thus
by [28] a diffeomorphism of class Ck+1.

By Lemma 39 we have that for some ε > 0 the boundary normal exponential map
exp⊥ is a Ck−1([0, ε) × ∂M1)-diffeomorphism onto its image. This lets us define for
i ∈ {1, 2} the boundary normal coordinates φ as φi(p) := (exp⊥)−1(p) = (si(p), zi(p)),
where si(p) = d(p, zi(p)) and zi(p) is the boundary point closest to p.



HORIZONTAL AND VERTICAL REGULARITY OF ELASTIC WAVE GEOMETRY 21

By the regularity of the restriction map ϕ|∂M1 the map

[0, ε)× ∂M1 ∋ (s, z) 7→ (s, ϕ(z)) ∈ [0, ε)× ∂M2 (71)

is of class Ck+1. For each p in the domain of φ1 the fact that ϕ is a metric isometry
implies that

s1(p) = s2(ϕ(p)) and ϕ(z1(p)) = z2(ϕ(p)). (72)

Hence

φ2 ◦ ϕ ◦ φ−1
1 (s, z) = (s, ϕ(z)), (73)

showing that ϕ is of class Ck+1 near the boundary. The regularity claim follows for ϕ−1

by reversing the roles for M1 and M2.
The pullback property holds for ϕ|∂M1 by [28] and since ϕ is a diffeomorphism of the

whole manifold with boundary, the continuity of the metrics imply the pullback property
over the boundary as well. □

Proof of Corollary 6. Follows directly from Proposition 37. □

6. Detailed Analysis of Singular Points

This section contains more detailed descriptions of varieties and schemes, and their
smoothness. We also prove Propositions 8 and 9.

6.1. Ideals, polynomials, and radicals. All our algebra will take place within the
polynomial ring R = K[x1, . . . , xn] in n real or complex variables (K = R or K = C). An
ideal of this ring is a set I ⊂ R such that 0 ∈ I and for which p+ q ∈ I whenever p ∈ I
and q ∈ I and also pq ∈ I whenever p ∈ I and q ∈ R.

The ideal ⟨S⟩ generated by any subset S ⊂ R is the smallest ideal containing S and
consists of all finite R-linear combinations of elements in S. Our ring R is Noetherian,
so every ideal is generated by a finite set.

The radical
√
I of an ideal I consists of all p ∈ R for which pn ∈ I for some n ≥ 1.

This
√
I is also an ideal, and the ideal I is said to be radical if I =

√
I. The radical of

an ideal is a radical ideal.
The polynomial ring R is a unique factorization domain, so any single polynomial

p ∈ R can be factored (essentially) uniquely as a product p = qm1
1 · · · qmk

k of different
irreducible polynomials qi raised to some powers mi. The radical rad(p) of p is q1 · · · qk.
The radical is only defined up to multiplication by non-zero constant, but this makes no
difference for us. For an ideal generated by a single polynomial we have

√
⟨f⟩ = ⟨rad(f)⟩.

We say that a polynomial f ∈ R is squarefree if it is not divisible by p2 for any
non-constant p ∈ R. The ideal generated by f is radical if and only if f is squarefree.
Therefore the squarefreeness of the slowness polynomial plays a role in the regularity of
the slowness surface.

6.2. Smoothness of varieties and schemes. The Jacobian criterion can be used as
the definition of smoothness of a scheme over a field K ∈ {R,C}. Next, we discuss how
the general definition reduces to the one given in Definition 7.
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Definition 40 ([33, Definition 13.2.4]). Let K ∈ {R,C}. A K-scheme is K-smooth of
dimension d, if it is of pure dimension d, and there exists a cover by affine open sets

Spec(K[x1, . . . , xn]/⟨f1, . . . , fm⟩) (74)

where the Jacobian matrix of the vector field F = (f1, . . . , fm) has corank d at all points.

Pure dimension d means that the irreducible components of the scheme are all of equal
dimension d. All slowness surfaces in Rn are of pure dimension n− 1.

