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Introduction

This script is a continuation of [5] so that we shall assume that the reader is
familiar with the basics from this previous course. Nevertheless, some basic
facts will be recalled in Chapter 0.

Let us motivate this course by some examples.

Example 1. Assume that we perform some experiment several times un-
der identical conditions and get, each time, a measurement denoted by
f1, f2, f3, ... To get the true quantity (whatever this means) we naturally
consider

Sn =
1

n
(f1 + · · ·+ fn)

for large n and hope that Sn converges to this true value as n → ∞. To
make this precise we have to clarify at least three things:

• What does it mean that we recall an experiment under identical con-
ditions? This leads us to the mathematical notion of (stochastic) inde-
pendence.

• In what sense does the convergence take place? This will take us to
the almost sure convergence.

• And finally we have to identify the limit.

Altogether we end up with famous and fundamental Strong Law of Large
Numbers.

Example 2. We consider a random walk

Sn := ε1 + · · ·+ εn

where ε1, ε2, ε3, ... are independent and

probability(εk = 1) = probability(εk = −1) =
1

2
.

Now we think about a particle which moves up and down in an infinitesimal
way with probability 1/2 and let us consider the time interval [0, 1]. To get
an approximation of the movement we divide the time interval into n equal
sub-intervals and let the particle move down or up with probability 1/2 at
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each time point k/n with k = 0, ..., n − 1 by the same jump-size. What is
the right jump-size we have to choose in our model that the model converges
in some sense as n → ∞? In other words, what is the right rescaling factor
cn > 0 in the state variable such that

ε1 + · · ·+ εn

cn

converges to a non-degenerate random variable as n→∞? This will lead us
to the weak convergence and to the Central Limit Theorem.

Example 3. We assume a source which sends out particles to one side with a
uniformly distributed (random) angle which ranges from zero to 180 degree.
There is a wall in distance of 1 meter. The function f(θ) gives the position of
the particle which hits the wall where θ = π/2 gives position 0. The function
f is random because it depends on the random angle θ. Consider a second
wall parallel to the first one, but with a distance of 2 meters. Now we think
in two different ways: firstly, the particle sent out hits the first wall and will
be resent out to the second wall. Secondly, we do the experiment in one
step and wait until the particle hits the second wall. Is it possible that both
experiments give the same distribution? The answer is yes. Knowing this we
can analyze the distribution in an abstract manner: Namely, we obtain that
the distributions of

f1 + f2 and 2f

are the same, where f1 and f2 are independent copies of f . The property
of this distribution is to be 1-stable, the distribution is called Cauchy 1

distribution. Stable distributions are used (for example) in stochastic mod-
eling and in probabilistic methods in functional analysis. We shall prove the
existence of stable distributions by the help of characteristic functions.

1Augustin Louis Cauchy, 21 Aug 1789 (Paris) - 23 May 1857 (Sceaux), real and complex
analysis.



Chapter 0

Preliminaries

In this section we recall some basic concepts needed in the sequel.

1. Probability spaces. A probability space is a triplet (Ω,F , IP), where

• Ω is a non-empty set of elementary events,

• F ⊆ 2Ω is a system of observable events,

• IP is a function that gives to each event A ∈ F a probability IP(A) ∈
[0, 1] to occur.

Example 1. Standard examples for the set of elementary events Ω are the
following:

(a) Ω = {1, ..., , 6} are the possible outcomes if one rolls a die.

(b) Ω = (0,∞) are possible share prices (for example of NOKIA).

Usually we cannot decide whether a particular ω ∈ Ω in our system occurs.
But for certain subsets A ⊆ Ω we can say whether ω ∈ A or ω 6∈ A. A system
of subsets A ⊆ Ω with this property is called a system of observable events.
This system is usually assumed to be a σ-algebra. Let us formulate this in
the

Definition 2. Let Ω be a non-empty set.

• A system F of subsets A ⊆ Ω is called algebra, provided that

(i) ∅ ∈ F and Ω ∈ F ,

(ii) if A,B ∈ F , then A ∪B = {ω ∈ Ω : ω ∈ A or ω ∈ B} ∈ F and

(iii) if A ∈ F , then AC = {ω ∈ Ω : ω /∈ A} ∈ F .

7
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• F is called σ-algebra, provided that (ii) is replaced by

(ii’) if A1, A2, . . . ∈ F , then
⋃∞

n=1An ∈ F .

• The pair (Ω,F) is called measurable space, if F is a σ-algebra.

• The elements of a σ-algebra F are called events. We say that an event
A ∈ F occurs if ω ∈ A and that A does not occur if ω 6∈ A.

We give some basic examples of σ-algebras.

Example 3. (a) The system of all subsets of Ω, denoted by 2Ω, is the largest
σ-algebra on Ω.

(b) The system {∅,Ω} is the smallest σ-algebra on Ω. Any σ-algebra F on
Ω satisfies {∅,Ω} ⊆ F ⊆ 2Ω.

(c) Assume that you have two dice, but only the sum of the dice is known.
The corresponding measurable space is given by

Ω := {(k, l) : k, l = 1, ..., 6} ,
F := {A ⊆ Ω : A is the empty set or a union of A2, ..., A12} ,

where Am := {(k, l) : k + l = m}.

In important cases there is not a complete description of the σ-algebra. Sur-
prisingly, there are abstract approaches which can be used practically. The
basic idea is

Lemma 4. Let Ω 6= ∅ and G be a non-empty system of subsets of Ω and

σ(G) :=
⋂

F σ-algebra and G⊆F

F .

Then one has the following:

(i) The system σ(G) is a σ-algebra containing all sets from G.

(ii) If F is any σ-algebra on Ω containing all G ∈ G, then σ(G) ⊆ F .

The proof can be found in [5]. Using this lemma one can introduce Borel
1 σ-algebras on metric spaces or even on more general spaces. To do this on
IRd, with the final goal to define the Lebesgue measure on it, we recall the
notion of an open set.

1Félix Edouard Justin Émile Borel, 07/01/1871-03/02/1956, French mathematician.
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Definition 5. (i) For x, y ∈ IRd we let |x− y| =
(∑d

i=1 |xi − yi|2
) 1

2

(ii) A subset G ∈ IRd is open, if and only if for all x ∈ G there exists ε > 0
such that y ∈ G for all y ∈ IRd such that |x− y| < ε.

Now we are ready to introduce the Borel-σ-algebra:

Definition 6. The Borel-σ-algebra B(IRd) on IRd is the smallest σ-algebra
that contains all open sets of IRd.

Finally we recall the notion of a measure:

Definition 7. Let (Ω,F) be a measurable space.

(i) A map µ : F → [0,∞] is called measure on F if

µ

(
∞⋃

n=1

An

)
=

∞∑
n=1

µ(An)

for all pair-wise disjoint A1, A2, . . . ∈ F .

(ii) A measure µ on F is called σ-finite, provided that there exists
Ω1,Ω2, . . . ∈ F , Ωn ∩ Ωm = ∅ for n 6= m,

⋃∞
n=1 Ωn = Ω such that

µ(Ωn) <∞ for all n ≥ 1.

(iii) A measure µ on F is called probability measure, if µ(Ω) = 1.

If µ is a measure, then (Ω,F , µ) is called measure space. If µ is a probability
measure, then (Ω,F , µ) is a probability space.

Example 8. Let Ω be an arbitrary non-empty set and F := 2Ω.

(a) A trivial (but sometimes important) example is the counting measure

µ(B) := card(B).

This measure is σ-finite if and only if Ω is countable.

(b) Another measure we obtain as follows: we fix ω0 ∈ Ω and let µ(B) = 1
if ω0 ∈ B, otherwise µ(B) = 0. This measure is called Dirac-measure 2

at ω0 ∈ Ω.

(c) Let B0 ⊆ Ω with card(B0) > 1, and let µ(B) = 1 if B0∩B 6= ∅, otherwise
µ(B) = 0. One notes, that µ is not a measure.

2Paul Adrien Maurice Dirac, 08/08/1902 (Bristol, England) - 20/10/1984 (Tallahassee,
Florida, USA), Nobel price in Physics 1933.
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2. Construction of measures. Now we consider the measurable space
(IR,B(IR)) and look for a measure λ such that

λ((a, b]) = λ((a, b)) = λ([a, b]) = b− a

for all −∞ < a < b <∞. For its construction we need

Proposition 9 (Carathéodory 3). Let Ω 6= ∅, G be an algebra such that
F = σ(G). Assume a map µ0 : G → [0,∞] such that

(i) µ0(Ωn) <∞, n = 1, 2, ..., for some partition Ω =
⋃∞

n=1 Ωn with Ωn ∈ G,

(ii) µ0 (
⋃∞

n=1An) =
∑∞

n=1 µ0(An) for pair-wise disjoint An ∈ G such that

∞⋃
n=1

An ∈ G.

Then there exists a unique measure µ : F → [0,∞] such that

µ(A) = µ0(A) for all A ∈ G.

It is clear that the measure µ is automatically σ-finite. As an application
one can prove that the Lebesgue 4 measure exists on IRd.

Proposition 10. There is a unique σ-finite measure λd on B(IRd) such that

λd((a1, b1]× . . .× (ad, bd]) =
d∏

i=1

(bi − ai).

This measure is called Lebesgue measure.

3. Product spaces. Product spaces are obtained by the following

Proposition 11 (Product measure). Assume that (Ωi,Fi, µi), i = 1, 2, ..., d
are σ-finite measure spaces and let

F = ⊗d
i=1Fi := σ(B1 × · · · ×Bd : Bi ∈ Fi).

Then there exists a unique measure µ = ⊗d
i=1µi on F (which is automatically

σ-finite) such that

µ(B1 × · · · ×Bd) = µ1(B1) · · ·µn(Bd).

Proposition 12. We have that

(IRd,B(IRd), λd) = ⊗d
i=1(IR,B(IR), λ1).

3Constantin Carathéodory, 13/09/1873 (Berlin, Germany) - 02/02/1950 (Munich, Ger-
many).

4Henri Léon Lebesgue, 28/06/1875-26/07/1941, French mathematician generalized the
Riemann integral by the Lebesgue integral; continuation of work of Emile Borel and
Camille Jordan.
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4. Random variables

Definition 13. Let (Ω1,F1) and (Ω2,F2) be measurable spaces. A map
f : Ω1 → Ω2 is called measurable, provided that for all B ∈ F2 one has

f−1(B) = {ω1 ∈ Ω1 : f(ω1) ∈ B} ∈ F1.

The reason for the definition above is that a measurable map can transport
a measure from one measurable space to another.

Proposition 14 (Image measures). Let (Ω1,F1) and (Ω2,F2) be measurable
spaces, f : Ω1 → Ω2 be a measurable map, and µ1 be a measure on F1. Define

µ2(B2) := µ1(f
−1(B2)) for B2 ∈ F2.

Then one has the following:

(i) (Ω2,F2, µ2) is a measure space with µ1(Ω1) = µ2(Ω2).

(ii) There are examples that µ1 is σ-finite, but µ2 is not.

We shall use the following notation:

(i) One writes µ2 = (µ1)f and says that µ2 is the image(measure) of µ1

with respect to f .

(ii) If (Ω2,F2) = (IRd,B(IRd)), then one also says that µ2 is the law of f
(w.r.t. µ1).

The property that a map is measurable can be checked sometimes easily by
generating systems.

Proposition 15. Let (Ω1,F1) and (Ω2,F2) be measurable spaces, G2 be a
system of subsets of Ω2 such that σ(G2) = F2 and f : Ω1 → Ω2 be a map such
that f−1(B) ∈ F1 for all B ∈ G2. Then f is measurable.

Proof. Define B2 := {B ⊆ Ω2 : f−1(B) ∈ F1}. Then B2 is a σ-algebra and
G2 ⊆ B2 by assumption. Hence F2 ⊆ B2.

What are the typical measurable maps h : Ω → IR? Let (Ω,F) be a mea-
surable space. Then h : Ω → IR is called (measurable) step function, if there
are B1, . . . , Bn ∈ F and α1, . . . , αn ∈ IR such that

h(ω) =
n∑

k=1

χBk(ω)αk,

where

χBk(ω) :=

{
1, if ω ∈ Bk

0, if ω /∈ Bk.
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Proposition 16. Let (Ω,F) be a measurable space and f : Ω → IR. Then
the following assertions are equivalent.

(i) f is measurable as a map from (Ω,F) into (IR,B(IR)).

(ii) f−1((a, b)) ∈ F for all −∞ < a < b <∞.

(iii) There exists (measurable) step functions hn : Ω → IR such that

lim
n→∞

hn(ω) = f(ω) for all ω ∈ Ω.

Proof. (i)⇒(ii) is clear since (a, b) ∈ B(IR).

(ii)⇒(iii): For −∞ < a < b <∞ one has

f−1([a, b)) =
∞⋂

n=1

f−1((a− 1

n
, b)) ∈ F ,

since f−1((a− 1
n
, b)) ∈ F for all n = 1, 2, . . .. Letting for n ∈ {1, 2, . . .}

hn(ω) =
2n+1∑

k=−2n+1

χf−1([ k−1
2n

, k
2n

))(ω)
k − 1

2n

we get a sequence (hn)∞n=1 of step functions and limn→∞ hn(ω) = f(ω) for all
ω ∈ Ω.

(iii)⇒(ii): We write

f−1((a, b)) = {ω ∈ Ω : f(ω) ∈ (a, b)}
= {ω ∈ Ω : lim

n
hn(ω) ∈ (a, b)}

= {ω ∈ Ω : ∃N ≥ 1∀n ≥ Nhn(ω) ∈ (a, b)}

=
∞⋃

N=1

∞⋂
n=N

{ω ∈ Ω : hn(ω) ∈ (a, b)}

=
∞⋃

N=1

∞⋂
n=N

h−1
n ((a, b)) ∈ F .

(ii)⇒(i) follows from Proposition 15.

By the above proof we also get the following

Proposition 17. If hn : Ω → IR are measurable, where (Ω,F) is a measur-
able space and if

f(ω) = lim
n→∞

hn(ω) for all ω ∈ Ω,

then f is measurable.

Definition 18. Let (Ω,F) be a measurable space. A map f : Ω → IR which
satisfies one of the equivalent properties of Proposition 16 is called random
variable or Borel measurable.
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5. Integration We recall briefly the construction of the expected value.

Definition 19. Let (Ω,F , µ) be a σ-finite measure space.

(i) If h =
∑n

i=1 αiχAi with Ai ∈ F and αi ≥ 0, then∫
Ω

hdµ = IEh :=
n∑

i=1

αiµ(Ai) ∈ [0,∞].

(ii) If f : Ω → IR is measurable and non-negative, then∫
Ω

fdµ := sup

{∫
Ω

hdµ : 0 ≤ h ≤ f ;h measurable step-function

}
.

(iii) If f : Ω → IR is measurable,

f+ := max{f, 0} and f− := max{−f, 0},

then f = f+ − f− and we define∫
Ω

fdµ :=

∫
Ω

f+dµ−
∫

Ω

f−dµ

provided that
∫

Ω
f+dµ <∞ or

∫
Ω
f−dµ <∞.

(iv) A measurable function f : Ω → IR is integrable if∫
Ω

|f |dµ <∞.

We will often use the theorem about monotone convergence.

Proposition 20 (Monotone Convergence). Let (Ω,F , µ) be a σ-finite mea-
sure space and fn, f : Ω → IR be measurable such that

0 ≤ fn(ω) ↑ f(ω)

for all ω ∈ Ω. Then one has

lim
n

∫
Ω

fndµ =

∫
Ω

fdµ.

Let us consider some examples.

Example 21. (a) Lorentz sequence spaces: Let Ω := {1, 2, ...}, F := 2Ω,
and let µ be the counting measure, i.e. µ(A) := card(A). Then, for
f ≥ 0, ∫

Ω

fdµ =
∞∑

k=1

f(k).

To check this rigorously, we use the step-functions hn(k) := f(k) if 0 ≤
k ≤ n and hn(k) := 0 for k > n. Then∫

Ω

fdµ = lim
n

∫
Ω

hndµ = lim
n

n∑
k=1

f(k)µ({k}) = lim
n

n∑
k=1

f(k).
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(b) Let f : IR → IR be continuous except in finitely many points, where
in these points the left and right-hand side limits exist and are finite.
Assume that

lim
n→∞

R−
∫ n

−n

|f(x)|dx <∞

where R−
∫

is the Riemann integral. Then∫
IR

f(x)dλ(x) = lim
n
R−

∫ n

−n

f(x)dx.

(c) Assume an increasing and right-continuous function F : IR → IR. Con-
sider the unique σ-finite measure µ on B(IR) with

µ((a, b]) := F (b)− F (a).

The measure µ is called Lebesgue-Stieltjes 5 measure. The corresponding
integral ∫

f(t)dF (t) :=

∫
IR

f(t)dµ(t)

is an extension of the Riemann-Stieltjes integral.

6. Fubini’s theorem For the following it is convenient to allow that
the random variables may take infinite values. Moreover, we assume that
(Ω,F , µ) and (Ωi,Fi, µi) are σ-finite measure spaces.

Definition 22 (Extended random variable). Let (Ω,F) be a measurable
space. A function f : Ω → IR∪ {−∞,∞} is called extended random variable
if and only if

f−1(B) := {ω : f(ω) ∈ B} ∈ F for all B ∈ B(IR) or B = {−∞}.

If we have a non-negative extended random variable, we let (for example)∫
Ω

fdµ = lim
N→∞

∫
Ω

[f ∧N ]dµ.

