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(1) Let ε1, ε2, ε3, ε4 be independent random variables such that IP(εi = 1) =
1/4 and IP(εi = −1) = 3/4. Let G := σ

(
ε3, ε4

)
. Compute

E
(
ε1 + ε1ε2 + ε3 + (ε1ε2 + ε3)ε4

∣∣∣ G).
(2) Let (Ω,F , IP) be a probability space. Assume that the joint distribution

IPf,g of the random variables f, g has the density hf,g(x, y) i.e.

IP((f, g) ∈ B) =

∫
B

hf,g(x, y)dxdy ∀B ∈ B(R2).

Let hg be the density of IPg. Define

hf |g(x, y) =

{
hf,g(x, y)/hg(y) if hg(y) 6= 0
0 if hg(y) = 0

.

Show that

IP(f ∈ A|g = y) =

∫
A

hf |g(x, y)dx

by checking that

IP(f ∈ A, g ∈ B) =

∫
B

∫
A

hf |g(x, y)dxdIPg(y) ∀B ∈ B(R)

where you can use that IP(f ∈ A, g ∈ B) =
∫

B
IP(f ∈ A|g = y)dIPg(y).

(3) Let Ω := [0, 1) and let (hn)∞n=0, be the sequence of Haar-functions defined
by h0 ≡ 1 and

h2n−1+k(t) :=


−1 : t ∈

[
2k
2n ,

2k+1
2n

)
1 : t ∈

[
2k+1
2n , 2k+2

2n

)
0 : else

for k = 0, ..., 2n−1 − 1 (draw pictures of the first functions) if n ≥ 1.
Define Fn := σ(h0, ..., hn) for n = 0, 1, ...

(a) Describe Fn as easy as possible.

(b) Is (Mn)∞n=0 with Mn := h0 + · · ·+ hn a martingale?

(4) Prove Proposition 3.1.8 (x) by using monotone convergence.