Let P ∈ K[x1, . . . , xn] be a slowness polynomial. The corresponding slowness surface
viewed scheme theoretically is the affine scheme

X = Spec(K[x1, . . . , xn]/⟨P ⟩). (75)

An obvious affine open cover of X is formed by X itself. It turns out that checking
smoothness according to Definition 40 can be performed for any affine open cover and
the conclusion will be the same for all other open covers (see [33, Section 13.1.7]). We
choose to always use the trivial cover.

The underlying set of the scheme X is the prime spectrum of the quotient ring i.e. the
collection of all of its prime ideals. Since the scheme theoretic definition of a slowness
surface only involves a single polynomial the Jacobian matrix in the definition reduces to
the gradient of the slowness polynomial P . The corank of the gradient is n− 1 at p ∈ X
if and only if the gradient does not vanish at the point p on the slowness surface. Hence
smoothness of the slowness surface as a scheme reduces exactly to the two conditions
stated in Definition 7: the vanishing of P controls that we are looking at points on the
surface and the additional vanishing of ∇P controls the regularity.

Consider any (non-contant) polynomial f ∈ K[x1, . . . , xn]. Then the the polynomials
f and f2 determine the same algebraic variety and hence the concept of smoothness as
a variety is the same for both sets. However, the scheme determined by f2, formally

Spec(K[x1, . . . , xn]/⟨f2⟩), (76)

is always singular at all points, which simple to see: when f2 = 0 then also 2f∇f = 0.
If f is square free, then rad(f2) = f and the corresponding scheme is smooth. Hence
{f2 = 0} is smooth as a variety according to Definition 7.

We end this section by considering how the general definition for smoothness of an
algebraic variety reduces to the one we have given in Definition 7.

Definition 41 ([8, Chapter 6]). Let p be a point on an affine variety V . Then p is said
to be smooth provided dimTpV = dimp V . An affine variety is smooth if all of its points
are smooth.

There are two notions in the definition which need to be explained. The first is the
dimension of a variety V at a point p, denoted by dimp V , which simply means the
highest dimension of an irreducible component of V containing p.

The second notion to be explained is the tangent space TpV . The tangent space of an
affine variety V at p ∈ V is defined in pure algebraic terms by the vanishing of the linear
part of the defining polynomials of the variety (see [8, Chapter 6]). If f ∈ K[x1, . . . , xn]
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is a polynomial then its linear part at p, denoted by dpf , is by definition

dpf =

n∑
i=1

∂f

∂xi
(p)(xi − pi). (77)

The tangent space at p is then the affine variety

TpV = V (dpf : f ∈ I(V )) (78)

where I(V ) is the ideal in K[x1, . . . , xn] consisting of all polynomials vanishing on the
set V . Since a polynomial ring over a field (K = R) is always a Noetherian ring,
the ideal I(V ) is finitely generated i.e. there are finitely many polynomials gi so that
I(V ) = ⟨g1, . . . , gm⟩ and hence TpV = V (dpg1, . . . , dpgm).

It is a fact that the ideal I(V ) is always radical: if fn ∈ I(V ) for some n ∈ N then
f ∈ I(V ). In the context of slowness surfaces this has the following interpretation. A
slowness surface as a variety is the vanishing set V = V (P ) of the slowness polynomial

P . Then I(V ) =
√

⟨P ⟩ = ⟨rad(P )⟩. A point p on the slowness surface can be singular
if and only if

dimTpV > dimp V (79)

which can only happen if the gradient of the polynomial rad(P ) vanishes at p (see [8,
Chapter 6]). In other words, the slowness surface (as a variety) can be singular if and
only if the vanishing set of the radical rad(P ) is not smooth as a scheme, exactly as we
have defined in Definition 7.

6.3. Interpretation of Singular Points. We give here the proofs of Propositions 8
and 9.

Proof of Proposition 8. (1) Suppose Σ is smooth as a scheme. Then ∇Pc ̸= 0 and hence
the set Σ = V (Pc) is smooth as a manifold. By the claim (3) this implies smoothness as
a variety.

