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Introduction

This script is a continuation of [5] so that we shall assume that the reader is
familiar with the basics from this previous course. Nevertheless, some basic
facts will be recalled in Chapter 0.

Let us motivate this course by some examples.
Example 1. Assume that we perform some experiment several times un-
der identical conditions and get, each time, a measurement denoted by

f1, f2, f3, ... To get the true quantity (whatever this means) we naturally
consider

Snzi(f1+---+fn>

for large n and hope that S,, converges to this true value as n — oo. To
make this precise we have to clarify at least three things:

e What does it mean that we recall an experiment under identical con-
ditions? This leads us to the mathematical notion of (stochastic) inde-
pendence.

e In what sense does the convergence take place? This will take us to
the almost sure convergence.

e And finally we have to identify the limit.

Altogether we end up with famous and fundamental Strong Law of Large
Numbers.

Example 2. We consider a random walk
S, i =¢e1+ - +e¢,

where €1, €9, €3, ... are independent and

probability(e; = 1) = probability(e, = —1) = 7
Now we think about a particle which moves up and down in an infinitesimal
way with probability 1/2 and let us consider the time interval [0, 1]. To get
an approximation of the movement we divide the time interval into n equal
sub-intervals and let the particle move down or up with probability 1/2 at
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each time point k/n with k = 0,...,n — 1 by the same jump-size. What is
the right jump-size we have to choose in our model that the model converges
in some sense as n — oo? In other words, what is the right rescaling factor
¢, > 0 in the state variable such that

€1+ - +én
CTZ

converges to a non-degenerate random variable as n — co? This will lead us
to the weak convergence and to the Central Limit Theorem.

Example 3. We assume a source which sends out particles to one side with a
uniformly distributed (random) angle which ranges from zero to 180 degree.
There is a wall in distance of 1 meter. The function f(#) gives the position of
the particle which hits the wall where 6 = 7 /2 gives position 0. The function
f is random because it depends on the random angle #. Consider a second
wall parallel to the first one, but with a distance of 2 meters. Now we think
in two different ways: firstly, the particle sent out hits the first wall and will
be resent out to the second wall. Secondly, we do the experiment in one
step and wait until the particle hits the second wall. Is it possible that both
experiments give the same distribution? The answer is yes. Knowing this we
can analyze the distribution in an abstract manner: Namely, we obtain that
the distributions of

Ji+fo and 2f

are the same, where f; and f, are independent copies of f. The property
of this distribution is to be 1-stable, the distribution is called CAvucHY !
distribution. Stable distributions are used (for example) in stochastic mod-
eling and in probabilistic methods in functional analysis. We shall prove the
existence of stable distributions by the help of characteristic functions.

! Augustin Louis Cauchy, 21 Aug 1789 (Paris) - 23 May 1857 (Sceaux), real and complex
analysis.



Chapter 0O

Preliminaries

In this section we recall some basic concepts needed in the sequel.

1. Probability spaces. A probability space is a triplet (€2, F,P), where
e () is a non-empty set of elementary events,
o F C 29 is a system of observable events,

e [P is a function that gives to each event A € F a probability IP(A) €
[0, 1] to occur.

Example 1. Standard examples for the set of elementary events {2 are the
following:

(a) Q={1,...,,6} are the possible outcomes if one rolls a die.

(b) € = (0, 00) are possible share prices (for example of NOKIA).

Usually we cannot decide whether a particular w € §2 in our system occurs.
But for certain subsets A C €2 we can say whether w € Aorw ¢ A. A system
of subsets A C 2 with this property is called a system of observable events.
This system is usually assumed to be a o-algebra. Let us formulate this in
the

Definition 2. Let 2 be a non-empty set.
e A system F of subsets A C € is called algebra, provided that

i) e Fand Q € F,
(ii) f A, Be F,then AUB={weQ:weAorwe B} € F and
(iii) if A€ F, then A ={weQ:w¢ A} € F.
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e F is called o-algebra, provided that (ii) is replaced by
(11’) if Al,AQ, RS F, then Uzozl An e F.
e The pair (2, F) is called measurable space, if F is a o-algebra.

e The elements of a g-algebra F are called events. We say that an event
A € F occurs if w € A and that A does not occur if w ¢ A.

We give some basic examples of o-algebras.

Example 3. (a) The system of all subsets of 2, denoted by 2%, is the largest
o-algebra on €.

(b) The system {0, Q} is the smallest o-algebra on Q. Any o-algebra F on
Q satisfies {0, Q} C F C 2%

(c¢) Assume that you have two dice, but only the sum of the dice is known.
The corresponding measurable space is given by

Q = {(kJ1):kl=1,..6},
F = {ACQ: Ais the empty set or a union of A,, ..., A},

where A, := {(k,l) : k +1=m}.

In important cases there is not a complete description of the o-algebra. Sur-
prisingly, there are abstract approaches which can be used practically. The
basic idea is

Lemma 4. Let Q # () and G be a non-empty system of subsets of Q and

o(G) = ﬂ F.
F o-algebra and gcF
Then one has the following:
(i) The system o(G) is a o-algebra containing all sets from G.
(ii) If F is any o-algebra on Q containing all G € G, then o(G) C F.
The proof can be found in [5]. Using this lemma one can introduce BOREL
1 g-algebras on metric spaces or even on more general spaces. To do this on

IR, with the final goal to define the Lebesgue measure on it, we recall the
notion of an open set.

IFélix Edouard Justin Emile Borel, 07/01/1871-03/02/1956, French mathematician.



Definition 5. (i) For z,y € R we let |z — y| = <Z?:1 |z; — yi\2>§

(ii) A subset G € IR% is open, if and only if for all 2 € G there exists &€ > 0
such that y € G for all y € IR such that |z — y| < e.

Now we are ready to introduce the Borel-o-algebra:

Definition 6. The Borel-o-algebra B(IRY) on IR is the smallest o-algebra
that contains all open sets of IR%.

Finally we recall the notion of a measure:

Definition 7. Let (£, F) be a measurable space.

(i) Amap p:F — [0,00] is called measure on F if

o(Ua) -
n=1 n=1
for all pair-wise disjoint Ay, As,... € F.

(i) A measure p on F is called o-finite, provided that there exists
M, Q... e F,Q,NQ, =0 forn #m, U,—, Q = Q such that
1(,) < oo for all n > 1.

(iii) A measure p on F is called probability measure, if u(2) = 1.

If p is a measure, then (Q, F, u) is called measure space. If p is a probability
measure, then (2, F, u) is a probability space.

Example 8. Let Q be an arbitrary non-empty set and F := 2.
(a) A trivial (but sometimes important) example is the counting measure
wu(B) = card(B).
This measure is o-finite if and only if €2 is countable.

(b) Another measure we obtain as follows: we fix wy € © and let u(B) =1
if wy € B, otherwise u(B) = 0. This measure is called DIRAC-measure ?
at wy € Q.

(c) Let By C Q with card(By) > 1, and let u(B) = 1 if ByN B # 0, otherwise
p(B) = 0. One notes, that u is not a measure.

2Paul Adrien Maurice Dirac, 08/08/1902 (Bristol, England) - 20/10/1984 (Tallahassee,
Florida, USA), Nobel price in Physics 1933.
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2. Construction of measures. Now we consider the measurable space
(R, B(IR)) and look for a measure A such that

A(a, b)) = Al(a, b)) = Alla, 0]) = b —a

for all —oco < a < b < 0o. For its construction we need

Proposition 9 (Carathéodory 3). Let Q # 0, G be an algebra such that
F =0(G). Assume a map po : G — [0, 00| such that

(1) po(,) < oo, n=1,2,..., for some partition Q = J. >, Q, withQ, € G,
(i) po (UsZy An) =07 o(Ay) for pair-wise disjoint A, € G such that

O A, €q.
n=1

Then there ezists a unique measure p : F — [0, 00] such that

w(A) = puo(A)  forall Ae€qg.

It is clear that the measure u is automatically o-finite. As an application
one can prove that the LEBESGUE 4 measure exists on IR%.

Proposition 10. There is a unique o-finite measure Ay on B(R?) such that

d

Aa((ar, bi] % ... x (aq,ba)) = [ (b — a2).

=1

This measure is called Lebesgue measure.

3. Product spaces. Product spaces are obtained by the following

Proposition 11 (Product measure). Assume that (Q;, Fi, i), 1 = 1,2, ...,d
are o-finite measure spaces and let

f:®f:1]:i::0(31><--~><Bd:B7;€.7:Z-).

Then there exists a unique measure ji = @, u; on F (which is automatically
o-finite) such that

p(By x -+ X By) = pn(B1) -+ - pn(Ba).

Proposition 12. We have that
(RY, B(R"), Aa) = ®L; (R, B(R), Ay).

3Constantin Carathéodory, 13/09/1873 (Berlin, Germany) - 02/02/1950 (Munich, Ger-
many).

4Henri Léon Lebesgue, 28/06/1875-26/07/1941, French mathematician generalized the
Riemann integral by the Lebesgue integral; continuation of work of Emile Borel and
Camille Jordan.
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4. Random variables

Definition 13. Let (2, ;) and (22, F2) be measurable spaces. A map
f Q4 — Qg is called measurable, provided that for all B € F, one has

fYB)={w € Q: f(w) € B} € F.

The reason for the definition above is that a measurable map can transport
a measure from one measurable space to another.

Proposition 14 (Image measures). Let (21, F1) and (S, F2) be measurable
spaces, f: 1 — Qo be a measurable map, and py be a measure on Fy. Define

pi2(Ba) := pa(f 1 (By)) for By € Fo.
Then one has the following:
(1) (Qa, Fa, p2) is a measure space with py(Q1) = p12(€2a).

(ii) There are examples that py is o-finite, but ps is not.

We shall use the following notation:

(i) One writes pg = (11)r and says that po is the image(measure) of p1q
with respect to f.

(i) If (Qq, F2) = (IRY, B(IRY)), then one also says that s is the law of f
(w.r.t. p).

The property that a map is measurable can be checked sometimes easily by
generating systems.

Proposition 15. Let (2, F1) and (s, F2) be measurable spaces, Go be a
system of subsets of Qg such that o(Gy) = Fo and f : Q1 — Qo be a map such
that f~Y(B) € F, for all B € Gy. Then f is measurable.

Proof. Define By := {B C Qs : f~Y(B) € Fi}. Then B, is a o-algebra and
Gy C By by assumption. Hence Fy C Bs. ]

What are the typical measurable maps h : Q@ — IR? Let (2, F) be a mea-
surable space. Then A :  — IR is called (measurable) step function, if there
are By,...,B, € F and oy, ..., a, € IR such that

hw) = xp, (@)a,
k=1
where

( ) 1, ifwe Bk
W) .=
XBs 0, if w¢ By
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Proposition 16. Let (2, F) be a measurable space and f : Q — IR. Then
the following assertions are equivalent.

(i) f is measurable as a map from (Q, F) into (IR, B(IR)).
(i) f~*((a,b)) € F for all —oo < a < b < oo.
(iii) There exists (measurable) step functions h, : Q@ — IR such that

lim h,(w) = f(w) for all w € Q.

Proof. (1)=-(ii) is clear since (a,b) € B(IR).
(ii)=-(iii): For —oo < a < b < oo one has

a0 = ()£ (a1, 0) € 7.

since f~'((a — =,b)) € F for all n =1,2,.... Letting for n € {1,2,...}

2n+1

k-1
(@)= D, Xyt o) @) 55

k=—2n+1

we get a sequence (h,)22, of step functions and lim,, . h,(w) = f(w) for all
w € .

