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In this report we study the feasibility of preise beam energy measurements based

on the inverse Compton sattering in the ontext of the International Linear Col-

lider. Basially the method needs the measurement of a magneti �eld integral and

the bending angles of the eletrons in the Compton edge region. We show, by solely

kinematial arguments, that the preision requirement �E

beam

=E

beam

= 10

�4

an

be satis�ed with a low energy CO

2

-laser with a photon energy of E

laser

= 0:117 eV,

provided the positions of the sattered photons and edge eletrons an be determined

within some mirometers. For reliable measurements the number of Compton events

for eah eletron bunh should be statistially signi�ant. Our analysis taking into

aount the ross-setion and luminosity implies that this should be possible with a

suitably hosen pulsed laser with a pulse energy of 10� 100�J.

1 Introdution

The preise knowledge of the beam energy is an

essential piee of information for suessful ex-

periment in the high energy physis. This would

be espeially true for the International Linear

Collider (ILC) | an e

�

e

+

-mahine planned to

be built to make preision measurements in lose

interplay with the LHC in an energy range be-

tween the Z-pole and 500GeV.

The preision knowledge of E

beam

and hene

p

s is in partiular importane for two types of

experiments: treshold sans and and reonstru-

tions of partile resonanes. For instane, mea-

suring the

p

s dependene of the tt-pair produ-

tion ross-setion near its prodution treshold is

a way to determine the top quark massM

top

a-

urately. To measure the top quark mass within

�M

top

< 100MeV demands the beam energy to

be known with a relative auray of 10

�4

.

It would be advantageus to have two omple-

mentary measurements for the beam energy so

that the ross-hek would be possible. Several

proposed tehiques for determining the beam

energy exists. For example, one of the most

promising is based on an aurate measurement

of the beam position in a magneti hiane

[1℄ and synhroton radiation based method [2℄

ould also be possible. For other methods see

ref. [1℄ and referenes therein.

In this report we study the feasibility of

measuring the ILC beam energy using inverse

Compton sattering. Similar studies, but for

signi�antly lower beam energies, an be found

from [3℄.

2 Basi priniple

Compton sattering is an elasti proess be-

tween a photon and an eletron

e

�

+  ! e

�

+ : (1)

Usually, in Compton sattering the eletron is

intially at rest and reeives a part of the olliding

photon's energy and momentum. In the inverse

Compton sattering proess the photon satters

o� from a high energy eletron and the diretion

of the energy-momentum transfer is opposite.

This is the basi idea behind the method we are

now going to desribe.

The oneptual sketh of the experimental

setup is shown in �g. (1). When the ultra rel-

ativisti beam eletrons interat with the laser

photons some of their energy and momentum

is transfered to the outgoing photons. The vast

1



2 3 Kinematis

Electron
detector

Backscattered
photons

E
LAB

ωLAB

Incident beam

Primary beam

Laser

Bending magnet

α

Fig. 1: Experimental setup. The energies of olliding eletrons and photons are E

LAB

and !

LAB

, respe-

tively, and � is the rossing-angle.

majority of the beam eletrons, however, remain

unhanged after rossing with the laser but are

thereafter aompanied by the sattered pho-

tons and eletrons. The energies of the sattered

eletrons lie in a ertain range E

edge

:::E

LAB

where the minimum energy E

edge

follows from

the energy-momentum onservation and it is

given by

E

edge

=

E

LAB

1 + k

; (2)

k =

2!

LAB

(1 + os�)

m

;

where  = m=E

LAB

is the Lorentz fator for the

eletron and the other variables are indiated in

�g. (1). This is known as the Compton edge.

Due to the high momentum of the eletron

beam the sattered partiles are strongly olli-

mated in the forward diretion and in order to

separate the sattered eletrons from the pri-

mary beam we need a bending magnet. The re-

lation between the bending angle � and energy

E of an ultra relativisti eletron in a magneti

�eld B is

� =

 � e

E

Z

magnet

Bd`; (3)

where e is the unit harge,  is the speed of light

and the integration is performed along the tra-

jetory of the eletron within the B-�eld. From

this equation we note that the sattered ele-

trons provide a ontinuous pattern in the de-

tetor whih is terminated by a sharp edge due

to the lowest energy eletrons at the Compton

edge. The bak-sattered photons are not de-

eted by the magneti �eld and hit the detetor

with the enter-of-gravity pointing the diretion

of the original eletron beam.

