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Plan of the first part
Introduction and motivation : fluid mechanics and stochastic processes

I Some basic notions of fluid mechanics and the Navier Stokes equations
I The conservation of mass
I Incompressibility
I The momentum equation
I Acceleration
I Internal forces

I Complex flows : from laminar flows to turbulent flows
I Reynolds decomposition
I Kolmogorov scales
I The Reynolds Navier Stokes equations

I When stochasticity comes in the story : Lagrangian fluctuation
I Fluid particle
I Models : Microsclale model view point
I Brownian motion and Ornstein-Uhlenbeck processes

I Models for turbulent closure : Macroscale view point and PDF approach
I Fokker Planck equations
I PDF approaches / Stochastic Lagrangian approaches

I Particle-laden flows
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From laminar to turbulent flows.

Figure 1: Typical streamlines in laminar (top) or turbulent flows (bottom).
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From laminar to turbulent flows.

Figure 2: The smoke of a candle, laminar at the bottom, turbulent at the top.
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Reynolds decomposition.

Figure 3: Time series of the measurements of wind velocity vector, taken at a mast of 30 meters height with a sonic
anemometer, obtained from the open observation platform of SIRTA (Site Instrumental de Recherche par Télédétection
Atmosphérique.
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Kolmogorov scales.

In his 1941 theory (called K41), Andrey Kolmogorov introduced the idea that the smallest scales
of turbulence are universal (similar for every turbulent flow) and that they depend only on the
kinematic viscosity ν, and on the dissipation ε :

I Kolmogorov length scale η =

(
ν3

ε

)1/4

.

I Kolmogorov time scale τη =
(ν
ε

)1/2
.

I Kolmogorov velocity scale uη = (νε)1/4.

The dissipation ε is a complex quantity to estimate precisely, but for most of applications, a rough
estimation of the Kolmogorov length scale can be obtained by

ε ' U3

L
, in engineering application,

ε(t, x) ' u3

L
, in direct measurement, u =

√
〈v′v′〉.

leading to

η '
(
ν3L

U3

)1/4

good enough to get an order of magnitude.
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The Reynolds tensor : Rij = 〈v′iv′j〉

∂t〈v′iv′j〉+
(
〈v〉 ·∇〈v′iv′j〉

)
= −

3∑
k=1

∂xk 〈v
′
iv
′
jv
′
k〉 − 1

ρ0
〈v′j∂xip

′ + v′i∂xjp
′〉︸ ︷︷ ︸

velocity pressure gradient tensor Πij

+ν4x〈v′iv′j〉+ p′

ρ0

(
∂xjv

′
i + ∂xiv

′
j

)

+ 2 ν

3∑
k=1

〈∂xkv
′
i∂xkv

′
j〉︸ ︷︷ ︸

dissipation tensor εij

−
3∑
k=1

(
〈v′iv′k〉∂xk 〈vi〉+ 〈v′jv′k〉∂xk 〈vj〉

)
︸ ︷︷ ︸

turbulence production tensor Pij

(the second line are the transport terms.)

The two main second order statistics are

1. the half trace of the tensor R is the turbulent kinetic energy k(t, x) :=
1

2

∑3
i=1 〈v

′
iv
′
i〉(t, x)

2. the pseudo-dissipation ε(t, x) := ν
∑3
i,j=1 〈∂xjv

′
i ∂xjv

′
i〉(t, x)

similar to the turbulent dissipation (involving the symmetric part of the turbulent velocity gradient
tensor instead of the turbulent velocity gradient tensor itself)

ε(t, x) = 1
2
ν

3∑
i,j=1

〈(∂xjv
′
i + ∂xiv

′
j)

2〉(t, x)
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Tracers trajectories

Figure 4: Tracer particle encountering a vortex filament in turbulence. The tracer trajectory is coloured according to its
instantaneous acceleration magnitude, and the blue-green volume-rendering corresponds to the intensity of the vorticity field.
The particle acceleration components oscillate strongly in time (inset, in Kolmogorov units) when encountering the intense
vortex filament. The root of the squared acceleration, coarse-grained over a few Kolmogorov time scales, varies only weakly
during such an event (inset, black curve). The dashed line indicates the instant in time at which the vorticity field is visualized
and the tracer is rendered as a sphere.

picture borrowed from

Bentkamp, L., Lalescu, C. C., and Wilczek, M. (2019).