(iii)=-(i1): We write
FH(@,0) = {weQ: f(w) € (ab)}
= {weQ:limh,(w) € (a,0)}
= {weQ:IN>1Vn > Nh,(w) € (a,b)}

= U NiweQ:h(w) € (a,b)}

N=1n=N
= J ) ' (ab) e F.
N=1n=N

(ii)=(i) follows from Proposition 15. O

By the above proof we also get the following

Proposition 17. If h, :  — IR are measurable, where (2, F) is a measur-

able space and if
f(w) = lim hy(w) for all we Q,

n—oo

then f is measurable.

Definition 18. Let (2, F) be a measurable space. A map f : 2 — IR which
satisfies one of the equivalent properties of Proposition 16 is called random
variable or Borel measurable.
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5. Integration We recall briefly the construction of the expected value.
Definition 19. Let (Q2, F, 1) be a o-finite measure space.
(i) fh=>" cixa, with A; € F and o; > 0, then
/ hdp = TEh = Z%‘M(Ai) € [0, oc.
@ i=1

(ii) If f: © — IR is measurable and non-negative, then

/ fdu = sup {/ hdp : 0 < h < f; h measurable step—function} :
Q Q

(iii) If f: Q — IR is measurable,

[T i=max{f,0} and [~ :=max{—f, 0},
then f = f* — f~ and we define

/Q Fu = /ﬂ Fdp - /ﬂ Jdy

provided that [, fTdu < co or [, f~du < occ.

(iv) A measurable function f: Q — IR is integrable if

/Qlfldu < 00.

We will often use the theorem about monotone convergence.

Proposition 20 (Monotone Convergence). Let (Q, F, ) be a o-finite mea-
sure space and f,, f : Q0 — IR be measurable such that

0< fulw) T flw)
for all w € Q). Then one has

i [ f= [ 1.

Let us consider some examples.

Example 21. (a) Lorentz sequence spaces: Let Q = {1,2,..}, F := 2%
and let pu be the counting measure, i.e. pu(A) := card(A). Then, for

[ =0,
[ gau=3" 10,
Q k=1

To check this rigorously, we use the step-functions h,, (k) := f(k) if 0 <
k <n and h,(k) := 0 for K > n. Then

[ s =tim [ b =tim S (k) =t S 0,
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(b) Let f : IR — IR be continuous except in finitely many points, where
in these points the left and right-hand side limits exist and are finite.
Assume that

lim R—/n |f(z)|dx < o0

n—oo
—-n

where R — [ is the Riemann integral. Then
/ f(z)d\(z) =lim R — / f(z)dz.
R n —n

(c) Assume an increasing and right-continuous function F': IR — IR. Con-
sider the unique o-finite measure p on B(IR) with

p((a,b]) == F(b) — F(a).

The measure y is called Lebesgue-Stieltjes ® measure. The corresponding
integral

/f@ﬂwwzéfwmm>

is an extension of the Riemann-Stieltjes integral.

6. Fubini’s theorem For the following it is convenient to allow that
the random variables may take infinite values. Moreover, we assume that
(Q, F, ) and (24, F;, 1;) are o-finite measure spaces.

Definition 22 (Extended random variable). Let (£2,F) be a measurable
space. A function f:Q — IRU{—o00, 00} is called extended random variable
if and only if

f'(B)={w: flweB}eF forall BecB(R)orB={-}

If we have a non-negative extended random variable, we let (for example)

/fd,u: lim [ [f A N]dpu.
Q

N—oo [¢)

Proposition 23 (Fubini’s Theorem). % Let f : Q) x Q3 — IR be a non-
negative F1 @ Fo-measurable function such that

[;Qm%mwmxmwMM<w. 1)

Then one has the following:

®Thomas Jan Stieltjes 29/12/1856 (Zwolle, Overijssel, The Netherlands) - 31/12/1894
(Toulouse, France); analysis, number theory.
6Guido Fubini, 19/01/1879 (Venice, Italy) - 06/06/1943 (New York, USA).
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(i) The functions wy — f(wi,wd) and wy — f(W?, ws) are Fi-measurable
and Fy-measurable, respectively, for all v € Q.

(ii) The functions

W] — fwi,wse)dus(wa) and wy — f(wr, we)dpg (wr)
QQ Q1

are extended JFi-measurable and Fy-measurable, respectively, random
variables.

(iii) One has that
/QIXQQf(Wl»Wz)d(M X fig) = /Q1 { Q2f(w1,w2)d,u2(w2)] dpy (wy)
= /92 { o f(w17w2)dul(w1)} dpiz(ws).

Remark 24. (i) It should be noted, that item (iii) together with Formula
(1) automatically implies that

i ({e: [ (o) - x}) =0

and

{1 ({wl ., fwr, wa)dpa(ws) = OO}) =0.

(ii) Fubini’s theorem for general f : €; x 25 — IR one gets by decomposing
f=r-r.
Let us finish with an

Example 25. Assume that y = Qy = [0,1], F; = F» = B([0,1]) where
B([0,1]) is generated by the open sets in [0, 1]. Assume that both measurable
spaces are equipped with the Lebesgue measure A. Let ¢ : [0,1] — [0,1] be
a (say) continuous function and let

B:={(s,t) € [0,1] : t < f(s)}.
(i) One has B € F; ® Fo.

(ii) Applying Fubini’s theorem we get
1l
A A(B) = / / X{t< ()} dA(E)dA(s)
o Jo

- /O 1 F(s)dN(s).
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(iii) Applying Fubini’s theorem in the other way we get
1,1
A@A(B) = / / X{t<f()dA(8)dA()
o Jo
1

_ /)\({se[O,l]:f(s)>t})d)\(t).

0

(iv) Combining both estimates we have

/Of(s)d/\(s):/o M{s € [0,1]: £(s) > £1)AN(D).

(v) Exercise: Prove in the same way that, for 0 < p < oo,

/0 F(s)PdA(s) = p /0 A{s € [0,1]: f(5) > tHPTdA(®).



Chapter 1

Modes of convergence

1.1 Almost sure convergence

Definition 1.1.1. Let f,, f : Q@ — IR be random variables where (2, F, IP)
is a probability space. We say that f,, converges almost surely to f if

P({weQ:|fo(w) = f(w)] =-0}) = 1.
We write f, — f.

a.s.

Remark 1.1.2. (i) To formulate the above definition we need {w
|fo(w) = f(w)| =—=0}) € F. This follows from

{weQ:[fulw) = fw)| =0}
1
= {w:VleEIkle.t.VnZk | frn(w) — f(w)] <—}
m
o0 o0 [e.9] 1
= NUN @ ) —flo)l <~ eF.
m=1 k=1 n=k
(ii) The above definition depends on the measure IP. In general one does

not have that
P({w:[fa(w) = flw)] ==0}) =1
if and only if

QUw : [falw) — f(w)| =0} =1

if () is another measure on F.

(iii) Only few properties of f, are transferred to f by almost sure conver-
gence. Take, for example, Q@ = [0,1], F = B([0,1]), and A to be the
Lebesgue measure (A([a,b]) =b—a). Let f, be

n?2ntly, w € [0, %}
folw) == < n2ntt —p2ontly, W e (%, ﬂ
0, w € (%, 1} )

17



18 CHAPTER 1. MODES OF CONVERGENCE

The function f,, : [0,1] — IR is continuous so that f, is a random
variable. Moreover lim,, f,(w) = 0 for all w € [0, 1]. On the other side

/fn ) dA(w /fn —r

A useful characterization of the almost sure convergence is given by

Proposition 1.1.3. Let (2, F,IP) be a probability space and f,, f: Q2 — R
be random wvariables. Then the following assertions are equivalent.

Q) fo = -
(ii) lim, IP({w : supys, |fr(w) — f(w)| >¢€}) =0 for all e > 0.

Proof. For ¢ > 0 and n > 1 define
= s 1) = 11> ) = Ul 1) - S0 > ) € 7
so that, since A] D A5 D ..., :
i P(45) = (ﬂf“)
and .
()45 = ¥ =12 sw|fife) = S()] >}
n=1

(i)==(ii) Let Qo := {w : lim,, f,(w) = f(w)} € F. Hence for all w € € there
exists n(w) > 1 with supys,, [fr(w) — f(w)| < € so that

Qo C (ﬁ Ag) and ﬂ AS C Q5.
n=1

n=1

Hence

=P (ﬂ A‘;) =limIP (A%) .
n=1

(il)=(i) We have

P (G(A;)C) —1 and PP (ﬁ G <A5)0> —1

n=1 N=1n=1
Finally,
(o.) o 1
we U (aF)
N=1n=1
if and only if for all N = 1,2, ... there exists n > 1,2,... such that
1
sup | fe() — F()] < 1
k>n
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1.2 Convergence in probability

Although we saw in Remark 1.1.2(iii) that a.s. convergence may be a weak
notation, this notation is still sometimes too strong.

Example 1.2.1. Q = [0,1], F = B([0,1]), A is the Lebesgue measure on
F. Define

hw) = Xp1)@), folw)=x; W),
fs(w) = X[o,%)(w)a fa(w) = X[ié)(w)a » Jo(w) = X3 1)(00);
fHw) = Xxp 1)),

We have the feeling that lim,, f,,(w) = 0, but in what sense? We do not have
a.s. convergence since #{n : f,(w) =1} = oo for all w € [0, 1).

The way out is

Definition 1.2.2. Let f,,, f : Q@ — IR be random variables, where (£, F, IP)
is a probability space. Then f,, converges to f in probability if

lim IP({w : [fa(w) = f(W)[ > €}) =0
for all € > 0. We will write f,, — f.

Example (Example 1.2.1 continued). We have that f, ——0. In fact,

li7rln AM{w e [0,1] : |fu(w)| >¢e}) < liin A{w € [0,1] : fu(w) #£0}) =0

since
%forn:1,2
Ao e 0,1] fule) £0) = § £ =300
we ULl fplw =
éforn:7,...

Proposition 1.2.3. Let f,, f : Q@ — IR be random variables and (2, F,IP)
be a probability space. Then one has the following:

) If fo == . then fu = f.

(i) If fn, —= f, then there exists ny < ny < mng < ... such that f,, — f,
as k — oo.
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Proof. (i) Follows from Proposition 1.1.3 and
P{w: [falw) = fW)| > e}) < P({w :sup | fi(w) = flw)] > e}).

(ii) Let ny be the smallest n > 1 such that for all k¥ > n one has

P ({v: 8 - f@1> 3 1) <5

Let ny be the smallest n > n; such that for all £ > n one has

P ({oilhe) - 01> 5 }) < 5

Continuing the same way we get

P ({o: a0 - £l > 5 }) < 5

for k>npand 1 <n; <ng <ng <.... Letting

t= {1 - 501> 3

we get

1 o0
IP(Ay) < o; and > P(A) < .
(=1

The Borel-Cantelli-lemma implies that
P{w:#{n:weA,} =o00}) =0.