(2) By squarefreeness rad(Pc) = Pc. Thus the definitions are equivalent.
(3) Suppose Σ is smooth as a variety. Then, since Σ is the level set of a smooth

function with a nonvanishing gradient, it is smooth as a manifold.
Suppose then that Σ is smooth as a manifold. Since all slowness surfaces in Rn are

of pure dimension n − 1, we have that dim(Σ) = n − 1. Hence for each p ∈ Σ we have
dim(TpΣ) = n − 1. Therefore, identifying TpΣ with the tangent plane to Σ at p in Rn,
we get

dim(V (dpPc)) = dim(TpΣ) = dimpΣ, (80)

telling us that Σ is smooth as a variety.
(4) Suppose K = R. Let p be a multiple root of Pc. Let v ∈ Sn−1 and consider the

polynomial Pc,v(s) := Pc(p+ sv). Since s = 0 is a multiple root of Pc,v we get that

d

ds
Pc,v(s)|s=0 = v · ∇Pc(p) = 0. (81)

Since v was arbitrary, this means that ∇Pc(p) = 0.
Suppose then that ∇Pc(p) = 0. Then for any v ∈ Sn−1 we have

d

ds
Pc,v(s)|s=0 = v · ∇Pc(p) = 0 (82)
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and since moreover Pc,v(0) = 0, we have that s = 0 is a multiple root of Pc,v, which then
in turn implies that p is a multiple root of Pc.

Since a real slowness polynomial Pc has a multiple root at p if and only if the Christoffel
matrix has a degenerate eigenvalue at p, the claim follows. □

The proof of the complex version is essentially the same.

Proof of Proposition 9. The proof for claim (1) is the same as in the real case.
For claim (2) we amend the proof as follows. If Pc is squarefree, the proof is as in

the real case above. If Pc is not squarefree, it is divisible by q2 for some non-constant
polynomial q. The polynomial q has a complex zero, and it will be a non-smooth one
for Pc.

To prove claim (3), suppose first that Σ is smooth as a variety. Then there is a
polynomial Q such that Σ = Q−1(0) ⊂ Cn and dQ|Σ ̸= 0. This gives us the first
implication, since preimages of regular values of holomorphic functions between complex
manifolds are complex submanifolds. For details we refer to [27]. The second implication
follows from the same argument as in the real case by replacing the field to C and
dimension to complex dimension. □

Appendix A. Properties of Anisotropic Function Spaces

Here we give the proofs of Lemmas 13, 20 and 21.

A.1. Proof of Lemma 13. Suppose |α| = |β| = 1. Let φ ∈ C∞
0 (V ×U ;R). Integrating

by parts and the smoothness of φ gives usˆ
V×U

∂vi∂ujfφ dx =

ˆ
V×U

f∂uj∂viφ dx

=

ˆ
V×U

f∂vi∂ujφ dx

=

ˆ
V×U

∂uj∂vifφ dx,

(83)

implying that ˆ
V×U

(∂vi∂ujf − ∂uj∂vif)φ dx = 0 (84)

for all φ ∈ C∞
0 (V × U ;R). Since we assume both ∂vi∂ujf and ∂uj∂vif to exist continu-

ously, by the fundamental lemma of the calculus of variations we obtain that

∂vi∂ujf = ∂uj∂vif (85)

in V × U for all indices i and j.
Suppose then that ∂αv ∂ujf = ∂uj∂

α
v f for all j ∈ {1, . . . ,m} and for all α with |α| ≤ r,

where we fix r ≤ min{k − 1, l − 2}. Fix |α| = r. We then claim that ∂vi∂
α
v ∂ujf =