If the distane between the magnet and the

detetor is known, measuring aurately the

distane between the Compton edge and the

enter-of-gravity of the bak-sattered photons

would allow the determination of the bending

angle and eventually the beam energy via equa-

tions (2) and (3).

3 Kinematis

The ross-setion for the Compton sattering

is most easily alulated in the eletron rest-

frame and a transformation between the labo-

ratory (LAB) frame and the rest frame of the

eletron is needed. These frames are shown in

�g. (2) where also some kinematial quantities

are indiated. Beginning from the LAB-frame

the eletron rest frame is reahed by a Lorentz

boost along the z-axis. This results with a pho-

ton energy

! = !

LAB

(1 + os�): (4)
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Sine the rossing angle � is suppressed by the

boost with a fator of 

�1

, we an safely neglet

� hereafter and write the four-momenta for the

partiles involved as

p = (m; 0; 0; 0)

k = (!; 0; 0; !)

k

0

= !

0

(1; sin � os�; sin � sin�; os �)

p

0

= p+ k � k

0

:

Sine all partiles are on-shell we have

m

2

= p

0

2

= (k + p� k

0

)

2

= k

2

+ p

2

+ k

0

2

+ 2p � (k � k

0

)� 2k � k

0

= m

2

+ 2m(! � !

0

)� 2!!

0

(1� os �);

so that !

0

, the sattered photon energy, is

!

0

=

!

1 + (1� os �)!=m

(5)

whih relates the photon energy and sattering

angle �. This is the Compton's famous formula

[4℄. Boosting the four-veetor k

0

bak to the

LAB-frame results

!

0

LAB

= !

0

(1� os �) (6)

tan �

LAB

=

sin �

(os � � 1)

: (7)

Due to energy-momentum onservation this is

suÆient to �x the energy and the sattering an-

gle of the �nal state eletron. In the �g. (3) we

show the behaviour of the eletron and the pho-

ton angles against their sattering energies in

the LAB-frame on�rming our statement about

very small angular spread.

The minimum of E

0

LAB

(maximum of !

0

LAB

)

ours when � = � whih orresponds to the

edge energy of the eletrons given by eq. (2).

The behaviour of this edge is of a great impor-

tane and in �gure (4) it is shown how the edge

behaves as a funtion of beam energy. It learly

reveals that as the energy of the laser photons

grows the edge energy beomes nearly onstant.

In suh a situation it eventually beomes im-

possible to resolve beam energy variations! The

reason an be easily understood if we rewrite the

edge energy as

E

edge

=

1

1=E

LAB

+ 2!

LAB

(1 + os�)=m

2

:

In the limit of E

LAB

! 1, E

edge

beomes on-

stant and the only way to retain some beam

energy sensitivity is to redue !

LAB

.

 0

 5

 10

 15

 20

 25

 30

 0  50  100  150  200  250

S
ca

tte
rin

g 
an

gl
e 

in
 L

A
B

 [µ
ra

d]

Energy of scattered particle in LAB [GeV]

Electrons
Photons

Fig. 3: Sattering angles versus the energy of the

sattered photon and eletron in a LAB-frame for

a beam energy of 250GeV, a Nd:YAG laser with

energy 1:165 eV and, a rossing-angle � = 10mrad.

The most demanding point is the measure-

ment of the distane d between the enter-of-

gravity of the bak-sattered photons and the

eletron edge with a suÆient preision. We es-

timate the needed auray �d in the following
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Tab. 1: Values of (d, �d) pairs for typial laser energies. Two lengths for the lever arm and two bending

angle values are onsidered.