Hence P({w : #{n:w € A,} < o0}) = 1. For those w we have that

1
o) = @) < o

for ¢ > ¢(w) which gives f,, — f. O

a

Example (Example 1.2.1 continued). What is a possible sub-sequence? One
can take

fi= X[0i) f3= X0l fr= X[odys -+

Proposition 1.2.4. For random variables f,qg: 2 — IR we let

@) e
o= [ oy @) — g )

Then the following assertions are equivalent:
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(i) d(fu, f) = 0.
(i) fo /-

Proof. (i) = (ii) d(f,, f) —— 0 means

() - gw) N
L e o

so that by Cebyéev’s inequality, for A > 0,

) — FW) 1)~ P
M ({” T @) — F)] ”}) S/Q1+Lfn<w>—f(w)f”” ) =0

|]
1+|z|

Given € > 0 we find A(¢) > 0 such that if |z| > ¢, then > A(e). Hence

P ({w: [fulw) = fW)| >e}) < ]P({w: 1%}:’(15{(}”(1)' >)\(a)}>

U ) - f@)]
S Ry

and IP ({w : |fa(w) = f(w)| > }) —-0.
(ii) = (i) For all € > 0 we have that

() — F)] ) ()~ F@)]
/glﬂfn(w)—f(w)!dlp(w} - /{fn_fx}1+|fn<w>—f<w>\d“3()
)~ F
+/{fnf§s} L+ |folw) — f(w)\d]P( )

< IP({weQ:Ifn(w)—f(w)|>5})+1+5’

since the function Hix = 1 - H% is monotone for x > 0. Given

# > 0, we take ¢ > 0 such that 1%6 < g and then ng > 1 such that

P ({w: | fu(w) = f(w)| > e}) < & for n > ng. Hence d(f,, f) < 6 for n > ny.
[

Proposition 1.2.5. Let (2, F,1P) be fized and f,g,h : Q@ — IR be random
variables. Then one has that

(i) d(f,g) =0 if and only if P(f = g) = 1.
(i) d(f,g) = d(g, ).

(iii) d(f,h) < d(f,g)+d(g,h).
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(iv) If fi1, fay ... : Q@ = IR are random variables such that for all € > 0 there
exists an n(e) > 1 such that d(fn, fm) < € for all m,n > n(e), i.e.
if (fu)n>1 s a Cauchy sequence with respect to d, then there exists a
random variable f: Q) — R such that

limd(f,, f) = 0.

Proof. (i) We have that

(w)] _
d(f,g) =0 <= /1+\f (w)’dIP(w)_o

() -
= ({“’ o |(}d<)w> g(;dgw>1| - 0}> -

— P{w: flw)=9gw)}) =
< f=gas.

(ii) follows by definition.
(iii) Here we get

@) - k)
wn = | T P
()] + l9(w) — hw)

dIP(w)

| |

E

7() — 9(w) 9(w) — h(w)
</ T 1@ —g(w)\dlp(“’”/g1+\g<w>—h<w>\dﬂ3(°")
— d(f.g)+d(g. ).

)=
Flw) —

= / T+ 1 F(@) — g(@)] + [g(@) — h(w)]
)

(iv) For the proof of this statement we need

Definition 1.2.6. A sequence fi, fa,... : € — IR of random variables is a
Cauchy sequence in probability (or fundamental in probability) provided that
for all € > 0 there exists n(e) > 1 such that for all k,] > n(e) one has that

IP(|fx — fil >¢) < e

Proposition 1.2.7. Let (f,)22; be a Cauchy sequence in probability. Then
there exists a random variable f Q — R such that f,, —p f.

Proof. We proceed as in the proof of Proposition 1.2.3 and find 1 < n; <
ng < ... such that

P ({v: a0l > 5 ) <
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for k,1 > n;. Taking the sequence (f,;)52, we get that

P ({v: @) - @l > 5 }) < 5

iIP ({w Ny @) = oy ()] > ;}) < oo

Applying the Borel-Cantelli Lemma implies

and

P <{w g (W) = foy (W) > 2% infinitely often}) = 0.

Hence -
P ({w : Z | fyr (@) = f, (W)] < oo}) = 1.
We set ]
f(w) = { Fan (@) 4 320 (g (@) = foy @) 1 3052 [ fgr — fyl < 00
0 : else

and get that f,. —> f. Finally, we have to check that f,, — f. For e >0
one gets

P({w: [ful) = f@)] > &])
< P 1) = fo, (@) 4 oy @) = f@)] > £})
< P ({w: 1) = £, @] > 5 ) + P ({02 1oy @) - F@I > 5 })
and
Jim P ({w: 1£a(e) = fuy (@) > 5 1) =0
jIEEO]P ({w (W) = f(w)] > g}) = 0.

]

Now we can finish our proof by showing that (f,)22, is a Cauchy sequence
with respect to d if and only if it is a Cauchy sequence in probability.

Assume that (f,,)5, is a Cauchy sequence with respect to d. For A > 0 we

have that
o few) = fi(w)]
AP ({w T ARG - f@ A}) < d(fi, i) <1

for k,1 > n(n) > 1. For A := 7= with £ > 0 this gives that

19
1+¢

P ({w: [filw) = filw)] > }) <n
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for k,1 > n(n) > 1. Choosing n = &% we end up with

P ({w: [fr(w) = filw)| > e}) <e(l +e)

for k,1 > n(e?) > 1. Hence (f,)2, is a Cauchy sequence in probability.

Now assume that (f,)22, is a Cauchy sequence in probability. Then
for all € > 0 there exists n(e) > 1 such that for all k,1 > n(e)
P ({w: [fe(w) = filw)] > €}) < e. Consequently,

| fr(w) — fi(w)] I
/Ql+|fk(w) _fl<w)d]P(w) < PHw: |fi(w) — filw)] >e}) + 1+€
= et l1+e¢

for k,1 > n(e) > 1. O
To formalize the above we recall the notion of a metric space:

Definition 1.2.8. Let M # (). The pair (M,d) is called metric space, if
d: M x M — [0,00) satisfies

(i) d(z,y) = 0 if and only if = = y (reflexivity),
(i) d(z,y) = d(y, z) (symmetry),
(ili) d(z,z) < d(z,y)+ d(y, z) (triangle inequality).

Convergence in probability can be described by a suitable metric space that
consists of equivalence classes.

Definition 1.2.9. Let M be an arbitrary set. We say that a relation x ~ y
is an equivalence class relation on M, provided that

(i) @ ~x for all z € M (reflexivity),
(ii) if x ~ y, then y ~ x (symmetry),
(iii) if z ~y and y ~ z, then x ~ z (transitivity).

For two elements z,y € M we have either x ~ y or x and y are not in the
relation x ~ y. Based on this one introduces equivalence classes: We have

M =M
i€l
with
(i) M;#0,
(i) M;NM; =0, if i # j,
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(iii) two elements x,y € M belong to the same set M; if and only if z ~ y.
An element x; € M; is called representative. In probability theory we use

Definition 1.2.10. (i) For a probability space (2, F,IP) and a random
variable f : 2 — IR we let

f:={g: Q — R random variable, P({w € Q : f(w) = g(w)}) = 1}.

The set f is called equivalence class (with respect to IP) and f € f is
called representative.

(il) Lo(€2, F,IP) is the space of all random variables f: Q — IR.
(i) Lo(Q2, F,IP) is the space of all equivalence classes from Ly(€2, F,IP).
(iv) For f € fand g € § we let
d(f,9) = d(f,9).
In other words, for random variables f, g : {2 — IR one has f ~ g if and only
if
P({w: f(w) = gw)}) = 1
For f,g € Lo(2, F,IP) and A € IR we introduce the linear operations

Moo= )M,
f+i = f+e

Finally, we have

A

Proposition 1.2.11. The space [Lo(Q2, F,1P),d] is a linear complete metric
space.

1.3 Convergence in mean

Definition 1.3.1. Let p € (0,00) and let (2, F,IP) be a probability space.
Given random variables f,, f : 2 — IR we say that f, converges to f with
respect to the p-th mean (f, pr f) provided that

n—oo

lim g [fn(w) = f(w)[PdIP(w) = 0.

Since f, and f are random variables and x + |z|P is a continuous function,
w | fu(w) — f(w)|? is a non-negative random variable and we may integrate.
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Proposition 1.3.2. If f, +— f, then f, — .
Proof. Let ¢ > 0. Then
P fulw) — F@)] > ) = PUw: [fulw) - < > )
< 5 [ 1) - frape) — o
O

Proposition 1.3.3 (Minkowski inequality). Let 0 < p < 0o and f,g: Q —
IR be random wvariables. Then one has

([1rer+ g<w>|ﬁdﬂ°<w>);
[(/!f PP ) + ([l )]

wherecp:1f0r1§p<ooandcp:2%_1f0r0<p<1.

Proof. We only prove the case 0 < p < 1. Here we get |a + b|P < |a|? + |b?
for all a,b € IR, so that

([ 11+ grrare))’

< ([orae s [opme)’
< 2P1[(/|f PP ) +([lapare)’ ]
where, for 1 < ¢ = 1 < oo, we have used |a + 0| < 297" (|a|? + [b]?). O

From the Minkowski inequality, we get immediately

Proposition 1.3.4. If f,, 9., f,9: Q2 — R, f, = f and g, = 9 then
fn + dn T f + g.

Now, we recall

Proposition 1.3.5 (Holder’s inequality). Let f,g: Q — IR be random vari-
ables, 1 <p< oo, 1 <qg< oo andlzé—i—%. Then

[1f@aire) < ( [ repare )(/|g )P )
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As an application we get

Proposition 1.3.6. Let 0 < p < q < oo. Then from f, = f it follows

Proof. Let r :=% € (1,00) and let 1 =2 + L. Then

falw) — Fw)PdP(w)
- / falw) — F@)P - 1dP(w)

: </Q(|fn(w) —f(W)|”)’"clIP(@)i (/Q 1T*dIP(w)>H

P

= ([ 180 - rparo))’

]

We conclude with the Lorentz-spaces L,. Before we do this we recall the
notion of a Banach space.

Definition 1.3.7. Let X be a linear space and || - || : X — [0,00). Then
[X, || - ||] is called Banach space, provided that

(i

) |lz]| = 0 if and only if x = 0,

(i) |[Ax|| = |A|||z|| for al A € IR (A € C) and x € X,
)
)

(i) [z +yl <= + Iyl and
if (2,)52, € X is a Cauchy sequence, i.e. for all € > 0 there exists
n(e) > 1 with ||z, — x,|| < & whenever m,n > n(e), then there is an

x € X such that

(iv

lim ||z,, — x| = 0.
n

Remark 1.3.8. Properties (i), (ii), and (iii) say that || - || is a norm.

Example 1.3.9. For X = R" and ||z|| = ||(z1, ..., 2,)| = (2% + ---—l—x%)%
we obtain a norm on IR".

In our setting there are some problems with property (i). For this reason we
have to work with the equivalence classes introduced in Definition 1.2.10.
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Definition 1.3.10. For p € [1,00) and a probability space (2, F,IP) we let

(i) £, = {f : © — R random variable, || f||1, :== ([, |f|deP)% < oo},

(i) Ly FP) = {f: J € £,(2.F,1P)} and |[fllz, := I/ ],
Proposition 1.3.11. [L,(Q,F,P),| - |l,] is @ Banach space.

Proof. (i) HfHLp — 0 if and only if f =0 a.s. if and only if f = 0.

(ii) is clear and (iii) is a consequence of the Minkowski inequality.