∂uj∂vi∂
α
v f for all i ∈ {1, . . . , n}. Indeed, by assumption

∂vi∂
α
v ∂ujf = ∂vi∂uj∂

α
v f (86)

and since both ∂vi∂uj∂
α
v f and ∂uj∂vi∂

α
v f exist continuously by assumption, the result in

the case |α| = |β| = 1 implies that

∂vi∂uj∂
α
v f = ∂uj∂vi∂

α
v f, (87)
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giving us that

∂αv ∂ujf = ∂uj∂
α
v f (88)

for |α| ≤ r + 1. By induction we get that

∂αv ∂ujf = ∂uj∂
α
v f (89)

for all α with |α| ≤ k and |α|+ 1 ≤ l.
We proceed by induction on |β|. Using the previous claim as a base case, suppose

then that

∂αv ∂
β
uf = ∂βu∂

α
v f (90)

for all α and β with |α| ≤ k and |β| ≤ s, where we fix s ≤ l − |α| − 1. Fix |β| = 2 and
|α| ≤ k. We then claim that for any j ∈ {1, . . . ,m} we have that

∂αv ∂uj∂
β
uf = ∂uj∂

β
u∂

α
v f. (91)

Indeed, by assumption

∂uj∂
β
u∂

α
v f = ∂uj∂

α
v ∂

β
uf (92)

and by substituting ∂βuf for f in the result for |α| ≤ k and |β| = 1 we have that

∂uj∂
α
v ∂

β
uf = ∂αv ∂uj∂

β
uf, (93)

giving us the claim. This finishes the proof by induction on |β|.

A.2. Proof of Lemma 20. Define the map F : V × U → Rm+n,

F : (v, u) 7→ (v, f(v, u)). (94)

Then

JF (v, u) =

[
Idm×m 0

∗ Juf(v, u)

]
, (95)

so that

det(JF )(v, u) = det(Juf)(v, u) ̸= 0 (96)

for all (v, u) ∈ V × U by the fact that f(v, • ) is a diffeomorphism for all v ∈ V . Since
F ∈ Ck(V ×U), we have by the inverse function theorem that F−1 ∈ Ck(V × f(U)) and
hence that f−1 ∈ Ck(V × f(U)).

We continue by showing that f−1 ∈ Cℓ(V × f(U)). The case ℓ = 1 is already estab-
lished, so suppose ℓ = 2. Using the continuous differentiability of f−1 lets us write

Jyf
−1(v, y) = (G ◦ Juf ◦ F−1)(v, y), (97)

where G : GLn(R) → GLn(R) is the map

G : A 7→ A−1. (98)

The map G is C∞-smooth as a function of the matrix elements and hence since F−1 is
continuously differentiable with respect to y and Juf is once continuously differentiable
with respect to u, we get that Jyf

−1 ∈ C1(V ×f(U)) and hence that f−1 ∈ C2(V ×f(U)).
Suppose then that ℓ ≥ 3. By the previous arguments we have that f−1 ∈ C2(V×f(U)).

Suppose that f−1 ∈ Cr(V ×f(U)) for some r with 2 ≤ r ≤ ℓ−1. Then by the smoothness
of G and the fact that Juf ∈ Cℓ−1(V × U) we get for all ν with |ν| = r − 1 that

∂νyJyf
−1 = ∂νy (G ◦ Juf ◦ F−1) (99)
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is in C1(V ×U), showing that Jyf ∈ Cr(V ×f(U)) and thus that f−1 ∈ Cr+1(V ×f(U)).
By induction we thus have that f−1 ∈ Cℓ(V × f(U)).

To establish that f−1 ∈ Ck(V × f(U)), we begin by using the continuous differentia-
bility of f−1 to compute

0 = ∂viy = ∂vif(v, f
−1(v, y))

= (fvi ◦ F−1)(v, y) + (Juf ◦ F−1)(v, y)∂vif
−1(v, y),

(100)

giving us the formula

∂vif
−1(v, y) = −(G ◦ Juf ◦ F−1)(v, y)(fvi ◦ F−1)(v, y). (101)

Here we see that for any fixed s ≤ k−1 if f−1 ∈ Cs−1(V ×f(U)), then by the smoothness

of G, the fact that Juf ∈ Cmin{k,ℓ−1}(V × U) ∩ Cℓ−1(V × U) and fvi ∈ Ck−1(V × U) ∩
Cℓ−1(V ×U) we have that ∂vif

−1 ∈ Cs−1(V ×f(U)) and hence that f−1 ∈ Cs(V ×f(U)).
By induction we get that f−1 ∈ Ck(V × f(U)), which then lets us conclude that f−1 ∈
Ck(V × f(U)) ∩ Cℓ(V × f(U)).

