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(1) Let 0 < p < 00, @ = [0,1), and F,, = o([51, %) : k = 1,...,2")
and A the Lebesgue measure. Define M, ( ) := 25 for t € [0,27") and

M,(t):=0forte[27"1) forn=0,1,...
(a) Show that (M,,)5°, is a martingale for p = 1.
(b) Is (M), a super- or sub-martingale for p # 17
(c¢) For what p the sequence (M), is a Cauchy-sequence in L;?
)

(d) Let p = 1. Is (M,)22, uniformly integrable, that means, does one
have

cloo p=0,1

goee

lim sup / | M, (t)|dt = 07
|My|>c

(2) Assume that e1,e9,65 : Q@ — {—1, 1} are independent random variables
such that P(g; = 1) = P(g; = —1) = 1/2 and that f : R® — R is a
function. Prove that

E(f(e1,e2,€3)|0(c1,€2)) = gle1, €2)
with g(e1,€2) == (1/2)(f(e1, 62, —1) + f(e1,€2,1)).

(3) Let (2, F,IP) be a probability space and €1, &5, ... :  — R independent
random variables such that IP(¢,, = 1) = P(e, = —1) = 1/2. Let vp € R
and v, : R" — R be functions. Define M; := 0, M;(w) := 1 (w)vo,

My(w) = &1 (w vo+25k v“( )...,5k_1(w)>

and F,, :== o(eg, ..., En)-

(a) Is (M), a martingale?
(b) Let Zp:=1 and

Zn(w) 1= eMn(@) =3 Ziir [or-1(e1(@) ek @
Show that (Z,)2°, is a super-martingale.

(4) Assume that €q,...,&, : @ — R are independent random variables such
that IP(s;, = 1) = p and IP(s; = —1) = ¢ for some p,q € (0,1) with
p+ g = 1. Define the stochastic process X := e®c1t-+ex)+bk for | —
1,...,n and X, := 1 with a > 0 and b € R and the filtration (F)}_,
with Fo := {0,Q} and F, := o(ey, ..., ex). Assume that —a+b > 0. Why
there cannot exist random variables ey, ...,6, : @ — {—1,1} such that
(Xk)p_o is a martingale?