(iv) Assume a Cauchy sequence (f,)>>, C L,. Then (f,)2, is a Cauchy
sequence in probability since

P ({w: [faw) = fm(w)] > A}) < %an(m — fm@)IE, <e

for n,m > n(\,e) > 1. Hence there is a limit f : Q2 — IR such that f,, — f.
It remains to show that f, —— f as well. We pick a sub-sequence (froe)22y
such that limy, f,, = f IP — a.s. . Applying the lemma of Fatou gives

L 1) = F@PAPG) < timint [ 1£,(0) = i ()P AP() < &

for m > m(e) > 1. O

Remark 1.3.12. (i) One can define L,(92, F,IP) for 0 < p < 1 in the same
way. We get

(a) llz+yllr, <c ([[2llz, + lylle,) (quasi-triangle inequality) and
(b) (Ly,d) is a complete metric space with d(f, g) = ||f — g||§p.
(ii) One can define L,(€2, F,IP) for p = oo as well, where
1 fllo. = esssup|f(w)| = inf{ sup |f(w)|: N e F,IP(N) = O} :
weN weMN\N
Again, [Loo(Q2, F,IP),| - ||2..] is a Banach space.

Proposition 1.3.13. Assume that lim, f, = f as., p € (0,00) and
Esup, |fu|? < oco. Then f € L, andlim, IE|f, — f|? = 0.

Proof. By Lebesgue’s theorem of dominated convergence we get that

E|f]P = lim E|f, [ < oc.

Hence
Ewmn—WS%EGwm#+mﬁ<w
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and, again by dominated convergence,
0=IElm]|f, — f|P =limE|f, — f]".

[

In the last proposition one can replace the condition lim, f, = f a.s. by
lim, f, = f in probability. Indeed, assuming that ||f,, — f||” > 0 > 0 for
a sub-sequence ny < ny < ---, we find one more sub-sequence (ng,);°; such
that lim; f,, = f a.s. and get limy ]E|fnkl — f|P = 0 which is a contradiction.

Summary:
a.s. convergence
L,-convergence
a.s. convergence
convergence in probability
L,-convergence
convergence in probability

L,-convergence if IEsup,, | f,|? < oo
a.s. convergence for a sub-sequence
convergence in probability
a.s. convergence for a sub-sequence
convergence in probability
L,-convergence if IEsup,, | f,|? < oo

IR

1.4 Uniform integrability

Now we want to understand the condition IEsup,, |f,|" < oo for p = 1 from
Proposition 1.3.13 better. We recall that [, |f|dIP < co implies that

lim |f|dIP = 0.

T HIf1ze}

In fact, the latter condition is (of course) equivalent to [, |f|dIP < co. This
leads us to the following definition of uniform integrability.

Definition 1.4.1. Let (2, F,IP) be a probability space and f; : @ — IR,
i € I, be a family of random variables. Then the family (f;);cs is called
uniformly integrable provided that for all ¢ > 0 there is a constant ¢ > 0 such
that

sup / fldP < <,

i€l J|fi|>c

or equivalently,
limsup/ | fildIP = 0.
cloo iel J|fi|>e

Example 1.4.2. Let (Q, F,1P) = ([0, 1], B([0,1]), A) and f,(t) := nX[o,l](t)v
n €I =1{1,2,3,...}. This family is not uniformly integrable because for any
¢ > 0 we have that

Sup/ o (B)]dE = 1.
‘fn‘zc

n
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An important sufficient criteria is

Lemma 1.4.3. Let G : [0,00) — [0,00) non-negative and increasing such
that

and (fi)icr be a family of random variables f; : Q@ — R such that

sup [EG(|f;]) < 0.

i€l

Then (fi)ier is uniformly integrable.

Proof. We let ¢ > 0 and M := sup,.; [EG(]f;|) and find a ¢ > 0 such that
M < G(t)
e~ t

for t > ¢. Then

3

/ UMPSM/‘(MMMPga
|fil>c |fil>c

]

Example 1.4.4. (i) Let G(t) = t? with 1 < p < co. Hence sup,.; [E|fi|? <
oo implies that (f;);es is uniformly integrable.

(ii) One cannot take the function G(¢t) = t as we have in Example 1.4.2
that IE|f,| = 1.

The main statement of this section is

Proposition 1.4.5. Assume random variables f,,f : © — IR such that
fo —p f, E|f.] < 0o and IE|f| < co. Then the following assertions are
equivalent:

(i) fo— fin L.
(i) (fn)22, is u.i.

Remark 1.4.6. The proposition is applied in the following way: Given a
sequence f, —p f such that (f,)%, is uniformly integrable, we get f,, — f in
L. Moreover, the statement says that the uniform integrability is a necessary
condition in order to have this implication. From the mathematics side, the
implication (iii) = (i) is rather surprising.

For the proof of Proposition 1.4.5 we need some lemmata:
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Lemma 1.4.7. The conditions f, —wp f, |fal < g and |f| < g for some g

with Bg < oo imply that
lim/ fndlP = / fdIp.
noJo Q

Proof. Assume that the conclusion is not true. Then there is a ¢ > 0 and a
sub-sequence n; < ng < n3z < --- such that

lé%gp—ljﬂﬂza

But we can find one more sub-sequence ny, such that

fnkl — f a.s.asl— oo.

Applying dominated convergence yields in this case that

hm/hMP:/ﬂW
UoJo o Q

which is a contradiction. O

Lemma 1.4.8. For f € Ly and IP(A4,)) —, 0 one has

hm/(MP:O
n An

Proof. We apply Lemma 1.4.7 to fn = fxa, and get

1ful <|fl=1g and f, —p0

because _
P(|fn| > ¢) <TP(A,) —, 0.

Proof of Proposition 1.4.5. (i) = (ii). We have that

/ f,|dP St/ Ih—fMP+/‘ fldP
{|fn]>c} {|fnl>c} {|fn|>c}

=St [ fflaes [ gl
{fn—=Ffl=e/2} {1f1=ze/2}

lim || f, — fllz, = lim | f|dIP = 0.
n ctoe J{|f1>e/2}

For the middle term we use Lemma 1.4.8 to deduce that

[ idap <
{lfnlZc}

IA

and
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for ¢ > ¢(e) and n > n(c(e),€).

(1) = (i4i) By Lemma 1.4.7 we get that

[l node — [ (sinap
Q Q
because (|f,| Ac¢) —p (|f| A ¢) which is left as an exercise. But then

[ fu| — ELf]
< E(ful Ae) = B A )l + [E]fu] = ([ fu] Ac)]
+IE[f]| = E(f| Ao

sl AR PRI R TAT 2oy N2

{Ifnl=c}

(1i1) = (i) We have that
fo = 1= 1 fal + 1f1] < 21

and

[fo = 1= |ful + /] —p 0.
Hence, by Lemma 1.4.7,

Ellfo = fl = fal + /] =2 0

and
]E’fn - f| —5 0

because E|f,| —, E|f|. O

1.5 Independence
In this section we will recall the important notion of independence.

Definition 1.5.1. Let (2, F, IP) be a probability space and (f;);e; with I # ()
be a family of random variables f; : Q@ — IR. The family (f;);e; is called
independent provided that for all distinct iy, ...,43, € I and By, ..., B, € B(IR)
one has that

P(fi, € By, ... fi, € Ba) =P(fi, € B1)---IP(fi, € By).

The main mathematical question is in the beginning to what extent inde-
pendent random variables do exist. This question one might easily overlook.
The positive answer is
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Proposition 1.5.2. Let [ ={1,2,....,n} or I ={1,2,3,....}. Given probabil-
ity measures py, on B(IR), k € I, there exists a probability space (Q, F,IP) and
independent random variables (fi)ker, fr @ Q@ — IR such that law(fy) = pu,
1.€.

P(fr € B) = ux(B) forall B € B(RR).

Proof. (i) Assume that I = {1,2,...,n} and take Q := R", F := B(IR"), and

IP := ®}_,pr. As random variables we choose the coordinate functionals
fi : Q=R with fp(zy,...,2,) = Tp.
The maps f; are measurable as
fi'(By) =R x -+ xRx B, xR x - xR e B(IR")
for all By € B(IR). Finally,

]P(fl € Bl; 7fn c Bn) = ]P(Bl X X Bn)

I
&
i
=
=
S
X
X
™
N

and, by fixing k£ and letting B; = IR for | # k,

]P(fk € Bk) = ]P(fl S ]R’J"'7fk—1 € ]]-:{7 fk € Bkafk—‘rl € Rv‘”afn S R)

= u(R) - pe—1 (R) e (Br) 1 (IR) - - - i (IR)
= u(Br)

which proves our statement for a finite index set I.

(ii) Now let us turn to the case I = {1,2,3,...}. As measurable space we
choose (2, F) = (RN, B(RY)) with
IR]N = {(QEk)ZO 1Tk € IR}

and B(IR™) being the smallest o-algebra containing all cylinder sets
Rx---xRxB,xRxRx--- with Bye B(R).

As family of random variables (fx)52; we again use the coordinate functionals
fr(x1, 29, ...) := xp. Using exactly the same argument as in (i) (the reader
should check this) the proof is complete if we find a probability measure IP
on F such that

P(By X By X -+ X By x RxX R+ ) = ju1(B1) - - - p1n(By).
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Obviously, this measure will be denoted by

Qp k-

We use Carathéodory’s theorem to construct this infinite product measure.
As algebra we take A to be

{ finite unions of (ay,b1] X -+ X (an,by] X RXR X+, —00 < a;, < by < 0o}

with the convention that (a,oc0] = (a,00). It is clear that A is an algebra
and that o(A) = B(RY). Define the "pre-measure’ IPy on A by

Po((a1,b1] X -+ X (@n, by] x Rx R x -+ ) = [ [ i ((ar, bi))-
k=1

We skip the formal check that [Py is correctly defined. But we indicate that
IP, is o-additive on A. Here we have to show that

Py (U Al> = Z]PO(AZ) for A, Ag,...€ A and UA[ e A
=1 =1

=1

whenever Aq, As, ... are pair-wise disjoint. It follows from the properties of
finite product measures and the monotonicity of IP, that

iﬂjo(z‘lz) <P (LLJ Az) <P (G Az) .

By L T oo this implies

iﬂ)o(Az) <P <G Az) :
=1 =1

Assume that we have a strict inequality, i.e. there is some § > 0 such that

Py (U Al> > ) TPo(A) + 6.
=1 1=1
Defining

BL = (DA[) \(A1U"'UAL)

one gets By O By D --- and ()2, B; = (). With this notation the above
assumption translates into

Po(Br) >¢6 forall L=1,2,..

By induction one can define a sequence of sets C,, such that
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.Cnan7
e (1 20,2+,
e (), is a finite union of sets of type [a1,b1] X -+ X [ag,bg] X RXR X -+,

Take for example C; C By with Po(B; \ C) < §/8 and continue with Cy C
BQ N Cl with IP(]((BQ N Cl) \ CQ) S 5/16 etc. Hence

@:ﬂBl QﬂC’ﬁé@
=1 =1

which is a contradiction. O]

1.6 Two examples for almost sure conver-
gence

1.6.1 Strong law of large numbers (SLLN)

There are different versions of the SLLN. We prove a version which goes back
to Kolmogorov.

Proposition 1.6.1 (Kolmogorov !). Let (Q, F,TP) be a probability space and
fi, fo, .. Q — IR random variables such that

(i) fi, fa, ... are independent,
(ii)  fi1, fo,... have the same distribution and
(iii) E|fi] < oo.