Proposition 23 (Fubini’s Theorem). 6 Let f : Ω1 × Ω2 → IR be a non-
negative F1 ⊗F2-measurable function such that∫

Ω1×Ω2

f(ω1, ω2)d(µ1 × µ2)(ω1, ω2) <∞. (1)

Then one has the following:

5Thomas Jan Stieltjes 29/12/1856 (Zwolle, Overijssel, The Netherlands) - 31/12/1894
(Toulouse, France); analysis, number theory.

6Guido Fubini, 19/01/1879 (Venice, Italy) - 06/06/1943 (New York, USA).
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(i) The functions ω1 → f(ω1, ω
0
2) and ω2 → f(ω0

1, ω2) are F1-measurable
and F2-measurable, respectively, for all ω0

i ∈ Ωi.

(ii) The functions

ω1 →
∫

Ω2

f(ω1, ω2)dµ2(ω2) and ω2 →
∫

Ω1

f(ω1, ω2)dµ1(ω1)

are extended F1-measurable and F2-measurable, respectively, random
variables.

(iii) One has that∫
Ω1×Ω2

f(ω1, ω2)d(µ1 × µ2) =

∫
Ω1

[∫
Ω2

f(ω1, ω2)dµ2(ω2)

]
dµ1(ω1)

=

∫
Ω2

[∫
Ω1

f(ω1, ω2)dµ1(ω1)

]
dµ2(ω2).

Remark 24. (i) It should be noted, that item (iii) together with Formula
(1) automatically implies that

µ2

({
ω2 :

∫
Ω1

f(ω1, ω2)dµ1(ω1) = ∞
})

= 0

and

µ1

({
ω1 :

∫
Ω2

f(ω1, ω2)dµ2(ω2) = ∞
})

= 0.

(ii) Fubini’s theorem for general f : Ω1×Ω2 → IR one gets by decomposing
f = f+ − f−.

Let us finish with an

Example 25. Assume that Ω1 = Ω2 = [0, 1], F1 = F2 = B([0, 1]) where
B([0, 1]) is generated by the open sets in [0, 1]. Assume that both measurable
spaces are equipped with the Lebesgue measure λ. Let ϕ : [0, 1] → [0, 1] be
a (say) continuous function and let

B := {(s, t) ∈ [0, 1]2 : t < f(s)}.

(i) One has B ∈ F1 ⊗F2.

(ii) Applying Fubini’s theorem we get

λ⊗ λ(B) =

∫ 1

0

∫ 1

0

χ{t≤f(s)}dλ(t)dλ(s)

=

∫ 1

0

f(s)dλ(s).
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(iii) Applying Fubini’s theorem in the other way we get

λ⊗ λ(B) =

∫ 1

0

∫ 1

0

χ{t<f(s)}dλ(s)dλ(t)

=

∫ 1

0

λ({s ∈ [0, 1] : f(s) > t})dλ(t).

(iv) Combining both estimates we have∫ 1

0

f(s)dλ(s) =

∫ 1

0

λ({s ∈ [0, 1] : f(s) > t})dλ(t).

(v) Exercise: Prove in the same way that, for 0 < p <∞,∫ 1

0

f(s)pdλ(s) = p

∫ 1

0

λ({s ∈ [0, 1] : f(s) > t})tp−1dλ(t).



Chapter 1

Modes of convergence

1.1 Almost sure convergence

Definition 1.1.1. Let fn, f : Ω → IR be random variables where (Ω,F , IP)
is a probability space. We say that fn converges almost surely to f if

IP({ω ∈ Ω : |fn(ω)− f(ω)| −→n 0}) = 1.

We write fn −→a.s. f .

Remark 1.1.2. (i) To formulate the above definition we need {ω :
|fn(ω)− f(ω)| −→n 0}) ∈ F . This follows from

{ω ∈ Ω : |fn(ω)− f(ω)| −→n 0}

=

{
ω : ∀ m ≥ 1 ∃ k ≥ 1 s.t. ∀ n ≥ k |fn(ω)− f(ω)| < 1

m

}
=

∞⋂
m=1

∞⋃
k=1

∞⋂
n=k

{
ω : |fn(ω)− f(ω)| < 1

m

}
∈ F .

(ii) The above definition depends on the measure IP. In general one does
not have that

IP({ω : |fn(ω)− f(ω)| −→n 0}) = 1

if and only if
Q({ω : |fn(ω)− f(ω)| −→n 0}) = 1

if Q is another measure on F .

(iii) Only few properties of fn are transferred to f by almost sure conver-
gence. Take, for example, Ω = [0, 1], F = B([0, 1]), and λ to be the
Lebesgue measure (λ([a, b]) = b− a). Let fn be

fn(ω) :=


n22n+1ω, ω ∈

[
0, 1

2n

]
n2n+1 − n22n+1ω, ω ∈

(
1
2n
, 1

n

]
0, ω ∈

(
1
n
, 1
]
.

17
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The function fn : [0, 1] → IR is continuous so that fn is a random
variable. Moreover limn fn(ω) = 0 for all ω ∈ [0, 1]. On the other side∫ 1

0

fn(ω) dλ(ω) =

∫ 1

0

fn(t) dt = 2n −→n ∞.

A useful characterization of the almost sure convergence is given by

Proposition 1.1.3. Let (Ω,F , IP) be a probability space and fn, f : Ω → IR
be random variables. Then the following assertions are equivalent.

(i) fn −→a.s. f .

(ii) limn IP({ω : supk≥n |fk(ω)− f(ω)| > ε}) = 0 for all ε > 0.

Proof. For ε > 0 and n ≥ 1 define

Aε
n = {ω : sup

k≥n
|fk(ω)− f(ω)| > ε} =

∞⋃
k=n

{ω : |fk(ω)− f(ω)| > ε} ∈ F

so that, since Aε
1 ⊇ Aε

2 ⊇ . . . ,

lim
n→∞

IP(Aε
n) = IP

(
∞⋂

k=1

Aε
n

)
and

∞⋂
n=1

Aε
n = {ω : ∀ n = 1, 2, . . . sup

k≥n
|fk(ω)− f(ω)| > ε}.

(i)=⇒(ii) Let Ω0 := {ω : limn fn(ω) = f(ω)} ∈ F . Hence for all ω ∈ Ω0 there
exists n(ω) ≥ 1 with supk≥n(ω) |fk(ω)− f(ω)| ≤ ε so that

Ω0 ⊆

(
∞⋂

n=1

Aε
n

)c

and
∞⋂

n=1

Aε
n ⊆ Ωc

0.

Hence

0 = IP

(
∞⋂

n=1

Aε
n

)
= lim

n
IP (Aε

n) .

(ii)=⇒(i) We have

IP

(
∞⋃

n=1

(Aε
n)c

)
= 1 and IP

(
∞⋂

N=1

∞⋃
n=1

(
A

1
N
n

)
c

)
= 1 .

Finally,

ω ∈
∞⋂

N=1

∞⋃
n=1

(
A

1
N
n

)
c

if and only if for all N = 1, 2, . . . there exists n ≥ 1, 2, . . . such that

sup
k≥n

|fk(ω)− f(ω)| ≤ 1

N
.
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1.2 Convergence in probability

Although we saw in Remark 1.1.2(iii) that a.s. convergence may be a weak
notation, this notation is still sometimes too strong.

Example 1.2.1. Ω = [0, 1] , F = B([0, 1]) , λ is the Lebesgue measure on
F . Define

f1(ω) = χ[0, 1
2)

(ω) , f2(ω) = χ[ 1
2
,1)(ω) ,

f3(ω) = χ[0, 1
4)

(ω) , f4(ω) = χ[ 1
4
, 1
2)

(ω) , . . . , f6(ω) = χ[ 3
4
,1)(ω) ,

f7(ω) = χ[0, 1
8)

(ω) , . . .

We have the feeling that limn fn(ω) = 0, but in what sense? We do not have
a.s. convergence since #{n : fn(ω) = 1} = ∞ for all ω ∈ [0, 1).

The way out is

Definition 1.2.2. Let fn , f : Ω → IR be random variables, where (Ω,F , IP)
is a probability space. Then fn converges to f in probability if

lim
n

IP({ω : |fn(ω)− f(ω)| > ε}) = 0

for all ε > 0. We will write fn −→
IP
f .

Example (Example 1.2.1 continued). We have that fn −→
λ

0. In fact,

lim
n
λ({ω ∈ [0, 1] : |fn(ω)| > ε}) ≤ lim

n
λ({ω ∈ [0, 1] : fn(ω) 6= 0}) = 0

since

λ({ω ∈ [0, 1] : fn(ω) 6= 0}) =


1
2

for n = 1, 2
1
4

for n = 3, 4, 5, 6
1
8

for n = 7, . . .
...

.

Proposition 1.2.3. Let fn, f : Ω → IR be random variables and (Ω,F , IP)
be a probability space. Then one has the following:

(i) If fn −→a.s. f , then fn −→
IP
f.

(ii) If fn −→
IP
f , then there exists n1 < n2 < n3 < . . . such that fnk −→a.s. f ,

as k →∞.
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Proof. (i) Follows from Proposition 1.1.3 and

IP({ω : |fn(ω)− f(ω)| > ε}) ≤ IP({ω : sup
k≥n

|fk(ω)− f(ω)| > ε}).

(ii) Let n1 be the smallest n ≥ 1 such that for all k ≥ n one has

IP

({
ω : |fk(ω)− f(ω)| > 1

2

})
<

1

2
.

Let n2 be the smallest n > n1 such that for all k ≥ n one has

IP

({
ω : |fk(ω)− f(ω)| > 1

22

})
<

1

22
.

Continuing the same way we get

IP

({
ω : |fk(ω)− f(ω)| > 1

2`

})
<

1

2`
.

for k ≥ n` and 1 ≤ n1 < n2 < n3 < . . . . Letting

A` :=

{
ω : |fn`(ω)− f(ω)| > 1

2`

}
we get

IP(A`) <
1

2`
and

∞∑
`=1

IP(A`) <∞.

The Borel-Cantelli-lemma implies that

IP({ω : #{n : ω ∈ An} = ∞}) = 0.

Hence IP({ω : #{n : ω ∈ An} <∞}) = 1. For those ω we have that

|fn`(ω)− f(ω)| ≤ 1

2`

for ` ≥ `(ω) which gives fn` −→a.s. f .

Example (Example 1.2.1 continued). What is a possible sub-sequence? One
can take

f1 = χ[0 1
2
), f3 = χ[0 1

4
), f7 = χ[0 1

8
), . . . .

Proposition 1.2.4. For random variables f, g : Ω → IR we let

d(f, g) :=

∫
Ω

|f(ω)− g(ω)|
1 + |f(ω)− g(ω)|

dIP(ω),

Then the following assertions are equivalent:
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(i) d(fn, f) −→n 0.

(ii) fn −→
IP
f .

Proof. (i) =⇒ (ii) d(fn, f) −→n 0 means∫
Ω

|f(ω)− g(ω)|
1 + |f(ω)− g(ω)|

dIP(ω) −→n 0,

so that by Ĉebyšev’s inequality, for λ > 0,

λIP

({
ω :

|fn(ω)− f(ω)|
1 + |fn(ω)− f(ω)|

> λ

})
≤
∫

Ω

|fn(ω)− f(ω)|
1 + |fn(ω)− f(ω)|

dIP(ω) −→n 0.

Given ε > 0 we find λ(ε) > 0 such that if |x| > ε, then |x|
1+|x| > λ(ε). Hence

IP ({ω : |fn(ω)− f(ω)| > ε}) ≤ IP

({
ω :

|fn(ω)− f(ω)|
1 + |fn(ω)− f(ω)|

> λ(ε)

})
≤ 1

λ(ε)

∫
Ω

|fn(ω)− f(ω)|
1 + |fn(ω)− f(ω)|

dIP(ω)

and IP ({ω : |fn(ω)− f(ω)| > ε}) −→n 0.
(ii) =⇒ (i) For all ε > 0 we have that∫

Ω

|fn(ω)− f(ω)|
1 + |fn(ω)− f(ω)|

dIP(ω) =

∫
{|fn−f |>ε}

|fn(ω)− f(ω)|
1 + |fn(ω)− f(ω)|

dIP(ω)

+

∫
{|fn−f |≤ε}

|fn(ω)− f(ω)|
1 + |fn(ω)− f(ω)|

dIP(ω)

≤ IP ({ω ∈ Ω : |fn(ω)− f(ω)| > ε}) +
ε

1 + ε
,

since the function x
1+x

= 1 − 1
1+x

is monotone for x ≥ 0. Given

θ > 0, we take ε > 0 such that ε
1+ε

≤ θ
2

and then n0 ≥ 1 such that

IP ({ω : |fn(ω)− f(ω)| > ε}) ≤ θ
2

for n ≥ n0. Hence d(fn, f) ≤ θ for n ≥ n0.

Proposition 1.2.5. Let (Ω,F , IP) be fixed and f, g, h : Ω → IR be random
variables. Then one has that

(i) d(f, g) = 0 if and only if IP(f = g) = 1.

(ii) d(f, g) = d(g, f).

(iii) d(f, h) ≤ d(f, g) + d(g, h).
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(iv) If f1, f2, ... : Ω → IR are random variables such that for all ε > 0 there
exists an n(ε) ≥ 1 such that d(fn, fm) ≤ ε for all m,n ≥ n(ε), i.e.
if (fn)n≥1 is a Cauchy sequence with respect to d, then there exists a
random variable f : Ω → IR such that

lim
n
d(fn, f) = 0.

Proof. (i) We have that

d(f, g) = 0 ⇐⇒
∫

Ω

|f(ω)− g(ω)|
1 + |f(ω)− g(ω)|

dIP(ω) = 0

⇐⇒ IP

({
ω :

|f(ω)− g(ω)|
1 + |f(ω)− g(ω)|

= 0

})
= 1

⇐⇒ IP ({ω : f(ω) = g(ω)}) = 1

⇐⇒ f = g a.s.

(ii) follows by definition.
(iii) Here we get

d(f, h) =

∫
Ω

|f(ω)− h(ω)|
1 + |f(ω)− h(ω)|

dIP(ω)

≤
∫

Ω

|f(ω)− g(ω)|+ |g(ω)− h(ω)|
1 + |f(ω)− g(ω)|+ |g(ω)− h(ω)|

dIP(ω)

≤
∫

Ω

|f(ω)− g(ω)|
1 + |f(ω)− g(ω)|

dIP(ω) +

∫
Ω

|g(ω)− h(ω)|
1 + |g(ω)− h(ω)|

dIP(ω)

= d(f, g) + d(g, h).

(iv) For the proof of this statement we need

Definition 1.2.6. A sequence f1, f2, ... : Ω → IR of random variables is a
Cauchy sequence in probability (or fundamental in probability) provided that
for all ε > 0 there exists n(ε) ≥ 1 such that for all k, l ≥ n(ε) one has that

IP(|fk − fl| > ε) ≤ ε.

Proposition 1.2.7. Let (fn)∞n=1 be a Cauchy sequence in probability. Then
there exists a random variable f : Ω → IR such that fn →IP f .

Proof. We proceed as in the proof of Proposition 1.2.3 and find 1 ≤ n1 <
n2 < . . . such that

IP

({
ω : |fk(ω)− fl(ω)| > 1

2j

})
<

1

2j
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for k, l ≥ nj. Taking the sequence (fnj)
∞
j=1 we get that

IP

({
ω : |fnj+1

(ω)− fnj(ω)| > 1

2j

})
<

1

2j

and
∞∑

j=1

IP

({
ω : |fnj+1

(ω)− fnj(ω)| > 1

2j

})
<∞.

Applying the Borel-Cantelli Lemma implies

IP

({
ω : |fnj+1

(ω)− fnj(ω)| > 1

2j
infinitely often

})
= 0.

Hence

IP

({
ω :

∞∑
j=1

|fnj+1
(ω)− fnj(ω)| <∞

})
= 1.

We set

f(ω) :=

{
fn1(ω) +

∑∞
j=1(fnj+1

(ω)− fnj(ω)) :
∑∞

j=1 |fnj+1
− fnj | <∞

0 : else

and get that fnj −→a.s. f . Finally, we have to check that fn −→
IP
f . For ε > 0

one gets

IP({ω : |fn(ω)− f(ω)| > ε})
≤ IP({ω : |fn(ω)− fnj(ω)|+ |fnj(ω)− f(ω)| > ε})

≤ IP
({
ω : |fn(ω)− fnj(ω)| > ε

2

})
+ IP

({
ω : |fnj(ω)− f(ω)| > ε

2

})
and

lim
n,j→∞

IP
({
ω : |fn(ω)− fnj(ω)| > ε

2

})
= 0,

lim
j→∞

IP
({
ω : |fnj(ω)− f(ω)| > ε

2

})
= 0.

Now we can finish our proof by showing that (fn)∞n=1 is a Cauchy sequence
with respect to d if and only if it is a Cauchy sequence in probability.

Assume that (fn)∞n=1 is a Cauchy sequence with respect to d. For λ > 0 we
have that

λIP

({
ω :

|fk(ω)− fl(ω)|
1 + |fk(ω)− fl(ω)|

> λ

})
≤ d(fk, fl) ≤ η

for k, l ≥ n(η) ≥ 1. For λ := ε
1+ε

with ε > 0 this gives that

ε

1 + ε
IP ({ω : |fk(ω)− fl(ω)| > ε}) ≤ η
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for k, l ≥ n(η) ≥ 1. Choosing η = ε2 we end up with

IP ({ω : |fk(ω)− fl(ω)| > ε}) ≤ ε(1 + ε)

for k, l ≥ n(ε2) ≥ 1. Hence (fn)∞n=1 is a Cauchy sequence in probability.

