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Chapter 1

Introduction

One goal of the lecture is to study stochastic differential equations (SDE’s).
So let us start with a (hopefully) motivating example: Assume that X, is
the share price of a company at time ¢ > 0 where we assume without loss
of generality that Xy := 1. To get an idea of the dynamics of X let us
consider the relative increments (these are the increments which are relevant
in financial markets)

Xiya — Xy

Xy

with b € IR, ¢ > 0, and A > 0 being small. Here bA describes a general
trend and oY; o some random events (perturbations). Asking several people
about this approach we probably get answers like that:

~ bA + O'Y;;A

e Statisticians: the random variables Y; o should be centered GAUSSIAN
random variables.

e Mathematicians: the perturbations should not have a memory, other-
wise the problem gets too difficult. Hence Y; A is independent from
X;.

e Then, in addition, probably both of them agree to assume that the
perturbations behave additively, that means

Yia=Yia+Y8

vl

so that var(Y; ) = A is a good choice.

An approach like this yields to the famous BLACK-SCHOLES option pricing
model. Is it possible to make out of this a correct mathematical theory? Yes
it is, if we proceed for example in the following way:

Step 1: The random variables Y; o will be replaced by a continuous time
stochastic process W = (W,);>0, called Brownian motion, such that

Yia = Wia — We.
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Consequently, we have to introduce and study the Brownian motion.

Step 2: Our formal equation reads now as
Xipn — Xi ~ (bXe) A + (0 X)) (Wipa — Wh)

with Xy = 1 which looks nicer. Letting A | 0 we hope to get a stochastic

differential equation
dXt = bXtdt + O'Xtth

we are able to explain. To this end we introduce stochastic integrals to be
in a position to write the differential equation as an integral equation

t ¢
X = Xp —i—/ bX,du —i—/ o X, dW,.
0 0

Step 3: We have to solve this equation. In particular we have to study
whether the solutions are unique and to find possible ways to obtain them.



Chapter 2

Stochastic processes in
continuous time

2.1 Some definitions

In this section we introduce some basic concepts concerning continuous time
stochastic processes used freely later on. Let us fix a probability space
(Q, F,IP) and recall that a map Z : Q@ — IR is called a random variable
if Z is measurable as a map from (2, F) into (IR, B(IR)) where B(IR) is the
Borel o-algebra on IR.

What is a continuous time stochastic process? For us it is simply a family
of random variables:

Definition 2.1.1 A family of random variables X = (X;);>0 with X; : Q —
IR is called stochastic process with index set I = [0, 00).

Throughout this lecture we only consider processes with values in IR and over
the time interval [0, 00). The definition of a stochastic process can be given
more generally. There are two different views on the stochastic process X:

(1) The family X = (X;):>o describes random functions by
w— f(w) = (Xe(w))e=0.
The function f(w) = (t — Xy(w)) is called path or trajectory of X.

(2) The family X = (X;);>0 describes a process, which is, with respect to
the time variable ¢, an ordered family of random variables ¢t — X;.

The two approaches differ by the roles of w and ¢. Next we ask, when do
two stochastic processes X and Y coincide? It turns out to be useful to have
several 'degrees of coincidence’” as described now.

Definition 2.1.2 Let X = (X;)i>0 and Y = (Y;):>0 be stochastic processes
on (Q, F,IP). The processes X and Y are indistinguishable if and only if

P(X, =Y, t>0)=1.
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It should be noted that the definition automatically requires that the set
{w € Q: Xy(w) = Yi(w), t > 0} is measurable which is not the case in
general as shown by the

Example 2.1.3 Let Q =10,2), ¥; =0,

0 : wel0,1]
Xi(w):=¢ 0 : we(1,2),t#w ,
1 we (1,2),t=w

and F:=0(X;:t>0)=0({t}:t € (1,2)). But

{weQ: Xy(w) =Y (w), t >0} =1[0,1] € F.

Another form of coincidence is the following:

Definition 2.1.4 Let X = (X})i>0 and Y = (Y;):>0 be stochastic processes
on (9, F,IP). The processes X and Y are modifications of each other provided
that

P(X;,=Y)=1 foral t>0.

Up to now we have to have that the processes are defined on the same
probability space. This can be relaxed as follows:

Definition 2.1.5 Let X = (X;)i>0 and Y = (Y})i>0 be stochastic processes
on (Q,F,IP) and (¥, F', '), respectively. Then X and Y have the same
finite-dimensional distributions if

IP((XtN"'ath) S B) = ]P/(()/t17"’7}/tn) S B)

foral0< t; < ... <t, < oo, wheren=1,2,... and B € B(R").

Proposition 2.1.6 (i) If X and Y are indistinguishable, then they are
modifications of each other. The converse implication is not true in
general.

(il) If X andY are modifications from each other, then they have the same
finite-dimensional distributions. There are examples of stochastic pro-
cesses defined on the same probability space having the same finite-
dimensional distributions but which are not modifications of each other.

Proof. (i) Fixing ¢t > 0 we immediately get that

P(X,=Y,) >P(X, =Y, s5>0) =1.
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To construct a counterexample for the converse implication let T": 2 — IR
be a random variable such that 7" > 0 and IP(7" = t) = 0 for all £ > 0. Define
X;:=0and
0 : t#T(w)
Y;i(w) = { 1 - t= T(w) = X{T(w):t}~

The map Y; is a random variable and
P(X, = ;) = P(0 = Y;) = IP(T £1) = 1,
but
{we: Xy(w) =Y (w),t >0} ={weN:0=Y,(w),t >0} =0.
(i) Let N, := {X; # Y;} so that IP(N,) = 0. Then, for B € B(IR%),

]P(thy-“;th € B) - ]P({th,...7th S B}\(Ntl UUNtn>>
= P{Y,,...Y, € Bp\ (N, U---UN,))
— P(Y,,...Y € B).
For the counterexample we let © = [0, 1] and IP be the Lebesgue measure on
[0, 1]. We choose X; = Xy, Y; = Yo, Xo(t) :=t, and Yy(t) :=1—¢. O

There are situations in which two processes are indistinguishable when
they are modifications of each other.

Proposition 2.1.7 Assume that X and Y are modifications of each other
and that all trajectories of X and Y are left-continuous (or right-continuous).
Then the processes X and Y are indistinguishable.

Proof. In both cases we have that
A={X;=Y,t>0}={X; =Y, t € @QnN0,00)}
so that A € F and
P(A) = P(X,=YiteQn0,c0)
= 1-TP(X; #Y, for some t € QN [0,00))
> 1- Z IP(X, #Y,)

teQN[0,00)
= 1.

0

We also need different types of measurability for our stochastic processes.
First let us recall the notion of a filtration and a stochastic basis.
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Definition 2.1.8 Let (2, F,IP) be a probability space. A family of o-
algebras (F;)i>o is called filtration if 7, C F, € F for all 0 < s <t < oc.
The quadruple (2, F, P, (F;)t>0) is called stochastic basis.

The different types of measurability are given by

Definition 2.1.9 Let X = (X;)i>0, Xi : 2 — IR be a stochastic process on
(Q, F,IP) and let (F;)i>0 be a filtration.

(i) The process X is called measurable provided that the function (w,?) —
Xi(w) considered as map between 2 x [0, 00) and IR is measurable with
respect to F x B([0,00)) and B(IR).

(i) The process X is called progressively measurable with respect to a
filtration (F;);>0 provided that for all 77 > 0 the function (w,t) —
Xi(w) considered as map between Q x [0, 7] and IR is measurable with
respect to Fr x B([0,7]) and B(IR).

(ili) The process X is called adapted with respect to a filtration (F)i>o
provided that for all £ > 0 one has that X; is F;-measurable.

Proposition 2.1.10 A process which is progressively measurable is measur-
able and adapted. All other implications between progressively measurable,
measurable, and adapted do not hold true in general.

Proof. (a) Assume that X is progressively measurable. We show that X is
measurable as well. Given n = 1,2,... we have that X" :  x [0,n] — R
given by X"(w,t) := X;(w) is measurable with respect to F,, x B([0,n]) by
assumption. Hence the extension X : Q) x [0,00) — IR given by

)?”(w, t) := Xipn(w)

is measurable with respect to F,, x B([0,00)) and henceforth with respect
to F x B([0,00)). This can be checked considering X" = X" o J, with
Jp 2 Q2 x [0,00) — Q x [0,n] given by

In(w,t) == (w,t An).
Finally we observe that

Xi(w) = lim Xp,(w)

n—o0

and get that X is F x B([0, c0))-measurable as a limit of measurable map-
pings.
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(b) Fix ¢ > 0. Then X* : Q x [0,t] — IR is measurable with respect
to Fi x B([0,t]) by assumption. Then FUBINI's theorem gives that X; is
JFi-measurable.

(c) Let B C [0,00) be a non-measurable set and define X; :=1ift € B
and X; :=0if t € B. Then X, is constant, but

{(w,t) € 2 x[0,00) : Xp(w) =1} =Q x B

is not measurable. Hence the process is adapted but not measurable or even
progressively measurable.

(d) Examples of measurable, but not progressively measurable, processes
are trivial. U

Proposition 2.1.11 An adapted process such that all trajectories are left-
continuous (or right-continuous) is progressively measurable.

Proof. We only consider the case of right-continuous paths. For T' = 0 we
easily have that the map (w,0) — Xy(w) is measurable when considered
between (2 x {0}, Fo x B({0})) and (IR, B(IR)). Consider now 7" > 0. We
have to show that (w,t) — X;(w) is measurable when considered between
(Q x [0,T),Fr x B([0,7])) and (IR,B(IR)). For n € {1,2,...} we define
F,:Qx[0,7] = R by (w,t) — X™(w) with

XV (w) = X g, (@)
for BIT <t < BT and k = 1,...,2", and X{"(w) := Xo(w). Tt is clear

that F}, is measurable when considered between (Q x [0, T, Fr x B([0,T]))
and (IR, B(IR)). Hence our claim follows since

Xi(w) = lim F,(w,1)

n—oo

by the path-wise right-hand side continuity of X. O

Finally let us recall the notion of a martingale.

Definition 2.1.12 Let (X};):>0 be (F;)>0-adapted and such that IE| X;| < oo
for all ¢t > 0.

(i) X is called martingale provided that for all 0 < s <t < oo one has

E(X; | F) = X; as.

(ii) X is called sub-martingale provided that for all 0 < s <t < oo one has

E(X, | Fs) > X as.
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(iii) X is called super-martingale provided that for all 0 < s <t < oo one
has that
E(X; | Fs) < X as.

Finally we need some properties of the trajectories:

Definition 2.1.13 Let X = (X});>0 be a stochastic process.

(i) The process X is continuous provided that t — X;(w) is continuous for
all w e (L

(ii) The process X is cadldag (continue a droite, limites a gauche) provided
that t — X;(w) is right-continuous and has left limits for all w € Q.

(iii) The process X is caglad (continue a gauche, limites a droite) provided
that t — X;(w) is left-continuous and has right limits for all w € Q.

2.2 Two basic examples of stochastic pro-
cesses

Brownian motion. The two-dimensional Brownian motion was observed
in 1828 by ROBERT BROWN as diffusion of pollen in water. Later the one-
dimensional Brownian motion was used by LOUIS BACHELIER around 1900
in modeling of financial markets and in 1905 by ALBERT KEINSTEIN. A
first rigorous proof of its (mathematical) existence was given by NORBERT
WIENER in 1921. Later on, various different proofs of its existence were
given.

Proposition 2.2.1 There ezists a probability space (2, F,IP), a filtration

(F)i>0, and a process W = (Wy)>o with Wy = 0 such that
(1)

(ii) (Wi)eso is continuous,
)

(Wi)iso is (Fi)i>0-adapted,

for all 0 < s <t < oo the random variable Wy — Wy is independent of
Fs (independent increments),

(i
(iv) for all 0 < s <t < oo one has Wy — Wy ~ N(0,t — s) (stationary
increments).

Definition 2.2.2 A process satisfying the properties of Proposition 2.2.1 is
called standard (F)i>o-Brownian motion.

Proposition 2.2.3 W = (W;):>¢ is a continuous martingale.
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Proof. (From W, = W, — W,y ~ N(0,t) we get immediately that IE|WV,| < co.
Moreover, for 0 < s <t < oo we have that, a.s.,

1E<Wt ’ Fs) = IE<<Wt - Ws) | Fs) +Ws
E(W, — W) + W

|
=

Poisson process. Let us assume that we have a lamp . Statistics says

that the probability that a bulb breaks down is at any time the same.
Hence it does not make sense to change a bulb before it is broken down.

How to model this? First we assume that we have discrete time. The
probability that a bulb breaks down at time 1 is 6, at time 2 is (1 — 6)6,
at time 3 is (1 — )20, and finally at time k is (1 — §)¥~19. This yields a
geometric distribution. This gives us the right guess for the continuous time
case: We take a random variable 7' : 2 — IR with T > 0 and

IP(T € B) = / e Mdt
B

for B € B(IR) where A > 0 is a parameter to model the time for breaking
down. The random variable 7" has an exponential distribution with param-
eter A > 0. Letting T, T, ... be independent copies of T' the time

S, =T\+...+T,

with Sp = 0 gives the time that the nth bulb broke down. The inverse
function

Ny :=max{n >0 : S, <t}

describes the number of bulbs which were broken down until time ¢.

Definition 2.2.4 (N;):>o is called Poisson process with intensity A > 0.
Moreover, F}¥ := o(N, : s € [0,1]).

Proposition 2.2.5 (i) (V)0 is a cadlag process adapted to (FN)i>o-
(i) N; — N, is independent from FY for 0 < s < t.
(ili) Ny — N has a Poisson distribution with parameter A(t —s), that means

IP(N; — N, =k) = %6_“ for p =\t —s).
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There is a connection to martingales. To see this let us first compute the
expected value

)\k > AL )\kl _
N, = Zk et = wme kt)l)'e Y=
k=0

to define the compensated Poisson process:

Definition 2.2.6 The process (M;);>o with M; := Ny — At is called compen-
sated Poisson process with intensity A > 0.

Proposition 2.2.7 The compensated Poisson process is a cadlag martingale
with respect to (F})i>o.

Proof. We have, a.s.,

IE(Mt_Ms|~F£V) = E(Nt_Ns|fsN)_)‘(t_S)
—  E(N, = N,) = A(t — 5)
= ENVi-s) — At —s)
=0.

2.3 Gaussian processes

Gaussian processes form a class of stochastic processes used in several
branches in pure mathematics and in applied mathematics. Some typical
examples are the following:

e The modeling of telecommunication traffic, where the fractional Brow-
nian motion is used.

e In real analysis the Laplace operator is directly connected to the Brow-
nian motion.

e In the theory of stochastic processes many processes can be represented
and investigated as transformations of the Brownian motion.

We introduce Gaussian processes in two steps. First we recall Gaussian
random variables with values in IR", then we turn to the processes.