To verify that ∂αy f
−1 ∈ Cmin{k,ℓ−|α|}(V × f(U)) for all α with |α| ≤ ℓ, we note that

the case ℓ = 1 is degenerate and hence start with the case ℓ = 2. We do this explicitly
and treat the case ℓ ≥ 3 separately. Recall that

Jyf
−1 = (G ◦ Juf ◦ F−1). (102)

Hence since f−1 ∈ Ck(V × f(U)), by the smoothness of G and the fact that Juf ∈
C1(V × U) ∩ C1(V × U) we have that Jyf

−1 ∈ C1(V × f(U)), thus giving us the case
ℓ = 2.

Let then ℓ ≥ 3. By the above we know that ∂αy f
−1 ∈ Cmin{k,ℓ−|α|}(V × f(U)) for α

with |α| ≤ 2. Suppose ∂αy f
−1 ∈ Cmin{k,ℓ−|α|}(V × f(U)) for some α with |α| ≤ ℓ−1. Let

ν be such that |ν| = |α| − 1 and let i ∈ {1, . . . , n}. Now

∂yi∂
ν
yJyf

−1 = ∂yi∂
ν
y (G ◦ Ju ◦ F−1) (103)

and since G is smooth, ∂βuJu ∈ Cmin{k,ℓ−|α|}(V ×U)∩Cℓ−|α|(V ×U) for β with |β| = |α|−1

and F−1 ∈ Cmin{k,ℓ−|α|}(V × f(U)), we get that ∂yi∂
ν
yJyf

−1 ∈ Cmin{k,ℓ−1−|ν|−1}(V ×
f(U)) = Cmin{k,ℓ−|α|−1}(V×f(U)). By induction on |α| we get that ∂αy f−1 ∈ Cmin{k,ℓ−|α|}(V×
f(U)) for all α with |α| ≤ ℓ.

To verify that ∂αv f
−1 ∈ Cℓ−|α|(V ×f(U)) for all α with |α| ≤ k, we again note that the

case ℓ = 1 is degenerate and thus directly move on to the case ℓ ≥ 2. Let i ∈ {1, . . . , n}
and write

∂vif
−1 = (G ◦ Juf ◦ F−1)(fvi ◦ F−1). (104)

Since G is smooth, Juf ∈ Cℓ−1(V ×U) for β, fvi ∈ Cℓ−1(V ×U) and F−1 ∈ Cℓ(V ×f(U)),
we have that ∂vif

−1 ∈ Cℓ−1(V × f(U)). If ℓ = 2 we are done. If ℓ ≥ 3, suppose
∂αv f

−1 ∈ Cℓ−|α|(V × f(U)) for all α with |α| ≤ r ≤ ℓ − 1. Let i ∈ {1, . . . , n}. We can
rewrite

∂vi∂
α
v f

−1 = ∂vi∂
ν
v∂vjf

−1 = −∂vi∂νv
[
(G ◦ Juf ◦ F−1)(fvi ◦ F−1)

]
(105)

for some ν with |ν| = |α| − 1 and j ∈ {1, . . . , n}. Since G is smooth, ∂vi∂
ν
vJu ∈

Cℓ−|ν|−1(V × U) = Cℓ−|α|−1(V × U), ∂βuJuf ∈ Cℓ−|α|−1(V × U) for β with |β| = |α|,
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∂vi∂
ν
v fvi ∈ Cℓ−|α|−1(V ×U), ∂βufvi ∈ Cℓ−|α|−1(V ×U) for β with |β| = |α| and ∂vi∂νvF−1 ∈

Cℓ−|α|(V × f(U)), we have that

∂vi∂
α
v f

−1 ∈ Cℓ−|α|−1(V × f(U)). (106)

By induction on |α| we obtain the claim.