Now assume that (fn)∞n=1 is a Cauchy sequence in probability. Then
for all ε > 0 there exists n(ε) ≥ 1 such that for all k, l ≥ n(ε)
IP ({ω : |fk(ω)− fl(ω)| > ε}) ≤ ε. Consequently,∫

Ω

|fk(ω)− fl(ω)|
1 + |fk(ω)− fl(ω)

dIP(ω) ≤ IP({ω : |fk(ω)− fl(ω)| > ε}) +
ε

1 + ε

≤ ε+
ε

1 + ε

for k, l ≥ n(ε) ≥ 1.

To formalize the above we recall the notion of a metric space:

Definition 1.2.8. Let M 6= ∅. The pair (M,d) is called metric space, if
d : M ×M → [0,∞) satisfies

(i) d(x, y) = 0 if and only if x = y (reflexivity),

(ii) d(x, y) = d(y, x) (symmetry),

(iii) d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality).

Convergence in probability can be described by a suitable metric space that
consists of equivalence classes.

Definition 1.2.9. Let M be an arbitrary set. We say that a relation x ∼ y
is an equivalence class relation on M , provided that

(i) x ∼ x for all x ∈M (reflexivity),

(ii) if x ∼ y, then y ∼ x (symmetry),

(iii) if x ∼ y and y ∼ z, then x ∼ z (transitivity).

For two elements x, y ∈ M we have either x ∼ y or x and y are not in the
relation x ∼ y. Based on this one introduces equivalence classes: We have

M =
⋃
i∈I

Mi,

with

(i) Mi 6= ∅,

(ii) Mi ∩Mj = ∅, if i 6= j,
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(iii) two elements x, y ∈M belong to the same set Mi if and only if x ∼ y.

An element xi ∈Mi is called representative. In probability theory we use

Definition 1.2.10. (i) For a probability space (Ω,F , IP) and a random
variable f : Ω → IR we let

f̂ := {g : Ω → IR random variable, IP({ω ∈ Ω : f(ω) = g(ω)}) = 1} .

The set f̂ is called equivalence class (with respect to IP) and f ∈ f̂ is
called representative.

(ii) L0(Ω,F , IP) is the space of all random variables f : Ω → IR.

(iii) L0(Ω,F , IP) is the space of all equivalence classes from L0(Ω,F , IP).

(iv) For f ∈ f̂ and g ∈ ĝ we let

d̂(f̂ , ĝ) := d(f, g).

In other words, for random variables f, g : Ω → IR one has f ∼ g if and only
if

IP({ω : f(ω) = g(ω)}) = 1.

For f, g ∈ L0(Ω,F , IP) and λ ∈ IR we introduce the linear operations

λf̂ := λ̂f ,

f̂ + ĝ := f̂ + g.

Finally, we have

Proposition 1.2.11. The space [L0(Ω,F , IP), d̂] is a linear complete metric
space.

1.3 Convergence in mean

Definition 1.3.1. Let p ∈ (0,∞) and let (Ω,F , IP) be a probability space.
Given random variables fn, f : Ω → IR we say that fn converges to f with
respect to the p-th mean (fn −→

Lp
f) provided that

lim
n→∞

∫
Ω

|fn(ω)− f(ω)|pdIP(ω) = 0.

Since fn and f are random variables and x 7→ |x|p is a continuous function,
ω 7→ |fn(ω)−f(ω)|p is a non-negative random variable and we may integrate.
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Proposition 1.3.2. If fn −→
Lp

f , then fn −→
IP
f .

Proof. Let ε > 0. Then

IP({ω : |fn(ω)− f(ω)| > ε}) = IP({ω : |fn(ω)− f(ω)|p > εp})

≤ 1

εp

∫
Ω

|fn(ω)− f(ω)|pdIP(ω) −→n 0.

Proposition 1.3.3 (Minkowski inequality). Let 0 < p < ∞ and f, g : Ω →
IR be random variables. Then one has(∫

Ω

|f(ω) + g(ω)|pdIP(ω)

) 1
p

≤ cp

[(∫
Ω

|f(ω)|pdIP(ω)

) 1
p

+

(∫
Ω

|g(ω)|pdIP(ω)

) 1
p

]
,

where cp = 1 for 1 ≤ p <∞ and cp = 2
1
p
−1 for 0 < p < 1.

Proof. We only prove the case 0 < p ≤ 1. Here we get |a + b|p ≤ |a|p + |b|p
for all a, b ∈ IR, so that(∫

Ω

|f(ω) + g(ω)|pdIP(ω)

) 1
p

≤
(∫

Ω

|f(ω)|pdIP(ω) +

∫
Ω

|g(ω)|pdIP(ω)

) 1
p

≤ 2
1
p
−1

[(∫
Ω

|f(ω)|pdIP(ω)

) 1
p

+

(∫
Ω

|g(ω)|pdIP(ω)

) 1
p

]
,

where, for 1 ≤ q = 1
p
<∞, we have used |a+ b|q ≤ 2q−1(|a|q + |b|q).

From the Minkowski inequality, we get immediately

Proposition 1.3.4. If fn, gn, f, g : Ω → IR, fn −→
Lp

f and gn −→
Lp

g, then
fn + gn −→

Lp
f + g.

Now, we recall

Proposition 1.3.5 (Hölder’s inequality). Let f, g : Ω → IR be random vari-
ables, 1 < p <∞, 1 < q <∞ and 1 = 1

p
+ 1

q
. Then

∫
Ω

|f(ω)g(ω)|dIP(ω) ≤
(∫

Ω

|f(ω)|pdIP(ω)

) 1
p
(∫

Ω

|g(ω)|qdIP(ω)

) 1
q

.
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As an application we get

Proposition 1.3.6. Let 0 < p < q < ∞. Then from fn −→
Lq

f it follows
fn −→

Lp
f .

Proof. Let r := q
p
∈ (1,∞) and let 1 = 1

r
+ 1

r∗ . Then∫
Ω

|fn(ω)− f(ω)|pdIP(ω)

=

∫
Ω

|fn(ω)− f(ω)|p · 1dIP(ω)

≤
(∫

Ω

(|fn(ω)− f(ω)|p)r dIP(ω)

) 1
r
(∫

Ω

1r∗dIP(ω)

) 1
r∗

=

(∫
Ω

|fn(ω)− f(ω)|qdIP(ω)

) p
q

.

We conclude with the Lorentz-spaces Lp. Before we do this we recall the
notion of a Banach space.

Definition 1.3.7. Let X be a linear space and ‖ · ‖ : X → [0,∞). Then
[X, ‖ · ‖] is called Banach space, provided that

(i) ‖x‖ = 0 if and only if x = 0,

(ii) ‖λx‖ = |λ|‖x‖ for all λ ∈ IR (λ ∈ C) and x ∈ X,

(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ and

(iv) if (xn)∞n=1 ⊆ X is a Cauchy sequence, i.e. for all ε > 0 there exists
n(ε) ≥ 1 with ‖xm − xn‖ ≤ ε whenever m,n ≥ n(ε), then there is an
x ∈ X such that

lim
n
‖xn − x‖ = 0.

Remark 1.3.8. Properties (i), (ii), and (iii) say that ‖ · ‖ is a norm.

Example 1.3.9. For X = IRn and ‖x‖ = ‖(x1, ..., xn)‖ := (x2
1 + · · ·+ x2

n)
1
2

we obtain a norm on IRn.

In our setting there are some problems with property (i). For this reason we
have to work with the equivalence classes introduced in Definition 1.2.10.
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Definition 1.3.10. For p ∈ [1,∞) and a probability space (Ω,F , IP) we let

(i) Lp :=
{
f : Ω → IR random variable, ‖f‖Lp :=

(∫
Ω
|f |pdIP

) 1
p <∞

}
,

(ii) Lp(Ω,F , IP) :=
{
f̂ : f ∈ Lp(Ω,F , IP)

}
and ‖f̂‖Lp := ‖f‖Lp .

Proposition 1.3.11.
[
Lp(Ω,F , IP), ‖ · ‖Lp

]
is a Banach space.

Proof. (i) ‖f̂‖Lp = 0 if and only if f = 0 a.s. if and only if f̂ = 0.
(ii) is clear and (iii) is a consequence of the Minkowski inequality.
(iv) Assume a Cauchy sequence (f̂n)∞n=1 ⊆ Lp. Then (fn)∞n=1 is a Cauchy
sequence in probability since

IP ({ω : |fn(ω)− fm(ω)| > λ}) ≤ 1

λp
‖f̂n(ω)− f̂m(ω)‖p

Lp
≤ ε

for n,m ≥ n(λ, ε) ≥ 1. Hence there is a limit f : Ω → IR such that fn −→
IP
f .

It remains to show that fn −→
Lp

f as well. We pick a sub-sequence (fnk)
∞
k=1

such that limk fnk = f IP− a.s. . Applying the lemma of Fatou gives∫
Ω

|fm(ω)− f(ω)|pdIP(ω) ≤ lim inf
k

∫
Ω

|fm(ω)− fnk(ω)|pdIP(ω) ≤ ε

for m ≥ m(ε) ≥ 1.

Remark 1.3.12. (i) One can define Lp(Ω,F , IP) for 0 < p < 1 in the same
way. We get

(a) ‖x+ y‖Lp ≤ cp
(
‖x‖Lp + ‖y‖Lp

)
(quasi-triangle inequality) and

(b) (Lp, d) is a complete metric space with d(f̂ , ĝ) := ‖f̂ − ĝ‖p
Lp

.

(ii) One can define Lp(Ω,F , IP) for p = ∞ as well, where

‖f̂‖L∞ := ess sup
ω∈Ω

|f(ω)| = inf

{
sup

ω∈Ω\N
|f(ω)| : N ∈ F , IP(N) = 0

}
.

Again, [L∞(Ω,F , IP), ‖ · ‖L∞ ] is a Banach space.

Proposition 1.3.13. Assume that limn fn = f a.s., p ∈ (0,∞) and
IE supn |fn|p <∞. Then f̂ ∈ Lp and limn IE|fn − f |p = 0.

Proof. By Lebesgue’s theorem of dominated convergence we get that

IE|f |p = lim
n

IE|fn|p <∞.

Hence

IE sup
n
|fn − f |p ≤ cpIE

(
sup

n
|fn|p + |f |p

)
<∞
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and, again by dominated convergence,

0 = IE lim
n
|fn − f |p = lim

n
IE|fn − f |p.

In the last proposition one can replace the condition limn fn = f a.s. by
limn fn = f in probability. Indeed, assuming that ‖fnk − f‖p ≥ δ > 0 for
a sub-sequence n1 < n2 < · · · , we find one more sub-sequence (nkl)

∞
l=1 such

that liml fnkl
= f a.s. and get liml IE|fnkl

− f |p = 0 which is a contradiction.

Summary:
a.s. convergence =⇒ Lp-convergence if IE supn |fn|p <∞
Lp-convergence =⇒ a.s. convergence for a sub-sequence

a.s. convergence =⇒ convergence in probability
convergence in probability =⇒ a.s. convergence for a sub-sequence

Lp-convergence =⇒ convergence in probability
convergence in probability =⇒ Lp-convergence if IE supn |fn|p <∞

1.4 Uniform integrability

Now we want to understand the condition IE supn |fn|p < ∞ for p = 1 from
Proposition 1.3.13 better. We recall that

∫
Ω
|f |dIP <∞ implies that

lim
c→∞

∫
{|f |≥c}

|f |dIP = 0.

In fact, the latter condition is (of course) equivalent to
∫

Ω
|f |dIP <∞. This

leads us to the following definition of uniform integrability.

Definition 1.4.1. Let (Ω,F , IP) be a probability space and fi : Ω → IR,
i ∈ I, be a family of random variables. Then the family (fi)i∈I is called
uniformly integrable provided that for all ε > 0 there is a constant c > 0 such
that

sup
i∈I

∫
|fi|≥c

|fi|dIP ≤ ε,

or equivalently,

lim
c↑∞

sup
i∈I

∫
|fi|≥c

|fi|dIP = 0.

Example 1.4.2. Let (Ω,F , IP) = ([0, 1],B([0, 1]), λ) and fn(t) := nχ[0, 1
n ]

(t),

n ∈ I = {1, 2, 3, ...}. This family is not uniformly integrable because for any
c > 0 we have that

sup
n

∫
|fn|≥c

|fn(t)|dt = 1.
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An important sufficient criteria is

Lemma 1.4.3. Let G : [0,∞) → [0,∞) non-negative and increasing such
that

lim
t→∞

G(t)

t
= ∞

and (fi)i∈I be a family of random variables fi : Ω → IR such that

sup
i∈I

IEG(|fi|) <∞.

Then (fi)i∈I is uniformly integrable.

Proof. We let ε > 0 and M := supi∈I IEG(|fi|) and find a c > 0 such that

M

ε
≤ G(t)

t

for t ≥ c. Then ∫
|fi|≥c

|fi|dIP ≤ ε

M

∫
|fi|≥c

G(|fi|)dIP ≤ ε.

Example 1.4.4. (i) Let G(t) = tp with 1 < p <∞. Hence supi∈I IE|fi|p <
∞ implies that (fi)i∈I is uniformly integrable.

(ii) One cannot take the function G(t) = t as we have in Example 1.4.2
that IE|fn| = 1.

The main statement of this section is

Proposition 1.4.5. Assume random variables fn, f : Ω → IR such that
fn →IP f , IE|fn| < ∞ and IE|f | < ∞. Then the following assertions are
equivalent:

(i) fn → f in L1.

(ii) (fn)∞n=1 is u.i.

(iii) ‖fn‖L1 →n ‖f‖L1.

Remark 1.4.6. The proposition is applied in the following way: Given a
sequence fn →IP f such that (fn)∞n=1 is uniformly integrable, we get fn → f in
L1. Moreover, the statement says that the uniform integrability is a necessary
condition in order to have this implication. From the mathematics side, the
implication (iii) =⇒ (i) is rather surprising.

For the proof of Proposition 1.4.5 we need some lemmata:
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Lemma 1.4.7. The conditions fn →IP f , |fn| ≤ g and |f | ≤ g for some g
with IEg <∞ imply that

lim
n

∫
Ω

fndIP =

∫
Ω

fdIP.

Proof. Assume that the conclusion is not true. Then there is a ε > 0 and a
sub-sequence n1 < n2 < n3 < · · · such that∣∣∣∣∫

Ω

fnkdIP−
∫

Ω

fdIP

∣∣∣∣ ≥ ε.

But we can find one more sub-sequence nkl such that

fnkl
→ f a.s. as l→∞.

Applying dominated convergence yields in this case that

lim
l

∫
Ω

fnkl
dIP =

∫
Ω

fdIP

which is a contradiction.

Lemma 1.4.8. For f ∈ L1 and IP(An) →n 0 one has

lim
n

∫
An

fdIP = 0.

Proof. We apply Lemma 1.4.7 to f̃n := fχAn and get

|f̃n| ≤ |f | =: g and f̃n →IP 0

because
IP(|f̃n| > c) ≤ IP(An) →n 0.

Proof of Proposition 1.4.5. (i) =⇒ (ii). We have that∫
{|fn|≥c}

|fn|dIP ≤
∫
{|fn|≥c}

|fn − f |dIP +

∫
{|fn|≥c}

|f |dIP

≤ ‖fn − f‖L1 +

∫
{|fn−f |≥c/2}

|f |dIP +

∫
{|f |≥c/2}

|f |dIP

and

lim
n
‖fn − f‖L1 = lim

c↑∞

∫
{|f |≥c/2}

|f |dIP = 0.

For the middle term we use Lemma 1.4.8 to deduce that∫
{|fn|≥c}

|fn|dIP ≤ ε
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for c ≥ c(ε) and n ≥ n(c(ε), ε).

(ii) =⇒ (iii) By Lemma 1.4.7 we get that∫
Ω

(|fn| ∧ c)dIP →
∫

Ω

(|f | ∧ c)dIP

because (|fn| ∧ c) →IP (|f | ∧ c) which is left as an exercise. But then

|IE|fn| − IE|f ||
≤ |IE(|fn| ∧ c)− IE(|f | ∧ c)|+ |IE|fn| − IE(|fn| ∧ c)|

+ |IE|f | − IE(|f | ∧ c)|

= |IE(|fn| ∧ c)− IE(|f | ∧ c)|+
∫
{|fn|≥c}

|fn|dIP +

∫
{|f |≥c}

|f |dIP.

(iii) =⇒ (i) We have that

||fn − f | − |fn|+ |f || ≤ 2|f |

and

|fn − f | − |fn|+ |f | →IP 0.

Hence, by Lemma 1.4.7,

IE[|fn − f | − |fn|+ |f |] →n 0

and

IE|fn − f | →n 0

because IE|fn| →n IE|f |.

1.5 Independence

In this section we will recall the important notion of independence.

Definition 1.5.1. Let (Ω,F , IP) be a probability space and (fi)i∈I with I 6= ∅
be a family of random variables fi : Ω → IR. The family (fi)i∈I is called
independent provided that for all distinct i1, ..., in ∈ I and B1, ..., Bn ∈ B(IR)
one has that

IP(fi1 ∈ B1, ..., fin ∈ Bn) = IP(fi1 ∈ B1) · · · IP(fin ∈ Bn).

