
FYST530 Quantum Mechanics II

Problem set 13

Spring 2012

Return before 15 a day before the exercises

1. (a) Verify that the Maxwell’s I and IV equations can be written in a Lorentz covariant
form ∂µF

µν = µ0j
ν .

(b) Using the Klein-Gordon equation, show that the continuity equation ∂µj
µ = 0, with

four-current jµ ≡ i~
2m

(Ψ∗∂µΨ− (∂µΨ∗)Ψ), holds.

2. During the construction of the Dirac equation, we met quantities αi (i = 1, 2, 3), and β,
with properties {

αi, αj
}

= 2δij
{
αi, β

}
= 0 β2 = 1.

Show that αi and β are hermitean, traceless, even-dimensional N×N -matrices, and that
the lowest possible dimension is N = 4.

Hint: Begin by demonstrating that αi = −βαiβ.

3. The Dirac γ-matrices are defined by

γ0 ≡ β γi ≡ βαi.

Using the general properties of αi and β, prove:

(a) The Clifford algebra: {γµ, γν} = 2gµν

(b) Hermitean conjugation: γµ
†

= γ0γµγ0

4. (a) Show that the requirement u(s)†(p)u(s)(p) = 2Ep (s = 1, 2, 3, 4) leads to a normal-
ization constant N(p) =

√
Ep +mc2 for Dirac spinors.

Verify all the following spinor identities

(b)
u(r)†(p)u(s)(p) = v(r)†(p) v(s)(p) = 2Epδrs, r, s = 1, 2

(c)

u(s)(p)u(s)(p) = 2mc2 s = 1, 2

v(s)(p) v(s)(p) = −2mc2 s = 1, 2

u(s)(p) v(r)(p) = v(s)(p)u(r)(p) = 0 r, s = 1, 2

(d) ∑
s=1,2

u(s)(p)u(s)(p) = c(/p+mc)∑
s=1,2

v(s)(p) v(s)(p) = c(/p−mc)

(e) ∑
s=1,2

u(s)(p)u(s)(p)−
∑
s=1,2

v(s)(p) v(s)(p) = 2mc2



5. (a) Verify (see p. 422) that the spinor transformation matrix

S(Λ) = cosh(ζ/2)− γ0γ1 sinh(ζ/2)

corresponds to the Lorentz transformation matrix Λ on (p. 394) for the boost into
the x-direction, i.e. that the required relation between S and Λ shown on p. 422 is
fulfilled.

(b) Show that if one transforms the rest-frame 4-spinors u(i)(0), (i = 1, 2, 3, 4; p. 407)
with the inverse matrix S−1(Λ) obtained from above (i.e. if one inverse-boosts
the rest-frame solutions into the x-direction), one recovers the spinors given on p.
408-409, now with p = |p|êx.

6. Bonus problem! Extra 3 points available.
Solve the Pauli Equation for a spin-1

2
particle (p. 432) in a constant magnetic field,

which points into the z-direction. Find in particular the eigenvalues and eigenfunctions
of energy. Let’s assume that the scalar potential is zero and the vector potential points
into the z-direction. (Hint: use separation of variables).


