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(1) Let (f;)32, be a homogeneous irreducible Markov chain starting in k € X and let k be positive
persistent. Let

o == 0

Ty := inf{i>0|f; =k},
Ty = inf{i>T|fi =k},
T3 =

(a) Show that T — 77 and T are independent.
Hint: Show that IP(T) — Ty = I|T} = m) = P(Ty — Ty = ).

(b) Show that (T; — T;—1) , i = 1,2,.. are independent.
Hint: Show that ]P(Tn+1 - Tn = l‘n+1’ ﬂ?zl{(ﬂ — Ti—l = .I‘Z}) = IP(Tn+1 — Tn = J:‘n+1).
Use {fr, = k} = Q, the relation
m?zl{(Ti_Tifl :.7}1'} = {Tl :$1}ﬂ{TQ :$1+$2}ﬁ-"ﬂ{Tn :.7}1+"'+$n} and
the strong Markov property (Proposition 3.6.1).

(¢) Show using the Strong Law of Large Numbers:

o(forin - mnf) -

(d) (Proposition 3.7.16) Show that

(om0 - )

Hint: Show that T, ) < n < Ty, (n)41-

(2) Given a homogeneous Markov chain with state space X and with communicating states k,[ €
X one shows: If k is persistent, then [ is persistent as well.

(3) Assume a homogeneous Markov chain (f;)52, with state space X = {0,..., N} and transition

matrix
1 1 1
N+1 N+1 N+1
Rt S i
T—=] N+1 N+1 N+1
1 1 1
N+1 N—+1 N+1

Show that each state k € X is persistent.



Stokastiset mallit
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(1) Olkoon (f;)2, homogeeninen pelkistym&ton Markovin ketju, k& € X positiivinen palautuva
(positive persistent) ja IP(fo = k) = 1. Madritelldén funktiot 7T; kaavoilla

o = 0,

T, := inf{i>0|f; =k},
Ty = inf{i>T|f; =k},
Ty =

(a) Osoita, ettd To — 17 ja T} ovat riippumattomat.
Vihje: Osoita, ettd P(To — T = /Ty =m) =P(To — 11 =1).

(b) Osoita, ettd (T; — T;—1) , i = 1,2, .. ovat riippumattomat.
Vthe Osoita, etta ]P(Tn+1—Tn = xn—i—l‘ ﬂ?zl{(Ti_Ti—l = .’L'l}) = IP(Tn+1—Tn = J:‘n+1).
Kiaytd {fr, =k} =Qja
Nl =T =2} ={Th =x} N{Ta =21+ 22} N - {Th = z1 + - + 20} ja
vahvaa Markovin ominaisuutta (Lause 3.6.1).

(c) Osoita seuraava kiyttamalld vahvaa suurten lukujen lakia (the Strong Law of Large Num-

bers):
P ({w : lim T (w) = IET1}> =1,
m—oo m

(d) (Lause 3.7.16) Osoita, ettd

({0 o)

Vihje: Osoita, ettd T, (n) < 1 < T, (n)+1-

(2) Olkoon X homogeenisen Markovin ketjun tila-avaruus ja tilat k,! € X kommunikoivia.
Todista viite: Jos k on palautuva, niin myds [ on palautuva.

(3) Olkoot (fi)2, homogeeninen Markovin ketju, X = {0, ..., N} sen tila-avaruus ja

1 1 1
N+1 N+1 N+1
At S i
T—=| N+ N+1 N+1
1 1 1
N+1 N+1 N+1

siirtyméamatriisi. Osoita, ettd k € X on palautuva.



Summary

The homogeneous Markov chain has a stationary distribution:
Give (if possible) sufficient conditions and an example for each case.

no a unique one more than one

X=1{0,..K}




Tiivistelma

Anna (jos mahdollista) kaikissa taulukon kuudessa tapauksessa riittavit ehdot sille, ettd taulukon
vasemman sarakkeen mukaisella tila-avaruudella varustetun homogeenisen Markovin ketjun tas-
apainojakauma on ylérivin mukainen, ja esimerkki tallaisesta ketjusta.

ei ole olemassa on, yksikésitteinen on, ei yksikas.

X =1{0,...K}