The main mathematical question is in the beginning to what extent inde-
pendent random variables do exist. This question one might easily overlook.
The positive answer is
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Proposition 1.5.2. Let I = {1, 2, ..., n} or I = {1, 2, 3, ....}. Given probabil-
ity measures µk on B(IR), k ∈ I, there exists a probability space (Ω,F , IP) and
independent random variables (fk)k∈I , fk : Ω → IR such that law(fk) = µk,
i.e.

IP(fk ∈ B) = µk(B) for all B ∈ B(IR).

Proof. (i) Assume that I = {1, 2, ..., n} and take Ω := IRn, F := B(IRn), and
IP := ⊗n

k=1µk. As random variables we choose the coordinate functionals

fk : Ω → IR with fk(x1, ..., xn) := xk.

The maps fk are measurable as

f−1
k (Bk) = IR× · · · × IR×Bk × IR× · · · × IR ∈ B(IRn)

for all Bk ∈ B(IR). Finally,

IP(f1 ∈ B1, ..., fn ∈ Bn) = IP(B1 × · · · ×Bn)

= ⊗n
k=1µk(B1 × · · · ×Bn)

=
n∏

k=1

µk(Bk)

and, by fixing k and letting Bl = IR for l 6= k,

IP(fk ∈ Bk) = IP(f1 ∈ IR, ..., fk−1 ∈ IR, fk ∈ Bk, fk+1 ∈ IR, ..., fn ∈ IR)

= · · ·
= µ1(IR) · · ·µk−1(IR)µk(Bk)µk+1(IR) · · ·µn(IR)

= µk(Bk)

which proves our statement for a finite index set I.

(ii) Now let us turn to the case I = {1, 2, 3, ...}. As measurable space we
choose (Ω,F) = (IRIN,B(IRIN)) with

IRIN := {(xk)
∞
k=1 : xk ∈ IR}

and B(IRIN) being the smallest σ-algebra containing all cylinder sets

IR× · · · × IR×Bk × IR× IR× · · · with Bk ∈ B(IR).

As family of random variables (fk)
∞
k=1 we again use the coordinate functionals

fk(x1, x2, ...) := xk. Using exactly the same argument as in (i) (the reader
should check this) the proof is complete if we find a probability measure IP
on F such that

IP(B1 ×B2 × · · · ×Bn × IR× IR · · · ) = µ1(B1) · · ·µn(Bn).
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Obviously, this measure will be denoted by

⊗∞
k=1µk.

We use Carathéodory’s theorem to construct this infinite product measure.
As algebra we take A to be

{ finite unions of (a1, b1]×· · ·× (an, bn]× IR× IR×· · · ,−∞ ≤ ak ≤ bk ≤ ∞}

with the convention that (a,∞] = (a,∞). It is clear that A is an algebra
and that σ(A) = B(IRIN). Define the ’pre-measure’ IP0 on A by

IP0((a1, b1]× · · · × (an, bn]× IR× IR× · · · ) =
n∏

k=1

µk((ak, bk]).

We skip the formal check that IP0 is correctly defined. But we indicate that
IP0 is σ-additive on A. Here we have to show that

IP0

(
∞⋃
l=1

Al

)
=

∞∑
l=1

IP0(Al) for A1, A2, ... ∈ A and
∞⋃
l=1

Al ∈ A

whenever A1, A2, ... are pair-wise disjoint. It follows from the properties of
finite product measures and the monotonicity of IP0 that

L∑
l=1

IP0(Al) ≤ IP0

(
L⋃

l=1

Al

)
≤ IP0

(
∞⋃
l=1

Al

)
.

By L ↑ ∞ this implies

∞∑
l=1

IP0(Al) ≤ IP0

(
∞⋃
l=1

Al

)
.

Assume that we have a strict inequality, i.e. there is some δ > 0 such that

IP0

(
∞⋃
l=1

Al

)
≥

∞∑
l=1

IP0(Al) + δ.

Defining

BL :=

(
∞⋃
l=1

Al

)
\ (A1 ∪ · · · ∪ AL)

one gets B1 ⊇ B2 ⊇ · · · and
⋂∞

l=1Bl = ∅. With this notation the above
assumption translates into

IP0(BL) ≥ δ for all L = 1, 2, ...

By induction one can define a sequence of sets Cn such that
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• Cn ⊆ Bn,

• C1 ⊇ C2 ⊇ · · · ,

• Cn is a finite union of sets of type [a1, b1]×· · ·× [aK , bK ]× IR× IR×· · · .

Take for example C1 ⊆ B1 with IP0(B1 \ C1) ≤ δ/8 and continue with C2 ⊆
B2 ∩ C1 with IP0((B2 ∩ C1) \ C2) ≤ δ/16 etc. Hence

∅ =
∞⋂
l=1

Bl ⊇
∞⋂
l=1

Cl 6= ∅

which is a contradiction.

1.6 Two examples for almost sure conver-

gence

1.6.1 Strong law of large numbers (SLLN)

There are different versions of the SLLN. We prove a version which goes back
to Kolmogorov.

Proposition 1.6.1 (Kolmogorov 1). Let (Ω,F , IP) be a probability space and
f1, f2, . . . : Ω → IR random variables such that

(i) f1, f2, . . . are independent,

(ii) f1, f2, . . . have the same distribution and

(iii) IE|f1| <∞.

Then one has

lim
n→∞

1

n
(f1(ω) + · · ·+ fn(ω)) = IEf1 a.s. .

For the proof we need a couple of preparations.

Proposition 1.6.2 (Inequality of Kolmogorov). Let f1, f2, . . . : Ω → IR
be independent and such that IEfn = 0 and IEf 2

n < ∞. Then, for Sk :=
f1 + · · ·+ fk,

IP

(
max
1≤k≤n

|Sk| ≥ ε

)
≤ IES2

n

ε2

for all ε > 0.

1Andrey Nikolaevich Kolmogorov, 25/04/1903 (Tambov, Russia) - 20/10/1987 (Mos-
cow, Russia).
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Proof. Let Ak := {|S1| < ε, . . . , |Sk−1| < ε, |Sk| ≥ ε}. Then

ε2IP

(
max
1≤k≤n

|Sk| ≥ ε

)
= ε2

n∑
k=1

IP (Ak) ≤
n∑

k=1

∫
Ak

S2
kdIP

≤
n∑

k=1

∫
Ak

S2
kdIP + 2

∫
Ak

Sk

(
n∑

i=k+1

fi

)
dIP +

∫
Ak

(
n∑

i=k+1

fi

)2

dIP


=

n∑
k=1

∫
Ak

S2
ndIP ≤

∫
Ω

S2
ndIP.

Proposition 1.6.3 (Kolmogorov-Chinčin). Let f1, f2, . . . : Ω → IR be inde-
pendent and such that IEfn = 0 and

∑∞
n=1 IEf 2

n <∞. Then

IP

({
ω :

∞∑
n=1

fn(ω) is convergent

})
= 1.

Proof. Given ε > 0, we get

IP

(
sup
k≥1

|Sn+k − Sn| ≥ ε

)
= lim

N→∞
IP

(
sup

1≤k≤N
|Sn+k − Sn| ≥ ε

)
≤ lim

N→∞

1

ε2

N∑
k=n+1

IE|fk|2

=
1

ε2

∞∑
k=n+1

IE|fk|2 −→n 0,

where we have used Kolmogorov’s inequality. Hence

lim
n→∞

IP

(
sup
k≥1

|Sn+k − Sn| ≥ ε

)
= 0.

As an exercise we show that this is equivalent to

IP ((Sn)∞n=1 is a Cauchy sequence) = 1.

Next we need two Lemmata from analysis:
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Lemma 1.6.4 (Töplitz 2). Let an ≥ 0, bn := a1 + a2 + · · · + an > 0,
limn bn = ∞. Assume (xn)∞n=1 ⊆ IR such that limn xn = x. Then

1

bn

n∑
i=1

aixi −→n x.

Proof. The proof is an exercise.

Lemma 1.6.5 (Kronecker 3). Let 0 < b1 ≤ b2 ≤ b3 ≤ . . . with bn →∞ and
(xn)∞n=1 ⊆ IR so that

∑∞
n=1 xn is convergent. Then

1

bn

n∑
j=1

bjxj −→n 0.

Proof. We let b0 = 0, S0 = 0 and Sn := x1 + · · ·+ xn. Then

1

bn

n∑
j=1

bjxj =
1

bn

n∑
j=1

bj(Sj − Sj−1)

=
1

bn

(
bnSn − b0S0 −

n∑
j=1

Sj−1(bj − bj−1)

)

= Sn −
1

bn

n∑
j=1

Sj−1(bj − bj−1) −→n x− x = 0.

Lemma 1.6.6. Let f : Ω → IR be a random variable. Then

∞∑
n=1

IP(|f | ≥ n) ≤
∫

Ω

|f |dIP ≤ 1 +
∞∑

n=1

IP(|f | ≥ n).

Proof.

∞∑
n=1

IP(|f | ≥ n) =
∞∑

n=1

∑
k≥n

IP(k ≤ |f | < k + 1)

=
∞∑

k=1

kIP(k ≤ |f | < k + 1)

≤ IE|f |.

The other inequality is proved in the same way.

2Otto Töplitz, 01/08/1881 (Wroclaw, Poland) - 15/02/1940 (Jerusalem, Israel).
3Leopold Kronecker, 07/12/1823 (Legnica, Poland) - 29/12/1891 (Berlin, Germany).
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Proof of Proposition 1.6.1. We can assume that IEf1 = 0. The idea is to
truncate the random variables and to apply the theorem of Kolmogorov-
Chinčin 1.6.3. We let

f̃n(ω) :=

{
fn(ω) : |fn(ω)| < n

0 : |fn(ω)| ≥ n

and gn(ω) := f̃n(ω)− IEf̃n.
(i) Now we compute

∞∑
n=1

1

n2
IEg2

n ≤
∞∑

n=1

1

n2
IEf̃ 2

n

=
∞∑

n=1

1

n2
IEχ{|fn|<n}f

2
n

=
∞∑

n=1

n∑
k=1

1

n2
IEχ{k−1≤|f1|<k}f

2
1

=
∞∑

k=1

(
∞∑

n=k

1

n2

)
IEχ{k−1≤|f1|<k}f

2
1

≤ 2
∞∑

k=1

1

k
IEχ{k−1≤|f1|<k}f

2
1

≤ 2
∞∑

k=1

IEχ{k−1≤|f1|<k}|f1|

= 2IE|f1| <∞,

where we have used that

∞∑
n=k

1

n2
≤ 1

k
+

∫ ∞

k

1

x2
dx =

1

k
+
(
−x−1|∞k

)
=

2

k
.

(ii) Applying Proposition 1.6.3 gives that
∑∞

n=1
1
n
gn is convergent almost

surely. Applying Kronecker’s Lemma gives that

1

n

(
1 · 1

1
g1 + 2 · 1

2
g2 + . . .+ n · 1

n
gn

)
=

1

n
(g1 + . . .+ gn) −→a.s. 0.

(iii) To replace g by f̃ we need to show that 1
n

∑n
k=1 IEf̃k −→n 0. According to

the Töplitz-Lemma it is sufficient to prove that IEf̃n −→n 0. But this follows
from

IEf̃n =

∫
{|fn|<n}

fndIP =

∫
{|f1|<n}

f1dIP −→n
∫

Ω

f1dIP = 0

because of dominated convergence. So we get 1
n

∑n
k=1 IEf̃k −→a.s. 0.
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(iv) To replace f̃ by f we use Borel-Cantelli. We observe

IE|f1| <∞ ⇐⇒
∞∑

n=1

IP (|f1| ≥ n) <∞

⇐⇒
∞∑

n=1

IP (|fn| ≥ n) <∞

⇐⇒ IP ({ω : #{n : |fn(ω)| ≥ n} <∞}) = 1

and let Ω0 := {ω : #{n : |fn(ω)| ≥ n} < ∞}. Hence, for all ω ∈ Ω0 we get
some n(ω) such that for n ≥ n(ω) one has fn(ω) = f̃n(ω) and

lim
n→∞

1

n
(f1(ω) + . . .+ fn(ω)) = lim

n→∞

1

n

(
f̃1(ω) + . . .+ f̃n(ω)

)
.

This completes the proof.

Now we consider a converse to the Strong Law of Large Numbers.

Proposition 1.6.7. Assume that (Ω,F , IP) is a probability space and that
f1, f2, . . . : Ω → IR are independent random variables having the same distri-
bution. If there is a constant c ∈ IR such that

1

n
(f1 + . . .+ fn) −→n c IP-a.s.,

then IE|f1| <∞ and IEf1 = c.

The proof will be subject to an exercise.

As an application we deduce a result of Borel. Let t ∈ [0, 1) and write

t =
∞∑

n=1

1

2n
tn, tn ∈ {0, 1},

where #{n : tn = 0} = ∞. Hence

{t : t1 = x1, . . . , tn = xn} =

{
t :

x1

2
+ . . .+

xn

2n
≤ t <

x1

2
+ . . .+

xn

2n
+

1

2n

}
.

Let Ω = [0, 1), F = B([0, 1)), λ be the Lebesgue measure.

Proposition 1.6.8 (Borel). Given t ∈ [0, 1) we let

Zn(t) := # {1 ≤ k ≤ n : tk = 1} .

Then

λ

({
t ∈ [0, 1) :

1

n
Zn(t) → 1

2

})
= 1.
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Proof. Letting fn(t) := tn we simply have 1
n
Zn(t) = 1

n
(f1(t) + . . . + fn(t)).

The random variables f1, f2, . . . : Ω → IR satisfy

λ (f1 = θ1, . . . , fn = θN) =
1

2N
= λ (f1 = θ1) · · ·λ (fn = θN)

for all θ1, . . . , θN ∈ {0, 1} and are therefore independent as one can replace
the condition {fk = θk} by {f ∈ Bk} for Bk ∈ B(IR). Hence we can apply
the SLLN and are done.

1.6.2 The law of iterated logarithm (LIL)

Assume that we have independent random variables f1, f2, . . . : Ω → IR
having the same distribution and mean zero. Define

Sn(ω) := f1(ω) + . . .+ fn(ω), S0 := 0.

We get a random walk. To get information for the random walk one is
interested in functions ϕ(n) and ψ(n) such that

lim sup
n

Sn

ϕ(n)
= 1 a.s.

and

lim inf
n

Sn

ψ(n)
= −1 a.s.,

so that for all ε > 0 the area between (1 + ε)ϕ(n) and −(1 + ε)ψ(n) is left
only finitely many times with probability one.

Proposition 1.6.9 (LIL, Chinčin, Kolmogorov, Hartman, Wintner). As-
sume that f1, f2, . . . : Ω → IR are independent random variables, having the
same distribution, such that IEf1 = 0 and IEf 2

1 = σ2 > 0. Let

ψ(n) :=
√

2σ2n log log n.

Then

IP

(
lim sup

n

Sn

ψ(n)
= 1

)
= IP

(
lim inf

n

Sn

ψ(n)
= −1

)
= 1.

For the proof of a special case we need two lemmata.

Lemma 1.6.10. Assume that f1, . . . , fN : Ω → IR are independent and
symmetric, that means

IP (fk ∈ B) = IP (−fk ∈ B)

for all B ∈ B(IR). Then

IP

(
max

1≤n≤N
Sn > a

)
≤ 2IP (SN > a)

for Sn := f1 + . . .+ fn and a ∈ IR.
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Proof. We let

An := {ω : Sn(ω) > a, S1(ω) ≤ a, . . . , Sn−1(ω) ≤ a}

so that

IP

(
max

1≤n≤N
Sn > a

)
=

N∑
n=1

IP (An) .

Moreover,

IP ({SN > a} ∩ An) ≥ IP ({SN ≥ Sn} ∩ An)

= IP ({SN ≥ Sn}) IP (An)

=
1

2
IP (An) ,

so that

IP

(
max

1≤n≤N
Sn > a

)
≤ 2

N∑
n=1

IP ({SN > a} ∩ An)

≤ 2IP(SN > a).

Lemma 1.6.11. Let Sn ∼ N(0, σ2(n)), σ2(n) ↗∞ and a(n)
σ(n)

−→n ∞, where

a(n), σ(n) > 0 and n ≥ 1. Then

lim
n→∞

IP (Sn > a(n))

(
σ(n)√
2πa(n)

e
− a2(n)

2σ2(n)

)−1

= 1.

Proof. The assertion follows immediately from

lim
x→∞

1√
2π

∫∞
x
e−

y2

2 dy

1√
2π

1
x
e−

x2

2

= lim
x→∞

−e−x2

2

−x−2e−
x2

2 − e−
x2

2

= lim
x→∞

1
1
x2 + 1

= 1.

Proof of Proposition 1.6.9. We only indicate the proof for fn ∼ N(0, 1), n =
1, 2, . . . and show that

IP

(
lim sup

n

Sn

ψ(n)
≤ 1

)
= 1.
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Assume ε > 0 and a sequence n
(ε)
k0
≤ n

(ε)
k0+1 ≤ . . . Define

Aε
k :=

{
ω ∈ Ω : Sn(ω) > (1 + ε)ψ(n) for some n ∈ (n

(ε)
k , n

(ε)
k+1]

}
and

Aε := lim sup
k≥k0

Aε
k = {ω ∈ Ω : ω ∈ Aε

k for infinitely many k ≥ k0} .