Definition 2.3.1 (i) A random variable f : @ — R is called Gaussian
provided that IP(f = m) = 1 for some m € IR or there are m € IR and
o > 0 such that

@-m)? dx

]P(feB):/Bezo?\/ga

for all B € B(IR). The parameters m and o are called ezpected value
and variance, respectively.
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(ii) A random vector f = (f1,..., fn) : & — IR" is called Gaussian provided
that for all a = (ay, ..., a,) € IR" one has that

n

(f(w),a) := Z a; fi(w)

=1

is Gaussian. The parameters m = (my,...,m,) with m; := IEf; and
o = (045)} =1 With

o = E(fi —m)(f; —my)

are called mean (vector) and covariance (matriz), respectively.

For a Gaussian random variable we can compute the expected value and the
variance by

m=1IEf and o®=1IE(f—-m)

Proposition 2.3.2 Assume Gaussian random variables f,g : Q0 — IR"™ with
the same parameters (m,o). Then f and g have the same laws.

Proof. If f(a) := IEe"® and §(a) := IEe'9® are the characteristic functions,
then by the uniqueness theorem we need to show that f(a) = g(a) for all
a € IR, For this it is sufficient to have that the distributions of (f,a) and
(g,a) are the same. By assumption both random variables are Gaussian
random variables. Hence we only have to check the expected values and the

variances. We get

E<f> a) = Zai]Efi = Zaimi = ZaiEgi = ]E<9, a}
i=1 i=1 i=1

and
B((f) ~ B0 = ) (- m)(, —m)
_ l{iml, a)
= 3 - g~ m)
= ;1;29, a) — (g, a))’
and are done. O

Now we introduce Gaussian processes.
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Definition 2.3.3 A stochastic process X = (X;)i>0, Xi : @ — IR, is called
Gaussian provided that foralln = 1,2, ... and all0 < t; <ty < --- < t, < ©

one has that
(Xeyy oo Xt,)) : 2 — IR

is a Gaussian random vector. Moreover, we let
my = IEX, and T'(s,t) :=E(X; —m)(X; —my).

The process m = (my)>o is called mean (process) and the process
(L(s,1))st>0 covariance (process).

Up to now we only defined Gaussian processes, however we do not know
yet whether they exist. We will prove the existence by analyzing the finite
dimensional distributions of a stochastic process X = (X;);>0. What are the
properties we can expect? From now on we use the index set

A= {(t1,....,tn) :m > 1,ty,..., t, are distinct} .

Then the family (py,,...1, ) (t1,...tn)ea With

trrtn (Br X o X By) = e, 1yt (o) (Br(n) X -+ X Bry),
Potyyotn (Br X oo X By X IR) = gy g0 (By X -+ X Bp_q)

for all By,...,B, € B(IR) and all permutations 7 : {1,...,n} — {1,....,n}.
This is our starting point:

Definition 2.3.4 A family of probability measures (i, ¢, )(1,...tn)en, Where
Lty .+, is a measure on B(IR") is called consistent provided that

(i) Htq,.... tn(Bl X oo X Bn) = /”L(twu) ,,,,, tﬂn))(Bﬂ.(l) X e X Bﬂ(n)) for all

(i) gy, 4, (Br X X By XxIR) = gy ¢, (By X+ x By_;) for alln > 2
and By, ..., B,_1 € B(RR).

We show that a consistent family of measures can be derived from one mea-
sure. The measure will be defined on the following o-algebra:

Definition 2.3.5 We let o (]R[O’OO)> be the smallest o-algebra which con-

tains all cylinder sets

B = {(ft)tZO : (gtn "'7€tn) < A}
for (t1,...,t,) € A and A € B(R").
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Proposition 2.3.6 (Daniell 1918, Kolmogorov 1933) Assume a con-
sistent family (fu, .. tn)(tl 77777 tn)en of probability measures. Then there exists a

probability measure . on B(R*) such that

()0t (Eops o &t) € A) = iy 1, (A)

for all (t1,...,t,) € A and A € B(R").

Proof. We only give the idea of the proof. Let A be the algebra of cylinder
sets

B := {(gt)tZO : (51517 "'agtn) S A}
with (t1,...,t,) € A and A € B(IR"), that means we have that

e RO ¢ 4,
e By,...,B, € Bimplies that BiU---U B, € B,
e B € A implies that B¢ € A.

Now we define v : A — [0, 1] by

In fact, the definition is correct. Assume that

{(gt)tZO : (5817 "'7£3m) S A} = {(&)1520 : (&17 "'7£tn) S B} :

Let (r1,...,7n) € A such that {ry,...,ry} = {s1, ..., Sm, t1, ..., tn}. By adding
coordinates we find an C' € B(IR™) such that the sets above are equal to

{(ft)tzo : (57’17 "'7§TN> < C} :

By the consistency we have that

More difficult would be to check that v is o-additive on A, which means that

v <U Bn> = ZI/(Bn)

n=1

for By, Bs,... € A, BN B; =0 for i # j, and | J.~, B, € A. This we leave
out for the moment. Having this we might finish with CARATHEODORY’s
extension theorem. O

As an application we get the following
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Proposition 2.3.7 Let (I'(s,t))st>0 be positive semi-definite and symmet-
ric, that means

Z ['(t;,tj)aia; >0 and T'(s,t) =TI(t,s)

ij=1

for all s, t,ty,....,t, > 0 and aq,...,a, € IR. Then there exists a probability
space (2, F,IP) and a Gaussian process X = (Xi)i>o defined on (2, F,IP)
with

(i) EX, =0,
(i) EX,X, =TI(s,t).

Remark 2.3.8 Given any stochastic process X = (X;)i>0 C Lo with [EX,; =
0 and I'(s,t) := [EX,X; we always have that I" is positive semi-definite and
symmetric.

Proof of Proposition 2.3.7. We will construct a consistent family of proba-
bility measures. Given (¢1,...,t,) € A, welet py, 4, be the Gaussian measure
on IR" with mean zero and covariance

.....

fifjd,utl ,,,,, tn (51, 7§n) = F(tia tj)-

If the measure exists, then it is unique. To obtain the measure we let C' :=
(D(ti,5))7 =1, so that C' is symmetric and positive semi-definite. We know
from algebra that there is a matrix A such that ¢ = AAT. Let v, be
the standard Gaussian measure on IR" and p be the image with respect to

A:IR" - IR". Then
/ (2, e3)du() = / (A, e)dy() = 0
R4 R4
and

/ () (@, e5)dp(z) = / (Az, e){( Az, ¢;)du(z)

n

— / (z, ATe;)(w, ATe;)dryn(2)

= <AT6i, AT€j>
ei, AATe;)
€j

n

{ j
= <€i, C >

The defined family of measures is easily seen to be consistent: given a per-

mutation 7 : {1,...,n} — {1,...,n} we have that the covariance of y1; ¢ .,
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is I'(tx(3), tx(j)) which proves property (i). Hence [ty 1)ty €A1 De obtained

from g by permutation of the coordinates. To prove that
Mtl,...,tn,l,tn(B1 X oo X By % ]R) = ..., tn,l(Bl XX anl)

we consider the linear map A : R" — R" " with A(&,...,&,) == (€1, ..., 1)
so that
A Y B x - xXBy,_)) =By x---xB,_; xR

and
Ltroitn it (B1 X o X By X R) = gy 0 1 n (A7 (By X -+ X Bp_1))
and we need to show that
V= fhytntn (A7) = Byt -

The measure v is the image measure of i, . with respect to A so that

it is a Gaussian measure. Moreover,

coln—1:tn

/ ) 77z771dV(771a s nn—l)
R"~

= /n<A£,€i><A€,€j>d,ut1 ..... £ (§)

n

= 3 (g ATe e, ATey) / (€2 en) (Ece)dpun..n(€)
k=1 R™

= Z (ex, AT6i> (1, AT€j>‘7kl
k=1

n

= Z (Aex, ;) (Aey, ej)op
k=1

n—1

= ) lexs el €5)om
k=1
= 0.

Now the process X = (X,);»¢ is obtained by X, : R®® — R with
Xi((€s)sz0) = & O

Let us consider our first examples:

Example 2.3.9 (Brownian motion) We let

['(s,t) := min {s, t} :/0 X0,s](§) X104 (&) dE
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so that

n

Zr(tiatj)az’aj = /0 ZCLz’X[o,ti](g)an[o,tj](g)dg

i,j=1 4,j=1

= /OOO (Z aiX[O,ti](§)> 3

i=1
> 0.

Example 2.3.10 (Brownian bridge) Here we take for a moment the
time-interval [0, 1] instead of [0, 00) and believe that all things from before
can be done in the same way. We let

: < <
F(S’t)'_{t(l—s) L 0<t<s<l

and want to get a Gaussian process returning to zero at time 7' = 1. The
easiest way to show that I' is positive semi-definite is to find one realization
of this process: we take the Brownian motion W = (WW})> like in Example
2.3.9, let

Xt = VVt - th

and get that

EX, X, = EW,—sW)(W,—tW)
= EWW, —tEWW; — sEW, W, + 575]EW12
= s—ts—st+st
= s(l—1)

for0<s<t<I1.

Example 2.3.11 (Fractional Brownian motion) The Fractional Brow-
nian motion was considered in 1941 by KOLMOGOROV in connection with
turbulence and in 1968 by MANDELBROT and VAN NESS as fractional Gaus-
sian noise. Let H € (0, 1) the HURST index of the fractional Brownian motion
(HURST was an English hydrologist) and define the covariance function I" as

D(s,t) === (P + 7 — |t — s

N | —

For H = 1/2 we get I'(s,t) = min {s,t}, that means the Brownian motion
from Example 2.3.9. The main problem consists in showing that I" is positive
semi-definite. To give the idea for this proof let ¢y := 0 and ag := — > | a;
so that >""" ja; =0 and

n

1 n
Z P(tz, tj)aiaj = —5 Z |tZ — tj|2HCLi(lj.

i,j=1 4,7=0



2.3. GAUSSIAN PROCESSES 21

Take € > 0 so that

n

n
: : —elt,—t.|2H ol |2H

i,j=0 4,7=0
n
= —€ Z |tz — tj\2Haiaj + 0(5)
i,j=0
n
= 2 Z L(ti, t;)aa; + o(e).
ij=1

Hence it is sufficient to show that
Z e_a|t"'_tj|2Haiaj > 0.
i,j=0
The following fact shows that there exists a random variable Z such that

Eeit? — 6—5|t\2H

Fact 2.3.12 (Polya) Let ¢ : R — [0,00) be
(i)

(ii) even (i.e. p(x) =p(-x)),
)
)

continuous,

(iii) convez on [0,00),

(iv) and assume that ¢(0) =1 and lim,_,. ¢(x) = 0.

Then there ezists a probability measure p on IR such that fi(z) = ¢(x).

The random variable we obtain in our situation is 2H-stable (a random
variable Z is p-stable for some 0 < p < 2 if aZ + 32" and (|afP + |8|P)Y/?Z
have the same distribution if o, 5 € IR and Z’ is an independent copy of Z).
Since characteristic functions are positive semi-definite, we are done.

It should be remarked that, for 0 < p < 2, on gets p-stable random variables

also as
© 1
j=1

where (I'j)72; are the jumps of a standard Poisson process and 71,72, ... are iid
copies of a symmetric p-integrable random variable.

Up to now we have constructed stochastic processes with certain finite-
dimensional distributions. In the case of Gaussian processes this can be done
through the covariance structure. Now we go the next step and provide the
path-properties we would like to have. Here we use the fundamental
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Proposition 2.3.13 (KOLMOGOROV) Let X = (Xi)icp1), X¢ : @ — IR,
be a family of random wvariables such that there are constants c,e > 0 and
p € [1,00) with

E|X, — X,|P < |t — s|'*=.

Then there is a modification Y of the process X such that

Y, — Y, \?
IE sup (M) < 00
et \ [t — s

forall0 < a < % and that all trajectories are continuous.

Remark 2.3.14 In particular we get from the proof of the proposition two
things:

(i) The function f: Q — [0, o] given by

is a measurable function.

(ii) The function f is almost surely finite (otherwise IE|f|? would be infi-
nite), so that there is a set )y of measure one such that for all w € €
there is a ¢(w) > 0 such that

Yi(w) = Ye(w)| < (W)t — s/

for all s,t € [0,1] and w € Q. In particular, the trajectories t — Y;(w)
are continuous for w € €.

Before we prove KOLMOGOROV’s theorem we consider our fundamental ex-
ample, the Brownian motion.

Proposition 2.3.15 Let W = (W;)i>0 be a Gaussian process with mean
m(t) = 0 and covariance I'(s,t) = IEW,W; = min{s,t}. Then there is
a modification B = (Byi)i>0 of W = (Wy)i>0 such that all trajectories are

continuous and »
B, — B
E < sup M) < 00
o<s<t<T |t — S|*

forallO<oz<%,0<p<oo, and T > 0.

Proof. First we fix T' > 0 and define

Xt = WtT
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for t € [0,1]. Then, for p € (0, c0),

E|X; — Xi|? = E|Wig — Werl?
= E[Wi_grl

1 2
e [ I
V2r(t—s)T Jr

— ((t- T jQ_ﬁ /]R EPe S de

ya
2

[S4S]

= Yt —s)2T
where we used that the covariance structure implies W, — W, ~ N(0,b — a)
for 0 <a < b < oo. Now fix a € (0,1/2) and p € (2,00) such that

1 1 1
<p<oo and O<a<§:___

s —a p 2 p

and
E|X, — X,|P <~,T3(t — s)'*=.