Then one has

lm = (fi(@) 4+ fu@)) = Ef as. .

n—oo 1

For the proof we need a couple of preparations.

Proposition 1.6.2 (Inequality of Kolmogorov). Let fi, f2,... : @ — R
be independent and such that Ef, = 0 and IEf> < oco. Then, for S :=
fi+ A+ frs ,
ES
P (max |Sk| > e) < —"
1<k<n €
for all e > 0.

! Andrey Nikolaevich Kolmogorov, 25/04/1903 (Tambov, Russia) - 20/10/1987 (Mos-
cow, Russia).
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Proof. Let A == {|S1| <e,...,|Sk-1] <&,|Sk| > €}. Then

eIP <max |Sk| > 8) =¢e? Z]P (Ag) < Z SZdIP
k=1 k=17 Ak

1<k<n

n n n 2
< Y / S,deP+2/ sk<z fi)leJr/ (Z fi) dIP
k=1 |74 Ak i=k+1 Ak \i=k+1
= Z/ sgleg/S,idIP.
Ay, 0

k=1

Proposition 1.6.3 (Kolmogorov-Chinéin). Let fi, fa,...: 2 — IR be inde-
pendent and such that Ef,, =0 and > > | IEf? < co. Then

P ({w ; an(w) is convergent}) =1

Proof. Given € > 0, we get

P (sup|Sn+k—Sn| 25) = lim IP( sup |Snik — Sul 26)
E>1 N—oo 1<k<N
| X

: 2

< lim > Elfi]
k=n+1

1 o0

= 3 > Elfif* -0,
k=n+1

where we have used Kolmogorov’s inequality. Hence
lim IP (sup | Sy — Sp| = z—:) =0.
As an exercise we show that this is equivalent to

IP ((Sy)y2, is a Cauchy sequence) = 1.

n=1

Next we need two Lemmata from analysis:
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Lemma 1.6.4 (Toplitz ?). Let a, > 0, b, := a; +as + -+ + a, > 0,
lim, b, = co. Assume (x,)7>; C R such that lim, z,, = . Then

n

1
n
=1

Proof. The proof is an exercise. O

Lemma 1.6.5 (Kronecker 3). Let 0 < by < by < bg < ... with b, — oo and
()2, CIR so that > 7 | x, is convergent. Then

1 n
0 > bz = 0.

Proof. We let by =0, So=0and S, :=x1+---+ z,. Then
1 & 1 <&
o > by = ™ D bS5 = S)

1 n
- E (bnSn - boSo - JZI Sj—l(bj - bj_1>>

1
== S”_b_zsj_l(bj_bj_l) W z—x=0.

n

j=1
O
Lemma 1.6.6. Let f: Q) — IR be a random variable. Then
SoR(1zm) < [ [71dP < 14 3 P(l7] = )
n=1 n=1
Proof.
DP(f=n) = > Y PEh<[fI<k+1)
n=1 n=1 k>n
= Y kP(k<|fl<k+1)
k=1
< IE[f].
The other inequality is proved in the same way. ]

20tto Toplitz, 01/08/1881 (Wroclaw, Poland) - 15/02/1940 (Jerusalem, Israel).
3Leopold Kronecker, 07/12/1823 (Legnica, Poland) - 29/12/1891 (Berlin, Germany).
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Proof of Proposition 1.6.1. We can assume that IEf; = 0. The idea is to
truncate the random variables and to apply the theorem of Kolmogorov-
Chincin 1.6.3. We let

£ _J faw) s [ faw)] <n
folw) == {0 | falw)] >0

and gn<w) = fn(w) - Efn
(i) Now we compute

=1 =1
;nzlEgn < ;nzﬂﬂf?

o0

1
=) —SEX{fal<n} fu

n=1

- Z Z EX (k1< <k} f7

n=1 k=1

= > 1> )EX{k 1<|f1| <k} T
k=1 \n= k

IN

2 Z kIEX{k 1< i<k} ST

IN

2 Z EX (i—1<11 <k} f1]

k=1
= 2E|f1| < 00,

where we have used that

(i) Applying Proposition 1.6.3 gives that >~ %gn is convergent almost
surely. Applying Kronecker’s Lemma gives that

1 1 1 1 1
— |1 -1 +2 - zgo+...+n-—go | =—(1+...+9n) =5 0.
n 1 2 n n

(i) To replace g by f we need to show that % >y Ef, — 0. According to
the Toplitz-Lemma it is sufficient to prove that IEf,, — 0. But this follows
from

Efnzf fndIP=/ fudIP T’/fldIP:O
{lfnl<n} {lfrl<n} Q

because of dominated convergence. So we get %22:1 IE f, — 0.
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(iv) To replace f by f we use Borel-Cantelli. We observe
E|fi <oo <= Y P(lfil 2n) <o
n=1

— i]P(|fn| >n) < oo
n=1

— P{w:#{n:|fulw)|>n}<oo})=1
and let Qo := {w : #{n : [fu(w)| = n} < oc}. Hence, for all w € Oy we get

some n(w) such that for n > n(w) one has f,(w) = f,(w) and

lim = (fi(w) + ... + fu(w)) = lim ~ (@) + .+ Falw).

n—oo 1, n—oo 1

This completes the proof. [

Now we consider a converse to the Strong Law of Large Numbers.

Proposition 1.6.7. Assume that (2, F,1IP) is a probability space and that
fi, fo, ... : Q = R are independent random variables having the same distri-
bution. If there is a constant ¢ € IR such that

1
ﬁ (fl + ...+ fn) ——C IP-CL.S.,

then IE|fi| < co and IEf; = c.

The proof will be subject to an exercise.

As an application we deduce a result of Borel. Let ¢ € [0,1) and write

=1
t= Zz—ntn, t, € {0,1},

n=1
where #{n : t, = 0} = co. Hence

Xz

T n x Tn 1
{t:tlle,...,tn:xn}:{t:?1+...+2—n§t< —i—...—i———i——}.

L

2 2n - 2n
Let Q@ =1[0,1), F = B(]0,1)), A be the Lebesgue measure.

Proposition 1.6.8 (Borel). Given t € [0,1) we let

Zn(t) =#{1<k<n:t,=1}.

A <{t €0.1): Z(t) — %}) _

Then
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Proof. Letting f,(t) := t, we simply have £Z,(t) = 2(fi1(¢) + ... + fu(t)).
The random variables fi, fo,...: Q — IR satisfy

1

AMA=0,....fu=0§)= oN =A(fi=01) - A(fn=0N)
for all 0y,...,0y € {0,1} and are therefore independent as one can replace
the condition {fy = 0} by {f € By} for By € B(IR). Hence we can apply
the SLLN and are done. O]

1.6.2 The law of iterated logarithm (LIL)

Assume that we have independent random variables fi, fa,... : @ — IR
having the same distribution and mean zero. Define

Sp(w) = filw)+ ...+ fu(w), So:=0.

We get a random walk. To get information for the random walk one is
interested in functions ¢(n) and 1 (n) such that

lim sup =1 as.
n o p(n)
and g
liminf —~ = —1 a.s.,
n (n)

so that for all € > 0 the area between (1 + ¢)¢(n) and —(1 + €)1(n) is left
only finitely many times with probability one.

Proposition 1.6.9 (LIL, Chiné¢in, Kolmogorov, Hartman, Wintner). As-
sume that fi, fa,...: Q — IR are independent random variables, having the
same distribution, such that IEf; =0 and Ef? = 0> > 0. Let

¥(n) ;== y/20%nloglogn.

P <1imnsup wng) = 1) =1P <hn¥nf% = —1> =1.

For the proof of a special case we need two lemmata.

Then

Lemma 1.6.10. Assume that fi,...,fn : @ — IR are independent and
symmetric, that means

IP(fk € B) :IP(—fk EB)
for all B € B(IR). Then

IP(maX Sn>a) < 2P (Sy > a)
1<n<N

for S, =fi+...+ fn anda € R.
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Proof. We let

Ap ={w: S W) >a 5 w) <a,...,S1(w) <a}

so that N
P (112%}%/ Sy > a) = Z:IIP (An)
Moreover,
IP({Sy>a}NA,) > IP{Sy>S,}NA,)
= P({Sy = Su})IP(4)
1
= -IP(A
2]P ( n) 9
so that

N
P(lg%}%VSn>a> < 2ZIP({SN>a}ﬂAn)

n=1

< 2]P(SN > (Z).

Lemma 1.6.11. Let S,, ~ N(0,0%(n)), o%(n) / oo and
a(n),o(n) >0 andn > 1. Then

a(n)
(n)

— 00, where
o n

20, -1
lim IP (S, > a(n)) M€*202(<73) =1
n—o0 2ma(n)

Proof. The assertion follows immediately from

[V

2
1 foo % z
—— e zdy —e 7
. Vor Jx . .
lim =% —— = lim ~ — = lim =1
2 T70 _ 2077 — e 2 )

Proof of Proposition 1.6.9. We only indicate the proof for f, ~ N(0,1), n =
1,2,... and show that

P (limnsup wf;) < 1) =1
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Assume ¢ > 0 and a sequence ngfo) < n,i?H < ... Define

A = {w €N:8,(w) > (1+¢e)Y(n) for some n € (ngf),n,(ﬁl]}
and

A, :=limsup A} = {w € Q:w € A} for infinitely many £k > ko}.
k> ko

Assume that we have IP (A.) = 0. Then
#{n: Sy (w) > (1 +e)Y(n)} < oo

for all w € A.. Letting

[e.e]

Qo= A
N=1

gives a set of measure 1. Moreover,

¢}

1
#{n:sﬂ(w) >1+—}<oo forall weQygand N=1,2,....

b(n) N
Hence
limnsup f’;((:)) <1+ % forall weQygand N=1,2,...
and
lmsup 29 <1 for all we 0.
no ¥(n)

So it remains to show that IP(A.) = 0. We take n,(f) =\ = (1+¢)* and
some (large) ko > 1. According to Borel-Cantelli it is sufficient to prove that
> ko IP(A7) < 00. We get by Lemma 1.6.10 and 1.6.11 that

P (A})

P (Sn > Mp(n) for some n € (n\?, n@ﬁ)

IA

P (Sn > \i) (n,(:)) for some n € (n\”, n,&iﬁ)

IA

P (Sn > A\ (n,(f)> for some n < ”1521)

21 <S[n<;+)l] > A (n§j>>)

(e) 2. (n(8))2
[nkH -
2@0—(@ 2[nk+1]

V2rp(n))

k+1
2

IN

IN

2
_ 2CO A e*)\g‘ﬁ)\k log log(\F)

V21 A/ 2)F log log \F
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so that

_ k
cle Aloglog(AF)

Cle—)\log(klog A)

—Alogk _—AloglogA

c1e

Cgk’_)\

e

d P (A)<ed k<o
k>ko

k>ko

43
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Chapter 2

Characteristic functions

2.1 Complex numbers

We identify
C=R?={(z,y) : 7,y € R}

and write
Coz=ux+iy=(z,y) € R?

where x = Re(z) is the real part of z and y = I'm(z) is the imaginary part
of z. The complex numbers are an extension of the real numbers by using IR
as C with z +— (x,0) =z + - 0. We recall some definitions:

Addition. For z; = (z1,11) and 25 = (9, y2) we let
2+ 2= (21 + 22,00 + ) = (21 + 22) +i(y1 + y2).
Multiplication. For z; = (z1,y1) and 2o = (29, y2) we let

2122 1= (T122 — Y1Y2, T1Y2 + Tay1) = (2122 — y1y2) + i(T1y2 + T201).-
Remark 2.1.1. (i) If we interpret i2 = —1, we get this formally by

(21 +iyy) (mg + iy2) = 2109 + 2y1ys + i(@1y2 + Toy1).
(i) If z; = (21,0), then 21290 = (2122, 21Y2) = x1(22,y2) and, in the same
way, if zp = (22, 0), then 2125 = 22(71, y1).
Length of a complex number: If z = (z,y), then |z| = /22 + y>.