Assume that we have IP (Aε) = 0. Then

# {n : Sn(ω) > (1 + ε)ψ(n)} <∞

for all ω ∈ Aε. Letting

Ω0 :=
∞⋂

N=1

A 1
N

c

gives a set of measure 1. Moreover,

#

{
n :

Sn(ω)

ψ(n)
> 1 +

1

N

}
<∞ for all ω ∈ Ω0 and N = 1, 2, . . . .

Hence

lim sup
n

Sn(ω)

ψ(n)
≤ 1 +

1

N
for all ω ∈ Ω0 and N = 1, 2, . . .

and

lim sup
n

Sn(ω)

ψ(n)
≤ 1 for all ω ∈ Ω0.

So it remains to show that IP(Aε) = 0. We take n
(ε)
k = λk = (1 + ε)k and

some (large) k0 ≥ 1. According to Borel-Cantelli it is sufficient to prove that∑∞
k=k0

IP(Aε
k) <∞. We get by Lemma 1.6.10 and 1.6.11 that

IP (Aε
k) = IP

(
Sn > λψ(n) for some n ∈ (n

(ε)
k , n

(ε)
k+1]

)
≤ IP

(
Sn > λψ

(
n

(ε)
k

)
for some n ∈ (n

(ε)
k , n

(ε)
k+1]

)
≤ IP

(
Sn > λψ

(
n

(ε)
k

)
for some n ≤ n

(ε)
k+1

)
≤ 2IP

(
Sh

n
(ε)
k+1

i > λψ
(
n

(ε)
k

))

≤ 2c0

√[
n

(ε)
k+1

]
√

2πλψ(n
(ε)
k )

e
−
λ2ψ(n

(ε)
k

)2

2[n(ε)
k+1]

= 2c0
λ
k+1
2

√
2πλ

√
2λk log log λk

e−
λ2

λk+1 λk log log(λk)



1.6. TWO EXAMPLES FOR ALMOST SURE CONVERGENCE 43

≤ c1e
−λ log log(λk)

= c1e
−λ log(k log λ)

= c1e
−λ log k e−λ log log λ

= c2k
−λ

so that ∑
k≥k0

IP (Aε
k) ≤ c

∑
k≥k0

k−λ <∞.
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Chapter 2

Characteristic functions

2.1 Complex numbers

We identify
C ∼= IR2 = {(x, y) : x, y ∈ IR}

and write
C 3 z = x+ iy ∼= (x, y) ∈ IR2,

where x = Re(z) is the real part of z and y = Im(z) is the imaginary part
of z. The complex numbers are an extension of the real numbers by using IR
as C with x 7→ (x, 0) = x+ i · 0. We recall some definitions:

Addition. For z1 = (x1, y1) and z2 = (x2, y2) we let

z1 + z2 := (x1 + x2, y1 + y2) = (x1 + x2) + i(y1 + y2).

Multiplication. For z1 = (x1, y1) and z2 = (x2, y2) we let

z1z2 := (x1x2 − y1y2, x1y2 + x2y1) = (x1x2 − y1y2) + i(x1y2 + x2y1).

Remark 2.1.1. (i) If we interpret i2 = −1, we get this formally by

(x1 + iy1)(x2 + iy2) = x1x2 + i2y1y2 + i(x1y2 + x2y1).

(ii) If z1 = (x1, 0), then z1z2 = (x1x2, x1y2) = x1(x2, y2) and, in the same
way, if z2 = (x2, 0), then z1z2 = x2(x1, y1).

Length of a complex number: If z = (x, y), then |z| =
√
x2 + y2.

Conjugate complex number: If z = (x, y), then z̄ := (x,−y) = x − iy.
We have that zz̄ = x2 + y2 = |x|2.

45
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Polar coordinates: These coordinates are given as (r, ϕ) where r ≥ 0 and
ϕ ∈ [0, 2π) are determined by

x = r cosϕ,

y = r sinϕ.

Note that r = |z| and that ϕ is not unique whenever r = 0.

Now we recall the notion of the complex exponential function.

Definition 2.1.2. For z ∈ C we let

ez :=
∞∑

n=0

zn

n!
,

where the convergence is considered with respect to the euclidean metric in
IR2.

Proposition 2.1.3. (i) For all z1, z2 ∈ C one has ez1+z2 = ez1ez2.

(ii) One has eix = cos x+ i sin x for x ∈ IR (Euler’s 1 formula).

Proof. (i) is an exercise. (ii) follows from

eix =
x0

0!
− x2

2!
+
x4

4!
− . . .+ i

(
x1

1!
− x3

3!
+
x5

5!
− . . .

)
= cos x+ i sin x.

Complex valued random variables.

Definition 2.1.4. Let (Ω,F) be a measurable space.

(i) A map f : Ω → C is called measurable, or random variable in case
(Ω,F , IP) is a probability space, provided that f : Ω → IR2 is a random
variable, i.e. for f = (f1, f2) the maps f1, f2 : Ω → IR are measurable.

(ii) A random variable f : Ω → C is called integrable provided that∫
Ω

|f(ω)|dIP(ω) <∞.

In this case we let∫
Ω

f(ω)dIP(ω) =

∫
Ω

Re (f(ω)) dIP(ω) + i

∫
Ω

Im (f(ω)) dIP(ω).

1Leonhard Euler 15/04/1707 (Basel, Switzerland) - 18/09/1783 (St Petersburg, Rus-
sia), Swiss mathematician.
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2.2 Definition and basic properties of charac-

teristic functions

The concept of characteristic functions is one of the most important tools in
probability theory, and it also gives a link to harmonic analysis. The idea
is to describe properties of random variables f : Ω → IR or of measures on
B(IRd) by a Fourier transform.

Definition 2.2.1. Given d ∈ {1, 2, . . .}, we let M+
1 (IRd) be the set of all

probability measures µ on B(IRd).

The number ‘1‘ stands for µ(IRd) = 1 and ‘+‘ for µ(A) ≥ 0.

Definition 2.2.2. (i) Let µ ∈M+
1 (IRd). Then

µ̂(x) :=

∫
IRd
ei〈x,y〉dµ(y), x ∈ IRd,

is called Fourier transform of µ.

(ii) Let f : Ω → IRd be a random variable. Then

f̂(x) := IEei〈x,f〉 =

∫
Ω

ei〈x,f(ω)〉dIP(ω)

is called characteristic function of f .

Remark 2.2.3. (i) µ̂ and f̂ exist, since
∣∣ei〈x,y〉

∣∣ =
∣∣ei〈x,f〉

∣∣ = 1 and

y 7→ ei〈x,y〉 is continuous, so that y 7→ ei〈x,y〉 and ω 7→ ei〈x,f(ω)〉 are
measurable.

(ii) If µf is the law of f : Ω → IRd, then f̂(x) = µ̂f (x) for x ∈ IRd. In
fact, this follows from the change of variable formula where we get, for
ψ(y) = ei〈x,y〉,∫

Ω

ei〈x,f(ω)〉dIP(ω) =

∫
IRd
ψ(y)dµf (y) =

∫
IRd
ei〈x,y〉dµf (y).

Example 2.2.4. (a) Let a ∈ IRd and δa be the Dirac-measure with

δa(B) =

{
1, a ∈ B
0, a /∈ B.

Then

δ̂a(x) =

∫
IR

ei〈x,y〉dδa(y) = ei〈x,a〉.
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(b) Let a1, . . . , an ∈ IRd, 0 ≤ θi ≤ 1,
∑n

i=1 θi = 1 and µ =
∑n

i=1 θiδai . Then

µ̂(x) =
n∑

i=1

θie
i〈x,ai〉 =

n∑
i=1

θi (cos 〈x, ai〉+ i sin 〈x, ai〉) ,

which is a trigonometric polynomial.

(c) Binomial distribution: Let 0 < p < 1, d = 1, n ∈ {1, 2, . . .} and

µ({k}) :=

(
n

k

)
pn−k(1− p)k, for k = 0, . . . , n.

Then

µ̂(x) =

∫
IR

eixydµ(y)

=
n∑

k=0

(
n

k

)
pn−k(1− p)keixk

=
n∑

k=0

(
n

k

)
pn−k

(
(1− p)eix

)k
=

(
p+ (1− p)eix

)n
.

Proposition 2.2.5. Let µ ∈M+
1 (IRd). Then the following is true:

(i) The function µ̂ : IRd → C is uniformly continuous, that means that
for all ε > 0 there exists δ > 0 such that |µ̂(x) − µ̂(y)| ≤ ε whenever

|x− y| =
(∑d

i=1 |xi − yi|2
) 1

2 ≤ δ.

(ii) For all x ∈ IRd one has |µ̂(x)| ≤ µ̂(0) = 1.

(iii) The function µ̂ is positive semi-definite, that means that for all
x1, . . . , xn ∈ IRd and λ1, . . . , λn ∈ C it follows that

n∑
k,l=1

λkλ̄lµ̂(xk − xl) ≥ 0.

Proof. (ii) This part follows from∣∣∣∣∫
IRd
ei〈x,y〉dµ(y)

∣∣∣∣ =

∣∣∣∣∫
IRd

cos 〈x, y〉 dµ(y) + i

∫
IRd

sin 〈x, y〉 dµ(y)

∣∣∣∣
=

(∣∣∣∣∫
IRd

cos 〈x, y〉 dµ(y)

∣∣∣∣2 +

∣∣∣∣∫
IRd

sin 〈x, y〉 dµ(y)

∣∣∣∣2
) 1

2
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≤
(∫

IRd
|cos 〈x, y〉|2 dµ(y) +

∫
IRd
|sin 〈x, y〉|2 dµ(y)

) 1
2

= 1,

where we have used Hölder’s inequality.
(iii) Here we have that

n∑
k,l=1

λkλ̄lµ̂(xk − xl) =
n∑

k,l=1

λkλ̄l

∫
IRd
ei〈xk−xl,y〉dµ(y)

=
n∑

k,l=1

λkλ̄l

∫
IRd
ei〈xk,y〉e−i〈xl,y〉dµ(y).

Since eiα = cosα+ i sinα = cosα− i sinα = cos(−α) + i sin(−α) = e−iα, we
can continue to

n∑
k,l=1

λkλ̄lµ̂(xk − xl) =

∫
IRd

[
n∑

k,l=1

λkλ̄le
i〈xk,y〉e−i〈xl,y〉dµ(y)

]

=

∫
IRd

[
n∑

k=1

λke
i〈xk,y〉

][
n∑

l=1

λ̄le−i〈xl,y〉

]
dµ(y)

=

∫
IRd

∣∣∣∣∣
n∑

k=1

λke
i〈xk,y〉

∣∣∣∣∣
2

dµ(y) ≥ 0.

(i) Let ε > 0. Choose a ball of radius R > 0 such that µ(IRd \ BR(0)) < ε
3
,

where

BR(0) :=

x ∈ IRd :

(
d∑

i=1

|xi|2
) 1

2

≤ R

 .

Take δ := ε
3R

. Then, since
∣∣eiα − eiβ

∣∣ ≤ |α− β| and by Hölder’s inequality, if
‖x1 − x2‖2 ≤ δ

|µ̂(x1)− µ̂(x2)|

≤
∫

BR(0)

∣∣ei〈x1,y〉 − ei〈x2,y〉∣∣ dµ(y) +

∫
IRd\BR(0)

∣∣ei〈x1,y〉 − ei〈x2,y〉∣∣ dµ(y)

≤
∫

BR(0)

|〈x1 − x2, y〉| dµ(y) +

∫
IRd\BR(0)

2dµ(y)

≤ ‖x1 − x2‖2

∫
BR(0)

‖y‖2dµ(y) + 2
ε

3

≤ ε

3R
R + 2

ε

3
= ε.
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Now we connect our Fourier transform to the Fourier transform for functions
ψ : IRd → C.

Definition 2.2.6. For a Borel-measurable ψ : IRd → C such that∫
IRd
|ψ(y)|dλ(y) <∞

we let

ψ̂(x) :=

∫
IRd
ei〈x,y〉ψ(y)dλ(y)

be the Fourier transform of ϕ, where x ∈ IRd and λ is the Lebesgue measure
on IRd.

Before we give the connection to our previous definition of a Fourier transform
we extend Definition 2.2.2 to more general measures.

Definition 2.2.7. Let (Ω,F) be a measurable space. A map µ : F → IR
is called finite signed measure, provided that µ = µ+ − µ−, where µ+ and
µ− are finite measures µ+, µ− : F → [0,∞). The collection of finite signed
measures is denoted by M(Ω,F). In case of M(IRd,B(IRd)) we simply write
M(IRd).

Definition 2.2.8. For µ ∈M(IRd) we let

µ̂ :=

∫
IRd
ei〈x,y〉dµ+(y)−

∫
IRd
ei〈x,y〉dµ−(y).

The expression does not depend on the decomposition µ = µ+ − µ−. Let us
now connect the different definitions.

Proposition 2.2.9. Let ϕ : IRd → IR be Borel-measurable such that∫
IRd
|ϕ(x)|dλ(x) <∞. Define

µ(B) :=

∫
IRd
χB(x)ϕ(x)dλ(x).

Then one has the following:

(i) µ ∈M(IRd) with µ = µ+ − µ−, where

µ±(B) :=

∫
IRd
χB(x)ϕ±(x)dλ(x),

ϕ+ := max{ϕ, 0} and ϕ− := max{−ϕ, 0}.
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(ii) ϕ̂(x) = µ̂(x) for all x ∈ IRd.

Proof. Assertion (i) is obvious, (ii) follows from

µ̂(x) =

∫
IRd
ei〈x,y〉dµ+(y)−

∫
IRd
ei〈x,y〉dµ−(y)

=

∫
IRd
ei〈x,y〉ϕ+(y)dλ(y)−

∫
IRd
ei〈x,y〉ϕ−(y)dλ(y)

=

∫
IRd
ei〈x,y〉ϕ(y)dλ(y).

2.3 Convolutions

Often one has the problem to compute the distribution of f1 + · · · + fn

where f1, ..., fn : Ω → IRd are random variables. We already considered
some problems in this direction in the SLLN and LIL. Now we introduce a
technique especially designed for this purpose: the convolution.

Definition 2.3.1 (Convolution of measures). Let µ1, . . . , µn ∈ M+
1 (IRd).

Then µ1 ∗ · · · ∗ µn ∈M+
1 (IRd) is the law of f : Ω → IRd defined by

(i) (Ω,F , IP) :=
(
IRd × · · · × IRd, B(IRd)⊗ · · · ⊗ B(IRd), µ1 × · · · × µn

)
,

(ii) f(x1, . . . , xn) := x1 + · · ·+ xn,

that is

(µ1 ∗ · · · ∗ µn)(B) = (µ1 × · · · × µn) ({(x1, . . . , xn) : x1 + · · ·+ xn ∈ B}) .

The measure µ1 ∗ · · · ∗ µn is called convolution of µ1, . . . , µn.

Remark 2.3.2. One has IRd × · · · × IRd = IRnd and B(IRd)⊗ · · · ⊗ B(IRd) =
B(IRnd).

Example 2.3.3. Let a ∈ IRd and

δa(B) :=

{
1, a ∈ B
0, a /∈ B

be the Dirac-measure δa ∈M+
1 (IRd). Then δa1 ∗ · · · ∗ δan = δa1+···+an .
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Proof. By definition,

(δa1 ∗ · · · ∗ δan)(B)

= (δa1 × · · · × δan) ({(x1, . . . , xn) : x1 + · · ·+ xn ∈ B})
= δ(a1,...,an) ({(x1, . . . , xn) : x1 + · · ·+ xn ∈ B})

=

{
1, a1 + · · ·+ an ∈ B
0, a1 + · · ·+ an /∈ B.

Example 2.3.4. δ0 ∗ µ = µ ∗ δ0 = µ for all µ ∈ M+
1 (IRd), that means that

δ0 is a unit with respect to the convolution.

Proof. By Fubini’s theorem

(δ0 ∗ µ)(B) = (δ0 × µ) ({(x1, x2) : x1 + x2 ∈ B})

=

∫
IRd

[∫
IRd
χB(x1 + x2)dδ0(x1)

]
dµ(x2)

=

∫
IRd
χB(x2)dµ(x2) = µ(B).

For the other direction one can use Proposition 2.3.5 below.

Proposition 2.3.5. For µ1, µ2, µ3 ∈M+
1 (IRd) one has

(i) µ1 ∗ µ2 = µ2 ∗ µ1,

(ii) µ1 ∗ (µ2 ∗ µ3) = (µ1 ∗ µ2) ∗ µ3 = µ1 ∗ µ2 ∗ µ3.

Proof. Let f1, f2, f3 : Ω → IR be independent random variables such that
law(fj) = µj. Now (i) follows from the fact that f1 + f2 and f2 + f1 have
the same distribution, and (ii) follows from f1 + (f2 + f3) = (f1 + f2) + f3 =
f1 + f2 + f3.

As before, we consider the convolution for functions as well. What is a
good candidate for this? Assume ϕ1, ϕ2 : IR → [0,∞) to be continuous and
such that

∫
IR
ϕ1(x)dx =

∫
IR
ϕ2(x)dx = 1 and define µj(B) :=

∫
B
ϕj(x)dx,

B ∈ B(IR), for j = 1, 2 so that µ1, µ2 ∈ M+
1 (IR). Now let us formally

compute

(µ1 ∗ µ2)(B) = (µ1 × µ2)({(x1, x2) : x1 + x2 ∈ B})
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=

∫
IR

[∫
IR

χB(x1 + x2)ϕ1(x1)dλ(x1)

]
ϕ2(x2)dλ(x2)

=

∫
IR

[∫
IR

χB(x)ϕ1(x− x2)dλ(x)

]
ϕ2(x2)dλ(x2)

=

∫
IR

χB(x)

[∫
IR

ϕ1(x− x2)ϕ2(x2)dλ(x2)

]
dλ(x)

by Fubini’s theorem. Hence (ϕ1 ∗ϕ2)(x) :=
∫

IR
ϕ1(x− y)ϕ2(y)dλ(y) seems to

be a good candidate.