Proposition 2.3.13 implies the existence of a path-wise continuous modifica-
tion Y =Y («, p) of X such that

Y, —Y, P
]E sup (| t(a7p) S(a7p)|) < 0. (21)
0<s<t<1 |t — |«
Replacing p by ¢ € (0,p) the same inequality remains true since || - ||z, <

| - |lz, for 0 < ¢ < p < oco. Hence for all 0 < o < 1/2 and 0 < p < o0
we find a modification Y («, p) such that (2.1) is satisfied. However, since
Y (aq,p1) and Y (g, pa) are continuous and modifications of each other, they
are indistinguishable. Hence we can pick one process Y = Y (py, ap) which
satisfies (2.1) for all 0 < o < 1/2 and all 0 < p < oco. Coming back to
our original time-scale we have found a continuous modification (B} );ep, 1]
of (W4)iejo,r) such that

BT_BT P
IE sup (M> < 00

o<s<i<T \ |t — 5|

forall 0 < o < 1/2 and 0 < p < co. We are close to the end, we only have
to remove the remaining parameter 7. For this purpose we let

Qr = {w e Q: B/ (w) =Wi(w),t € @N[0,T]}
and Q := %_, Qv so that IP(Q) = 1 and
BN (w) = BM*(w) for te€QnN[0,min{Ny, N}
and w € Q. Since (B )iclo,n,) are continuous processes we derive that

BM(w) = BM(w) for t € [0,min{Ny, N,}]
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whenever w € . Hence we have found one process (B;)i>o on Q and may
set the process B zero on 2 \ €. U

Proof of Proposition 2.3.13. (a) For m = 1,2, ... we let

1 2m °°
Dm = {072_m’72_m} and D := Tlem
Moreover, we set

Ay ={(s,t) €Dy X Dyt |s—t| =2""} and K, := sup |X;— X,
(s,t)EAm

Then card(A,,) < 22™ and
EK? = E sup |X;— X,P
(s,t)EAM
< ) EIX - X,P
(s,t)EAm
1 1+E
card(A,,)c (2—m>
22Mc27m2Tme
= 227

IN

IA

(b) Let s,t € D and

Sy = max{s; € Dy : s, <s} € Dy
T, = max{tkeDk:tkgt}EDk

so that Sy 7 s, T 7 t, and Sy = s and T, =t for k > ko. For |t —s| < 27™
we get that

X,— X =Y (Xs,, — Xs) + X5, + Y (Xp, — Xn,,,) — X,

where we note that the sums are finite sums, that |1, — S,,| € {0,277},
Siy1— 5; € {O, 2*("“)}, and that Tj,, — T; € {0, 2*(”1)}. Hence

X, — X, gKm+2§:Ki+1 gzim.

i=1 i=m

(c) Let
X — X,
M, := sup g:s,tED,s#t .
jt— sl
Now we estimate M, from above by
|Xt — X5|

M, = sup sup{ :s,tED,s#t,Q‘m_lg|t—s|§2_m}

m=0,1,... |t - Sla
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< sup 20mFDegyp {|Xt —Xi|:s,te€D,s#t |t —s| < 2_m}
m=0,1,...

< 2 sup 2(m+1)aZKi

m=0,1,... ;
i=m

< 21+o¢ i 2aiKi’

=0

where we used step (b), and
IMalle, < 27 2K,
i=0

S 21+O¢Z2ai(2c>%2*%
1=0

— 21+0<(20)%22i(0‘*§)
=0
< o0

where we used step (a).
(d) Hence there is a set Qy C  with IP(€y) = 1 such that t — X;(w) is
uniformly continuous on D for w € §2y. We define

Xe(w) @ weQyteD
Y;(u)) = limsTt,seD Xs(w) W E Qo,t Q D .
0 @ wé

It remains to show that IP(X; = Y;) = 1. Because of our assumption we have
that
|1 X:, — Xello, =0 as t, Tt

Take t,, € D and find a subsequence (ny)%2; such that

Since IP(limg X, =Y;) =1 by construction, we are done. g

2.4 Brownian motion

In this section we prove the existence of the Brownian motion introduced
already earlier. To this end we start with a setting which does not use a
filtration. This leads, in our first step, to a Brownian motion formally a bit
different than presented in Definition 2.2.2.

Definition 2.4.1 Let (2, F,IP) be a probability space and B = (B;):>o be
a stochastic process. The process B is called standard Brownian motion
provided that
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(1) BO = 07

(ii) for all 0 < s < t < oo the random variable B; — B; is independent
from (By)ueo,s), Which means that for all 0 < s; < --- <5, < s and
A, Ay, ..., A, € B(IR) one has

IP(Bs, € Ay, ...,Bs, € Ay, B, — B, € A) =

IP(B;, € Ay, ... € A,)P(B, — B; € A),

Sn

(iii) for all 0 < s <t < oo and for all A € B(IR) one has

IP(B, — B, € A) =

1 2
—/e_w-S)dx,
V2r(t—s) Ja

(iv) all paths t — Bi(w) are continuous.
Proposition 2.4.2 The standard Brownian motion exists.

Proof. We take the process B = (By):>¢ from Proposition 2.3.15.

(i) Since IEByBy = 0 so that By = 0 a.s. we can set the whole process B
on the null-set {By # 0} to zero and the conclusion of Proposition 2.3.15 is
still satisfied.

(iv) follows directly from Proposition 2.3.15.

(iii) follows from IE(B; — B;) = 0,

E(B, — B,)? =t —2min{t,s} +s=1— s,

and the fact that B, — B, is a Gaussian random variable.

(ii) The random variables B; — By, Bs — Bs,, ..., Bs, — Bs,, B, are inde-
pendent since they are Gaussian random variables and any two of them are
uncorrelated. Consequently

P(Bs, € Ay,...,Bs, € A,, B, — B; € A)
= ]P((le,..., B, )€ A x - X Ay, B, — B, € A)
= P((Bs,,Bs, — Bs,.... By, — B, ) € C,B,— B, € A)
= IP((B,,, BSQ B,,...B,, — B, ) € O)IP(B, — B, € A)
IP(B,, € Ay, ...,Bsn € A,)P(B, — B, € A)

81°

where

C:={y1,tn) ER":p €A1, + Y2 € Aoy ccccytn + -+ yn € 4}
O

Proposition 2.4.3 Let X = (X})i>0 be a stochastic process such that all tra-
jectories are continuous and such that Xo = 0. Then the following assertions
are equivalent:
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(i) The process X is a standard Brownian motion.

(ii) The process X is a Gaussian process with mean m(t) = 0 and covari-
ance T'(s,t) = min {s, t}.

Proof. (i) = (i) From Proposition 2.3.15 (see Proposition 2.4.2) we get
that there is a modification B of B which is a standard Brownian motion.
Since both processes are continuous they are indistinguishable. Hence B is
a standard Brownian motion as well.

(i) = (i7) The mean is zero by definition and the covariance is obtained
by, for 0 < s <t < o0,

EB,B, = EB,(B, — B,) + EB?> = EB,IE(B, — B,) + s = s.

It remains to show that B is a Gaussian process. To this end we have to
check whether for alln =1,2,...and 0 <t; <ty <---<t, <0

(Btl, ...,Btn) Q) — IRn

is a Gaussian random vector. We know that B, — By, |, ..., By, — By, , By, are
independent Gaussian random variables so that (B, —Bt, ., ..., Bt,— B, B,)
is a Gaussian random vector. Using the linear transformation A : IR" — IR"
defined by A(&,....&) = (& + -+ &6 + -+ &1, .., &) we obtain

A((Btn - Bt ) Bt2 - Bt17 Btl)) = (Btny Btnfla ) Bt1>

n_19°"

and are done since the linear image of a Gaussian random vector is a Gaussian
random vector. O

Proposition 2.4.4 The trajectories of the standard Brownian motion are
Hélder continuous with exponent o € (0,1/2), i.e. the set

Ay = {w eQ: sup |Bufw) = By(w)l < oo}

0<s<t<T [t —s|*

is measurable and of measure one for all « € (0,1/2) and T > 0.

Proof. Since the Brownian motion is continuous we get that A,r € F.
Moreover, IEB;B; = min {s,t} implies by Proposition 2.3.15 that there is a
continuous modification B = (B;);>¢ of B such that the corresponding set

An,r has measure one. However, B and B are indistinguishable, so that
IP(Asr) =1 as well. O

For our later purpose we need a slight modification of the definition of
the Brownian motion. We include a filtration as follows:
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Definition 2.4.5 Let (2, F,IP; (Fi)i>0) be a stochastic basis. An adapted
stochastic process B = (By)i>0, B : © — IR, is called (standard) (F;)i>o-
Brownian motion provided that

(i) Bo=0,

(ii) for all 0 < s <t < oo the random variable B, — By is independent from
F, that means that

P(CN{B,— B, € A}) =1P(C)IP(B;, — B; € A)
for C € F, and A € B(IR),
(iii) for all 0 < s <t < oo one has B, — Bs ~ N(0,t — s),

(iv) for all w € Q the trajectories t — B;(w) are continuous.

Now we link this form of definition to the previous one.

Proposition 2.4.6 Let B = (B;)i>o be a standard Brownian motion in the
sense of Definition 2.4.1 and let (FP)i>o be its natural filtration, i.e. FP =
o(B,: s €[0,t]). Then B is an (FP)io-Brownian motion.

Proof. Comparing Definitions 2.4.1 and 2.4.5 we only need to check that
Definition 2.4.1(ii) implies Definition 2.4.5(ii) which is left as an exercise. [J

For technical reason we have to go one step further: we have to augment
the natural filtration. First we recall the completion of a probability space.

Lemma 2.4.7 Let (2, F,IP) be a probability space and
N :={ACQ: there exists a B € F with AC B and IP(B) =0} U {0}.

(i) Let G be a sub-o-algebra of F. Then B € GV N if and only if there is
a A€ G such that AAB € N.

(ii) The measure IP can be extended to a measure PonF :=FVN by
IP(B) :=1P(A) for A € F such that AAB € N.

Definition 2.4.8 The probability space (Q,.?E , ]AP/’) is called completion of
(Q,F,IP).

Definition 2.4.9 Let X = (X;)i>0, X; :  — IR, be a stochastic process,
FXi=0(X,:5>0), and F" :=0(X,:s5¢€]0,1])

for ¢ > 0. Define

N :={ACQ: there exists a B € F with A C B and P(B) =0} U {0}.

Then (F})so with Fp := FX VN is called augmentation of (F;X)io.
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Proposition 2.4.10 Let B = (B:);>0 be a standard Brownian motion,
(FB)is0 be its natural filtration. and (F;)i>o be the augmentation of (FP)i>o.
Then

(i) the process B is an (Fi)i>o-Brownian motion,

(ii) the filtration (F)i>o is right-continuous that means that

ft:mft+€'

e>0

Proof. (i) We only have to check that B; — By is independent of Fy for

0<s<t<oo Assume C € F; and find an C € FP such that P(CAC) =0
where we denote the extension IP of IP again by IP. Taking A € B(IR) we
get that

P({B;— B, € A}nC) =IP{B,— B, € A}n ()

— IP(B, — B, € A)P(C) = P(B, — B, € A)P(C).

(ii) The right-hand side continuity of the filtration (F;);>0 is not proved here.
U

Definition 2.4.11 The stochastic basis (2, F, IP; (F;):>0) satisfies the usual
conditions provided that

(i) (Q,F,IP) is complete,
(i) A€ F forall Ae F with IP(A) =0and ¢t >0,

(iii) the filtration (F;);>0 is right-continuous that means that

ft:ﬂft-i-a

2.5 Stopping and optional times

Stopping times and optional times are random times that form an important
tool in the theory of stochastic processes. To demonstrate their usefulness let
us briefly consider the Refiection Principle for a standard Brownian motion
B = (By)¢>0. Given b > 0, we are interested in the distribution of

7 :=1inf{t > 0 : B, = b}.
First we write

P(m, <t)=P(n <t, B: >b)+P(n, < t, B <b).
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Then our heuristic Reflection Principle says that
IP(r, < t, Bp<b)=1P(n, <t, B, > ). (2.2)
On the other hand
P(m, <t,By >b)=1P(B; >b)
which implies

P(r,<t) = P(np<t, Bi>b)+1P(m, <t, B,<b)
= 2IP(m, <t, By > b)
2IP(B, > b).

From this one can deduce at least two things:

e The Brownian motion reaches with probability one any level because
IP(7, < 00) = tlim IP(r, < t) = 2tlim IP(B; > b)

) b

e One can deduce the distribution of the running maximum of the Brow-
nian motion M;(w) 1= sup,e(o4 Bs(w) because

{M; > b} ={m, <t} sothat IP(M;>b)=2IP(B; >b).
To justify (2.2) would require a considerable amount of work. Here we only

introduce the concepts around the random time 7, : 2 — [0, oo] like stopping
times and optional times, and their relations to each other.

Definition 2.5.1 Assume a measurable space (€2, F) equipped with a filtra-
tion (.7:13)1520.

(i) The map 7 : Q — [0,00] is called stopping time with respect to the
filtration (F;):>o provided that

{rstleF
for all t > 0. Moreover,

Fr={AecF : An{r <t} € F forallt > 0}.

(ii) The map 7 :  — [0,00] is called optional time with respect to the
filtration (F;):>o provided that

{T < t} € ft
for all t > 0. Moreover,

Fvo={AecF  : An{r <t} € F forallt > 0}.
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One might say that F, contains those events that can be decided until time
7 and that F,+ contains those events that can be decided right after the
random time 7 occurs. Let us give a simple example of an optional time that
is not a stopping time:

Example 2.5.2 Let Q := {1,2,3}, F = 2% P({k}) = 1/3, and X;(w) :=
(t —w)* for t > 0. Then the natural filtration computes as

{0,Q} : tel0,1]
FX=< {0,9,{1},{2,3}} : te(1,2]
20 .t >2

Let 7(w) := inf {t > 0: X;(w) > 0} so that 7(w) = w. The time 7 is not a
stopping time since

{r<1}={1} ¢ Fi.

But it is an optional time since {7 < t} € F; for all ¢ > 0.
Proposition 2.5.3 Let 7: Q — [0,00] be a stopping time. Then
(i) the system of sets F. is a o-algebra,

(ii) one has {T < s} € F; for s > 0 so that T is an extended F,-measurable

random variable.

Proof. (i) Since D N {r < t} = 0 € F, we have ) € F,. Assume that
Bl, BQ, ... € fT. Then

Usintrsa=Umnir<mer

Finally, for B € F, we get that
Bn{rst}={rst}\(BN{r =t}) € F.
(ii) For s,t € [0,00) we get that
{rsstn{r =t} ={r Smin{s,t}} € Fuinpsy € Fi.

We conclude the proof by remarking that the system {z € IR : = < t}, t € IR,
generates the Borel o-algebra and that, trivially, {7 <t} =0 € F, for t < 0.
]

The pendant for the optional times reads as

Proposition 2.5.4 Let 7: Q — [0,00] be an optional time. Then

(i) the system of sets F,+ is a o-algebra,
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(ii) one has {T < s} € F+ for all s > 0 so that 7 is an extended F.+-
measurable random variable.

The proof is an exercise. Optional times are stopping times with respect to
the filtration (F,")i>o:

Proposition 2.5.5 Let (2, F) be a measurable space equipped with a filtra-
tion (Fy)eso0 and 7 : Q — [0, 00].

(i) Then T is an optional time if and only if, for all t > 0,

{TSt}Efr% ::ﬂft—i-e'

e>0

(ii) If T is an optional time, then A € F.+ if and only if AN{T <t} € Fir
fort > 0.

The proof is an exercise. The general relation between stopping and optional
times is as follows:

Proposition 2.5.6 (i) FEvery stopping time T is an optional time. In this
case, F, C F+.

(ii) If the filtration is right-continuous, then any optional time T is a stop-
ping time. In this case F, = F.+.

Proof. (i) This follows from

and )
{7’ <t— E} < Fmax{O,t—%} C F;.

Hence 7 is an optional time. Let A € F. so that by definition AN{7 <t} € F;
for all £ > 0. Hence

> 1
Aﬂ{r<t}:UAﬂ{T§t——}€}}
n=1

n

because

1
AN {7’ <t-— —} efmax{o,t—l} C F;.

n
(ii) The second assertion follows from Proposition 2.5.5 since F; = F+. O

Now we consider two basic examples.
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Example 2.5.7 Let X = (X});>0 be continuous and adapted, I' C IR be
non-empty, and define the hitting time

m:=inf{t 20 : X; € B}
with the convention that inf () := oo.
(i) If T is open, then 7 is an optional time.

