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(1) Let 0 < p < ∞, Ω = [0, 1), and Fn := σ
( [

k−1
2n ,

k
2n

)
: k = 1, ..., 2n

)
and λ the Lebesgue measure. Define Mn(t) := 2

n
p for t ∈ [0, 2−n) and

Mn(t) := 0 for t ∈ [2−n, 1) for n = 0, 1, ...

(a) Show that (Mn)∞n=0 is a martingale for p = 1.

(b) Is (Mn)∞n=0 a super- or sub-martingale for p 6= 1?

(c) For what p the sequence (Mn)∞n=0 is a Cauchy-sequence in L1?

(d) Let p = 1. Is (Mn)∞n=0 uniformly integrable, that means, does one
have

lim
c↑∞

sup
n=0,1,...

∫
|Mn|≥c

|Mn(t)|dt = 0?

(2) Assume that ε1, ε2, ε3 : Ω → {−1, 1} are independent random variables
such that IP(εi = 1) = IP(εi = −1) = 1/2 and that f : R3 → R is a
function. Prove that

E(f(ε1, ε2, ε3)|σ(ε1, ε2)) = g(ε1, ε2)

with g(ε1, ε2) := (1/2)(f(ε1, ε2,−1) + f(ε1, ε2, 1)).

(3) Let (Ω,F , IP) be a probability space and ε1, ε2, ... : Ω → R independent
random variables such that IP(εn = 1) = IP(εn = −1) = 1/2. Let v0 ∈ R
and vn : Rn → R be functions. Define M0 := 0, M1(ω) := ε1(ω)v0,

Mn(ω) := ε1(ω)v0 +
n∑

k=2

εk(ω)vk−1

(
ε1(ω), ..., εk−1(ω)

)
and Fn := σ(ε0, ..., εn).

(a) Is (Mn)∞n=0 a martingale?

(b) Let Z0 := 1 and

Zn(ω) := eMn(ω)− 1
2

Pn
k=1 |vk−1(ε1(ω),...,εk−1(ω))|2 .

Show that (Zn)∞n=0 is a super-martingale.

(4) Assume that ε1, ..., εn : Ω → R are independent random variables such
that IP(εi = 1) = p and IP(εi = −1) = q for some p, q ∈ (0, 1) with
p + q = 1. Define the stochastic process Xk := ea(ε1+...+εk)+bk for k =
1, ...., n and X0 := 1 with a > 0 and b ∈ R and the filtration (Fk)n

k=0

with F0 := {∅,Ω} and Fk := σ(ε1, ..., εk). Assume that −a+b > 0. Why
there cannot exist random variables ε1, ..., εn : Ω → {−1, 1} such that
(Xk)n

k=0 is a martingale?