Persistent accelerations disentangle lagrangian turbulence. Nature Communications.
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Temporal Lagrangian autocorrelation

Figure 5: (a) Temporal Lagrangian autocorrelation function ρL(τ), computed for a range of forcing levels in the FWT. This
function is decaying approximately exponentially, ρL(τ) ' exp(−τ/TL), where TL is Lagrangian integral time. (b)

Spatial Lagrangian autocorrelation function r 7→ ρL(r) =
〈
(
Vt(r0 + r)− µ) · (Vt(r0)− µ)

)
〉

〈(Vt(r0)− µ)2〉
computed for the

same conditions. As the turbulence energy is increased, Lagrangian integral length remains roughly constant in the broad
range of forcing levels.

picture borrowed from

Francois, N., Punzmann, H., and Shats, M. (2013).

Lagrangian scale of particle dispersion in turbulence. Nature Communications.
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Exercise

1). Write the Fokker-Planck PDE for the time-marginal laws of (Xt, Vt) and (Yt) solution of

dXt = Vt dt, X0

dVt =
1

TL
(〈v〉(t,Xt)− Vt) dt+

√
C0εdWt, V0, with Law(X0, V0) = µ

(1)

dYt = 〈v〉(t, Yt)dt+
√
C0εTLdWt, X0 (2)

2). Let (x̃t, ũt)t≥0 and (Ỹt)t≥0 be the solutions to the equations (1) and (2) in the case where
〈v〉(t, x) ≡ 0.
We define ΓOU : R+ × R2 × R2 7→ R as the transition density of (x̃t, ũt)t≥0 meaning that
ΓOU(t; y, v;x, u) = Py,v ((x̃t, ũt) ∈ (dx, du)) /dxdu and ΓB : R+ × R× R 7→ R as the

transition density of (Ỹt)t≥0 such that ΓB(t; y;x) =
1√

2πσ2t
exp

(
− 1

2σ2t
(x− y)2

)
.

3). Write the Fokker-Planck PDEs for (t, x, u) 7→ ΓOU(t; y, v;x, u) and (t, x) 7→ ΓB(t; y;x).
4). Show that the mild equation

ρ(t, x, u) =

∫
R2

ΓOU(t, y, v;x, u)µ(dy, dv) (3)

+

∫ t

0

∫
R2

∂

∂v
ΓOU(t− s, y, v;x, u)

1

TL
〈v〉(s, y)ρ(s, y, v)dydv ds (4)

is solution to the Fokker Planck PDE associates to SDE (1).
5). Write the mild equation for p(t, x) the density solution of the Fokker-Planck equation for

SDE (2).
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Particle-laden flows
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Particle-laden flows

Figure 6: top : Borrowed from ROCKY Blog : Turbulent dispersion model: discover how to account for the
turbulence effect on particle trajectories.

11/ 15

https://rocky.esss.co/blog/turbulent-dispersion-model-discover-how-to-account-for-the-turbulence-effect-on-particle-trajectories/
https://rocky.esss.co/blog/turbulent-dispersion-model-discover-how-to-account-for-the-turbulence-effect-on-particle-trajectories/


Particle dynamics

I Turbulence scale and flow velocity field.
The Kolmogorov length scale ηK represents the smallest length scale for fluid motions in a
turbulent flow. For most of industrial or environmental flows, ηK ∈ [50µm, 1mm].

The flow field Uf (t, x) (governing by the Navier-Stokes equations) is computed :

H below the scale ηK (Direct Numerical Simulation). From very expensive to totally
prohibitive.
H above the scale ηK (Engineering application, CFD). Required turbulence modelling: only
mean and second order moments velocity are computed Uf (t, x) = 〈Uf 〉(t, x) + noise.

I Small (spherical) particles. with diameters dp � ηK (∼ 30µm)
H point-wise approximation is quite reasonable : description is given by Lagrangian
equation on center of mass position and velocity (xp(t), Up(t)).
H for particles heavier than the fluid (inertial particle: ρp � ρf , corresponding to typical
size dp ≥ 5− 10µm) the drag force exerted by the fluid is dominant

dUp
dt

=
(Us − Up)

τp
+ g, τp = τ(

ρp
ρf
, dp, Uf , . . .), τp(dp)↗

τp measures the particle inertia, as the timescale over which particle velocities adjust to the
local fluid velocity seen Us.