(ii) If I'is closed, then 7 is a stopping time.

Proof. We only show (ii), part (i) is an exercise. Given t > 0 we have to
show that {m =< ¢} € F;. The condition 7(w) < ¢ implies the existence of a
sequence t; >ty >ty > --- > 0 such that X;, (w) € I' and s := lim,, ¢, < t.
By the continuity of X we have X (w) = lim,, X;, (w) and by the closeness of
I that X (w) € I'. Hence

{m £t} = {weQ: there exists an s € [0,¢] such that X,(w) € T'}
= {we: inf d(Xs(w),I')=0}eF

s€Q, s<t
where d(z,I') :=inf {|z — y| : y € I'} is a continuous function since

|d(z,T) = d(y, )| < |z —yl.

2.6 A short excursion to Markov processes

To give a rigorous justification of the reflection principle one would need to
introduce the strong Markov property. In this course we restrict ourselves to
the introduction of the basic concept. Because of the continuity properties
of the filtration (right-hand side continuous or not) we first work with the
optional times and not with the, probably more intuitive, stopping times.

Definition 2.6.1 Let (Q, F,IP;(F:)i>0) be a stochastic basis and X =
(Xt)e>0, Xt : Q — IR, be a stochastic process.

(i) The process X is a Markov process provided that X is adapted and for
all s, >0 and B € B(IR) one has that

IP(X5+t S B|JT5) = IP(XS—H‘ S B|O'(Xs)) a.s.

(ii) The process X is a strong Markov process provided that X is progres-
sively measurable and for all t > 0, optional times 7 : Q — [0, 00|, and
B € B(IR) one has that, a.s.,

P X, € Byn{r < oo} |Fry) =P{ X, € B} N {7 < o0} |0(X,)),
where o(X,) := o(77}(0),{X 1 (B)N{r < >} : B € B(IR)}).
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To make the definition rigorous we need

Lemma 2.6.2 Let X be progressively measurable and T : 0 — [0, 00] be an
optional time, then
X1 B)n{r <oo} € Fry

T

for all B € B(RR).

We give an easy example for a Markov process which is not a strong Markov
process.

Example 2.6.3 We consider Q := {-1,1}, F := 2% and P({-1}) =
IP({1}) = 1/2. As stochastic process we take X;(1) := max{t— 1,0}
and X;(—1) := min{—t+ 1,0}. The filtration is the natural filtration
Fi = o (Xs:s€]0,t]). Taking the optional time 7 = 1, one checks that
o(X,;) ={0,Q} and F,, =2 But this gives that

P(X, € B|F,.) = P(X; € Blo(X,)) a.s.

cannot be true for all B € B(IR).

For us, the main (positive) example is

Proposition 2.6.4 Assume a stochastic basis (2, F,IP; (Fi)i>0) and an
(Fi)e>0-Brownian motion B = (By)i>o like in Definition 2.4.5. Then B is a
strong Markov process.

Finally, without proof we state

Proposition 2.6.5 Assume a process X = (X;)i>0 which is a strong Markov
process with respect to its natural filtration (F{X)io with F¥ == o(X, 1 u €
[0,t]). Then the augmented filtration is right continuous.



Chapter 3

Stochastic integration

Given a Brownian motion B = (B;);>0, we would like to define

T
/ L,dB,
0

for a large class of stochastic processes L = (L);>0. A first approach would

be to write
T T
dB
/LtdBt:/ L,—Ldt.

However this is not possible (at least in this naive form) because of the
following

Proposition 3.0.1 (PALEY, WIENER-ZYGMUND) Given a standard Brow-
nian motion in the sense of Definition 2.4.1, then the set

{we Q:t— By(w) is nowhere differentiable }

contains a set of measure one.

So we have to proceed differently. We will first define the stochastic integral
for simple processes and extend then the definition to an appropriate class
of processes. Throughout the whole section we assume that

the probability space (2, F,IP) is complete,

the filtration (F;);>¢ is right-continuous that means (.., Fi4e = F; for
all t >0,

all null-sets of F are contained in Fy,

the process B = (Bi)>0 is an (F:)¢>o-Brownian motion.

35
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3.1 Definition of the stochastic integral

First we need simple processes we are able to integrate:

Definition 3.1.1 A stochastic process L = (L;)¢>0 is called simple provided
that there exists

(i) asequence 0 =ty < t; <ty <--- with lim, ¢, = oo,

(ii) Fy-measurable random variables v; : Q@ — IR, i« = 0,1,..., with
Supi,w |U7«(w)’ < 00,

such that

Lt(w) - Z X(tiflati}(t>vi—1(w>'

The class of these processes is denoted by L.

Now we can define our first stochastic integral:

Definition 3.1.2 (Stochastic integrals for Ly-integrands) For L € L,
and t > 0 we let

For the investigation of the stochastic integral and its extension we need the
following class of martingales:

Definition 3.1.3 A martingale M = (M;):>o belongs to M provided that
(i) IE|M;|? < oo for allt >0,
(ii) the trajectories t — My(w) are continuous for all w € S).

In case that My = 0 we write M € MS°.
Example 3.1.4 For the Brownian motion one has B = (B € MS".

Example 3.1.5 For the geometric Brownian motion S = (S;);>¢ defined by

one has S = (S;)i>0 € M.
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Proof. For all 0 < p < oo one has that IES? < oo since, for ¢ > 0,

2 dx
ES? = / ePre 2t e
! R vV 27Tt

/ _@-tw? dr p?
= e 2t e 2 P
R vV 27Tt

w2t
= ez P2,

,p%

N+

If B; is F;-measurable, then eB=3 is as a deterministic functional of B,
measurable with respect to F; as well. Finally letting 0 < s < t < oo, we
conclude by (a.s.)

E(S|F) = E(%:|F)
E(el? )3 P3| R

= SIE(* )T

t

= S,EeBrB)=3
= S,

Proposition 3.1.6 For L € Ly one has that (I;(L))>o € M5,

Proof. By definition we have that Io(L) = 0 and that the process ¢t —
I;(L)(w) is continuous for all w € €. Since

o 0 : t S ti—l
Uiil(Bti/\t B Btiil/\t) n { U’i—l(Bti/\t - Btifl) Dt > t’i—l

we get that [;(L) is Fi-measurable. Now we observe that
]E|Ui—1(Bb - Btifl)’2 < 62E|Bb - Btz‘71 ‘2 = C2<b - ti—l)

for t;_1 < b < 00 so that

NI

2

no
(BILL)R)? < (B[S via(Buw — By )
=1
no L
=< Z (E|Ui—1(Btz—/\t - Bltifmt)|2>5 < o0
=1

whenever ¢,,,_; <t <t,,. It remains to show the martingale property

]E(]t(L)LFS) = IS(L) a.s.
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for 0 < s <t < oo. We only check 0 < s <t < oo and find ng and mq such
that ¢,,1 <t <t,, and t,,—1 < s < t,,,. Then, a.s.,

=1

E(It(L”}-s) = [E (Z Ui—l(Bti/\t - Btil/\t)|fs)

no
= Z E (Ui—l(Bti/\t - Btifl/\t>|f5) ’

i=1

For 1 <i<mg—1 we get
'Uifl(Bti/\t - Bti,lms) = 'Uifl(Bti - Bti,l) = Uz?l(Bti/\s - Bti,l/\s>

which is Fi-measurable. In the case ng > ¢ > mg + 1 we may deduce, a.s.,
that

IE(Ui—1<Bti/\t - Bti_l/\t)’fs) = IE(W—l(Bti/\t - Bti_1)|fs)
= [E (E(Uifl(Bti/\t - Bti,l)’Fti,l)’fs)
= E (v, 1 E(Byne — Bio_y|Fi1)|Fs)
= [E (Uifl(Bti/\t/\ti,l - Bt¢71)|}—s)
= 0.

Finally, for i = mg one obtains, a.s., that

IE(Ui—l(Bti/\t - Bti,l/\t)|~7:s) = Ui—lE(Bti/\t - Bti,l/\t|fs)
- Ui—l(Bti/\tAS - Bti_l)
= vifl(Bti/\s - Btl',l/\s>'
U
Now we turn to the Ito-isometry for stochastic integrals over simple inte-

grands. Before we do this, we need the following

Lemma 3.1.7 Let M = (M), be a martingale with respect to (Gy)h_,
such that IEM? < oo for k =0,...,N. Then, a.s.,

E ((My — M,)*|G,) =E ( Z (dMl)2|gn>

l=n+1

for 0 <n < N where dM; := M; — M;_;.

Proof. We have that

N
E(My — M,)*|G,) = Y E(dMdM;|G,).

i,j=n+1
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We are done if we can show that
[E(dM;dM;|F,) =0 a.s.
for k < i < j < N. But this follows from, a.s.,
[E(dM;dM;|G,) = IE (IE(dM;dM;|G;)|G,) = E (dM;IE(dM,|G:)|G,) = 0.
O
Now we can prove our first It6-isometry:

Proposition 3.1.8 For L € Ly and 0 < s <t < 0o one has that

t
E ([L(L) - L(L)|F) = E ( / Lgdu\fs) as.
Proof. By introducing new time knots we can assume without loss of gener-
ality that s =t, and t = ty. Let
My :=1,(L) and Gi:=F;,
so that (M), is a martingale with respect to (Gx)4_,. Hence, a.s.,

E ([I(L) — L(L)P|F) = E([My— MJ*Gn)

- E ( ) <dM,>2|gn>

l=n+1
N
= [ ( Z U1271(Btz - Bt11)2|ftn>
l=n+1
N
= > E(E( (B, — By, F )| F)
l=n+1

IE (v?—lIE((Btz - Btz_1)2|:th_1)|‘/T;fn)
IE (UlallE(Btz - Btzf1)2|f-tn)

= 3" E (Wt t)|F)

I=n+1

tn

= IE(/ LZdu\]—"tn)
tn
t

= IE(/ deum).
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Proposition 3.1.9 For K, L € Ly and o, 3 € IR one has that

L(aL + BK) = al,(L) + BL(K).

Now we want to extend this to a larger class of integrands. So far we have a
map

I: ,C[) —>M§’O

which is defined w-wise.

Definition 3.1.10 Let £, ! be the set of all progressively measurable pro-
cesses L = (Lt)i>0, Lt : 2 — IR, such that

T 2
[L]r = (]E/ Lfdt) <oo forall T >0.
0
Moreover, we let

d(K,L):=> 2"min{1,[K - L],} for K, LE€ L.
n=1

Proposition 3.1.11 One has that Lo € Ly. Moreover the inclusion is
dense, that means for all L € Ly there is a sequence (L™)>, C Ly such
that

limd(L™, L) = 0.

Proof. (a) Assume that sup, , |Li(w)| < oo and that t — L;(w) is continuous
for all w € 2. For T' > 0 we define

2" -1
L (@) =D Lug (@)x(p epr (1)
k=0

Then lim,, .o L\ (w) = Ly(w) for all ¢ € (0,T] and, by dominated conver-

gence,
T

lim E [ (L™ — L,)%dt = 0.

n—oo 0
(b) Let L be progressively measurable with sup, , |L;(w)| < oo and let T > 0.
Fort > 0 and m = 1,2, ... define

t
L (W) :=m Ly(w)ds.
(=)"
"Working with £ we will identify K, L € Ly if (A x P)((t,w) € [0,00) x Q: Li(w) #
Ky (w)) = 0.
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Hence (L(™),;5q is continuous and adapted (we can write zﬁm)(w) =
m[Ki(w) — K 1)0(w)] with K;(w) : "' Ly (w)ds). Moreover,

= Jo

L™ (w)] < sup | Ls(w)]

s>0

and we can apply step (a) and find

E(m,n) — (ngv")> e L

t>0

such that .
lim E [ L™ — L™ Pdt = 0. (3.1)

Let
A= {(t,w) €[0,7] x Q: lim L™ (w) = Lt(w)}c € B([0,T]) x Fr.

m—00

Let
A, ={te|0,T]: (t,w) € A}.

FUBINI’s theorem implies that A, € B([0,7]). Moreover, ¢t € A, whenever
_ ¢
i (w) = m/ Ly(w)ds —,, Li(w).
(t=)vo
By the fundamental theorem of calculus we get that
MA) =T or MNA,) =0
where )\ is the LEBESGUE measure. Hence by FUBINT’s theorem,
(AxP)(A) =0
so that by majorized convergence,
T ~
1mE/|mm—mwhw. (3.2)
m 0
Combining (3.1) and (3.2) gives the existence of L™ = (L™ )i>0 € Lo such

that .
hmE/mw@—Lfﬁza
" 0

¢) From step (b) we get that there are L) = L) >0 € Lo such that
t =
N 5 1
(N)
IE/O Ly — L, dtS—N2
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for N =1,2,... Hence

L™ — L) < for N>T

1
N
and d(L™) L) -y 0 as N — oo.

(d) Now we remove the condition that L is bounded. For k = 1,2, ... we
let

k Ltzk
LW .={ L, . L €[—k#k
—k o Ly < —k

By dominated convergence we have that [L — L®]; — 0 as k — oo for all
T > 0. But the L) can be approximated by elements of £y so that we are
done. U

Proposition 3.1.12 The map I : Ly — MZ’O can be extended to a map
J: Ly — /\/lg’o such that the following is true:

(i) Linearity: for o, € R and K, L € Ly one has
Ji(aK + L) = aJy(K) + SJ(L)
fort >0 a.s.
(ii) Eaxtension property: if L € Lo, then

It<L> = Jt(L),t Z 07(1.8.

(iii) Isometry property: if L € Lo, then, fort > 0,

t 2
D = (1 [ Lae)
0

(iv)  Continuity property: if A™ L € Ly such that d(A™ L) — 0 as n —
oo, then
IE sup |J;(L) — J;(A™)]* -, 0.

te[0,7T]

v)  Uniqueness property: if J : Lo — M5 is another mapping satisfying
2
(i),...,(iv), then one has for all T > 0 that

P(J(L)=J/(L):t>0)=1 forall L€ Ls.

Before we prove this proposition let us turn to a simple example, the WIENER
integral.
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Example 3.1.13 For a continuous function L : [0,00) — IR the process
Xt = Jt(L)

is a Gaussian process with mean zero and covariance

min{s,t}
[(s,t) = EX,X, = / [2du.
0

Proof. (a) First we remark that an Lo-limit of Gaussian random variables is
again a Gaussian random variable, which is left as an exercise.

(b) Defining
" e k—1
n=1

we obtain that d(L, L) —, 0. Hence by Proposition 3.1.12 (iv)

J(L™) =1, J(L).

But J,(L™) = I,(L™) are Gaussian random variables so J;(L) is Gaussian
by step (a) as well.