Conjugate complex number: If z = (z,y), then z := (z, —y) = = — iy.
We have that 2z = 22 + y* = |z|%.

45
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Polar coordinates: These coordinates are given as (r, ¢) where r > 0 and
¢ € [0,2m) are determined by

xr = 7rcose,

= rsing.
Note that r = |z| and that ¢ is not unique whenever r = 0.

Now we recall the notion of the complex exponential function.

Definition 2.1.2. For z € C we let

o
zZ Zn
e” = E —,
n!

n=0

where the convergence is considered with respect to the euclidean metric in
IR?.
Proposition 2.1.3. (i) For all z1, 23 € C one has 722 = e*1e*,

(i) One has € = cosx + isinz for v € R (Euler’s ' formula).

Proof. (i) is an exercise. (ii) follows from
e :———+——...+2(———+——...):cosw+151na:.

]

Complex valued random variables.
Definition 2.1.4. Let (2, F) be a measurable space.

(i) A map f : Q — C is called measurable, or random wvariable in case
(Q, F,1P) is a probability space, provided that f : Q — IR? is a random
variable, i.e. for f = (fi, f2) the maps fi, fo : 2 — IR are measurable.

(ii) A random variable f : Q — C is called integrable provided that

/Q|f(w)|d]P(w) < Q.
In this case we let

/Q f@)dPW) = [ Re(f(w))dP(w) +i / I (f(w)) dIP(w).

Q Q

Leonhard Euler 15/04/1707 (Basel, Switzerland) - 18/09/1783 (St Petersburg, Rus-
sia), Swiss mathematician.
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2.2 Definition and basic properties of charac-
teristic functions

The concept of characteristic functions is one of the most important tools in
probability theory, and it also gives a link to harmonic analysis. The idea
is to describe properties of random variables f : {2 — IR or of measures on
B(IR%) by a Fourier transform.

Definition 2.2.1. Given d € {
probability measures 1 on B(IR?

1,2,...}, we let M;(IR?) be the set of all
).
The number ‘1° stands for x(IRY) = 1 and ‘+* for p(A) > 0.

Definition 2.2.2. (i) Let u € M (IR?). Then

fite)i= [ edu(y), @ € R
Rd

is called Fourier transform of pu.

(ii) Let f: Q — IR? be a random variable. Then

o~

f(z) = [Ee®f) = / ei(x’f(“)>dﬂ3(w)
Q

is called characteristic function of f.

Remark 2.2.3. (i) i and f exist, since |e/@¥| = [e{@)] = 1 and
y — €@ is continuous, so that y — e*@¥ and w +— e®/@) are
measurable.

(ii) If ps is the law of f : Q@ — TRY then flz) = fif(z) for x € R 1In
fact, this follows from the change of variable formula where we get, for

b(y) = e,
(e @) gIP(w) = _ | gitew
/Qe dIP(w) /IRdw(y)duf(y) /}Rde dps(y).

Example 2.2.4. (a) Let a € IR* and §, be the Dirac-measure with

1, a€eB

Then
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(b) Let ay,...,a, € R, 0 <6, <1, Yo bi=1and p=> ", 60;0,. Then

fz) =0 =3 "0 (cos (x, a;) + isin (z, a;))
=1 =1

which is a trigonometric polynomial.

(c¢) Binomial distribution: Let 0 <p<1,d=1,n€ {1,2,...} and
Y n—k k
p({k}) == <k)p (1—=p)¥, for k=0,...,n.
Then
i) = [ eduty)
- n — T
= Z (k>pn k(l _p)ke k

0

S (e
= (p0+ (1—p)e™)".

Proposition 2.2.5. Let u € M; (IRY). Then the following is true:

5

ol

S

(i) The function i : R — C is uniformly continuous, that means that
for all € > 0 there exists 6 > 0 such that |fi(z) — u(y)| < e whenever
1

=yl = (XL o - ) <6,
(i) For all x € R* one has |fi(z)| < [(0) = 1.

(iii) The function [ is positive semi-definite, that means that for all
z1,..., 2, € R and My, ..., \, € C it follows that

Z )\kj\lﬂ(iﬁk — $l) 2 0.

k=1

Proof. (ii) This part follows from

‘/}Rd ei<r,y>du(y)‘ = ‘/}Rd cos (7, y) du(y)Jri/]Rd sin (z, y) d#(y)‘

= (de cos (z, y) du(y) 2

(S

+ '/]Rd sin (z,y) du(y)

)
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(/;ﬁkxﬁ<x’yﬂ2dﬂ(y)%_jga|ﬁn<x,y>Fcudy))é

= 1,

VAN

where we have used Holder’s inequality.
(iii) Here we have that

Z )\kj\l,a(xk — Q;l) = Z )\k)\l/ €l<$k*xl:y>d,u(y)

ki=1 k=1
= Z )\k)\l/ eitmn ) o= eny) gy (),
k=1

Since € = cosa +isina = cosa —isina = cos(—a) +isin(—a) = e, we
can continue to

> NNy — @) = /]Rd Z)‘Aemky “Hevidp(y )]

k=1 Lk,i=1

_ A, @y Ne—i@w) | d
[Nl e
k=1 =1
n 2
R* |21

(i) Let € > 0. Choose a ball of radius R > 0 such that (IR \ Bg(0)) < 1

where

dp(y) = 0.

d 3
Br(0) =<z € R*: (Z |xz|2) <R
i=1

Take 6 := 5. Then, since |¢"* — ¢’| < |o — 3| and by Hélder’s inequality, if
|1 — 222 < 6

(1) = fi(s))|

< / me—é@wWMw+/‘ 1) _ i) dp(y)
Br(0) RN\ Bg(0)

< [ Nw-mpldt)+ [ 2y
Br(0) R\ BR(0)
e
< s — 2l / lylhduty) + 25
Br(0)
—R 2—_
SRt T3TE
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Now we connect our Fourier transform to the Fourier transform for functions

YR — C.
Definition 2.2.6. For a Borel-measurable ¢ : R? — C such that

/ () dA() < oo
Rd

we let

dw)i= [ i

be the Fourier transform of ¢, where 2 € IR? and \ is the Lebesgue measure
on IR%.

Before we give the connection to our previous definition of a Fourier transform
we extend Definition 2.2.2 to more general measures.

Definition 2.2.7. Let (Q, F) be a measurable space. A map p: F — R
is called finite signed measure, provided that yu = p* — p~, where pu* and
p~ are finite measures u, u~ : F — [0,00). The collection of finite signed
measudres is denoted by M(Q, F). In case of M(IR?, B(IR?)) we simply write
M(IR?).

Definition 2.2.8. For u € M(IRY) we let
= / N dpt (y) — / I du (y).
R4 R4

The expression does not depend on the decomposition g = pu+ — u~. Let us
now connect the different definitions.

Proposition 2.2.9. Let ¢ : R? — IR be Borel-measurable such that
f]Rd lp()|d\(x) < co. Define

Then one has the following:

(i) ue M(RY with p = p* — p~, where
W (B) = [ oot @) i)

o = max{p,0} and ¢~ := max{—¢,0}.
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(i) @(z) = fi(x) for all x € R%

Proof. Assertion (i) is obvious, (ii) follows from
i(r) = / Y dpt(y) — / e“Ydp(y)
R4 R4
= [ e manm - [ e man)

]R,d
- / o (y)dA(y).
]R,d

2.3 Convolutions

Often one has the problem to compute the distribution of f; + -+ + f,
where fi,.... fn : @ — IR? are random variables. We already considered
some problems in this direction in the SLLN and LIL. Now we introduce a
technique especially designed for this purpose: the convolution.

Definition 2.3.1 (Convolution of measures). Let p1,..., 1, € M7 (IRY).
Then juy * - -+ % pi, € MT(IR?) is the law of f : Q — R? defined by

i) (QFP):=(Rx - xRY BR)®--- @ B(R?), p1 X -+ X i),
(H) f(mla-"axn)::$l+"'+$n7
that s

(g %k ) (B) = (g X o+ X ) {(21, ..y 2) s 21+ -+ 2, € B}).

The measure fiy * - - - * [, s called convolution of pi1, ..., .

Remark 2.3.2. One has R x --- x R = R" and B(RY) ® - -- ® B(IR?) =
B(IR™).
Example 2.3.3. Let ¢ € R¢ and

1, a€eB

%(B) = {0 a¢ B

be the Dirac-measure §, € M (IR?). Then 6,, * -+ * 64, = Oy 4 ta,-
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Proof. By definition,

(Oay * -+ *5an)(B)
(5a1><" )({(.131,..., >:x1+"'—|—£€n€B})
..... an) ({21, 20) s + -+ + 2, € BY)

J1, ai+-+a,€B
0, ay+---+a,¢ B,

Example 2.3.4. § * p1 = pu* 8y = p for all p € MT(IR?), that means that
dp is a unit with respect to the convolution.

Proof. By Fubini’s theorem
(0o + p)(B) = (60 x p) ({(1,22) - 21 + 2 € B})

_ /}Rd [/}Rd xB(z1 + 29)d0o(21) | dp(as)
_ /IR xw(@2)du(rs) = p(B).

For the other direction one can use Proposition 2.3.5 below. O

Proposition 2.3.5. For juy, jis, i3 € M7 (IR?) one has
(1) pa* po = pig * pua,

(1) o (p2 * pa) = (i * pio) * g = fu1 * o * 3.

Proof. Let fi, fo, f3 : € — IR be independent random variables such that
law(f;) = p;. Now (i) follows from the fact that f1 + fo and fo + fi have
the same distribution, and (ii) follows from fi + (fo + f3) = (f1 + f2) + f3 =
fi+fa+ /s O

As before, we consider the convolution for functions as well. What is a
good candidate for this? Assume @1, @y : R — [0,00) to be continuous and
such that f]R 1(x)dx = f]R @o(z)dz = 1 and define p;(B) = [, ¢;(z)dx,
B € B(R), for j = 1,2 so that pr, 2 € MT(IR). Now let us formally
compute

(b1 * p2)(B) = (1 X p2)({(21,22) - #1 + 22 € BY})
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= [ ][ ol + aeneiine | eaain)
— [ | et - epino)| eateine
- [ w(x—xz)wz(m)mg)] aA(z)

by Fubini’s theorem. Hence (g1 * 2)(z) := [ ¢1(z — y)p2(y)dA(y) seems to
be a good candidate.

Definition 2.3.6 (Convolutions of functions). (i) Let fi, fo : R? — IR be
Borel-functions such that fi(x) > 0 and fy(z) > 0 for all z € R,
Jga fr(z)dAg(z) < o0 and [ f2(x)dAg(x) < co. Then

(f: + / fi(@ — ) o) dhaly).

The function f; * fo : R? — IR is called convolution of f; and fs.