Definition 2.3.6 (Convolutions of functions). (i) Let f1, f2 : IRd → IR be
Borel-functions such that f1(x) ≥ 0 and f2(x) ≥ 0 for all x ∈ IRd,∫

IRd
f1(x)dλd(x) <∞ and

∫
IRd
f2(x)dλd(x) <∞. Then

(f1 ∗ f2)(x) :=

∫
IRd
f1(x− y)f2(y)dλd(y).

The function f1 ∗ f2 : IRd → IR is called convolution of f1 and f2.

(ii) For Borel-functions f1, f2 : IRd → IR such that
∫

IR
|f1(x)|dλd(x) < ∞

and
∫

IR
|f2(x)|dλd(x) <∞ we let

(f1 ∗ f2)(x) = (f+
1 ∗ f+

2 )(x)− (f+
1 ∗ f−2 )(x)− (f−1 ∗ f+

2 )(x)+ (f−1 ∗ f−2 )(x)

if all terms on the right-hand side are finite.

We need to justify the definition above:

Proposition 2.3.7. Let f1, f2 : IRd → IR be as in Definition 2.3.6(i). Then
one has the following:

(i) f1 ∗ f2 : IRd → [0,∞] is an extended measurable function.

(ii) λd({x ∈ IRd : (f1 ∗ f2)(x) = ∞}) = 0.

(iii)
∫

IRd
(f1 ∗ f2)(x)dλd(x) =

∫
IRd
f1(x)dλd(x)

∫
IRd
f2(x)dλd(x).

Proof. Consider the map g : IRd × IRd → IR defined by

g(x, y) := f1(x− y)f2(y).

We get a non-negative measurable function g : IRd× IRd → IR and can apply
Fubini’s theorem. We observe that∫

IRd

∫
IRd
g(x, y)dλd(x)dλd(y) =

∫
IRd

[∫
IRd
f1(x− y)f2(y)dλd(x)

]
dλd(y)
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=

∫
IRd

[∫
IRd
f1(x− y)dλd(x)

]
f2(y)dλd(y)

=

∫
IRd
f2(y)dλd(y)

∫
IRd
f1(x− y)dλd(x)

< ∞.

implies (iii). Moreover, (i) and (ii) follow as a byproduct from Fubini’s the-
orem.

Remark 2.3.8. The Lebesgue measure of those x ∈ IRd for which we cannot
define (f1 ∗ f2)(x) in Definition 2.3.6(ii) is zero so that we (can) agree about
(f1 ∗ f2)(x) = 0 for those x.

Now we connect the two convolutions to each other.

Proposition 2.3.9. Let µ1, µ2 ∈M+
1 (IRd) with

µi(B) :=

∫
IRd
χB(x)pi(x)dλd(x), i = 1, 2,

for Borel-measurable and non-negative p1, p2 : IRd → IR such that∫
IRd
p1(x)dλd(x) =

∫
IRd
p2(x)dλd(x) = 1.

Then

(µ1 ∗ µ2)(B) =

∫
IRd

(p1 ∗ p2)(x)χB(x)dλd(x).

Exercise 2.3.10. Compute µ1 ∗ µ2, where µi is the uniform distribution on
[ai, ai + 1] ⊆ IR for i = 1, 2.

2.4 Some important properties

Proposition 2.4.1. For µ, ν ∈M+
1 (IRd) one has the following:

(i) µ̂+ ν̂ = µ̂+ ν where (µ+ ν)(B) := µ(B) + ν(B).

(ii) µ̂ ∗ ν = µ̂ν̂.

(iii) If A = (aij)
d
i,j=1 : IRd → IRd is a linear transformation, then

Â(µ)(x) = µ̂(ATx),

where A(µ)(B) := µ(x ∈ IRd : Ax ∈ B).
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(iv) If Sa : IRd → IRd is the shift operator Sax := x+ a, a ∈ IRd, then

Ŝa(µ) = δ̂aµ̂.

Proof. (i) is clear, (ii) follows from

µ̂ ∗ ν(x) =

∫
IRd

∫
IRd
ei〈x,y+z〉dµ(y)dν(z)

=

∫
IRd
ei〈x,y〉dµ(y)

∫
IRd
ei〈x,z〉dν(z)

= µ̂(x)ν̂(x).

(iii) is an exercise and

Ŝa(µ)(x) =

∫
IRd
ei〈x,y+a〉dµ(y) = ei〈x,a〉µ̂(x)

implies (iv).

Definition 2.4.2. A system Π of subsets A ∈ Ω is called π-system, provided
that A ∩B ∈ Π for all A,B ∈ Π.

Proposition 2.4.3. Let (Ω,F , IP1) and (Ω,F , IP2) be probability spaces such
that IP1(A) = IP2(A) for all A ∈ Π where Π is a π-system which generates
F . Then IP1 = IP2.

Examples 2.4.4. (a) If (Ω1,F1) and (Ω2,F2) are measurable spaces, then

Π := {A1 × A2 : A1 ∈ F1, A2 ∈ F2}

is a π-system.

(b) Assume a metric space M with the Borel-σ-algebra generated by the
open sets. Then the system of open sets of a metric space is a π-system
that generates the Borel σ-algebra. Another π-system that generates
the Borel σ-algebra is the system of closed sets.

Proposition 2.4.5. Assume that f1, . . . , fn : Ω → IRd are independent ran-
dom variables and that µ1, . . . , µn ∈M+

1 (IRd) are the laws of f1, . . . , fn, that
means that

IP (fk ∈ B) = µk(B) for all B ∈ B(IRd).

Then µ1 ∗ · · · ∗ µn is the law of S := f1 + · · ·+ fn.
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Proof. Define the product space ×
n

1
(IRd,B(IRd), µk) =: (M,Σ, Q) and consider

the random vector F : Ω → IRnd given by F (ω) := (f1(ω), . . . , fn(ω)). Let µ
be the law of F . Then, by independence,

µ(B1 × · · · ×Bn) = IP(f1 ∈ B1, . . . , fn ∈ Bn)

=
n∏

k=1

IP(fk ∈ Bk)

= µ1(B1) · · ·µn(Bn)

= Q(B1 × · · · ×Bn).

Since the system Π := {B1×· · ·×Bn : Bk ∈ B(IRd)} is a generating π-system,
we get that µ = Q. Consequently,

IP(S ∈ B) = µ({(x1, . . . xn) : x1 + · · ·+ xn ∈ B})
= Q({(x1, . . . xn) : x1 + · · ·+ xn ∈ B})
= (µ1 ∗ · · · ∗ µn)(B).

A hopefully motivating example.

Example 2.4.6. Let f1, f2, . . . : Ω → IR be independent random variables
having the same distribution. Let

Sn :=
1√
n

(f1 + · · ·+ fn).

We are interested in the convergence of Sn and compute their characteristic
functions. Here we get that

Ŝn(t) =
̂(

f1√
n

+ · · ·+ fn√
n

)
(t) =

̂(
µ f1√

n

∗ · · · ∗ µ fn√
n

)
(t)

=

(
µ̂ f1√

n

(t)

)n

=
(
IEe

i
f1√
n

t
)n

=

(
f̂1(

t√
n

)

)n

,

where µ fk√
n

is the law of fk√
n
.

Now we ask:

(Q1) Under what conditions does (f̂1(
t√
n
))n converge to a function ϕ? If

yes, is the limit ϕ a characteristic function, i.e. does there exist a
probability measure µ such that µ̂ = ϕ.

(Q2) And finally, if there is a measure µ, what is its connection to the dis-
tributions of Sn?
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The second question will be answered now.

Proposition 2.4.7 (Uniqueness). Let µ, ν ∈ M+
1 (IRd). Then µ = ν, if and

only if µ̂ = ν̂.

Proof. It is clear that if µ = ν, then µ̂ = ν̂. Let us show the other direction
and assume f ∈ L1(IR

d; C). By Fubini’s theorem we get∫
IRd
µ̂(y)f(y)dλd(y) =

∫
IRd

∫
IRd
ei〈x,y〉f(y)dµ(x)dλd(y)

=

∫
IRd

[∫
IRd
ei〈x,y〉f(y)dλd(y)

]
dµ(x)

=

∫
IRd
f̂(x)dµ(x).

Hence µ̂ = ν̂ implies that
∫

IRd
f̂(x)dµ(x) =

∫
IRd
f̂(x)dν(x) for all f ∈

L1(IR
d; C). Now we need a little more background and interrupt the proof.

Definition 2.4.8. Let

C0(IR
d; C) :=

{
g : IRd → C continuous and lim

|x|→∞
|g(x)| = 0

}
and

‖g‖C0 := sup
x∈IRd

|g(x)|.

Proposition 2.4.9 (Riemann & Lebesgue). For all f ∈ L1(IR
d; C) one has

f̂ ∈ C0(IR
d; C).

Proof. First of all we remark that by decomposing f into the positive and
negative parts of the real and imaginary part (so that we have four parts)

and applying Proposition 2.2.5 we get that f̂ is continuous. Next we recall
that ∣∣∣f̂(x)− ĝ(x)

∣∣∣ =

∣∣∣∣∫
IRd

[f(y)− g(y)] eixydλd(y)

∣∣∣∣
≤

∫
IRd
|f(y)− g(y)| dλd(y)

= ‖f − g‖L1
.

Assume that E ⊆ L1(IR
d; C) is a dense subset such that f̂0 ∈ C0(IR

d; C) for
f0 ∈ E. Letting f ∈ L1(IR

d; C) we find fn ∈ E such that limn ‖fn− f‖L1 = 0
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so that limn supx∈IRd |f̂n(x) − f̂(x)| = 0. Given ε > 0 we find an n ≥ 1 such

that ‖f̂n − f̂‖C0 < ε so that

lim
x→∞

∣∣∣f̂(x)
∣∣∣ = lim

x→∞

∣∣∣f̂(x)− f̂n(x)
∣∣∣ ≤ ε.

Since this holds for all ε > 0, we are done. What is the set E? We
can take all linear combinations of indicator functions g(x1, . . . , xd) =
χ(a1,b1)(x1) · · ·χ(ad,bd)(xd) for −∞ < ak < bk < ∞. In this case we obtain
that ĝ(x1, . . . , xd) = χ̂(a1,b1)(x1) · · · χ̂(ad,bd)(xd) and

χ̂(ak,bk)(xk) =

∫ bk

ak

eixkykdyk =
1

ixk

(
eixkbk − eixkak

)
−→ 0, as |xk| −→ ∞.

The second result we need is

Proposition 2.4.10 (Stone & Weierstrass). Assume that A ⊆ C0(IR
d; C)

satisfies the following properties:

(i) A is a linear space.

(ii) g1, g2 ∈ A implies g1g2 ∈ A.

(iii) g ∈ A implies ḡ ∈ A.

(iv) For all x0 ∈ IRd there is a g ∈ A such that g(x0) 6= 0.

(v) For all x0 6= x1 there is a g ∈ A such that g(x0) 6= g(x1).

Then A is dense, that means that for all g ∈ C0(IR
d; C) there exists gn ∈ A

such that limn supx |gn(x)− g(x)| = 0.

We leave this without proof.

Corollary 2.4.11. One has that

A :=
{
f̂ : IRd → C : f ∈ L1(IR

d; C)
}
⊆ C0(IR

d; C)

is dense.
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Proof. Proposition 2.4.9 implies A ⊆ C0(IR
d; C). Now we have to check that

the conditions of Proposition 2.4.10 are satisfied.

(i) is clear.

(ii) f̂1f̂2 = f̂1 ∗ f2 and ‖f1 ∗ f2‖L1 ≤ ‖f1‖L1‖f2‖L1

(iii) Here we have that

f̂(x) =

∫
IRd
ei〈x,y〉f(y)dy =

∫
IRd
e−i〈x,y〉f(y)dy = f̂(−x).

(iv) Let x0 ∈ IRd, V := {x0+y : |y| ≤ 1}, f(x) := χV (x)e−i〈x0,x〉 ∈ L1(IR
d; C).

Then

f̂(x0) =

∫
IRd
ei〈x0,x〉χV (x)e−i〈x0,x〉dλd(x) = λd(V ) > 0.

(v) Let x0 6= x1 and z0 := (x0 − x1)/|x0 − x1|2. Then ei〈x0,z0〉 6= ei〈x1,z0〉

because of ei〈x0−x1,z0〉 = ei 6= 1 and ei〈x0,z〉 6= ei〈x1,z〉 for all z ∈ W , where W
is a small neighborhood of z0. Let f(x) := χW (x)(e−i〈x0,x〉 − e−i〈x1,x〉). Then

f̂(x0)− f̂(x1) =

∫
W

[
e−i〈x0,y〉 − e−i〈x1,y〉] [ei〈x0,y〉 − ei〈x1,y〉] dλd(y)

=

∫
W

∣∣ei〈x0,y〉 − ei〈x1,y〉∣∣2 dλd(y) > 0.

Now we finish the proof of the uniqueness theorem Proposition 2.4.7. We got
that ∫

IRd
f̂(x)dµ(x) =

∫
IRd
f̂(x)dν(x)

for f ∈ L1(IR
d; C) and want to show that µ = ν. Assuming g ∈ C0(IR

d; C)

and fn ∈ L1(IR
d; C) such that ‖g − f̂n‖c0 −→n 0, we get that∣∣∣∣∫
IRd
g(x)dµ(x)−

∫
IRd
g(x)dν(x)

∣∣∣∣
=

∣∣∣∣∫
IRd

[
g(x)− f̂n(x)

]
dµ(x)−

∫
IRd

[
g(x)− f̂n(x)

]
dν(x)

∣∣∣∣
≤ 2

∥∥∥g − f̂n

∥∥∥
C0

−→n 0.

Let us define now the system

Π := {(a1, b1]× · · · × (ad, bd] : −∞ < ak ≤ bk <∞, k = 1, . . . , d}

For large n we find functions

g
(n)
k (x) :=


1 : x ∈ [ak + 1

n
, bk]

0 : x ≤ ak or x ≥ bk + 1
n

linear : otherwise
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so that

lim
n→∞

d∏
k=1

g
(n)
k (xk) = χQd

k=1(ak,bk]
(x).

Since gn(x) :=
∏d

k=1 g
(n)
k (xk) ∈ C0(IR

d; C) we get by majorized convergence
that

µ

(
d∏

k=1

(ak, bk]

)
=

∫
IRd

lim
n→∞

gn(x)dµ(x)

= lim
n→∞

∫
IRd
gn(x)dµ(x)

= lim
n→∞

∫
IRd
gn(x)dν(x)

= ν

(
d∏

k=1

(ak, bk]

)
.

Since Π is a π-system which generates B(IRd), we are done.

Next, we state the important

Proposition 2.4.12 (Bochner & Chinčin). Assume that ϕ : IRd → C is
continuous with ϕ(0) = 1. Then the following assertions are equivalent

(i) ϕ is the Fourier transform of some µ ∈M+
1 (IRd).

(ii) ϕ is positive semi-definite, i.e. for all n = 1, 2, . . . for all x1, . . . , xn ∈
IRd and λ1, . . . , λn ∈ C

n∑
k,l=1

λkλ̄lϕ(xk − xl) ≥ 0.

Next we have an explicit inversion formula.

Proposition 2.4.13. (i) Let µ ∈ M+
1 (IR) and let F (b) = µ((−∞, b]) be

its distribution function. Then

F (b)− F (a) = lim
c→∞

1

2π

∫ c

−c

e−iya − e−iyb

iy
µ̂(y)dλ(y),

if a < b and a and b are points of continuity of F .
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(ii) If µ ∈ M+
1 (IR) and

∫
IR
|µ̂(x)|dλ(x) < ∞, then µ has a continuous

density f : IR → [0,∞), i.e.

µ(B) =

∫
B

f(x)dλ(x).

Moreover,

f(x) =
1

2π

∫
IR

e−ixyµ̂(y)dλ(y).

Proposition 2.4.14. Let µ ∈ M+
1 (IR). Then µ(B) = µ(−B) for all B ∈

B(IR), if and only if µ̂(x) ∈ IR for all x ∈ IR.

The proof is an exercise.

The Bochner & Chinčin assumption positive semi-definite is sometimes diffi-
cult to check. There is an easier sufficient condition:

Proposition 2.4.15 (Polya). Let ϕ : IR → [0,∞) be

(i) continuous,

(ii) even (i.e. ϕ(x) = ϕ(−x)),

(iii) convex on [0,∞),

(iv) and assume that ϕ(0) = 1 and limx→∞ ϕ(x) = 0.

Then there exists some µ ∈M+
1 (IR) such that µ̂(x) = ϕ(x).

2.5 Examples

Normal distribution on IR. Recall that

γ(B) :=

∫
B

e−
x2

2
dλ1(x)√

2π

is the standard normal distribution on IR.

Lemma 2.5.1. One has that

γ̂(x) = e−
x2

2 .



62 CHAPTER 2. CHARACTERISTIC FUNCTIONS

Proof. We will not give all details. By definition

γ̂(x) =

∫
IR

eixye−
y2

2
dλ1(y)√

2π
=

∫
IR

cos(xy)e−
y2

2
dλ1(y)√

2π
.

