
FYSH300 fall 2011
Exercise 11, return by Mon Nov 28th at 9.00 to box in the lobby, discussed Mon Nov 28th, at

12.15 in FYS5

1. Compute dσ̂/dt̂ for the quark-antiquark scattering qi + q̂i → qj + q̄j , where i 6= j. Write
down the invariant amplitude M starting from the QCD Feynman rules, then square it,
sum(average) over initial(final) state spins and colours. Note that in obtaining the trace of
the Dirac gamma matrices, you can use any results derived for QED. The quarks can be
considered massless here.

2. The parton distribution functions (PDFs) of the neutron are obtained from those of the proton
through isospin symmetry, meaning that fd/n(x,Q2) = fu/p(x,Q2), fu/n(x,Q2) = fd/p(x,Q2)
and fd̄/n(x,Q2) = fū/p(x,Q2), fū/n(x,Q2) = fd̄/p(x,Q2), while the distributions of the other
quark flavors (and gluons) in the neutron are the same as those in the proton. The standard
convention is that when one writes fi (without the specification p or n), one refers to the
distribution of the parton type i in the proton.

a) Starting from the parton model form of the structure function F2 =
∑
q e

2
qfq(x), write

down F p2 for the protons and Fn2 for the neutron in terms of the total quark and antiquark
distributions of the proton. Divide the total quark distributions into valence and sea quark
components. Note that the sea quark content of a hadron corresponds to the qq̄ quantum
fluctuations, so that for each quark flavor the sea quark distributions are identical to those
of the sea antiquark distributions. Let’s assume here for simplicity that the c, b and t quark
distributions can be neglected.

b) Then, let’s try to understand the experimental results for the ratio Fn2 /F
p
2 . Approximate

the PDFs as follows:

uV (x)� dV (x), ū(x), d̄(x), s̄(x), when x→ 1

ū(x) ≈ d̄(x) ≈ s̄(x)� uV (x), dV (x), when x→ 0.

Here we have denoted the PDFs as uV ≡ fuV
etc for brevity. Show that

Fn2
F p2
→ 1

4
when x→ 1

Fn2
F p2
→ 1 when x→ 0.

3. QCD exhibits singularities for soft and collinear gluon emission. To see this, consider the
process γ∗ → qq with

Mqq = −u(p1)ieqγµv(p2)

a) Add a gluon to the out-state and show that the resulting diagrams yield

Mqqg = u(p1)igs/εta
i

/p1 + /k1
ieqγµv(p2)− u(p1)ieqγµ

i

/p2 + /k
igs/εt

av(p2)

b) Simplify this expression using the relations /a/b = ab− /b/a, u(p1)/p1 = /p2v(p2) = 0 and k � p
(soft gluon emission).

Show that the result can be brought into the form

Mqqg ' u(p1)ieqγµtav(p2)gs

(
p1 · ε
p1 · k

− p2 · ε
p2 · k

)
c) From this expression, show that

|Mqqg|2 = |Mqq|2CF g2
s

2p1p2

(p1 · k)(p2 · k)

adding phase space dΦqq for the hard part and d3k
2Ek(2π)3 for the gluon, show that this diverges

for Ek → 0 and ~k||~p1 or ~k||~p2.