(ii) For Borel-functions fi, f» : R* — IR such that [p |fi(2)|dAa(z) < oo
and [ | fa(z)|dAg(z) < 0o we let

(frxfo)(@) = (fi = f2)) (@) = (A7 o)) (@) = (fy  f0) (@) + (fr = f2)(@)

if all terms on the right-hand side are finite.
We need to justify the definition above:

Proposition 2.3.7. Let fi, f> : R? — IR be as in Definition 2.3.6(i). Then
one has the following:

(i) fi* fo:IR?— [0,00] is an extended measurable function.

(i) Aa({z € R?: (f1 * fo)(x) = c0}) = 0.

(ifl)  [ra(fi* fo)(@)dNa(z) = [ga fi(@)dNa(@) [Ra fo(z)dAa(@).

Proof. Consider the map ¢ : R? x R? — IR defined by
9(z,y) = filz —y) fa(y)-

We get a non-negative measurable function ¢ : IR x IR? — IR and can apply
Fubini’s theorem. We observe that

/]Rd /Rdg(fcvy)dkd(x)dkd(y) = /IR ) { | N1@ = 0 Rw)dA()| dhaly)
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= /d [ " fi(z — y)d/\d(x)} J2(y)dXa(y)
— /}Rd fa(y)dAa(y) /IRd fi(z — y)dAa(z)
< Q.

implies (iii). Moreover, (i) and (ii) follow as a byproduct from Fubini’s the-
orem. U

Remark 2.3.8. The Lebesgue measure of those z € IR? for which we cannot
define (f; * f2)(x) in Definition 2.3.6(ii) is zero so that we (can) agree about
(f1* f2)(x) = 0 for those x.

Now we connect the two convolutions to each other.
Proposition 2.3.9. Let iy, ji; € MT(IR?) with
wi(B) = / dXB(x)pi(:v)d)\d(x), 1=1,2,
R

for Borel-measurable and non-negative py,ps : R* — IR such that

/del(x)dAd(ﬂf) —/ pa(x)drg(z) = 1.

Then
(2 % p2) (B) = / (91 % pa) () (@) dAal).

Rd

Exercise 2.3.10. Compute i1 * po, where p; is the uniform distribution on
la;,a; + 1] C IR fori=1,2.

2.4 Some important properties

Proposition 2.4.1. For u,v € M{(IR?%) one has the following:
(i) fi+0=p+v where (u+v)(B) = uB)+v(B).
(i) p*xv=rmv.

(i) If A= (aiy)¢;, R? — IR? is a linear transformation, then

A(p) () = (A ),

where A(p)(B) == p(x € R?: Az € B).
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(iv) If S, : R — R is the shift operator S,z := = + a, a € RY, then

—

Sal) = 0uf.

Proof. (i) is clear, (ii) follows from

() = / / &) dyu(y)dv(2)
R4 JIRY

_ / ¢ du(y) / &) du )
R4 R4

~ ~

— Ail0)i(a).

(iii) is an exercise and

implies (iv). O

Definition 2.4.2. A system II of subsets A € (2 is called m-system, provided
that AN B €1l for all A, B € 1I.

Proposition 2.4.3. Let (2, F,IP1) and (2, F,IPs) be probability spaces such
that IP1(A) = IPy(A) for all A € 11 where 11 is a m-system which generates
F. Then lpl = ]1:)2.

Examples 2.4.4. (a) If (Q,F)) and (€, F2) are measurable spaces, then
H::{A1XA21A1€F1,A2€JT2}
is a m-system.

(b) Assume a metric space M with the Borel-o-algebra generated by the
open sets. Then the system of open sets of a metric space is a w-system
that generates the Borel o-algebra. Another m-system that generates
the Borel o-algebra is the system of closed sets.

Proposition 2.4.5. Assume that f1,..., fn: Q — IR? are independent ran-
dom variables and that juy, .. ., p, € MT(RY) are the laws of f1,. .., fa, that
means that

P (f € B) = ux(B) for all B € B(IRY).
Then pq * - - - * pu, is the law of S :== f1+---+ fn.
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Proof. Define the product space %(]Rd, BRY), i) =: (M, %, Q) and consider
)

the random vector F : Q — IR™ given by F(w) := (fi(w), ..., fu(w)). Let u
be the law of F. Then, by independence,

By x -+ xBy,) = P(fi € By,...,fn€By)
= [P e By
k=1

= (B1) - pn(Bn)
= Q(B; x--- X B,).

Since the system I := {B; x- - -x B,, : By € B(IR%)} is a generating 7-system,
we get that © = Q. Consequently,

P(SeB) = u{(xy,...xy) 214+ +x, € B})

= QU{(x1,...wn) t @1 + -+ 2, € B})
= (g * - xp,)(B).

A hopefully motivating example.

Example 2.4.6. Let fi, fo,... : 2 — IR be independent random variables
having the same distribution. Let

1
Sy = %(f1+“-+fn)-

We are interested in the convergence of S,, and compute their characteristic
functions. Here we get that

o —

Sa(t) = (%+---+%)(7ﬁ)=(uh:um>(t>

where ufT,% is the law of \’;—%

Now we ask:

(Ql) Under what conditions does (J?l(\/iﬁ))” converge to a function ¢? If
yes, is the limit ¢ a characteristic function, i.e. does there exist a
probability measure p such that = .

(Q2) And finally, if there is a measure p, what is its connection to the dis-
tributions of S,,7
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The second question will be answered now.

Proposition 2.4.7 (Uniqueness). Let yu,v € M{(RY). Then p = v, if and
only if it = V.

Proof. 1t is clear that if u = v, then ;1 = . Let us show the other direction
and assume f € Ll(IRd; C). By Fubini’s theorem we get

[awsant) = [ [ e i

_ / d { /m ) e f(y)dAa(y) | du(x)
_ /IR F@)n()

Hence i = v implies that [pq Fla)du(z) = Jra Flx)dv(z) for all f €
Li(IR% C). Now we need a little more background and interrupt the proof.

Definition 2.4.8. Let

Co(R% C) := {g : R — C continuous and lim |g(x)| = 0}

|z|—o0

and

l9llcy == sup [g(x)].
zelR4

Proposition 2.4.9 (Riemann & Lebesgue). For all f € L;(IR%; C) one has
/€ Co(R% C).

Proof. First of all we remark that by decomposing f into the positive and
negative parts of the real and imaginary part (so that we have four parts)

and applying Proposition 2.2.5 we get that f is continuous. Next we recall
that

Foy -3 = | [ 1706 - st =it
< [ 1) = swlin)

= If =gl

Assume that £ C Li(IR%; C) is a dense subset such that fo € Co(IR% C) for
fo € E. Letting f € L;(IR%; C) we find f, € E such that lim,, || f, — f|lz, =0
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so that lim,, sup,cpa |fu(z) — f(z)| = 0. Given £ > 0 we find an n > 1 such
that || f, — fllc, < € so that

~

Iy |7(@)| = I |F(a) = Fulw)| < =
Since this holds for all ¢ > 0, we are done. What is the set E7 We
can take all linear combinations of indicator functions g(x1,...,z4) =

X(ar,b0) (1) =+ * X(agbg) (Ta) for —oo < ap < by < oo. In this case we obtain
that g(z1, ..., 2d) = X(a1,60)(T1) * * X(aaba) (Ta) and

% I .
X(arb) (Th) = / e dyy, = — (emkbk - ew’“a’“) — 0, as [zy| — oo.
[¢77 Zxk

]

The second result we need is

Proposition 2.4.10 (Stone & Weierstrass). Assume that A C Cy(IR?%; C)
satisfies the following properties:

(i) A is a linear space.
(il) g1,92 € A implies g1g2 € A.
(iii) g € A implies g € A.
(iv) For all zg € R? there is a g € A such that g(zo) # 0.
(v) For all xg # 1 there is a g € A such that g(xo) # g(x1).

Then A is dense, that means that for all g € Co(IR%; C) there exists g, € A
such that lim,, sup,, |g,(z) — g(z)| = 0.

We leave this without proof.

Corollary 2.4.11. One has that
A= {]/“\ R C:fe Ll(IRd;(C)} C Co(R%C)

1s dense.
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Proof. Proposition 2.4.9 implies A C Cy(IR%; C). Now we have to check that
the conditions of Proposition 2.4.10 are satisfied.

(i) is clear.

(i) fifo = fix fo and || fr # follo < | fllolfolle,

(iii) Here we have that

Py = [ ey = [ e = )y = Fi-o)

(iv) Let x € RV = {zo+y : Jy| <1}, f(x) := Xv(m)e_i<‘”°’x> € Ll(IRd;(C).
Then

~

(o) = / de’“mm(:c)e*““fwdxd(x) = X\(V) > 0.
R

(v) Let xg 7é z1 and zp 1= (z9 — xl)/|x0 - ZL‘1|2 Then eizo20) £ eilz1.20)
because of eH®0=71:20) — ¢t £ | and ¢“®02) £ %712 for all z € W, where W
is a small neighborhood of zy. Let f(x) := xw (z)(e"##0® — ¢=i@12)) Then

\

-~

f(ZUO) - f(-Tl) - / [€_i<xo,y> — e_i<x1’y>} [€i<x07y> e'for ] d)\d( )
w
g / ‘ei<m0’y> — 6i<1‘17y> |2 d)\d<y> > 0
w

O

Now we finish the proof of the uniqueness theorem Proposition 2.4.7. We got

that R
- [ Fajavta)

for f € Li(IR% C) and want to show that u = v. Assuming g € Cy(IR%; C)
and f, € L1(IR%; C) such that ||g — fy|le, ——0, We get that

‘/}Rd g(z)dp(z) — /IRd g(x)dv(z)
- ‘/ )} dp(z) — /]Rd [g(x) — J?n(x)] dv(z)

= 2Hg_f" Co

- 0.

Let us define now the system
IT .= {(al,bl] X oo X (ad,bd] o0 < ag Sbk<OO, kzl,,d}
For large n we find functions

1: T € lay + =, by
g,i”)(). 0: :Egakor:vaqu%

linear : otherwise
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so that

d
Jim TT 08" () = Xpyg o (2):
k=1

Since ¢g"(z) := HZ:1 g,(cn) (z1) € Co(IR%;C) we get by majorized convergence
that

a (H(akabko = /]R ,dim " (z)dp()

k=1

— dim [ ¢"(@)du(e)

n—oo IR,d

= lim g"(z)dv(z)

n—od Rd

= VvV (H(Gk;bk]> .

Since II is a m-system which generates B(IR?), we are done. O]

Next, we state the important
Proposition 2.4.12 (Bochner & Chinéin). Assume that ¢ : R* — C is
continuous with p(0) = 1. Then the following assertions are equivalent

(i) ¢ is the Fourier transform of some p € M (IRY).

(ii) ¢ is positive semi-definite, i.e. for allm =1,2,... for all xq,...,x, €

R? and Ay, ..., \, € C

Z )\kj\l(p(l’k — l‘l) Z 0.

k=1

Next we have an explicit inversion formula.

Proposition 2.4.13. (i) Let p € M{(IR) and let F(b) = u((—o0,b]) be
its distribution function. Then

. 1 c 67iya _ efiyb/\
F(b) — F(a) = lim —/ Tﬂ(y)d)\(y),

if a < b and a and b are points of continuity of F'.
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(i) If p € M{(R) and [y |i(z)|d\(z) < oo, then p has a continuous
density f: R — [0, 00), i.e.

u(B) = [ faana).