But then

γ̂′(x) = −
∫

IR

sin(xy)ye−
y2

2
dλ1(y)√

2π
= −x

∫
IR

cos(xy)e−
y2

2
dλ1(y)√

2π
= −xγ̂(x)

by partial integration. Letting y ≥ 0 and E(y) := γ̂(
√

2y) gives

E ′(y) =
√

2
1

2

1
√
y
γ̂′(
√

2y) =
1√
2y
γ̂′(
√

2y) = −
√

2y√
2y
γ̂(
√

2y) = −E(y)

for y > 0. Since E(0) = 1, we get E(y) = e−y and γ̂(x) = E(x2

2
) = e−

x2

2 .

Now we shift and stretch the normal distribution. Let σ > 0 and m ∈ IR.
Then

γm,σ2(B) :=

∫
B

e−
1
2

(x−m)2

σ2
dx√
2πσ2

.

Proposition 2.5.2. (i) γm,σ2 ∈M+
1 (IR).

(ii)
∫

IR
xdγm,σ2(x) = m is the mean.

(iii)
∫

IR
(x−m)2dγm,σ2(x) = σ2 is the variance.

(iv) γ̂m,σ2(x) = eimxe−
1
2
σ2x2

.

Proof. (i) follows from∫
IR

e−
1
2

(x−m)2

σ2
dx√
2πσ2

=

∫
IR

e−
y2

2
dy√
2π

= 1,

where we have used y := x−m
σ

and σdy = dx and the last equality was shown
in the basic course.
(ii) is a consequence of∫

IR

xdγm,σ2(x) =

∫
IR

xe−
1
2

(x−m)2

σ2
dx√
2πσ2

=

∫
IR

(σy +m)e−
1
2
y2 dy√

2π
= m

for y := x−m
σ

.
(iii) is an exercise.
(iv) Here we get

γ̂m,σ2(x) =

∫
IR

eixye−
1
2

(y−m)2

σ2
dy√
2πσ2
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=

∫
IR

eix(σz+m)e−
z2

2
dz√
2π

= eixmγ̂(xσ)

= eimxe−
1
2
σ2x2

.

Definition 2.5.3. A measure µ ∈M+
1 (IR) is a Gaussian measure, provided

that µ = δ{m} for some m ∈ IR or µ = γm,σ2 for σ2 > 0 and m ∈ IR.

Normal distribution on IRd. There are various ways to introduce this
distribution.

Definition 2.5.4. The measure γ = γ(d) ∈M+
1 (IRd) given by

γ(B) :=

∫
B

e−
〈x,x〉

2
dx
√

2π
d

is called standard Gaussian measure on IRd.

Lemma 2.5.5. γ(d) ∈M+
1 (IRd), that means∫

IRd
e−

〈x,x〉
2

dx
√

2π
d

= 1.

Proof. By Fubini’s theorem we get that∫
IRd
e−

〈x,x〉
2

dx
√

2π
d

=

∫
IR

· · ·
∫

IR

e−
1
2
x2
1 · · · e−

1
2
x2
d
dx1√
2π
· · · dxd√

2π

=

(∫
IR

e−
x2

2
dx√
2π

)d

= 1.

Definition 2.5.6. A matrix R = (rij)
d
i,j=1 is called positive semi-definite,

provided that

〈Rx, x〉 =
d∑

k,l=1

rklxkxl ≥ 0

for all x = (x1, . . . , xd) ∈ IRd. A matrix R = (rij)
d
i,j=1 is called symmetric,

provided that rkl = rlk for all k, l = 1, . . . , d.
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Proposition 2.5.7. Let µ ∈ M+
1 (IRd). Then the following assertions are

equivalent

(i) There exist a matrix A = (αkl)
d
k,l=1 and a vector m ∈ IRd such that µ

is the image measure of γ(d) with respect to the map x 7→ Ax+m, i.e.

µ(B) = γ(d)
({
x ∈ IRd : Ax+m ∈ B

})
.

(ii) There exist a positive semi-definite and symmetric matrix R = (rkl)
d
k,l=1

and a vector m′ ∈ IRd such that

µ̂(x) = ei〈x,m′〉− 1
2
〈Rx,x〉.

(iii) For all b = (b1, . . . , bd) ∈ IRd the law of ϕb : IRd → IR, ϕb(x) := 〈x, b〉,
with respect to

(
IRd,B(IRd), µ

)
is a Gaussian measure on the real line

IR.

In particular, we have that m, R and m′ are unique and that

(a) m = m′ and R = AAT,

(b)
∫

IRd
xkdµ(x) = mk and

(c)
∫

IRd
(xk −mk) (xl −ml) dµ(x) = rkl.

Definition 2.5.8. The above measure µ is called Gaussian measure on IRd

with mean m = (mk)
d
k=1 and covariance R = (rkl)

d
k,l=1.

Proof of Proposition 2.5.7. (i) ⇒ (ii) follows from

µ̂(x) =

∫
IRd
ei〈x,y〉dµ(y) =

∫
IRd
ei〈x,m+Ay〉dγ(d)(y)

= ei〈x,m〉
∫

IR

ei〈ATx,y〉dγ(d)(y) = ei〈x,m〉γ̂(d)
(
ATx

)
= ei〈x,m〉e−

1
2〈ATx,ATx〉 = ei〈x,m〉e−

1
2〈AATx,x〉

so that AAT = R and m = m′ where we have used that

γ̂(d)(x) =

∫
IRd
ei〈x,y〉dγ(d)(y)

=

∫
IR

eix1y1dγ(1)(y1) · · ·
∫

IR

eixdyddγ(d)(yd)

= e−
x21
2 · · · e−

x2d
2 = e−

1
2
〈x,x〉.
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(ii) ⇒ (iii): We compute the Fourier transform of law(ϕb):

̂law(ϕb)(t) =

∫
IR

eitsdlaw(ϕb)(s) =

∫
IRd
eitϕb(y)dµ(y)

=

∫
IRd
eit〈b,y〉dµ(y) = µ̂(tb)

= ei〈tb,m′〉− 1
2
〈Rtb,tb〉 = eit〈b,m′〉− 1

2
t2〈Rb,b〉.

But this is the Fourier transform of a Gaussian measure on IR.
(iii) ⇒ (i): For all b ∈ IRd there are mb ∈ IRd and σb ≥ 0 such that∫

IRd
eit〈b,y〉dµ(y) = eimbt− 1

2
σ2
b t

2

.

Now we compute mb and σb. From Proposition 2.5.2. We know that∫
IRd
〈b, x〉 dµ(x) = mb and

∫
IRd

(〈b, x〉 −mb)
2 dµ(x) = σ2

b . The first equation
implies that〈

b,

(∫
IRd
〈e1, x〉 dµ(x), . . . ,

∫
IRd
〈ed, x〉 dµ(x)

)〉
= mb

and 〈b,m′′〉 = mb with m′′ =
(∫

IRd
〈ek, x〉 dµ(x)

)d
k=1

. Knowing this, we can
rewrite the second equation as∫

IRd
〈b, x−m′′〉2 dµ(x) = σ2

b .

Defining

r′kl :=

∫
IRd
〈ek, x−m′′〉 〈el, x−m′′〉 dµ(x)

we get that R′ = (r′kl)
d
k,l=1 is symmetric and that

〈R′b, b〉 =
d∑

k,l=1

r′klbkbl

=
d∑

k,l=1

∫
IRd
〈ek, x−m′′〉 〈el, x−m′′〉 dµ(x)bkbl

=

∫
IRd

(
d∑

k=1

bk 〈ek, x−m′′〉

)2

dµ(x)

=

∫
IRd
〈b, x−m′′〉2 dµ(x) = σ2

b .

Consequently, ∫
IRd
ei〈b,y〉dµ(y) = ei〈b,m′′〉− 1

2
〈R′b,b〉,
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where R′ is positive semi-definite because of 〈R′b, b〉 = σ2
b ≥ 0. To get (i) we

use algebra: There exists a matrix A such that R′ = AAT. Hence∫
IRd
ei〈b,y〉dµ(y) = ei〈b,m′′〉− 1

2〈ATb,ATb〉 = ̂law(ϕ)(b),

where ϕ(x) = m′′+Ax and (IRd,B(IRd), γ(d)) is taken as probability space. Fi-
nally, we check (a), (b) and (c). Using (ii)⇒ (iii) gives that

∫
IRd
〈x, b〉 dµ(x) =

〈b,m′〉 and
∫

IRd
〈x−m′, b〉2 dµ(x) = 〈Rb, b〉, so that 〈Rb, b〉 = 〈R′b, b〉 for all

b ∈ IRd. Since R and R′ are symmetric, we may deduce

〈Rb1, b2〉 =
1

4
[〈R(b1 + b2), b1 + b2〉 − 〈R(b1 − b2), b1 − b2〉]

=
1

4
[〈R′(b1 + b2), b1 + b2〉 − 〈R′(b1 − b2), b1 − b2〉] = 〈R′b1, b2〉

and R = R′ which proves (c). Using (i), we get∫
IRd
xdµ(x) =

∫
IRd

(m+ Ax) dγ(d)(x) = m,

so that (b) is proved and that m = m′. Finally, R = AAT follows now from
(i) ⇒ (ii).

Definition 2.5.9. A Gaussian measure µ ∈ M+
1 (IRd) with mean m and

covariance R is degenerated if rank(R) < d. The Gaussian measure is called
non-degenerated if rank(R) = d.

Examples

(a) γ(d) is non-degenerated since

R =


1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1


has rank d.

(b) Let d = 2 and µ = γ(1) × δ{x2,0}, i.e.

µ(B) :=

∫
IR

e−
1
2
(x2

1+x2
2,0)χ(x1,x2,0)∈B

dx1√
2π
.

Let us compute the mean:∫
IR2

x1dµ(x) = 0 and

∫
IR2

x2dµ(x) = x2,0.
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Moreover ∫
IR2

(x1 − 0)2dµ(x) = 1,∫
IR2

(x2 − x2,0)
2dµ(x) =

∫
IR

(x2 − x2,0)
2dδ{x2,0} = 0,

and ∫
IR2

(x1 − 0)(x2 − x2,0)dµ(x) = 0.

Consequently, R =
(

1
0

0
0

)
and rank(R) = 1.

In the case of non-degenerate measures we have the

Proposition 2.5.10. Assume that µ ∈M+
1 (IRd) is a non-degenerate Gaus-

sian measure with covariance R and mean m. Then one has that

µ(B) =

∫
B

e−
1
2〈R−1(x−m),x−m〉 dx

(2π)
d
2 |det R| 12

.

We will not prove this. The proof is a computation.

Cauchy distribution on IR. We start with an experiment. Take α > 0
and a point source which sends small particles to a wall. The angle
ϕ ∈

(
−π

2
, π

2

)
is distributed uniformly, that means that it has the uniform

distribution on
(
−π

2
, π

2

)
.

Problem: What is the probability that a particle hits a set B? Here we get,
for 0 ≤ ϕ < π

2
, µα ([0, α tanϕ]) = ϕ

π
and, for 0 ≤ x <∞,

µα ([0, x]) =
arctan x

α

π
=

1

π

∫ x
α

0

dξ

1 + ξ2

=
1

πα

∫ x

0

dη

1 +
(

η
α

)2 =
α

π

∫ x

0

dη

α2 + η2
.

Definition 2.5.11. For α > 0 the distribution

dµα(x) :=
α

π

1

α2 + x2
dx ∈M+

1 (IRd)

is called Cauchy distribution with parameter α > 0.
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Proposition 2.5.12. One has that

µ̂α(x) = e−α|x|.

Proof. We prove the statement for α = 1. (The rest can be done by a change
of variables.) Since µ̂1(−x) = µ̂1(x) we can restrict our proof to x ≥ 0. We

consider the meromorphic function f : C → C, f(z) := eixz

1+z2 , which has its
residuals in the z ∈ C such that 1 + z2 = 0, that means z1 = i and z2 = −i.
From complex analysis it is known that

lim
z→i

(z − i)f(z) =
1

2πi

[∫ R

−R

f(z)dz +

∫
SR

f(z)dz

]
.

Since ∫
SR

eixz

1 + z2
dz −→ 0, as R −→∞

and

lim
z→i

(z − i)f(z) = lim
z→i

eixz

z + i
=

1

2i
e−x,

we obtain that

1

2i
e−x =

1

2πi
lim

R→∞

∫ R

−R

eixz

1 + z2
dz =

1

2i
µ̂1(x).

2.6 Independent random variables

We recall two facts from the basic course.

Proposition 2.6.1. If f, g : Ω → IR are independent such that IE|f | < ∞
and IE|g| <∞. Then IE|fg| <∞ and IEfg = IEf IEg.

Proposition 2.6.2. Let (Ω,F , IP) = ×n
i=1

(Ωi,Fi, IPi) and let gi : Ω → IR be

random variables. If fi(ω1, . . . , ωn) := gi(ωi), then f1, . . . , fn are independent
and law(fi) = law(gi).

Proof. Letting B1, . . . , Bn ∈ B(IR) we get that

IP (f1 ∈ B1, . . . , fn ∈ Bn) = IP
(
×n
i=1
{gi ∈ Bi}

)
=

n∏
i=1

IPi (gi ∈ Bi)

=
n∏

i=1

IP (fi ∈ Bi) .
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Proposition 2.6.3. Let f, g : Ω → IR be random variables. Then the fol-
lowing assertions are equivalent.

(i) f and g are independent.

(ii) If h : Ω → IR2 is defined by h(ω) := (f(ω), g(ω)), then ĥ(x, y) =

f̂(x)ĝ(y).

Proof. (i)⇒(ii): By Proposition 2.6.1

ĥ(x, y) =

∫
Ω

ei(xf(ω)+yg(ω))dIP(ω)

=

∫
Ω

eixf(ω)dIP(ω)

∫
Ω

eiyg(ω)dIP(ω) = f̂(x)ĝ(y).

(ii)⇒(i): Define H : Ω× Ω :→ IR2 by H(ω1, ω2) := (f(ω1), g(ω2)). Then the

coordinates are independent and Ĥ(x, y) = f̂(x)ĝ(y) = ĥ(x, y) so that the
law of H and h are the same. But this implies that

IP (f ∈ B1, g ∈ B2) = IP (h ∈ B1 ×B2)

= (IP× IP) (H ∈ B1 ×B2) = IP (f ∈ B1) IP (g ∈ B2) .

We consider an application of this:

Definition 2.6.4. Two random variables f, g : Ω → IR with IEf 2+IEg2 <∞
are called uncorrelated, provided that IE(f − IEf)(g − IEg) = 0.

Remark 2.6.5. If f and g are independent and if IEf 2 + IEg2 < ∞, then
they are uncorrelated. In fact, we have (by Proposition 2.6.1) that

IE(f − IEf)(g − IEg) = [IE(f − IEf)] [IE(g − IEg)] = 0.

Proposition 2.6.6. Let f, g : Ω → IR be random variables such that (f, g) :
Ω → IR2 is a Gaussian random variable. Then the following assertions are
equivalent.

(i) f and g are uncorrelated.

(ii) f and g are independent.
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Proof. We only have to check that (i) implies (ii). We know from Proposition
2.5.7 that for x = (x1, x2) one has

(̂f, g)(x1, x2) = ei(x1IEf+x2IEg)− 1
2
〈Rx,x〉,

with

R =

(
IE(f − IEf)2 IE(f − IEf)(g − IEg)

IE(f − IEf)(g − IEg) IE(g − IEg)2

)
=

(
var(f) 0

0 var(g)

)
.

Consequently,

(̂f, g)(x1, x2) = eix1IEf− 1
2
x2
1var(f)eix2IEg− 1

2
x2
2var(g) = f̂(x1)ĝ(x2).

Applying Proposition 2.6.3 we get the independence of f and g.

Warning: We need that the joint distribution of f and g (in other words
law(f, g) ∈M+

1 (IR2)) is Gaussian.

2.7 Moments of measures

There are different types of moments of a measure µ ∈ M+
1 (IRd). Given

integers l1, . . . , ld ≥ 0 and 0 < p <∞ we have for example that

∫
IRd
xl1

1 · · ·x
ld
d dµ(x1, . . . , xd) = moment of order (l1, . . . , ld),∫

IRd

∣∣∣xl1
1 · · ·x

ld
d

∣∣∣ dµ(x1, . . . , xd) = absolute moment of order (l1, . . . , ld),∫
IR

∣∣∣∣x− ∫
IR

xdµ(x)

∣∣∣∣p dµ(x) = centered absolute p-th moment.

We are interested in the first type and show that one can use the Fourier
transform to compute these moments:
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Proposition 2.7.1. Let µ ∈ M+
1 (IRd) and assume integers k1, . . . , kd ≥ 0

such that for all integers 0 ≤ lj ≤ kj one has that∫
IRd

∣∣∣xl1
1 · · ·x

ld
d

∣∣∣ dµ(x1, . . . , xd) <∞.

Then one has the following:

(i)
∂l1+···+ld

∂xl1
1 · · · ∂x

ld
d

µ̂ ∈ Cb(IR
d).

(ii)
∂l1+···+ld

∂xl1
1 · · · ∂x

ld
d

µ̂(x) = il1+···+ld

∫
IRd
ei〈x,y〉yl1

1 · · · y
ld
d dµ(y).

(iii)
∂l1+···+ld

∂xl1
1 · · · ∂x

ld
d

µ̂(0) = il1+···+ld

∫
IRd
yl1

1 · · · y
ld
d dµ(y).