(c) To check that we have a Gaussian process welet 0 <t} <-.- <t, <T
and o, ..., a, € R. It is easy to see that

> oy (L)
k=1

is a Gaussian random variable which converges in Ly to the random variable
> i agJy, (L). Hence the latter is Gaussian and we have a Gaussian process.
(d) To get the covariance structure we simply use the ITO-isometry since

one can show that
Jo (L) = Jp(K™) a.s.

for K\ .= L, for u € [0,7] and K" =0 for u > r, where T > r. O

Next we consider our first real example.

Example 3.1.14 One has that

1
Ji(B) = 5(33 —t) for t>0a.s.

Proof. Since the left and right-hand side are continuous processes starting in
zero we only have to show that Jp(B) = 3(B% — T) a.s. for T > 0. Let

Lgn) = ZX(Ti_I,TQ%] (t)BTl;—nl
=1

on
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By majorized convergence one can show that
limd(L™, B) = 0.

In the next step we would need to show that
277.
Jt(L(n)) = Z BT’;TI(BTQ% - BTiQ_—nl)
i=1

(note that L™ is not a simple integrand according to our definition). This
can be easily done by a truncation of the coefficients B, = which brings us
back to the simple integrands. So we are left to show that

on 2

1
Z Bria (BT% - BTZ;—,}) - §(B:2F —T)

2m 2
i=1

lim & =0.

Let N = 2". Then

N
1
E Z Brii(Bri — Bri) — 5(3% ~T)

4 i=1
- ?Eiﬂ%—%r—%}?
=1
- TIQZNiE‘{[B&‘BlNl}Q‘H |
=1
= TzzzN:[]EBf—l]% —n0

Looking at the above proof we also got

Proposition 3.1.15 For the Brownian motion B = (By)i>0 and T > 0 one

has that
N

2
Jim 37 |Bry = Breg| =T
=1

where the convergence in probability is taken.



3.1. DEFINITION OF THE STOCHASTIC INTEGRAL 45

To proceed we need

Proposition 3.1.16 (Doob’s maximal inequalities) Let M = (M;):>o
be a right-continuous martingale or a right-continuous positive sub-mar-
tingale and let My = supycjoy|Ms|. Then one has, for A\;t > 0 and
p € (1,00), that

AIP(M; 2 A) < IE|[M],

and

p
E(M )Y < (Ll) E[M,].

For the proof we use the discrete time version proved in [3]:

Lemma 3.1.17 Let M = (M,)Y_, be martingale or positive sub-martingale
and let M = sup,_o ,, |Mk|. Then one has, for A >0, n =0,....,N, and
p € (1,00), that

.....

P(M; 2 ) < E|M,],
and

p
B(M;) < <L) B\, 7.
p—1

Proof of Proposition 3.1.16. First we remark that A} : {2 — IR is measurable,
since

M = sup (|M|V |M])

s€[0,t]NQ

which is a countable supremum of measurable functions. From Lemma 3.1.17
it follows that, for

one has that

NP(M™* = ) STE|M| and B4 < ( )pIE]Mt]p.

p
p—1
Since M"* 1 M} a.s. as n — oo we are done. U

Proof Proposition 3.1.12. (a) Before we really start, we show that (ii)
and (iv) imply (v): we find L™ € Ly with d(L,L™) —, 0 where we use
Proposition 3.1.11. Hence

Jy(L) =1, lim J,(L™) =, lim I,(L™) =, lim J;(L™) =, J/(L).

Since (J¢(L))i>o and (J/(L))i>o are continuous, the processes are indistin-
guishable.
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(b) Conditions (ii) and (iv) imply (i): By Proposition 3.1.11 we find
KM L™ ¢ Ly such that d(K, K™) —, 0 and d(L,L™) —, 0. Conse-
quently,

Ji(aK + L) =1, limJ(aK™ +5LM)
=1, lim I,(aK™ 4 BLM)
=1, lim [al,(K™) + BI,(L™)]
=, alim L(K™) +p lin 7,(L™)
=1, alim J(K™) + 3 lim J(L™)
=1, ai(K)+ BJi(L).

Since the processes on both sides are continuous both sides are indistinguish-
able and we are done.

(c) Hence the main part of the proof is to prove the existence of an
extension J of I such that assertions (ii), (iii), and (iv) are satisfied. We
shall fix the sequence L™ € L, from step (a) where we assume w.l.o.g. that
LW := 0 (which is convenient later for us).

1. Step: for all ¢ > 0 and ¢ > 0 there is an n(e,t) such that
t
E|L,(L™) — L(LM™)]? = / E|LM — LM 2du < &
0

for m,n > n(e,t) where we used ITO’s isometry for simple processes. Hence
there exists some Y; € Ly such that

lim I,(L™) =, Y.
Assuming a different sequence K™ € £, we get that
lim I,(K™) =1, X;.

However,

EY; - X, = lmE|L(L") - LE™)P

t
= lim / E|LM™ — K™ |2dy
nJo
0

so that the process (X;):>o is unique as a process in L.

2. Step: We show that there is a path-wise continuous process (M;)¢>o
with My = 0 such that X; = M, a.s. for t > 0. It is clear that M is unique
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up to indistinguishability if it is exists. By DOOB’s maximal inequality we
have

IE sup |It(L(n)) _It(L(m))|2 < 4]E|IN(L(”)) _IN(L(m))|2

te[0,N]
N
— 4E / L™ — L™ 24
0
< 4e?

for m,n > n(e, N). Hence we find 1 = ny < n; < ng < --- (depending on
N) such that

(ne+1)) _ (nk)Y |2
B sup Mo (L0) = 1 (L) < 5

for k =1,2,... Letting

IV = sup |, (L)) — I, (L)) |
te[0,N]

implies
o0 1 o0
> (E[JY]?)? <oco and P (ZJ;V < oo> =1
k=0 k=0

Setting Qy = {w € Q: 377 JN(w) < 0o}, we define

Ny oy [ [L(L)) = L(LOW)] (W) 2w e Qy
Mt( )(w).—{ [ } 0 @ wé&Qy

for t > 0. Now we see that the process (Mt(N))te[O,N] is path-wise continuous
and that

Xy =1, Y [T(LO+)) = (L)) = MY
k=0
for t € [0, N]. With a standard trick we find the process we are looking for:
define, for 0 < N < M < oo,

Qs = {w e : MM (W) = MM (W) for all ¢ € [0, N]}

so that IP(Qn ) = 1 since (Mt(N))tE[O,N] and (Mt(M))te[o,N] are continuous
modifications of (X;)icpo,n]. Letting

Q= ﬂ QN,M
O<N<M<oo

we obtain that IP(2) = 1 and set

(N)w LW ~an
Mt(m;:{Mt  megmirebn
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By changing the process on a null-set (we have the usual conditions) we may
assume that My = 0. Since M is the Lo-limit of martingales, we finally end
up with

M e M5°.

3. Step, Property (ii): this follows by construction since we can take L,, =
L in this case.
4. Step, Property (iii): since

Moy = 1Ly | < 1My = L(L™) ||y =0 O
and

‘(E/ot Lidu); - (IE/Ot(LSF))?du); (E /Ot(Lu B Li”))Qduf

and the ITO isometry for the simple processes we get (iii).
5. Step, Property (iv): Denote now M; by J;(L). By DOOB’s inequality

<

— 0

IE sup |J(L)— Jt(A(n)>|2 < 4| Jp(L) — JT(A(n)>|2

te[0,7
so that it remains to show that
E|Jp(L) — Jp(A™)> =, 0.

Find A®™ LM ¢ £, such that d(A™™) A™) —, 0 and d(L™, L) —, 0.
Then we find a sub-sequence m,, such that

d(ATm) AMY 0 and  d(A™™) LMY -, 0.
We conclude with

12 (L) = Jr(A™)] L,
< N Ir(L) = I (L) |y + |2 (L) = Jp (AT 1,
+[ (A7) = T (A™)| 1,

where the first and last term go to zero by construction of J; and the middle
term by ITO’s isometry for simple integrands. U

We are close to the stochastic integral we need to have. In the last step
we carry out a localizing procedure to extend the integral from Ly to £X°.
For this purpose we first need

Lemma 3.1.18 For any stopping time 7 : Q — [0,00) and progressively
measurable process L = (Ly)i>0 one has that L™ := (LyX{1<r})e>0 @S progres-
swely measurable.
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Definition 3.1.19 (i) Let £Y° be the set of all progressively measurable
processes L = (L;);>o such that

t
IP(wEQ:/Lz(w)du<oo):1 for all ¢ >0.
0

(i) A sequence (7,)%%, of stopping times is called localizing for L =
(Ly)i>0 € LY provided that

(a) 0 < 1p(w) < n(w) < M(w) <--- < oo and lim, 7,(w) = oo for all
w € €,

(b) L™ € Ly foralln=0,1,2,...

Remark 3.1.20 (i) One has that £, C LY since
t
E / LZdu < oo
0
implies by FUBINT’s theorem that

t
/ L2du < oo a.s.
0

(i) For every L € LY there exists a localizing sequence. Let N = 1,2, ...

and N
Qn = {wEQ:/ Li(w)du<oo}.
0

Then P (Ny_; n) = 1 and we may set

o (w) = inf {t >0: f; L2 (w)du > n} Dow e Nve v
o oo @ else

because t — f[f L2 (w)du is a continuous function defined on [0, 0o) with
values in [0, 00) for w € (y—; -

Next we need

Lemma 3.1.21 Assume L € LX°. Then there is a unique (up to indistin-
guishability) adapted and continuous process X = (X)i>o with Xo = 0 such
that for all localizing sequences (7,)5, of L one has

P(J(L™) =X, t€[0,7]) =1 for n=0,1,2,...
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Definition 3.1.22 Let L € £¥°. The process X obtained in Lemma 3.1.21

is denoted by
t
( / LudBu)
0 >0

and is called stochastic integral of (the integrand) L with respect to (the
integrator) B. Moreover, for 0 < s <t < oo we let

t
/ L,dB, = / L,dB, = X; — X;.
s (s,t]

Before we summarize some properties of stochastic integrals we introduce
local martingales.

Definition 3.1.23 A continuous adapted process M = (M;);>o with My = 0
is called local martingale (we shall write M € M) provided that there exists
an increasing sequence (0,,)>, of stopping times 0 < op(w) < oy (w) < --- <
oo with lim,, 0,(w) = oo such that M7 := (M;ae, )i>0 is a martingale for all

n=20,1,2..

Surprisingly it is not so easy to find local martingales which are not mar-
tingales. We indicate a construction, but do not go into any details. The
example is intended as motivation for ITO’s formula presented in the next
section.

Example 3.1.24 Given d = 1,2,... we let (W;);>0 be the d-dimensional
standard Brownian motion where W, := (B 1, ..., Br4), Wo = 0, and (By;)¢>0
are independent Brownian motions. The filtration is obtained as in the one-
dimensional case as the augmentation of the natural filtration. Let d = 3

and
My = 1
b |.l’ + Wt|
with |z| > 0 where | - | is the euclidean norm on IRY. Then M = (M,);>0
is a local martingale, but not a martingale. The process |r + W;| is a 3-

dimensional BESSEL process starting in |z|.

Proof. To justify the construction one would need the following:
(a) For a d-dimensional standard Brownian motion W with d > 2 the
sets {y} with y # 0 are polar sets, that means

P(r, <o0) =0 with 7,:=inf{t>0:W,=y}.

(b) For d > 3 one has that IP(limy_ |[W;| = 00) = 1.
(c¢) Assuming that M is a martingale we would get

1
EM, =IEM, = m
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But a direct computation yields to

1 1
= —oo 0

|I+Wt| |x+\/¥(gl7g27g3)’

where g1, g2, g3 ~ N(0, 1) are independent.

(d) How to show that M is a local martingale? This gives us a first
1

impression of ITO-formula which will read for f(&1,&,&3) := Jaie and
1 2 3
Xi:=a+ (By1, By, Bis) as

106 = S0+ 3 [ FEXaBu+ 5 [(APKduas

where the latter term turns out to be a local martingale. O

Now we summarize some of the properties of our stochastic integral:

loc*

Proposition 3.1.25 (i) For L € LY one has (f(f LudBu> € M
£>0

(ii) For K,L € LY® and o, 8 € R one has
t t t
/ (oK, + BLy,)dB, = a/ K,dB, + ﬁ/ L,dB,, t >0, a.s.
0 0 0
(iii) [to-Isometry: for K,L € Lo and 0 < s <t < 0o one has

t t t
E (/ KudBu/ LudBul}"s) = (/ KuLudu|fS) a.s.

(iv) Given K € Ly, the process

t 2 t
( / KudBu) — / KZ2du
0 0 >0

1S a continuous martingale.

(v) For L € LY® and a stopping time T : 2 — [0, 00] one has that

( /Oww LudBu) (w) = < /O t LuXueryd Bu) )

fort >0 a.s.
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(vi) For0<s<t<oo, BeF,, and K € LY one has that

¢ ¢
/ xpK.)dB, = XB/ K,dB, a.s.

with the convention that

t t
/ [x5K.dB, = / K,dB,

~ 0 : welo,s]
K(u) ._{XBKu D uU> s

with

Proof. (ii1) = (iv) Let

t
M, ::/ K,dB,.
0

Then, a.s.,

t
IE (]\/[t2 —/ Kidu\fs)
0
- ]E( M, + M,)? /K%lu\]—")

i
_ IE(
+M? — / KZ2du

= / K2du

where the first term is zero because of (i) and the second one because of

(M, —
t
(M; — M)? +2(M; — M)M, + M? — / Kgdu\f8>
0
(M, —

t
_/ Kgduyfs) + I (2(M, — M,)M,|F)

E (2(M; — My)M|Fs) = 2MIE (M, — M| Fs) =0 a.s.

(iii) Using the polarization formula ab = }L ((a +0)? — (a — b)?) it is enough
to show the assertion for K = L. We take L™ € Ly such that d(L™, L) —, 0
and get that

t
IE/ L™ — L,)? =, 0.
0

By the construction of the stochastic integral we have

t t t 2
]E/ LW —L,)*=E / LgmdBu—/ L,dB,
0 0 0

—, 0.
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Fact 3.1.26 Let (M,%, 1) be a probability space and G C ¥ be a sub-o-al-
gebra. Assume random variables f, f, € Lo such that E|f, — f|* —, 0.
Then

E | E(f319) — E(f*|G)| = 0.

Let now f, := [* L{"dB, and f := [’ L,dB,. Then

' 1 ¢ i
N fn = fllz, = (]E/ (LM — Lu)zdu> < (]E/ (LM —Lu)Qdu) —, 0.
s 0

Hence, by our fact,

E ((/t LL”)dBu>2 \fs> —, [E ((/t LudBu)2 |fs> :

Considering the product space Q x [s,t] with u := P x ﬁ and G := F, X
B([s,t]) we get in the same way that

E (/t (Lg”>)2du|fs) — (/t (L) du|}"s> .

Now we can finish with Proposition 3.1.8.
We do not give the details for (i), (ii), (v) and (vi). O

3.2 Ito’s formula

In calculus there is the fundamental formula
Yy
f0) = 5@+ [ flia

for, say, f € C'(IR) and —oo < x < y < oo. Is there a similar formula
for stochastic integrals? We develop such a formula for a class of processes,
called ITO-processes.