Laser energy Bending angle 0:5mrad Bending angle 1mrad

30m 50m 30m 50m

0:117 eV 2:1m, 1:5�m 3:6m, 2:5�m 4:3m, 3:0�m 7:2m, 4:9�m

1:165 eV 8:2m, 1:3�m 14m, 2:1�m 16m, 2:5�m 27m, 4:2�m

2:33 eV 15m, 0:18�m 25m, 0:31�m 30m, 0:36�m 50m, 0:61�m
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Fig. 4: Compton edge energy as a funtion of the

beam energy for di�erent energies of the laser pho-

tons. Angle � = 10mrad, and the laser energies

orrespond the available CO

2

-laser (0:117 eV) and

Nd:YAG laser (1:165 eV, 2:33 eV)

way: From eq. (2) we get

�E

edge

E

edge

=

E

edge

E

beam

�

�E

beam

E

beam

; (8)

whih is related to the auray of magneti �eld

and bending angle via eq. (3)

�

�E

edge

E

edge

�

2

=

�

��

�

�

2

+

�

�B

B

�

2

(9)

On the other hand, from the geometry of the

setup d = �L and thus

�

��

�

�

2

=

�

�d

d

�

2

+

�

�L

L

�

2

: (10)

Hene, the relative error of d an be expressed

as

�

�d

d

�

2

=

�

E

edge

E

beam

�E

beam

E

beam

�

2

(11)
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Fig. 5: An example of experimental parameters.

Let us onsider the speial ase of a 250GeV

primary beam whih is deeted by an angle of

0:5:::1mrad as shown in �g. (5). We demand

�E

beam

=E

beam

= 10

�4

;

and assume

�B=B = 1 � 10

�5

�L = 10�m;

where B �

R

Bd`. We obtain the auraies

needed for d, shown in tab. (1).

This example gives the size of the required

auray of �d. For laser energies below 2 eV

�d lies in the region of few �m and for more

energeti lasers it drops below 1�m. There-

fore, lasers with photon energy below 1:2 eV are

preferable for our purposes.

As we go to the 500GeV beam energy the

demands for �d beome even more stringent.

From the lasers onsidered above only the CO

2

-

laser with a photon energy of 0:117 eV an pro-

vide the required auray for the beam energy,

with �d still in the few �m region. However,

it should be noted that these numbers are quite

sensitive to the auray of the �eld integral

R

Bd` and any improvement of this quantity

would redue the needed auray for d.

In reality the sattered eletron edge in the

detetor is not sharp but somewhat smoothed
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and to ahieve high preision requires suÆient

statistis. To make an estimation we need to

alulate the ross-setion and expeted lumi-

nosity for the Compton proess.

4 Compton ross-setion

Fig. 6: Leading order graphs ontributing to the

Compton ross-setion

To leading order (Born approximation), the

matrix element for Compton sattering onsists

of two Feynman graphs shown in �g. (6). At

some stage, the ILC is planned to run with po-

larized eletrons/positrons, so that we have to

aount for the possible spin-states of the ele-

tron in our alulation. To optimize the ross-

setion, it turns out that it is also advantageous

to �x the photon polarization. The spin and po-

larization states of the �nal eletron and photon

are not interesting and are summed over. Using

the Feynman rules for QED the matrix element

for the Compton proess reads

iM = u(p

0

; s

0

) (�ie

�

) �

�

�

0

i

�

=

p+

=

k +m

�

(p+ k)

2

�m

2

(�ie

�

) �

�

u(p; s)

+ u(p

0

; s

0

) (�ie

�

) �

�

i

�

=

p�

=

k

0

+m

�

(p� k

0

)

2

�m

2

(�ie

�

) �

�

�

0

u(p; s):

Now, this should be squared and summed over

the �nal partiles' polarization and spin states.

In order to redue the alulation to traes of

-matries one should use the spin projetion

operator

�(s) =

1

2

�

1 + 

5

=

s

�

(12)

in front of u(p; s) so that the summation over

initial spin states an formally be done without

getting ontribution from the wrong spin states.

The expliit alulation is quite involved and far

too lengthy to present here and we merely quote

Tab. 2: Varibles speifying the polarizations in the

ross-setion formula

Photon polarization P

L

P

C

Left handed 0 �1

Right handed 0 +1

Linearily polarized +1 0

Unpolarized 0 0

Eletron polarization S

T

S

L

+z-diretion 0 +1

-z-diretion 0 �1

Transversely polarized +1 0

Unpolarized 0 0

the results:

d�

d


=

~

2



2

�

2

F

2m

2

�

!

0

!