(iv) The partial derivatives of µ̂ are uniformly continuous.

Example 2.7.2. (a) Binomial distribution: 0 < p < 1, d = 1, n ∈
{1, 2, . . .}.

µ({k}) :=

(
n

k

)
pn−k(1− p)k, k = 1, . . . , n.

µ̂(x) =
[
p+ (1− p)eix

]n
, µ̂′(x) = n

[
p+ (1− p)eix

]n−1
(1− p)ieix,

µ̂′(0) = n(1− p)i,
µ̂′(0)

i
= n(1− p).

(b) Gaussian measure γ0,σ2 ∈M+
1 (IR): We have that γ̂0,σ2(x) = e−

1
2
σ2x2

and
get

γ̂′0,σ2(x) = −xσ2e−
1
2
σ2x2

, γ̂′0,σ2(0) = 0,

γ̂′′0,σ2(x) = (x2σ4 − σ2)e−
1
2
σ2x2

, γ̂′′0,σ2(0) = −σ2.

(c) Cauchy distribution µα ∈M+
1 (IR) with α > 0: Recall that

dµα(x) =
α

π

1

α2 + x2
and µ̂(x) = e−α|x|.

Proposition 2.7.3. For all α > 0 one has∫
IR

|x|kdµα(x) = ∞ for k = 1, 2, . . .
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Proof. A first variant of the proof is

lim
x↓0

e−α|x| − 1

x
= −α 6= α = lim

x↑0

e−α|x| − 1

x
.

Or we can use∫
IR

|x|k

(α2 + x2)
dx ≥ 1

α2 + 1

∫
|x|≥1

|x|k

x2
dx = 2

∫ ∞

1

xk−2dx = ∞.

Proof of Proposition 2.7.1. We only prove the case l1 = 1, l2 = · · · = ld = 0
(the rest follows by induction). Fix x2, . . . , xd ∈ IR and define f(x1, y) :=
ei〈(x1,...,xd),y〉. Then

∂

∂x1

∫
IRd
ei〈x,y〉dµ(y) =

∫
IRd

∂

∂x1

ei〈x,y〉dµ(y) = i

∫
IRd
ei〈x,y〉y1dµ(y),

where the first inequality has to be justified. Now we define dυ+(y) =
χ{y1≥0}y1dµ(y) and dυ−(y) = −χ{y1<0}y1dµ(y) and obtain bounded measures,
so that

x 7→
∫

IRd
ei〈x,y〉dυ±(y)

are uniformly continuous and bounded and (iv) follows.

For the equality we have to justify, we need

Lemma 2.7.4. Let f : IR× Ω → C be such that

(i) ∂f
∂x

(·, ω) is continuous for all ω ∈ Ω,

(ii) ∂f
∂x

(x, ·) and f(x, ·) are random variables,

(iii) There exists a g : Ω → IR, g(ω) ≥ 0, such that
∣∣∂f
∂x

(x, ω)
∣∣ ≤ g(ω) for

all ω ∈ Ω, x ∈ IR and IEg <∞,

(iv)
∫

Ω
|f(x, ω)|dIP(ω) <∞ for all x ∈ IR.

Then
∂

∂x

∫
Ω

f(x, ω)dIP(ω) =

∫
Ω

∂f

∂x
(x, ω)dIP(ω).
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2.8 Weak convergence

In the beginning of the lecture we considered the following types of con-
vergence: almost sure convergence, convergence in probability and Lp-
convergence. Up to now we needed that the underlying probability spaces
are the same. This will be relaxed by the weak convergence, where we only
consider the convergence of the laws.

Proposition 2.8.1. Let µn, µ ∈M+
1 (IRd). Then the following assertions are

equivalent.

(i) For all continuous and bounded functions ϕ : IRd → IR one has that∫
ϕ(x)dµn(x) −→n

∫
ϕ(x)dµ(x).

(ii) For all closed sets A ∈ B(IRd) one has limnµn(A) ≤ µ(A).

(iii) For all open sets B ∈ B(IRd) one has limnµn(B) ≥ µ(B).

(iv) If d = 1 and if Fn(x) := µn((−∞, x]) and F (x) := µ((−∞, x]), then
Fn(x) −→n F (x) for all points x ∈ IR of continuity of F .

(v) µ̂n(x) −→n µ̂(x) for x ∈ IRd.

Definition 2.8.2. (i) For µn, µ ∈ M+
1 (IRd) we say that µn converges

weakly to µ (µn ⇒ µ or µn →w µ) provided that the conditions of
Proposition 2.8.1 are satisfied.

(ii) Let fn : Ωn → IRd and f : Ω → IRd be random variables over probability
spaces (Ωn,Fn, IPn) and (Ω,F , IP). Then fn converges to f weakly or
in distribution (fn →d f) provided that the corresponding laws µn(B) =
IPn(fn ∈ B) and µ(B) = IP(f ∈ B) are converging weakly.

What is the connection to our earlier types of convergence?

Proposition 2.8.3. For fn, f : Ω → IRd one has that if fn converges to f in
probability, then fn converges to f in distribution.

Proof. Letting ϕ : IRd → IR be continuous and bounded, we need to show
that

IEϕ(fn) =

∫
IRd
ϕ(x)dµn(x) −→n

∫
IRd
ϕ(x)dµ(x) = IEϕ(f).

But this follows from (defining ‖ϕ‖∞ := supx |ϕ(x)|)

|IEϕ(fn)− IEϕ(f)| ≤
∫
{|fn−f |>ε}

dIP2‖ϕ‖∞ +

∫
{|fn−f |≤ε,|f |>N}

dIP2‖ϕ‖∞
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+

∫
{|fn−f |≤ε,|f |≤N}

|ϕ(fn)− ϕ(f)| dIP

≤ 2‖ϕ‖∞ (IP(|fn − f | > ε) + IP(|f | > N))

+ sup
|x−y|≤ε, |y|≤N

|ϕ(x)− ϕ(y)|

≤ 3δ,

for N = N(δ), ε = ε(N(δ), δ)) and n ≥ n(ε).

Proposition 2.8.4 (Central limit theorem). Let f1, f2, . . . : Ω → IR be a
sequence of independent random variables which have the same distribution
such that 0 < IE(fk − IEfk)

2 = σ2 <∞ and IEfk = m. Then

IP

(
1√
kσ2

((f1 −m) + · · ·+ (fk −m)) ≤ x

)
−→
k

1√
2π

∫ x

−∞
e−

ξ2

2 dξ.

Proof. Let f 0
n := fn−m

σ
. Then we get that IEf 0

n = 1
σ
(IEfn − m) = 0 and

IE(f 0
n)2 = 1

σ2 IE(fn −m)2 = 1. We have to show that

IP

(
1√
n

(
f 0

1 + · · ·+ f 0
n

)
≤ x

)
−→n

1√
2π

∫ x

−∞
e−

ξ2

2 dξ

or, for Sn := f 0
1 + · · · + f 0

n, 1√
n
Sn ⇒ g ∼ N(0, 1). By Proposition 2.8.1 this

is equivalent to

1̂√
n
Sn(t) −→n ĝ(t) = e−

t2

2

for all t ∈ IR. Now

1̂√
n
Sn(t) =

̂(
1√
n

(f 0
1 + · · ·+ f 0

n)

)
(t) =

f̂ 0
1√
n

(t) · · · f̂
0
n√
n

(t) = ϕ

(
t√
n

)n

,

if ϕ(t) = f̂ 0
1 (t). Since IE(f 0

1 )2 < ∞, Proposition 2.7.1 implies that ϕ′′ ∈
Cb(IR) and

ϕ(t) = ϕ(0) + tϕ′(0) +
t2

2
ϕ′′(0) + o(t2)

= ϕ(0) + tiIEf 0
1 +

t2

2
i2IE(f 0

1 )2 + o(t2)

= 1− t2

2
+ o(t2)

for t ∈ IR with

lim
t→0

o(t2)

t2
= 0.
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So it remains to show that(
1− t2

2n
+ o

(
t2

n

))n

−→n e−
t2

2 .

Letting θ = t2

2
, this is done by(

1− θ

n
+ o

(
θ

n

))n

−→n e−θ.

Fix θ ≥ 0, let ε ∈ (0, 1), and choose n(ε, θ) ∈ IN such that∣∣∣∣o( θn
)∣∣∣∣ ≤ ε

∣∣∣∣ θn
∣∣∣∣

for n ≥ n(ε, θ). Then(
1− θ(1 + ε)

n

)n

≤
(

1− θ

n
+ o

(
θ

n

))n

≤
(

1− θ(1− ε)

n

)n

for n ≥ n(ε, θ) such that θ(1+ε)
n

< 1. Because

lim
n

(
1− θ(1 + ε)

n

)n

= e−θ(1+ε) and lim
n

(
1− θ(1− ε)

n

)n

= e−θ(1−ε)

it follows that

e−θ(1+ε) ≤ lim inf
n

(
1− θ

n
+ o

(
θ

n

))n

≤ lim sup
n

(
1− θ

n
+ o

(
θ

n

))n

≤ e−θ(1−ε).

Since this is true for all ε > 0 we end up with

e−θ ≤ lim
n

(
1− θ

n
+ o

(
θ

n

))n

≤ e−θ

which finishes the proof.

Proposition 2.8.5 (Poisson). Let fn,1, . . . , fn,n : Ω → IR be independent
random variables such that IP(fn,k = 1) = pnk and IP(fn,k = 0) = qnk with
pnk + qnk = 1. Assume that

max
1≤k≤n

pnk →n 0 and
n∑

k=1

pnk →n λ > 0.

Then, for Sn := fn,1 + · · · + fn,n, the laws µn := law(Sn) converge weakly to
the Poisson distribution

πλ(B) =
∞∑

k=0

e−λλ
k

k!
δ{k}(B).
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Proof. For θ = eit − 1 we get that

Ŝn(t) =
n∏

k=1

f̂n,k(t) =
n∏

k=1

(
pnke

it + qnk

)
=

n∏
k=1

(
1 + pnk

(
eit − 1

))
=

n∏
k=1

(1 + pnkθ)

= 1 + θ

(
n∑

k=1

pnk

)
+ θ2

( ∑
1≤k1<k2≤n

pnk1pnk2

)

+ · · ·+ θl

( ∑
1≤k1<···<kl≤n

pnk1 · · · pnkl

)
+ · · ·

+θnpn1 · · · pnn

= 1 +
n∑

l=1

(θλ)l

l!
bln

with

bln :=
l!

λl

∑
1≤k1<···<kl≤n

pnk1 · · · pnkl .

We do not give the Poisson’s Theorem, we just show that

lim
n
bln = 1

for fixed l. This can be easily seen by

l!

λl

∑
1≤k1<···<kl≤n

pnk1 · · · pnkl

=

(
pn1 + · · ·+ pnn

λ

)l
∑

1≤k1,...,kl≤n
all indices are distinct

pnk1 · · · pnkl∑
1≤k1,...,kl≤n pnk1 · · · pnkl

.

The first factor converges to 1 as n→∞. The second one we write as∑
1≤k1,...,kl≤n

all indices are distinct
pnk1 · · · pnkl∑

1≤k1,...,kl≤n pnk1 · · · pnkl

= 1−

∑
1≤k1,...,kl≤n

not all indices are distinct
pnk1 · · · pnkl∑

1≤k1,...,kl≤n pnk1 · · · pnkl

and can bound the second term by∑
1≤k1,...,kl≤n

not all indices are distinct

pnk1 · · · pnkl ≤ (pn1 + · · ·+ pnn)l−1 max
k
pnk

+(pn1 + · · ·+ pnn)l−2 max
k
p2

nk
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+ · · ·
+(pn1 + · · ·+ pnn) max

k
pl−1

nk .

This should motivate the convergence

Ŝn(t) −→n eλθ = eλ(eit−1) = π̂λ(t).

Example 2.8.6. pn,1 = · · · = pn,n := λ
n

for n > λ.

Now we consider a limit theorem which is an extension of the central limit
theorem.

Proposition 2.8.7. Assume that fn1, fn2, ..., fnn are independent random
variables such that

IEfnk = 0 and
n∑

k=1

IEf 2
nk = 1

for all n = 1, 2, ... Let µnk := law(fnk) and assume that the Lindeberg condi-
tion

n∑
k=1

∫
|x|>ε

x2dµnk(x) →n 0

is satisfied for all ε > 0. Then one has that

Sn →d N(0, 1)

where Sn := fn1 + · · ·+ fnn.

Example 2.8.8. Let us check that the Lindeberg condition is satisfied in
the case that we consider the weak limit of

1√
n

(f1 + · · ·+ fn)

where

(1) IEfk = 0,

(2) IEf 2
k = 1,

(3) f 2
1 , f

2
2 , f

2
3 , ... is a uniformly integrable family of random variables.
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In the above notation we can write (in distribution) that

fnk =d
fk√
n
,

so that

n∑
k=1

∫
|x|>ε

x2dµnk(x) =
n∑

k=1

∫
˛̨̨
fk√
n

˛̨̨
>ε

(
fk√
n

)2

dIP

=
1

n

n∑
k=1

∫
|fk|>

√
nε

f 2
kdIP

≤ sup
1≤k≤n

∫
|fk|>

√
nε

f 2
kdIP

≤ sup
k≥1

∫
|fk|>

√
nε

f 2
kdIP

→ 0

as n→∞. Examples that the family (f 2
k )∞k=1 is uniformly integrable are

(a) f1, f2, ... are identical distributed,

(b) supk IE|fk|p <∞ for some 2 < p <∞.

2.9 A first ergodic theorem

We conclude the lecture with an extension of the Strong Law of Large Num-
bers.

Definition 2.9.1. Let (Ω,F , IP) be a probability space.

(1) A measurable map T : Ω → Ω is called measure preserving provided that

IP(T−1(A)) = IP(A) for all A ∈ F .

(2) A measure preserving map T : Ω → Ω is called ergodic provided that,
for A ∈ F , the condition

T−1(A) = A implies IP(A) ∈ {0, 1}.

Now we get the following Ergodic Theorem.

Proposition 2.9.2 (Birkhoff & Chinčin). Let (Ω,F , IP) be a probability
space, T : Ω → Ω be ergodic, and f : Ω → IR be a random variable such
that IE|f | <∞. Then one has that

lim
n

1

n

n−1∑
k=0

f(T kω) = IEf a.s.
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Why does the Ergodic Theorem of Birkhoff and Chinčin extend the Strong
Law of Large Numbers? Let

(M,Σ, µ) := ⊗∞
n=1(Ω,F , IP)

and define the shift T : M →M by

T (ω1, ω2, ω3, ...) := (ω2, ω3, ...).

The shift T is ergodic:

(a) T is measure-preserving: This can be checked on the π-system of
cylinder-sets with a finite-dimensional basis.

(b) Assume now that T−1(A) = A for some A ∈ F . By iteration we get that
T−kA = A for all k = 1, 2, .... In other words

A ∈
∞⋂

k=1

σ(Pk, Pk+1, ...)

where the Pk are the coordinate functionals P : M → IR. By the 0−1-law
of Kolmogorov we get that µ(A) ∈ {0, 1}.

Finally, we remark that the family (f(T k))∞k=0 forms an iid sequence of ran-
dom variables having the distribution of f we were starting from.

Proof of Proposition 2.9.2 (see [6]). By normalization we can assume that
IEf = 0. Let

η′ := lim inf
n

1

n

n−1∑
k=0

f(T k) ≤ lim sup
n

1

n

n−1∑
k=0

f(T k) =: η.

The idea is to show that 0 ≤ η′ ≤ η ≤ 0 a.s. By the symmetry of the problem
(replace f by −f) it is sufficient to show that

η ≤ 0 a.s.

Let ε > 0 and

Aε := {η > ε},
f ∗ := (f − ε)χAε ,

S∗n := f ∗ + · · ·+ f ∗(T n−1),

M∗
n := max{0, f∗1 , ..., f ∗n}.

From Lemma 2.9.3 it follows that

IEf ∗χM∗
n>0 ≥ 0.
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Moreover,

{M∗
n > 0} ↑n {sup

k
S∗k > 0} = {sup

k

S∗k
k
> 0} = {sup

k

Sk

k
> ε} ∩ Aε = Aε

because of supk
Sk
k
≥ η. By Lebesgues dominated convergence,

0 ≤ IEf ∗χM∗
n>0 →n IEf ∗χAε = IEfχAε − εIP(Aε).

If J is the σ-algebra of T -invariant sets, we get that Aε ∈ J and

IEfχAε = IE(χAεIE(f |J)) = IE(χAε0)

as all sets from J have measure 0 or 1. Consequently,

εIP(Aε) ≥ 0

for all ε > 0 and we are done.

In the proof we used the following maximal ergodic theorem:

Lemma 2.9.3. Let T : Ω → Ω be a measure preserving map and f : Ω → IR
be an integrable random variable. Let

Sn := f + · · ·+ f(T n−1),

Mn := max{0, S1, ..., Sn}.

Then IE(fχ{Mn>0}) ≥ 0.



Index

π-system, 55
σ-algebra, 7

Borel σ-algebra, 9

algebra, 7

Borel measurable, 12

Cauchy sequence in probability, 22
characteristic function, 47
complex numbers, 45
convergence

almost surely, 17
in mean, 25
in probability, 19
monotone, 13

convolution
of a measure, 51
of functions, 53

distribution
Cauchy, 67
normal on IR, 61
normal on IRd, 63

equivalence class relation, 24
event, 7
extension theorem of Carathéodory,
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