Definition 3.2.1 Let f:[0,00) — IR be a function. Then

var(f,t) == sup > |f(te) = f(te-1)| € [0,00].

O=to < Stn=t 4~

Lemma 3.2.2 (i) The function var(f,-) is increasing.

(i) If f : [0,00) — IR is continuous, then var(f,-) is left-continuous.
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Definition 3.2.3 A stochastic process A = (A;)i>0, At : @ — IR, is called
of bounded variation provided that

var(A.(w),t) = sup Z |A;, (w) — Ay, (w)| < ocoa.s. forall t>0.

0=to<-- <tn—t

Lemma 3.2.4 [f M = (M;)i>0 € MS° is of bounded variation, then

IP(we: My(w)=0,t>0)=1.

Proof. Since M has continuous paths it is sufficient to show that
IP(M;=0)=1 forall ¢>0.

(a) Assume that
var(M.(w),t) < ¢ < oo a.s.

and let t := % Then

n 2
EME = IE[ [Mtf—lel]]

[y

< IEvar(M.,t) sup ]\/[tn—]\/[m‘
i=1,...,n
< clE sup Mp — Myn
i=1,...,n
Since
sup [ Mip(w) = My, (@)] = 0
1=1,....,n

for all w € Q by the uniform continuity of the paths of M on compact
intervals and

sup | My — My | <2 51?& |M,| € Ly
----- ue

by DoOOB’s maximal inequality, majorized convergence implies that
lim B [ My — My | =0 5o that  EMZ =0,
(b) Now let N € {1,2,...}, T'> 0, and

T8 (w) ;== inf {t > 0: var(M.(w),t) > N} A T.
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Because of Lemma 3.2.2 the random time 7y is a stopping time. To check
this it is sufficient to show that

on(w) :=1inf {t > 0: var(M.(w),t) > N}
is a stopping time. Indeed
{t <on(w)} = {var(M.(w), 1) < N} € F

yields that oy is an optional time, so that we conclude that oy is a stopping
time by the usual conditions. Moreover,

(Mt/\TN )tzo € M;O

by stopping and
var(M™(w),t) < N.

By stopping we mean here that
IE(Mpp| Fs) = Msp, a.s. (3.3)

for a stopping time 0 < p < T. This can be proved by considering ap-
proximating stopping times 7" > p; | p where the p; takes only values in
{0,T/2%,...,kT/2', ..., T, s}. Stopping from discrete time martingales implies

]E(Mt/\pl‘fs) — MS/\PZ a.s.

Letting [ — oo, using the pathwise continuity of M, and that (by Doob’s
maximal inequality) IE sup,cpo ) M7 < 0o, we arrive at (3.3).

After all, applying (a) gives
EM? . =0.
Consequently,
EM? =1E lim M, = lim EMZ,,. =0
since 7y T 7T a.s. and

M3, < sup M} € L.
te[0,T

Lemma 3.2.5 [f M = (M) € MED s of bounded variation, then

loc

P(weQ: My(w)=0,t>0)=1.
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Proof. We assume a localizing sequence (0,,)22, for M. In addition, we let
prn =1nf {t > 0: |[M;| > n}

so that 7, := 0, A p, is a localizing sequence with | M| < n (again, stopping
is used here). The variation of M™ is bounded by the variation of M, so
that

P(Mipr, =0) =1

forallt > 0and n=0,1,2,... by Lemma 3.2.4. Consequently,
P(M, =0)=1E (hm X{MMM:O}> = lim B (X(r,.,,=0}) = 1

n—oo

where we have used dominated convergence and lim,, 7, (w) = oo for all w € Q.
O

Definition 3.2.6 A continuous and adapted process X = (X;)i>0, Xi : Q@ —
IR, is called ITO-process provided there exist L € L£° and a progressively
measurable process a = (a;)¢>0 with

¢
/ lay(w)]|du < oo
0

for all t > 0 and w € €, and zy € IR such that

¢ t
Xi(w) =z + (/ LudBu> (w) +/ ay(w)du for t >0, a.s.
0 0

Proposition 3.2.7 Assume that X = (X;)i>0 is an ITO-process with repre-
sentations (L,a) and (L',a’). Then

(A x P)((t,w) € [0,00) x Q: Ly(w) # Lj(w) or ax(w) # aj(w)) = 0.

Proof. We only prove the part concerning the processes L and L’. jFrom our
assumption and the linearity of the stochastic integral it follows that

t t
M, = / (L,— L.)dB, = / (a), —ay)du for t>0a.s.
0 0

Hence M = (M,;);>0 is a local martingale of bounded variation because, a.s.,

}

var(M.(w),t) = sup {Z ‘Mtk (w) — Mtkl(('U)‘}

b k=1

s

e k=1

[ @) - autonan

te—1
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< sup{z | ) —au<w>|du}

ty

- [l - aufolan

<

By Lemma 3.2.5 this implies M; = 0 a.s. so that by the continuity of the
process M one ends up with

M,=0 for t>0, a.s.

and

¢
/ (L,— L))dB,=0 for t>0, a.s.
0

Since L — L' € L¥° we find a sequence of stopping times 0 < 75 < 73 < -+
converging to infinity such that (L — L')™ € L5 and by the definition of the
stochastic integral

tATh tATh
/ (L — L) XusrydBy = / (L, — L.)dB, =0 a.s.
0 0

By Proposition 3.1.25(v)

t tATn
/ (Lu — L;)X{ung}dBu = / (Lu — L;)X{uﬁTn}dBu =0 a.s.
0 0

and by the ITO isometry,

t
]E/ |Ly — L |*X fusrydu = 0.
0
Monotone convergence gives
]E/ |L, — L |*du =0
0
which implies our assertion with respect to L and L’. O

To formulate ITO’s formula we need

Definition 3.2.8 A continuous function f : [0,00) x IR — IR belongs to
C12([0,00) x R) provided that all partial derivatives df/0t, df/0x, and
02 f/0z* exist on (0,00) X IR, are continuous, and can be continuously ex-
tended to [0, 00) x IR.



58 CHAPTER 3. STOCHASTIC INTEGRATION

Proposition 3.2.9 (IT0’s formula) Let X = (X;)i>0 be an ITO-process
with representation

t t
X, = xg +/ L,dB, +/ aydu, t > 0,a.s.
0 0

and let f € CY2. Then one has that

(it Xy) :f(O,X0)+/O g—z(u,Xu)du—i-/o a—f(u,Xu)LudBu

ox
1 t82f

0

taf
—(u, X
—i—/o 8x(u’ )@y du +

fort >0 a.s.

Remark 3.2.10 (i) The assumptions on f and the continuity of the pro-
cess X ensure that the right-hand side of ITO’s formula is well-defined.
In particular,
of

(%(u, XU)LU) c Ly

u>0

(ii) To shorten the notation we shall use

t t t
/ K, dX, ::/ KuLudBu—i—/ K,a,du
0 0 0

where we fix the decomposition of the process X in the following.

Before we discuss the proof of ITO’s formula we consider some examples for
its application.

Example 3.2.11 (Compensator) For f(t,z) = f(x) := 2* we obtain

t t
Xf:x§+2/ Xuqu+/ Lidu, t >0, a.s.
0 0

If a, = 0, then we get that

t t
X} —/ Lidu = x3+2/ X, L,dB, t >0, a.s.
0 0

is a local martingale. Sometimes the term fot L2du is called compensator (it
compensates X? to get a local martingale) and denoted by (X); := [ L2du.
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Example 3.2.12 (Exponential martingale) Let L € C[0,00) and X, :=
¢
fo L,dB,. Then
E(X), 1= Xz do Lhdu — o Xim3(X):

is a martingale and called exzponential martingale. To check this, we let
ft,x) = ¢ Jo L(w)*du.
Applying ITO’s formula gives, a.s.,
EX)e = [, Xy)
= f(0,Xo) + /Ot g—i(u,Xu)du / 8—f( X,)L,dB,

0
+/t gi(u Xy)a,du+ = /

= (0, X0) + / f(u, X,)

s
/qu Yaudu + = /

t
. / F(u, X)) LoudB,
0

a—f(u X,)L2du
) du—l—/qu)LdB
f(u,

X,)L2du

with
t t 1w o
/ E|f(u, Xu) Lo *du = / Ee2(Xu—3 5 Lodv) 12 gy
0 0

t
t o
< sup L2 e o Lvd”/ Ec?Xdu.
0

u€(0,t]

So we have to compute IEe?*«. This is easy since X, is a centered Gaussian
. . . u
random variable with variance c¢(u) < [’ L2dv and

[Ee?Xe = [Ee?Veud = ¢%u
This implies

¢
/ IE| f(u, X)Ly |*du < oo
0

and that (£(X); — 1);>0 € MS5°. The above integral equation can also be
written as a differential equation

df(t,Xt) = f(t, Xt>LtdBt with f(O,X()) =1

or
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Example 3.2.13 (Partial integration) For ¢ € C''[0,00) one has

() Xy = ¥(0)Xo +/ Y(u)dX, +/ X' (u)du
0 0
which follows by using f(t,z) := ¥(t)x.

Example 3.2.14 Using ITO’s formula we can now establish an important
connection between stochastic differential equations and partial differential
equations by one example. Assume the following parabolic PDE

of = 0f
ot 2 0x?
for (t,z) € [0,T) x (0, 00) with the formal boundary condition f(T,x) = 1(x)
for some fixed T" > 0. The PDE is called backwards equation since the

boundary condition is a condition about the final time point 7. Assume now
the geometric Brownian motion

~0 (3.4)

Si(w) == Pz for t>0.

Applying ITO’s formula we see that S is an ITO-process with
t
0

What is the connection between the geometric Brownian motion and the
PDE (3.4). Assume that IE¢(S7)? < oo and define

f(t,x) := Ep(xSr—_y).

One can show that there is some € > 0 such that f € C*((—¢,T") x (0,00))
and that f satisfies the PDE (3.4). The principal way (without details) is as
follows:

a2
Fact 3.2.15 Let p(t,z,y) := 1 fort >0 and z,y € R. Then

V2nt
op 10%
ot 20x?

Moreover, letting h : IR — IR be a Borel function such that

/ e~ |h(z)|dz < oo,
R
then for
uta) = [ Wo)ptt.z.)dy

one has that

forO<t<%andw€IR.
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Let now J(aj) :=t(exp(x — (T'/2)). Applying the above fact we get an e > 0
(without proof) such that for

f(t,x) == Ed(z + Br_,)
one has -
0 19%f
ot | 20x?
for (t,z) € (—e,T) x R. Using

f(t, ) = Ep(xSr) = ETZ (BTt + % + log x) = f(ta % + log 37)

we can derive that f satisfies the PDE (3.4). Applying ITO’s formula gives
that

Fes) = s+ [ %u,su)sud&
/8 (u, Sy)du —|— (32];( , Su)S2du
— 50,50 + / a—i(u,Su)SudBu
0

for t € (0,T) a.s. Without proof, we remark that

T
Y(St) = f(0,5) + /0 g—i(U, Su)SudBy a.s.

by t T T where the integrand of the stochastic integral is defined to be zero
for u =T and one has that

2
du < o0.

T af

Example 3.2.16 (Computation of moments) ([1], [2]) The following
example is of importance in Stochastic Finance when the Brownian motion is
replaced by the geometric Brownian motion. For simplicity we use the Brow-
nian motion. Let ¢ : IR — IR be a Borel function such that IE¢(Br)? < oo
for some T" > (. Similarly to Example 3.2.14 we can define

ft,x) = E(z + Wr_y)

and get, for some ¢ > 0, a function f € C*((—e,T) x IR) which solves the
PDE
af 10%f

ot P02 ="
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Again, by ITO’s formula

of

B,)dB,
i 8:6( ) a.s.

Y(St) = f(0,S0) +

[

brof of
/a [%(U,Bu)—%(a,Ba)} dB,

for 0 < a < b < T, which can be interpreted as the quadratic one-step error
if fb af (u, B,)dB, is approximated by 3 of *(a, B,)(By — B,). To compute the
error we proceed formally as follows: by the ITO-isometry we have

bTof of
/a [%(U, Bu) — 8—$(a, Ba):| dBu

= /bIE [ﬁ(u, B,) — %(a, B,)| du.

where )

du < 0.

of

ax(UB)

We are interested in
2

E

2

E

ox

Now we rewrite the expression under the integral by ITO’s formula. We let

o 10°
A=5 " 200
and get by ITO’s formula that
e [9f of > of of 2
B[ s - fan)| = B|Fws)-Fen) -
v [of of 2
+]E/; % [%(U,Bv) — %(a, Ba>:| dBU
+]E/a A{%(’U,Bv 83:( B )} dv
= ]E/a A [a—x(v,Bv) — a—x(a,Ba)} dv
u aZf 2
== IE/(; {@(U,Bv)} dU
since
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i (oo So] o)

— [g—i(v,x)—%(%y)} ;jgt(w)

%%( )%(U,Bv> +% {%( — (e } a_f
- [ o] (S ;z; )
- ()

Summarizing the computations gives

IEB—i(u,Bu)—g—i(a,B} _ ]E// < vx>2dvdu
_ E/a (b— ) (%w,Bu))zdu.

Now take anet 0 =ty < t; < --- < t, =T one can show that

2
—Of
8

Taf

E|[ ->(u B,)dB
0 81'(”’ u) u

(tk 17Btk 1)(Btk Btk—l)

:i/tk (t — w)E (;J;(u B )>2du.

k=1 " tk—1

Taking for example ¥(x) := X[x,00)(z) ODE can compute that
O f )2 1
IE u, B ~—.
(8:1;2 (v, B.) (T — u)

3.3 Proof of ITO’s formula in a simple case

W

Throughout this section we assume an ITO process such that L € L. Before
we start to prove ITO’s formula we need the following lemmata:

Lemma 3.3.1 Let Y,, — 0 a.s. and Z,, — Z in probability. Then

YnZn —1mP 0.

The lemma will be an exercise.
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Lemma 3.3.2 Let Y = (Yi)i>0 be a continuous and adapted, and assume
that
sup |Yi(w)| < 0.
+>0,weQ

Then, for t? := Lt, one has that

T n

n t

> Vi, (Xyp = Xi,) —w / Y,dX,, (3.5)
=1 0

n t
D Yo, (X — Xy )P / Y, L2du. (3.6)
i=1 0

The proof of this lemma is indicated at the end of the section.

