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Abstract

We present different conventions for the Fourier transform in R", their proper-
ties, and their relations.

1 Assumptions

All parameters are positive real. « is a multi index. The variable in the direct space is

usually x, and in the momentum space usually k.

2 Definitions

Define the Fourier transform of f : R — C by

n

Ffk)y=A / e BRT £ (1) da

and the inverse Fourier transform by

Define convolution by
(fxg)@)=C [ [f(z—y)g(y)dy
Rn

on direct side and similarly with C* on the momentum side. The inner product is

{(flo) =D | f(x)g(z)dx

R

(4)

on direct side and similarly with D* on the momentum side. The convolution and inner

product satisfy
F(fxg)=EFf-Fy,
(FfIFg) =G (flg)-

(5)



3 Derived properties

Define operators a, a® (multiplication by argument), 0% (derivative), ¢, (translation) amd
s, (scaling) by

o(a)f(z) = ¢(x)f(x) for a function ¢,

We have
Frlos, = |u| " s,-1 0 FF,
Fot,=e Bvio F,
Flot, =eBvioFl,
%o F = (—iB)F oa?, (7)
0o Ft = (iB*)elF1loqa?,
Fod*=(iB)a"0o F,
Flod* = (—iB)lla> o F71.

Also, for constant and delta functions

Fl(k) =
Fo(k) =

1
A
4 Relations between parameters

To have F o F~! = id, we need to have

B =B,
B" = (27)"AA”.

The convolution results are

E=CJA,

10
F=A"/C". (10
For Parseval’s theorem, we get
~A*D’

There are in total 6 free parameters: A, B,C,C*, D, D*.



5 Relations between conventions

Let F; and F; be two Fourier transforms with similarly indexed parameters. Then

Ay [ By\" Ay B\
Fi= A_2 (E) Fso0 SBy /B, = A_2 E SB1/Ba o Ja,

Ar (B:\" Ar B3\
T (BT L TAV-TY B

1 .
%1 = — %o direct,

Cy (12)

¥ = —— %o momentum,

(1=, (1), direet.

(]), = D (-]), momentum.

6 Examples

In the table below, 7, = (27rh)”/ 2 and 7 = 71. Usually h stands for Planck’s constant A,
but it may also be the semiclassical parameter.

A A¥ B B ¢ Cc* D D* FE F G
QM I e T T e 1
scaled QM | 77! 771 1 1 1 1 1 1 T 71 1
QFT 1 72 1 1 1 72 1 772 1 1 1
symmetric | 77! 771 1 1 ot ot 1 1 1 1
frequency 1 1 2r 27 1 1 1 1 1 1 1
inverted A A -B* -B ¢ C D* D F E G
general A £ B B C ¢ D D C/A B, AT
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