A.3. Proof of Lemma 21. Let us begin by showing that ϕ ∈ Cl(V ×U) for all ℓ. Since
ϕ is once continuously differentiable, we have by implicit differentiation that

∂uiϕ(v, u) = −(JwF )
−1(v, u, ϕ(v, u))Fui(v, u, ϕ(v, u))

= −(G ◦ JwF )(v, u, ϕ(v, u))Fui(v, u, ϕ(v, u)).
(107)

Suppose that ϕ ∈ Cs(V × U) for some s ≥ 1. Then by the regularity of G, JwF and
Fui we see that ∂uiϕ ∈ Cs(V × U) and hence that ϕ ∈ Cs+1(V × U). By induction we

get that ϕ ∈ Cl(V × U) for all l and hence that ϕ ∈ C∞(Ṽ × Ũ).
Replacing u by v and ℓ by k in the preceding argument lets us conclude that ϕ ∈

Ck(V × U). To show the regularity of the u-derivatives of ϕ, we proceed by proving
explicitly the cases l = 1 and l = 2 and by induction the cases l ≥ 3.

Suppose l = 1. Using the formula

∂uiϕ(v, u) = −(G ◦ JwF )(v, u, ϕ(v, u))Fui(v, u, ϕ(v, u)), (108)

the regularity of G, JwF and Fui and the fact that ϕ ∈ Ck(V × U), we have that
∂uiϕ ∈ Ck(V × U) for all i, giving us the claim.

Suppose l = 2. Then using the case l = 1, we have for all i, j ∈ {1, . . . , n} that

∂uj∂uiϕ(v, u) = −∂uj ((G ◦ JwF )(v, u, ϕ(v, u))Fui(v, u, ϕ(v, u))) ∈ Ck(V × U) (109)

by the regularity of G, JwF and ∂uiF .
Suppose then that l ≥ 3. We show by induction that ∂αu∂uiϕ ∈ Ck(V × U) for all α

with |α| ≤ l−1 and all i ∈ {1, . . . , n}, which then lets us conclude that ∂νuϕ ∈ Ck(V ×U)
for all ν with |ν| ≤ l.

Using the case l = 2 lets us obtain the base case for the induction. Suppose then that
∂αu∂uiϕ ∈ Ck

v for all α with |α| ≤ r ≤ l − 2. Then

∂uj∂
α
u∂uiϕ = −∂uj∂

α
u ((G ◦ JwF )(v, u, ϕ(v, u))Fui(v, u, ϕ(v, u))) ∈ Ck(V × U) (110)

by the fact that ∂βuϕ ∈ Ck(Ṽ × Ũ) for all β with |β| ≤ r+1 and the regularity of G, JwF
and Fui , letting us conclude that

∂µuϕ ∈ Ck(V × U) (111)

for all µ with |µ| ≤ r + 1, giving us the induction step and thus letting us conclude the
proof.

Appendix B. Technical Lemmas for the Geodesic X-Ray Transform

Here we show that the proofs of the technical Lemmas 3.1 and 3.2 in [25] hold true
unchanged under the regularity assumptions of Corollary 5.
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B.1. Regularity of the Geodesic Flow. We recall that the geodesic equation is

γ̈i + 2Gi(γ, γ̇) = 0, (112)

where the geodesic spray coefficients Gi are defined in local coordinates as

Gi(x, y) :=
1

4
giℓ

(
2
∂gjk
∂xℓ

−
∂gjℓ
∂xk

)
yjyℓ. (113)

B.1.1. Existence and Uniqueness. We see that if cijkℓ ∈ Ck(M), then Gi ∈ Ck−1
∞ (TM \

{0}) and hence the existence and uniqueness of solutions to the geodesic equation is
guaranteed when cijkℓ ∈ C2(M).