�

2

(13)

[�

0

+ P

L

�

1

+ P

C

(�

2T

+�

2L

)℄

where

�

0

=

!

0

!

+

!

!

0

� sin

2

�

�

1

= � sin

2

� os 2(�� �)

�

2T

= �S

T

�

1�

!

0

!

�

sin � os(�� �)

�

2L

= �S

L

�

!

!

0

�

!

0

!

�

os �;

and �

F

is the Sommerfeld �ne struture on-

stant. Possible values for the eletron and pho-

ton polarizations are summarized in table (2).

The angles � and � speify the azimuthal angles

of the linear polarized photons and transverse

polarized eletrons, respetively. All quantities

are given in the eletron rest frame. Note that in

the unpolarized ase only �

0

ontributes and the

ross-setion equals the famous Klein-Nishina

formula [5℄! Our results have been ross-heked

against the formulas given in the literature [6, 7℄.

When analysing Compton sattering of ultra

relativisti eletrons it is useful to onsider the

ross-setion behaviour as a funtion of the en-

ergy of the sattered eletrons. This an be

ahieved by means of the relation

os � =

E

LAB

�

�

1 +

2

k

�

!

0

LAB

E

LAB

� !

0

LAB

; (14)
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whih follows straightforwardly from eq. (6),

(5) and (4). Fig. (7) shows the behaviour

of the di�erential ross-setion d�=dE

0

LAB

af-

ter integration over the azimuthal angle � for

the most important polarization on�gurations.

Note that after integration over � the ontribu-

tion of �

1

and �

2T

vanish. This means that if

the laser is linear polarized or the polarization

of the eletron is transverse, the ross-setion

oinides with the unpolarized ase! In �g. (8)

the total ross-setion for the unpolarized situa-

tion is shown. From �gures (7) and (8) we an
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250GeV and 1:165 eV laser energy with a rossing
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states are indiated.

draw some onlusions:

� The ross-setion peaks at the Compton

edge whih is advantageous for the preise

determination of the distane d

� Choosing the laser with wrong irlar po-

larization an spoil the method
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Fig. 8: The total Compton ross-setion for the un-

polarized ase for various laser energies. A rossing

angle of � = 10mrad is assumed.

� Low-energy lasers are advantageous also

from the point of view of having higher

ross-setions

5 Luminosity

To turn the ross-setion to number of Compton

sattering events we need to know the luminos-

ity L for e

�

-ollisions. In priniple, there are

two possibilities: One is to shine the eletron

beam with a ontinuous laser and the other one

is to have a pulsed laser that mathes the pat-

tern of e

�

-bunhes in the beam. In the formulae

that follows the partile densities in the beam

are assumed to be Gaussian-shaped and the full

derivation an be found in ref. [8℄.

� Continuous laser

The luminosity per eletron bunh is given as

L

ont

=

1 + os�

p

2� sin�

N

e

P

L

E

laser

1

q

�

2

x

+ �

2

xe

Here N

e

is the number of eletrons in a bunh,

P

L

is the average power of the laser with pho-

ton energy E

laser

, and � is the rossing angle

between the two beams. The horizontal beam

sizes are haraterized by �

x

and �

xe

.

As the rossing-angle � beomes zero the ex-

pression above explodes. However, assuming

that the eletron bunhes are ompletely inside

the laser spot the luminosity is limited by the

laser beam �nite emittane "



[9℄ given by

L

ont;max

=

N

e

P

L

E

laser

1

"



: (16)

For a perfet laser the minimum emittane is

" = �=(4�) and restrits the highest possible

luminosity to

L

ont;max

= 4�

N

e

P

L

h

2

: (17)

where h is the Plank onstant and  is the speed

of light.

� Pulsed laser

The Luminosity per bunh rossing is given as

L

pulsed

= N



N

e

g (18)

N



denotes the number of photons per laser

pulse and g is a geometrial fator given by eq.
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g =

os

2

�=2

2�

1

q

�

2

xe

+ �

2

x

1

q

�

�

2

ye

+ �

2

y

�

os

2

(�=2) +

�

�

2

ze

+ �

2

z

�

sin

2

(�=2)

(15)

Tab. 3: Parameters for estimating the luminosity.