Proof of Proposition 3.2.9. We shall prove ITO’s formula in the case
that ) exists and is continuous, and satisfies

sup | f®(z)] < oo
z€R,k=0,1,2,3

We fix t > 0 and let

{
t = —t
n

for i = 0,...,n be the equidistant time-net on [0,¢]. Then, a.s.,
f(Xe) = f(Xo)
[f(Xer — f( X )]

1
{f'(Xt?J(Xt? = X )+ 5" (X ) (X = Xin )’

1 ~
el O F )Xy = X )

n n 1
= D P )Xy = X )+ D o (Xip )Xy = X ,)?
i=1 =1
n 1 . .
2 )Xy = X )
=1
n 1 n 1 n

where we used TAYLOR’s formula with the LAGRANGE remainder. Applying
Lemma 3.3.2 we get, in probability, that

t
lim I = / f’(Xu)qu,
n 0
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t
lim I} = / (X)) L2 du.
" 0
To get

lim I:;L =P 0

we observe that

DX (X = X )P
=1

<

=1

= Y. Z,

with Y,, — 0 a.s. and Z,, —p fot L2du according to Lemma 3.3.2.

Proof of Lemma 3.3.2. (a) First we consider (3.5) and get

> Ve (X =Xy ) =D Y, /
=1

ti n th
i=1 23

L,dB, + Z Yir / ;

i=1 (25

By standard calculus the second term converges for all w € €) to

¢
/ Yo (w)a, (w)du.
0
To consider the first term we let
KM .= Yin L, for we (7, t]]

and otherwise zero. Then

tn t 2
> Vi, / L,dB, — / Y, L.dB,
- t 0

tn

i

n t
> / (Yir L,)dB, — / Y, L,dB,
i=1 Yt " 0

2

= [E

t
- E / (K" —Y,L,)dB,
0

t
- IE/ K™ Y, L,|" du
0
—, 0
by dominated convergence since

KM — YuLu’ <[2 sup |Yi(w)|]|Lu]

£>0,weN

sup [f* ()] sup X, — Xv|] [Z(Xt? - Xt?1)2]
zeR lu—v|<t/n

65
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and lim,, | K — Y, L,| = 0 for all w € Q.
(b) Now we consider (3.6) and prove this statement for a, = 0 and
|L,(w)| < cforall u>0andwe Q. We get

n t
Z Kﬁ?_l(Xty - Xt?_l)Q - / YuLidu
i=1 0

n n e
-3 v, +30 [, - vLa
=1 =1 i—1

where the second converges to zero for all w € €. To treat the first sum we
let

t

(Xt:b — Xt?71)2 — / Z Lidu

n
ti—l

o
di = (Xt:z — Xt?71)2 — / Lidu

n
ti—l

and get a martingale difference sequence since

&
IE ((Xt;z — Xt?,l)Q\ft?A) =1E (/ Lidu]}}gl> a.s.

g
Consequently,

n
> Yo,
i=1

t 2

(Xt;z —Xt;gl)z — / Z Lidu]

n
ti—l

E

BV < sup Vi) Y B
wu i=1

i=1
Finally,

2
tn £
Ed; = E(Xp — X )* = 2E(Xpn — Xpn )? / Lidu+1E ( / Lidu>

n n
ti*l ti*l

7 "
/ LZdu < *—.

n
tia

where

Since t
" 2
SE (X - Xy ) = IE/ L2du < o
i=1 0

it remains to show that

n 4
YE (Xt? - th71> —n 0.

i=1
But this follows from the Burkholder-Davis-Gundy inequality

4

i 2 £\ 2
E| X — Xin 1’4 < E (/ Lidu> < ¢y <_) A
T 17— t:L_ n

1



Chapter 4

Stochastic differential equations

Stochastic differential equations (SDE’s) play an important role in stochastic
modeling. For example, in Economics solutions of the SDE’s considered be-
low are used to model share prices. In Biology solutions of stochastic partial
differential equations (not considered here) describe sizes of populations.

4.1 What is a stochastic differential equa-
tion?

Stochastic differential equations are (for us) a formal abbreviation of integral
equations as described now. For the rest of this chapter we fix a stochastic
basis (2, F, IP; (F;)i>0) which satisfies the usual assupmtions and an (F;)¢>o-
Brownian motion B = (B})>o.

Definition 4.1.1 Let g € IR, D C IR be an open set, and o,a : [0,00) X
D — IR be continuous. A continuous and adapted stochastic process X =
(X1)i>0 is a solution of the stochastic differential equation (SDE)

dX; =o(t, X})dB; + a(t, X;)dt  with Xy = zg (4.1)
provided that the following conditions are satisfied:
(i) Xi(w)e D forallt>0andw e Q.
(il) Xo = .
(i) Xy =0+ f(fa(u, Xu)dB, + fg a(u, Xy)du for t > 0 a.s.

Let us give some examples of SDE’s.
Example 4.1.2 (Brownian motion) A solution of
dXt = dBt and XU =0

is the Brownian motion itself B = (B;)¢>o since B, = fot 1dB,,. We can take
D =1R.

67
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Example 4.1.3 (Geometric Brownian motion with drift) Letting
X, = zpe Pt with 2, b, ¢ € IR we obtain by ITO’s formula that, a.s.,

t t 1 t
X, = xo+ / cX,dB, + / qudu+§ / A X, du
0 0 0

t t 1
= o+ / cX,dB, + / {b+—02} X, du
0 0 2

t t
= x9 +/ cX,dB, + / aX,du
0 0
with
o =
1
= b4 =
a + 20
Going the other way round by starting with a and o, we get that
c = o,
1
b = a-— 502.
Consequently, the SDE
dX; = 0 XudB, + aX,du with Xy = xg

is solved by
Xt — xerBt+(a—%o'2>t'

We may use D = R for o(t,z) := oz and a(t, z) := ax.
The following examples only provide the formal SDE’s. We do not discuss
solvability at this point.

Example 4.1.4 (Ornstein-Uhlenbeck process) Here one considers the
SDE
dXt = —CXtdt + O'dBt with XO = X2y.

We close by some examples from Stochastic Finance.
Example 4.1.5 (Vasicek interest rate model) Here one considers that
dry = a(b—ry)dt + odBy with 19 >0,

o > 0, and a,b > 0 models an interest rate in Stochastic Finance. The
problem with this model is that r; might be negative if o > 0. If o = 0, then
one gets as one solution

7y = roe” ™ +b(1 — ™)

so that the meaning of @ and b become more clear: the interest rate moves
from its initial value ry to the value b as t — oo with a speed determined by
the parameter a. If o > 0 one tries to add a random perturbation to that.
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Both, the Ornstein-Uhlenbeck process and the process in the Vasicek
interest rate model are Gaussian processes since the diffusion coefficient is not
random. Moreover, the Vasicek interest rate model process is a generalization
of the Ornstein-Uhlenbeck process.

The drawback of a negative interest rate in the Vasicek model can be
removed by the following model:

Example 4.1.6 (Cox-Ingersoll-Ross Model) For a,b > 0 and ¢ > 0 one
proposes the SDE

dry = a(b—ry)dt + oy/ridB;  with 19 > 0.

The difference to the VASICEK interest rate model is that the factor \/r; is
added in the diffusion part. This guarantees that the fluctuation is getting
smaller if r; is close to zero. In fact, the parameters can be adjusted that the
trajectories stay positive (which should be surprising).

Instead of considering the interest rate ry as initial condition one can take
into the account the whole interest curve as anticipated by the market at time
t = 0 as initial condition. This yields to a considerably more complicated
model, the HEATH-JARROW-MORTON model.

Example 4.1.7 (Heath-Jarrow-Morton model) We assume that f(s,t)
stands for the instantaneous interest rate at time ¢ as anticipated by the
market at time s with 0 < s < t < oo. In particular, r, = f(¢,t) is the
interest rate at time ¢. Now one considers the equation

f(t,w) :f(O,u)+/0 a(v,u)dv+/0 o(f(v,u))dB,

with f(0,u) = ®(u).
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4.2 Strong Uniqueness of SDE’s

We shall start with a beautiful lemma, the GRONWALL lemma.

Lemma 4.2.1 (Gronwall) Let A, B,/T > 0 and f : [0,T] — [0,00) be a
continuous function such that

flt) <A+ B/Otf(s)ds

for all t € [0,T]. Then one has that f(T) < AeBT.
Proof. Letting g(t) := e~ B! f(f f(s)ds we deduce

90 = =B [ flopds -+
e (s-5 [ t s ) < e

and
g(T) = / g t)dt < A/ e Btdr < — (1 _ efBT) '
0 0 B
Consequently,
T
F) <A+ B [ 0= A+ BeTy(r)
0
<A+ BeBT% (1—eBT) = AePT.

i

Proposition 4.2.2 (Strong uniqueness) Suppose that for alln = 1,2, ...
there is a constant ¢, > 0 such that

ot 2) = o(t,y)] + |a(t, 2) — a(t, y)| < ealz =y

forlz| <n, |ly| <n, andt > 0. Assume that (Xi)i>0 and (Y3)i>0 are solutions
of the SDE (4.1). Then

P(X,=Y,t>0)=1.

Proof. We use the stopping times

op i =f{t>0:]Xy| >n} and 7,:=inf{t >0:|Y;| >n}
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where we assume that n > |x¢|. Letting p, := min {o,, 7,} we obtain, a.s.,
that

Xt/\pn - }/;/\pn

2

tApn
E Xy, — Yo' < 2E / la(u, X,) — au, Y,)] du
0

2

tApn
L2 / lo(u, X,) — o(u, V)| dB.
0

IA

tApn
2t]E/ la(u, X.) — au, V)| du
" tApn
L9 / lo(u, X,) — o(u, V)] du
" tApn
< (2t+2)ciIE/ | X, — Y, |*du
0

< (2 +2)2E / Xun — Yy [P
0
Now fix T" > 0. The above computation gives
E| X, — y;/\pn’? < (2T + 2)ci /OtIE | Xunp, — YuApnF du
for t € [0,T]. For

f(t) = E ‘Xt/\pn - K/\pn|2

we may apply GRONWALL’s lemma. The function f is continuous since for
tr — t one gets

lim f(ty) = WmIE|X,, ., — Yionpl?
= Elim|X,,,, - Yinpn |’
= E ’XtApn - Y;Mpn‘Z
f(t)
by dominated convergence as a consequence of (for example)

IE sup |men|2 < n?
t€[0,T]

and the continuity of the processes X and Y. Exploiting GRONWALL’s lemma
with A :=0 and B := (2T + 2)c,, yields

f(r) < AePT =0 and TE |men - Y;f/\pn|2 =0.
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Since
lim p,, = 00
n

because X and Y are continuous processes, we get by FATOU’s lemma that

E|X, - Y;]> = Bliminf | X,,,, — Yir,, > <liminf B[ X, — Yis,,|> = 0.

Hence IP(X; =Y;) = 1 and, by the continuity of X and Y,

g

Sometimes the assumptions of the above criteria are too strong. There is
a nice extension:

Proposition 4.2.3 (Yamada-Tanaka) Suppose that
o,a:[0,00) x R — R
are continuous such that

< Nz —yl),
la(t,z) —a(t,y)| < K(lz—yl)

for x;y € R, where h : [0,00) — [0,00) is strictly increasing with h(0) = 0
and K : [0,00) — IR is strictly increasing and concave with K(0) = 0, such

that
¢ du _/5 du Cx
o K(u) Jo h(u)?

for all e > 0. Then any two solutions of (4.1) are indistinguishable.

Example 4.2.4 One can take h(z) == z* for o > 3.
However, there is also the following example:

Example 4.2.5 Let 0 : IR — [0,00) be continuous such that

(i) o(xe) =0,

(ii) fxﬁs e < oo and o(x) > 1 if |v — 20| > € for some € > 0.

zo—e 02(x)

Then the SDE
dXt = O'(Xt)dBt with XO = X9

has infinitely many solutions.
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4.3 Existence of strong solutions of SDE’s
The result we want to prove is

Proposition 4.3.1 Suppose that o,a : [0,00) X IR — IR are continuous such
that

lo(t,z) —o(t,y)| + la(t,x) —alt,y)| < Klz—yl,
o(t, x)| + [a(t, )| <

forallt >0, z,y € R, and some K > 0. Then there exists a solution of the
SDE (4.1).

Proof. (a) We define a sequence of processes X (¥) = (Xt(k))tzo which converges
to our solution:

Xt(O) = o,
t

t
Xt(k-i-l) = xo—i-/ U(U,quk))dBu‘i‘/ (I(u?Xl(Lk))du'
0 0

(b) Let us fix T > 0. By induction we show that

sup ]E\Xt(k)\2 =: Ay < o0.
te[0,7

For k£ = 0 this is clear so let us consider the step from k to k + 1 where we
get that
2]

t t
< 3[|x0|2—|—/ 1EK2(1+\X5k>\)2du+T/ 1EK2(1+\X5k>\)2du]
0 0

t t
< 3 ]x0|2+IE/ o(u, X 2du + IE / a(u, X du
0 0

=: Apy1 <00

since IB(1 + | XP))2 < 2(1 + Ay).

(c) Now we show some kind of CAUCHY sequence property for the se-
quence of processes X ¥ to obtain an appropriate limit. First we decompose
the difference Xt(kH) — Xt(k) almost surely as

t
KOy _ / [o(u, X)) — o(u, XFD)] dB,
0

¢
+/ [a(u,Xi(k)) — a(u,Xflk’l))] du
0
= Mt + Ot'
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Now

T
E sup |Cy|? §TK2/ EIX® — xFE=D12qy
0

te[0,7)

and

E sup |M;|* < 4EMZ
te[0,T

= 4IE / XY — o (u, X* ! du
< 4K2/ E|XH - XD du
0
by DOOB’s inequality and ITO’s isometry. Consequently,

IE sup ‘Xt(kﬂ) — Xt(k)
t€[0,T]

2 T
< L/ EX® - xFED2qy
0

for L :=2(4K? + TK?). We iterate the last equation and get
2
IE sup ‘Xt(kﬂ) — Xt(k)‘

t€[0,T]
T ul 9
< I / / E | XD — XF2" doduy

< Lk/ / / E X} — zo|” dvdu, - - duy,_,

< L — sup BIXY — zf?
k! ve([0,T]

(LT)*
k!

= C

Using CHEBYCHEV's inequality we continue to

2k+1

(k+1)
P ( sup ’X ‘ > ]

t[0,T]

) g LDy AL

Now we use the BOREL-CANTELLI lemma: letting

1
A, = ‘X(k“) _ X(k)‘ >
’ {ti[%%] t ' 2k

we get

f:IP(Ak) < oo sothat IP (ﬁ [j An) =
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or
P (U N A;) =1.
k=1n=k
Assuming
we Q= U n AS
k=1n=k
we have .
n+1 n
sup [ X0 ) = X0 w)] < 5o

telo, T
for n > k(w). Define

YD (w) = { limy XM (w) @ weQl
! o 0 : wegl

For this process one can show that it satisfies
t t
V" =+ / o(u, Y, )dB, + / a(u, Y1) du
0 0

on [0,7]. By the uniqueness argument for the strong solutions we also get
that
IP(Y;(Tl) _ Ks(TQ)) -1

for ¢t € [0, min {73, 75}]. Hence, as already carried out earlier we may find a
continuous and adapted process X = (X;);>0 such that

P(X, =Y ™) =1 forall tel0,n]

which turns out to be our solution. O

Remark 4.3.2 From the above proof it follows that we obtain a Gaussian
process in case of o(t,z) = o(t) as the approximating processes X*) are
Gaussian and the Lo-limit of Gaussian random variables is Gaussian as well.