B.1.2. Dependence on Initial Data. By the standard ODE theory and the machinery
developed so far, if cijkℓ ∈ Ck(M) with k ≥ 2, the solutions of the geodesic equation

depend Ck−1-smoothly on the initial data. Especially if we restrict ourselves to geodesics
with a lowest point, the geodesics depend Ck−1-smoothly on the lowest point.

B.2. Taylor Expansions and Weak Reversibility. Based on the regularity of geodesics
discussed above, we check that the weak reversibility condition{ ...

r (r0, 0) = 0,

θ̈(r0, 0) = 0,
(114)

the change of coordinates t 7→ r and the expansions

r̈(r0, t) = a(r0) + E1(r0, t),

ṙ(r0, t) = a(r0)t+ E2(r0, t)

r(r0, t)− r0 =
a(r0)t

2

2
+ E3(r0, t)

(115)

where a(r0) := r̈(r0, 0), E1(r0, t) = O(t2), E2(r0, t) = O(t3) and E3(r0, t) = O(t4) as
t → 0 continue to hold when c ∈ C3(M). We also need that the above estimates are
uniform in r0 in any closed annulus containing r0. This follows by compactness and
continuous dependence on initial data.

Beginning with the weak reversibility condition, we see that we need the solutions of
the geodesic equation to be three times differentiable in time. By standard ODE theory
this holds when the spray coefficients Gi are of class C1(TM \ {0}), which holds when
c ∈ C2(M).

Moving on to the estimates, assuming that ∂4t r exists continuously, which holds when
cijkℓ ∈ C3(M), we can write the Taylor expansion

r̈(r0, t) = a(r0) + E1(r0, t), (116)

where a(r0) := r̈(r0, 0) and

E1(r0, t) = O(t2) (117)

as t → 0. This follows by the weak reversibility condition and repeated application of
the fundamental theorem of calculus:

r̈(r0, t) = r̈(r0, 0) +

ˆ t

0

...
r (r0, s) ds = r̈(r0, 0) +

ˆ t

0

ˆ s

0
∂4hr(r0, h) dhds. (118)
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Here

E1(r0, t) :=

ˆ t

0

ˆ s

0
∂4hr(r0, h) dhds = O(t2) (119)

as t→ 0 by the estimate∣∣∣∣ˆ t

0

ˆ s

0
∂4hr(r0, h) dhds

∣∣∣∣ ≤ ∥∂4t r(r0, • )∥C0([0,T∂M ])t
2, (120)

where T∂M is defined as the finite boundary hitting time for the geodesic and

∥∂4t r(r0, • )∥C0([0,T∂M ]) <∞ (121)

by continuity and compactness.
Integrating (116) gives us

ṙ(r0, t) = a(r0)t+ E2(r0, t) and r(r0, t)− r0 =
a(r0)t

2

2
+ E3(r0, t), (122)

where E2(r0, t) = O(t3) and E3(r0, t) = O(t4) as t→ 0.
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196:103688, 2025.

[13] M. V. de Hoop, J. Ilmavirta, M. Lassas, and T. Saksala. A foliated and reversible Finsler manifold
is determined by its broken scattering relation. Pure and Applied Analysis, 3(4):789–811, 2022.

[14] M. V. de Hoop, J. Ilmavirta, M. Lassas, and T. Saksala. Determination of a compact Finsler manifold
from its boundary distance map and an inverse problem in elasticity. Communications in Analysis
and Geometry, 31:1693–1747, Dec. 2023.

[15] M. V. de Hoop, J. Ilmavirta, M. Lassas, and T. Saksala. Determination of a compact Finsler manifold
from its boundary distance mapand an inverse problem in elasticity. Communications in Analysis
and Geometry, 31(7):1693–1747, 2023.



30 JOONAS ILMAVIRTA, PIETI KIRKKOPELTO AND ANTTI KYKKÄNEN
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