N

e

2� 10

10

Bunh spaing 337 ns

Bunh length 300�m, 1 ps

Horizontal beam size �

xe

= 10�m

Vertial beam size �

ye

= 2�m

Laser beam size �

x

= �

y

= 40�m

Crossing angle � = 10mrad

Tab. 4: Number of events orresponding to one ele-

tron bunh for a ontinuous and a pulsed lasers.

For the ontinuous laser the number of events are

normalized to the average power of the laser, while

for the pulsed laser the normalization is to the total

pulse energy.

Continuous Events=P

L

[W

�1

℄

laser 1:165 eV 2:33 eV 0:117 eV

0:014 0:0047 0:3

Laser pulse Events=E

P

[(�J)

�1

℄

length 1:165 eV 2:33 eV 0:117 eV

1 ns 5:5 1:9 130

100 ps 53 18 1300

10 ps 190 65 4600

(15). In this ase also the verial sizes �

y

; �

ye

and the longitudinal sizes �

z

; �

ze

ontribute.

To get some numbers out of the equations we

�rst �x some parameters of the laser and ele-

tron beams, see tab. (3). With the total ross-

setion in our hand we alulate the number of

events for eah e

�

bunh normalized to the av-

erage power of the laser P

L

or to the total pulse

energy E

P

for ontinuous and pulsed lasers re-

spetively.

The results are shown in tab. (4). In order to

estimate the number of Compton events needed

to resolve the Compton edge in a reliable man-

ner, a dediated simulation is needed. At this

stage we just guess that the number of events

should be in the order of 10

4

. This rules out the

use of a ontinuous laser but for a pulsed laser

the situation is not as bad.

The DESY TTF faility [10℄ has already de-

veloped a laser that is able to deliver 1:18 eV

photons in a 10 ps pulse length at a 3MHz rate,

with a pulse energy up to 140�J . This brings

the number of Compton events expeted lose

to the needed level. A pulsed CO

2

laser that

would satisfy our demands needs a signi�antly

lower pulse energy.

Furthermore, the Laser-Based Beam Diagnos-

tis (LBBD) Collaboration is developing laser-

based tehniques to determine the transverse di-

mensions of eletron (positron) bunhes at the

ILC. They are aiming for a pulsed laser with a

pulse energy in the mJ region whih would also

math the bunh pattern at the ILC. Although

the laser energy envisaged is in the visible re-

gion of 2:33 eV, a variant of suh a laser ould

be suited for our purpose.

6 Conlusions

We have onsidered the feasibility of using the

inverse Compton sattering as a tool for mea-

suring the beam energy at the ILC. First of all,

the method is simple requiring only one bend-

ing magnet and a high-resolution position de-

tetor for eletrons and photons. It is also non-

destrutive to the eletron beam sine only a

small fration of the eletrons in a bunh are

needed for the measurement.

We have demonstrated that purely kinemati-

al arguments are quite restritive to the prop-

erties of the laser with respet to the pho-

ton energy. With a laser photon energy of

E

laser

< 1:2 eV and �B=B � 10

�5

, a rela-

tive preision 10

�4

for the beam energy around

250GeV requires position measurements of the

bak-sattered photons and the edge eletrons

within some mirometers. At 500GeV however,

a similar auray needs to improve either the

auray of magnet �eld integral and/or lower-

ing the laser energy down to the CO

2

level of

E

laser

= 0:117 eV.

Our alulations on ross-setions and lumi-

nosities also prefer the use of lasers with E

laser

<

1:2 eV. In addition, the laser should be pulsed
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mathing the 3MHz pattern of the e

�

-bunhes

in the ILC beam. We estimate, that with a pulse

length of 10 ps the laser should have at least

a 10:::100�J pulse energy to provide enough

events for a reliable position measurement of the

sattered photons and eletrons. A laser operat-

ing with 1:18 eV of photon energy would satisfy

our requirements and, fortunately, suh as laser

already exists. Also, R & D for similar lasers

needed for other purposes related to the ILC is

ongoing. For our demands, however, a pulsed

laser with a photon energy lose to that of the

CO

2

-laser would be preferred, in partiular, to

be able to over the whole 45:::500GeV beam

energy range of the ILC.
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