4.4 Solutions of SDE’s by a transformation
of drift

To explain this method we need two fundamental theorems. The first one
is a characterization of the Brownian motion by the quadratic variation. To
introduce the quadratic variation we need

Proposition 4.4.1 Let M = (M) € M} be a continuous local martin-
gale starting in zero. Then there exists a continuous and adapted process
(M) = ((M)¢),5¢, unique up to indistinguishableness, such that
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(i) 0=( M)y < (M)s < (M) for all0 < s <t < o0,

2
(i) lim, [Z?_l (Mt;l - Mt;l1> ] = (M), in probability for all 0 = t{ <

<o <t =t such that lim, sup,_; , [t" —t" | =

..... 7

Definition 4.4.2 The process (M) is called quadratic variation of the local
martingale M.

Proposition 4.4.3 For L = (L,)u>0 € LX° one has that

. ¢
</ LudBu> :/ Lidu for t>0 a.s.
0 t 0

In particular, we have

Example 4.4.4 For the Brownian motion B = (B;):>¢ one has that (B); =
t,t >0, a.s.

The converse is true is well. For the following we assume the usual conditions
for the stochastic basis (Q, F, IP, (F;);>0) although we work on the compact
time interval [0, 7] only.

Proposition 4.4.5 (P. Lévy) Let M = (M,;);>0 be a continuous adapted
process such that My = 0. Then the following assertions are equivalent:

(i) M is an (F;)i>0-Brownian motion.

(i) M e M and (M), =t,t>0, as.

loc

Now we turn to our second fundamental theorem:

Proposition 4.4.6 (Girsanov) Let L = (Li)i>0 € L2 and assume that the
process (&)i>o defined by

t 1 t
E = exp (—/ L,dB, — —/ Lidu)
0 2 Jo

is a martingale. Let T > 0 and
dQr = EpdIP.
Then (Wy)eso with t
Wy := By +/O X(o,7] () Ly du

defines a Brownian motion (W)= with respect to (2, F, Qr, (Ft)t>0)-
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Lemma 4.4.7 Let 0 <t <T < 0.
(i) The measures Q; and Qr coincide on Fy.

(ii) Assume that Z : Q — IR is Fr-measurable such that Eg,|Z| < oo.

Then
E(ZEr|F)
— ——  a.s

]EQT(Z|ft) - gt

Proof. (i) For B € F, one has

Qr(B) :/BSTdIP:/B]E(Sﬂ}})dIP:/Bé'td]P:Qt(B)

where we have used that (&);>¢ is a martingale.
(ii) We show that

E&E, (|Z||F) < 0o and /B £, (Z|F,)dP = /B ZErdP
for all B € F;, which follows from
oo > / | Z|dQr
Q

= | Eo,(217)d0n

~ [ Bo 12170,

~ | &mq,(ZI1F)aP.
and, the other way round, by

| &Eanz1F)iP = [ Eq, (2170

- / Eo, (Z|7)dQr
B

_ /B 2dQr

= / ZEpdIP.
B

0

Proofof Proposition 4.4.6. We restrict ourselves to L; = p € IR. In
this case we have that W; = B, + ut which is a Brownian motion with a
deterministic drift. Moreover, using the same argument as in Example 3.1.5
we derive that (£):>0 is a martingale.
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(a) First we show that (W.)icpm is a Qp-martingale, that means
Eq, /Wi < oo and Eq, (Wr|F;) = Wy as. for 0 < ¢ < T. The integra-
bility is a consequence of

Eo, Wil = [ |Bt utlerdp
Q
2
= / | B, + pt|e "Pr=5Tqmp
Q
2 2
< / |By|e "B 5 TdIP + ut / e HBr=5Tqp
Q Q

2
— /\/E|gl|e—m/ig1—uvT—tg2—”2TdIP+Mt
Q

2

= ﬂ/ |g1le™ V9 dIP / e VTt qpe 2T 4 it
Q Q

where g; and gy are independent standard Gaussian random variables. So
we have to estimate, for an integer n > 0 and ¢ € IR, that

2 d§
"edIP = "ecge’% < 0
/Q|g| /13 3 Vor

which follows by an easy computation. Now we turn to the martingale prop-
erty. Using Lemma 4.4.7 we need to show that
IE(WrEr|F)
&

=W, a.s.
which is equivalent to

£ £
E ((WT - Wt)?T\]-"t> + WE (?T\]-"t) =W, as.
t t

&
E (?::U'—t) =1 as.

because (&;)i>0 is a martingale, we end up by checking that

Since

E ((WT — W@)i,—T|ft) =0 as.
¢

Again, by independence,

E ((WT - Wt)%m) ~E ((WT - WJ%) a.s.

Finally, we observe, for s := T —t, that

_wyr) - vt g A8
]E((WT Wt)&) —/]R(\/Ef—i—,us)e p e \/%—O.
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(b) Now we compute the quadratic variation of W. It should be the same as
the quadratic variation of the Brownian motion B, since the only difference
is a process of 1-variation. Let us take a sequence of nets

with

lim max [t — ¢ ;| = 0.
n 1<i<n

We find a subsequence (ng)72; such that
i — n 2 = -
hin Z: [Win — Wi |7 =(W); Q-as.

Since IP ~ @) we may replace Q-a.s. by IP-a.s. Finally, we have that

n 3 n 3
(Z |Bir — Bt?_1|2> — i <Z It —ti 1|2>

i=1 =1

fmnen
n 2 n

< <Z | Bin — Bty_1|2> +p (Z |5 — i 1|2>
i=1 i=1

NG

1
2

Since
1m(§]w—ﬁf)gm{wmw—w}(Z}ﬂ—ﬂ )
i=1 ¢
= lim¢sup [t} — ¢ ;| =0

it follows that, a.s.,

ng Nk
lim (Z; | By — Bt;fl|2> = lim <; Wy — Wt?flﬁ) .
Because of (B); = t, t > 0, a.s., this implies that
(W) =1t,t>0, as.

Applying Proposition 4.4.5 we can conclude the proof. U

Now we turn to the NOVIKOV condition, an important condition to decide
whether (&;):>o is a martingale.
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Proposition 4.4.8 Assume that M = (M;),co1) %5 a continuous and local
martingale such that
ez M7 < o0

Then € = (&)i>0 with

1s a martingale.

Now we come back to our SDE’s and show how the method of the transfor-
mation of drift works.

Proposition 4.4.9 (Transformation of drift) . Let o,a: [0,00) x R —
R be continuous such that

lo(t,2) = o(t,y)| + |a(t,2) —alt,y)| < Klz—y]
lo(t, ) + la(t, x)] < K(1+ |z])

forallz,y € R andt > 0. Let X = (Xy)i>0 be the unique strong solution of
dXt = O'(t, Xt>dBt + (I(t, Xt)dt
with Xog = x9 € R. Let T > 0 and L : [0,T] x R — IR be continuous such
that
]Ee% fOT L(u,Xu)?du < 00

and let ,
W, = By +/ L(u, X,,)du
0

for u € [0,T]. Then, under Qr with
dQr = EpdlP  where & :=¢e” Jo LuBu=3 Js Lid“’
one has that

dX, = o(t, X,)dW, + [al(t, X;) — o(t, X,)L(t, X)) dt  for t € [0,T].

What is our philosophy in this case? We wish to solve
dXt = U(t, Xt)th + [a(t, Xt) — U(t, Xt)L<t, Xt)] dt for te [0, T]

For this purpose we construct a specific Brownian motion W' = (W})sepo1
on an appropriate stochastic basis (2, F, Qr; (F¢):co,r)) so that this problem
has the solution X = (X);ejo,r] Which is called weak solution.
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Proofof Proposition 4.4.9. By Propositions 4.2.2 and 4.3.1 there is a
unique strong solution X = (X;):>o. Setting

t
M, = / (—L,)dB,
0

we get that (&:)i>0 is a martingale by NOvIKOV’s condition (Proposition
4.4.8). The GIRSANOV Theorem (Proposition 4.4.6) gives that (W;)¢cjo,r) is
a Brownian motion with respect to Q7. And finally (and also a bit formally)

dXt = O'(t7Xt)dBt + a(t,Xt)dt
O'(t, Xt)<dBt + L(t, Xt)dt) — O'(t, Xt)L(t, Xt)dt + Cl(t, Xt)dt
U(t, Xt)th + (&(t, Xt) — U(t, Xt)L(t, Xt))dt

Example 4.4.10 Let o(t, ) =2, a =0, 29 =1, S, = eP*~2, and
BezJo LwSa)?du

Then
dS; = Sy dWy — S;L(t, Sy)dt, t€[0,T], under Q.

4.5 Weak solutions

In the previous section we already indicated the principle of weak solutions:
we do not start with a stochastic basis, we construct a particular basis to
our problem. The formal definition is as follows:

Definition 4.5.1 Assume that o,a : [0,00) x R — IR are continuous. A
pair (X, Wi)i>o is a weak solution of

dX; = o(t, X})dBy + a(t, Xy)dt  with Xy = zg
if there exits a stochastic basis (§2, F,IP, (F;)¢>0) such that
(i) (9, F,P) is complete,
all null-sets of F belong to Fy,
the filtration is right-continuous, i.e. Fy = (..o Frses
(Wi)e>o 1s an (Ft)i>o-Brownian motion,
X, =29 + fota(u, X)) dW, + fg a(u, X,)du, t >0, a.s., and Xy = .

To explain the usage of weak solutions we also introduce the notion of path-
WiSe UNIGUENESS.
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Definition 4.5.2 The SDE
dXt = O'(t, Xt)dBt + (I(t, Xt)dt with XO = 2o,

t >0, a.s., Xo = xg, satisfies the path-wise uniqueness if any two solutions
with respect to the same stochastic basis and Brownian motion are indistin-
guishable.

The application of this concept consists in
Proposition 4.5.3 The existence of weak solutions together with the path-
wise uniqueness implies the existence of strong solutions.
This concept can be applied to the COX-INGERSOLL-R0ss SDE
dX, = (a — bX,)dt + o/ X,dB, with Xo=u1z0>0 (4.2)
on [0, 7] where a,0 > 0, b € IR, and
T(w) :=1inf{t > 0: X;(w) =0}.

Proposition 4.5.4 There exists a unique continuous and adapted solution
of the SDE (4.2).

We are not in a position to prove this proposition. The uniqueness can be
deduced by exploiting the uniqueness criteria of YAMADA-TANAKA presented
in Proposition 4.2.3 since

Vel = VIl < (| = y])

* 1 *1
dr = —dx = oo.
I A

What we can do in more detail is to study the quantitative behavior of this
equation.

with h(z) := y/z and

Proposition 4.5.5 One has the following:
(i) Ifa> %2, then IP(1 = o0) =1,
(ii) if0<a<%2andeO,then]P(T:oo):(],

(iii) if0<a<% andb<0, then P(T = 00) € (0,1).
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Proof. For x, M > 0 we let (X[);>0 be the solution of the COX-INGERSOLL-
Ross SDE starting in z > 0 and

Ty(w) :==inf{t > 0: X7 (w) = M}.

(a) Define

Then

?xs"(x) + (a — bx)s' () =0

by an easy computation.
(b) Let 0 <e <2 < M and 77y, := 77 A 7. By ITO’s formula

t/\TaM 1 t/\TgJ\/
(X, = s [ amixs g [ vmexds
- 0 0
t/\‘r:’M
= s(a:)—i—/ s'(X?)o\/ X*d B
0
25/\7';1W 1
+/ {(a —bXD)s'(XT) + 53”(Xf)02X§} ds
0
t/\TiM
= s(x)+/ s'(X¥)o+/X2dBs.
0
(c) Since Xyprz € [, M] for all £ > 0 we have that
IATE 0 2
E / §(X?)202Xds = JE( ( - ) - s(aj)‘
0

< 4 sup [s(y)f*

y€le,M]
= ¢
< Q.
Letting ¢ — oo gives that
IE/ s (X X¥0%ds < oo.

Since X7 > ¢ for s € [0,77,,] by definition and since

2bz 2a [b| M
—o I3t
s'(z) = eo? 2 >e "o

TS M
]E/ ds < oo

so that IE77), < oo and 77y, < 00 a.s.

22 = d>0

we get that
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(d) Now

TEI’ At
s(az):]E(s(XfoAt)— / N s’(Xg)m/ngBs)
© 0

and the boundedness of the integrand of the stochastic integral on [0, 77, At]
yields that
s(a) = Es(XZ )

By ¢ — oo, dominated convergence, and the fact that 77, is almost surely
finite, we conclude that

s(x) = IES(X%M) = s(M)IP(ry; < 72) + s(e)P(ry; > 72).

(e) Now we can prove our assertion.
. . 2 .
Case (i) with a > %-: First we observe that

l lim [ 2y
ims(e) = lim ey Ty
1
- [Qb”%] —9d
i [ e vy
= —00

since § = 2% > 1. Moreover, IP(7¥ < 7{;) decreases as € | 0. Assume that
limIP(7f < 13,) = > 0.
€l0

Then

s(z) < |s(M)| — laiﬁ)l s(€)0 = —o0

which is a contradiction. Hence

lg%l]P(Te <T1y) =0.

Since 77 is monotone in € we conclude that

o0

P(ry <my) <IP ﬂ {7’%<T]f/[} =0

1/N<x
Letting M — oo gives 73, (w) T oo so that
IP(75 < 00) = 1\141?1 IP(ry < 1yy) = 0.

Hence IP(7§ = o0) = 1.
Case (ii) and (iii): The condition 0 < a < %2 gives that 0 = 2% < 1 and

1
lims(e) = —/ e®y~ldy € R
el0 0



4.5. WEAK SOLUTIONS

which is denoted by s(0). Hence

s(x) = s(M) lim P(ry, < 7'1 )+ s(0) lim IP(’/'l < Thr)-

N—oo N—oo

Next we claim (without proof!) that

lim IP(7y, < 7'1) =P(ry; < 73) and lim ]P(T1 < Ty) =

N—o0 N—oo

so that
IP(ry, < 79) +IP(ry < 13p) =1

and

s(x) = s(M)IP (73, < 715) + s(0)P (75 < 7).

If b > 0, then we have
lim s(M) = o0

M—oo

so that
lim P(ry;, <75)=0 and lim P(r5, > 15) =

M—oo M—o0

(note that IP(73, = 7§) = 0) and
(U {my; > 75 ) =1.
M>0
Because limy; 7§, (w) = oo for all w, this implies
IP(75 < o0) = 1.
If b < 0, then we have

lim s(M) =: s(o0) € (0, 00)

M—o0

and
s(x) = s(00)IP(15 = 00) + s(0)IP(7y < 00),

and P(7¢ = o0) € (0,1) as well as IP(7§ < o0) € (0, 1).

P(ry < 73)

1
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