The particle state vector is now (xp(t), Up(t), Us(t))
The velocity seen: Us(t) = Uf (t, xp(t)).
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Stochastic Particle dynamics
Statistical descriptions of single-phase turbulence

Modelling the fluid velocity seen by a particle:

Uf (t, x) = 〈Uf 〉(t, x) + noise(t, x)

Modelling coherency requires to adopt Lagrangian point of view also for the fluid :

〈Uf 〉(t, x) = 〈Uf (t)|xf (t) = x)〉

with a General Langevin Model:
dxf (t) = Uf (t)dt,

dU
(i)
f (t) = −∂xi〈p〉(t, xf (t))dt+

(
Gij

(
U

(j)
f − 〈U

(j)
f 〉
))

(t, xf (t))dt+ σi,j(t, xf (t))dB
(i)
t

B is a 3D-Brownian motion.

Gij = −CR
2

ε

k
δij+C2

∂〈U(i)〉
∂xj

, σi,j =
2

3
(CRε+C2P− ε) δij ,

I Mean field approximation for the fluid particle leads to a complex McKean Vlasov SDE,
where 〈 · 〉(t, x) = E[ · |xf (t) = x].
u′(t) being the centred Lagrangian velocity Uf (t)− 〈Uf 〉(t, xp(t).
P = 1

2
Pii, the turbulent production term Pij := −(〈u′iu′k〉∂xk 〈U

(i)〉 − 〈u′ju′k〉∂xk 〈U
(j)〉

ε is closed with coherent parametrisation involving k = 1
2
〈u′iu′i〉.
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Langevin model for dispersed particles embedded in a turbulent flows using a
dynamic PDF model

H Inertial particle (ρp � ρf ) :

dxp(t) = Up(t)dt,

dUp(t) = 1
τp

(Us(t)− Up(t))dt

dU is(t) = − 1
ρf
∂xi〈p〉(t, xp(t))dt

+ (〈U jp〉 − 〈U jf 〉)∂xi〈U
j
f 〉dt+G∗ij(U

j
s − 〈U jf 〉(t, xp(t))dt+ σij(t, xp(t))dBj

G∗ij = TL
T∗
L
Gij where TL

T∗
L

is a model factor. T ∗L is correlation timescale of the velocity of the fluid

seen / TL is the Lagrangian correlation timescale of the velocity.

H Highly inertial particle limit : overdamped dynamics
When T ∗L → 0, and finite τp (high inertia), G∗ij ∼ 1

T∗
L

,

dxp(t) = Up(t)dt,

dU ip(t) = 1
τp

(〈U if 〉(t, xp(t))− U ip(t))dt

+ 1
τp
G−1
ij

1
ρf
∂xj 〈p〉(t, xp(t))dt+ 1

τp
(G∗−1(σ))ij(t, xp(t))dBj

14/ 15



Langevin model for dispersed particles embedded in a turbulent flows using a
dynamic PDF model (II)

H Small-enough particles (colloids, ρp � ρf , dp ≤ 1− 2µm). Drag force is complemented with
molecular effects and Brownian motion:

dxp(t) = Up(t)dt,

dUp(t) = 1
τp

(Us(t)− Up(t))dt+KBrow(τp)dW (t)

dU is(t) = − 1
ρf
∂xi〈p〉(t, xp(t))dt

+ (〈U jp〉 − 〈U jf 〉)∂xi〈U
j
f 〉dt+G∗ij(U

j
s − 〈U jf 〉(t, xp(t))dt+ σij(t, xp(t))dBj

with KBrow increasing with 1/(τp)
1
2 . B and W are assumed independent.

H Generalized Langevin to Einstein limit τp → 0 overdamped dynamics

dxp(t) = Us(t)dt+ τpKBrow(τp)dW (t)

dU is(t) = − 1
ρf
∂xi〈p〉(t, xp(t))dt

+G∗ij(U
j
s − 〈U jf 〉(t, xp(t))dt+ σij(t, xp(t))dBj
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