Moreover,

@) = 5= [ ).

Proposition 2.4.14. Let p € M{(IR). Then u(B) = p(—B) for all B €
B(R), if and only if fi(x) € R for all x € IR.
The proof is an exercise.
The Bochner & Chiné¢in assumption positive semi-definite is sometimes diffi-
cult to check. There is an easier sufficient condition:
Proposition 2.4.15 (Polya). Let ¢ : IR — [0, 00) be

(i
(ii

) continuous,
)

(iii) convez on [0,00),
)

even (i.e. p(x) = p(—x)),

(iv) and assume that ¢(0) =1 and lim,_,. ¢(x) = 0.

Then there exists some p € M7 (IR) such that fi(z) = ¢(z).

2.5 Examples

Normal distribution on IR. Recall that

L _é d)\1($)

is the standard normal distribution on IR.

Lemma 2.5.1. One has that
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Proof. We will not give all details. By definition

y(z) = e”ye_Td)\l( y) = cos(x e_%d)\l(y)
J(x) = /}R N /IR (zy) :

But then

v (x) = —/]Rsin(xy)yey; dj\/12(_? = —:U/]Rcos(xy)e% r = —z7(z)

by partial integration. Letting y > 0 and F(y) := 7(\/2y) gives

[V}
3
=
S
S~—
)

Ely) = Va5 (/) = 77 (/) =~ L) - ~Ew

for y > 0. Since F(0) =1, we get E(y) =e YV and y(z) = E(%)=e"2. O

2

M

Now we shift and stretch the normal distribution. Let ¢ > 0 and m € IR.

Then g
1 (z—m) i

'm.o2 B ::/62 o? .

Vm,o2(B) ; s

Proposition 2.5.2. (i) 7.2 € M{(R).

[ £dYm02(x) = m is the mean.
(iii) f]R x —m)2dy, 2 (x) = o? is the variance.
12,2

1mxe—§a x .

(i) Yoz () = e

Proof. (i) follows from

_1e-m?  dx 2 dy
€ 2 o2 — e 2 — 17
R V2mo? R V2o
where we have used y := &2
in the basic course.

(ii) is a consequence of

/:Bd (x) /:zce_%(g“?n>2 d /((fy—l—m)e_éy2 dy m
m.o2 et o = f—
R m R V2ro? R V27T

r—m

and ody = dx and the last equality was shown

for y :=
(iii) is an exercise.
(iv) Here we get
2
1(y= g@) dy

Ymo2(T) = eeT2 5
Taele) = [ s
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’ 2 d
_ / emz(oz—l-m)e—? Z
R vV 27‘1’

= e""F(x0)
mx 7la'2xz.

= e e 2

Definition 2.5.3. A measure u € M (IR) is a Gaussian measure, provided
that p = gy for some m € IR or = v,,,2 for 6% > 0 and m € IR.

Normal distribution on IR?. There are various ways to introduce this
distribution.

Definition 2.5.4. The measure v = 79 € M{ (IR%) given by

T, d
1(B) = [ 2

B 2V 27Td

is called standard Gaussian measure on IR%.

Lemma 2.5.5. 7Y ¢ MT(IRY), that means

/ _@a dx
e 2 = = 1.
R? \ 27

Proof. By Fubini’s theorem we get that

/ _twa) dr / / _1,
e 2 y —= o .. e 2
R4 V2T R R
() -
R 27
Definition 2.5.6. A matrix R = (ry;)¢,_, is called positive semi-definite,
provided that

2
1.

vl

O

d
(Rz,z) = Z Tkt 2> 0

k=1

for all # = (21,...,24) € R A matrix R = (rij)¢;=y is called symmetric,
provided that ry; = ry for all k1 =1,...,d.
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Proposition 2.5.7. Let € M{(IRY). Then the following assertions are
equivalent

(i) There exist a matric A = (ap)f,_, and a vector m € R? such that p
is the image measure of 4D with respect to the map x — Ax +m, i.e.

w(B) =@ ({zr e R?: Az +m € B}).

(i) There exist a positive semi-definite and symmetric matric R = (rg)f -,
and a vector m’ € R? such that

//,Z(LC) — ei(x,m’)f% (Rx,z) )

(iii) For all b = (by,...,bs) € R? the law of ¢y : R* — IR, () := (x,b),
with respect to (IRd, B(IRd), u) 1s a Gaussian measure on the real line
R.

In particular, we have that m, R and m' are unique and that
(a) m=m' and R = AAT,
(b)  [ga Trdp(x) = my and

(©)  Jpge (xe =) (2 — ) dp(x) = 130

Definition 2.5.8. The above measure p is called Gaussian measure on IR?
with mean m = (my)¢_, and covariance R = (ry)¢,_,.

Proof of Proposition 2.5.7. (i) = (ii) follows from

Ale) = /]R ey (y) = /]R el dy (D (y)

so that AAT = R and m = m’ where we have used that
@) = [ e
IRd

— /eixlyld,}/(l)(yl)...\/ eavidy( D ()
R R

9“% zd

1
= e 2 ... 2 =¢ §(x,ac)‘



2.5. EXAMPLES 65

(ii) = (iii): We compute the Fourier transform of law(¢yy):
awa)(t) = [ edaw(a(s) = [ 0t
R R4
= [ duty) = ften
IRd

it(b,m’)— 22 (Rb,b)

i(th,m’)— 5 (Rtb,th) _ e

(&

But this is the Fourier transform of a Gaussian measure on IR.
(iii) = (i): For all b € R there are m;, € IR? and o3, > 0 such that

/ eit(b,y) d,U(y) — eimbtf%o'th )
Rd

Now we compute m; and o0,. From Proposition 2.5.2. We know that
S (b, 2) dp(x) = my and [ (b, 2) — my)? du(z) = of. The first equation
implies that

<b, (/}R (o1, ) du(az),...,/IRd (ear ) d/L(I)>> —

and (b,m") = my, with m” = ([ra (e, z) d,u(x));l:l. Knowing this, we can
rewrite the second equation as

/]Rd b,z —m") du(z) = o?.

Defining
= [ teww =) er = ") du(a)
IRd
we get that R’ = (r1,)7 _, is symmetric and that

d

(Rb,b) = Y ribiby
k=1

d
— Z / (er,x —m") {e;, x —m") dp(x)brb
IRd

k=1

- /R (zdj by (er, - m">> 2 dp(x)

k=1

= / (b, —m")* du(z) = o?.
Rd

Consequently,
/ ei(b,y>du(y) _ ei(b,m”)—%(R’b,w’
Rd
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where R’ is positive semi-definite because of (R'b,b) = 7 > 0. To get (i) we
use algebra: There exists a matrix A such that R’ = AAT. Hence

—

/ @ OWdp(y) = O AT < Jaw(i) (),
R

where p(2) = m”+Az and (R?, B(IR?), v(¥) is taken as probability space. Fi-
nally, we check (a), (b) and (c). Using (ii) = (iii) gives that [4 (z,b) du(x) =
(b,m') and [pa (x — m', by du(x) = (Rb,b), so that (Rb,b) = (R'b,b) for all
b € RY. Since R and R’ are symmetric, we may deduce

(Rby,by) = —[(R(by + b2),by + by) — (R(by — ba), by — bo)]

[(R'(by + bg), by + ba) — (R'(by — ba), by — ba)] = (R'by, by)

=]

and R = R’ which proves (c). Using (i), we get

[ wtnta) = [ s a0 = m

so that (b) is proved and that m = m/. Finally, R = AA" follows now from
(i) = (i). O

Definition 2.5.9. A Gaussian measure p € M (IRY) with mean m and
covariance R is degenerated if rank(R) < d. The Gaussian measure is called
non-degenerated if rank(R) = d.

Examples

(a) ¥ is non-degenerated since

1 0 . 0
01 . 0
R=1. . :
0 0 . 1

has rank d.
(b) Let d =2 and =Y x §(, 3, L€

dl’l

—1(g2 g2
,u(B) = /IRG 5@+ 2’0)X(x1,$2,0)€BE'

Let us compute the mean:

/ x1dp(x) =0 and / Todp(r) = 9.
]I{Q

R2
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Moreover

| = 0Pduta) =1,

/ (22 — @20)*dp(z) = / (22 = 220)* 0z 0 = 0,
R2 R

and

/]R2 (z1 — 0)(zy — m90)du(x) = 0.

Consequently, R = ((1)8) and rank(R) = 1.

In the case of non-degenerate measures we have the

67

Proposition 2.5.10. Assume that i € M (IRY) is a non-degenerate Gaus-

sian measure with covariance R and mean m. Then one has that

) = [ M)
B (2m)z|det R|2

We will not prove this. The proof is a computation.

Cauchy distribution on IR. We start with an experiment. Take a > 0

and a point source which sends small particles to a wall.

The angle

Y E ( Z E) is distributed uniformly, that means that it has the uniform

T2 2

distribution on (—g, %)

Problem: What is the probability that a particle hits a set B? Here we get,

for 0 < < %, pia ([0, artan ¢]) = £ and, for 0 < 2 < oo,

arctanZ 1 [o d¢
. ([0, - e s
o ([0, z]) - 7T/0 e

1 dn _a/x dn
Ta Jo 1+(g)2 T Jo a?+n*

Definition 2.5.11. For « > 0 the distribution

dpe () := a;dx c Mf (R

T a? 4 2

is called Cauchy distribution with parameter o > 0.



68 CHAPTER 2. CHARACTERISTIC FUNCTIONS

Proposition 2.5.12. One has that

—alz|

fia(z) =€

Proof. We prove the statement for & = 1. (The rest can be done by a change
of variables.) Since fi;(—z) = fi1(x) we can restrict our proof to z > 0. We

consider the meromorphic function f : C — C, f(z) := %, which has its

residuals in the z € C such that 1 + 22 = 0, that means z; = ¢ and 2, = —i.
From complex analysis it is known that

zZ—1

lim(z — i) f(2) = % V_Zf@)@ - f(z)dz} |

Since ‘
/ ¢ ;dz — 0, a8 R — 00
Sk 1 + z
and .
im(z — )/(2) = lim £~ = e
im(z —1)f(2) = lim = —¢
z—i z—iZ+1 2 ’
we obtain that
1 1 R gz 1
—e ¥ = — i dz = —U .
2i° T omi REEO/_RH% = 5@

2.6 Independent random variables

We recall two facts from the basic course.

Proposition 2.6.1. If f,g : Q@ — R are independent such that IE|f| < oo
and IE|g| < co. Then E|fg| < oo and Efg = IEfIEg.

Proposition 2.6.2. Let (2, F,IP) = _%I(Qi,}},IPi) and let g; - Q — TR be
random variables. If fi(wy, ..., wy) = gi(w;), then fi,..., fu are independent
and law(f;) = law(g;).

Proof. Letting By, ..., B, € B(IR) we get that

IP(fi € By,....fn € B,) = ﬂj(}iﬂ{giGBz‘}):H]Pi(giEBi)
i=1

n

i=1



2.6. INDEPENDENT RANDOM VARIABLES 69
Proposition 2.6.3. Let f,g : 2 — IR be random wvariables. Then the fol-
lowing assertions are equivalent.

(i) f and g are independent.

(i) Ifh:Q — R? is defined by h(w) = (f(w),g(w)), then ﬁ(:c,y) =
f(@)g(y).

Proof. (i)=(ii): By Proposition 2.6.1

~

h(z,y) = /ei(arf(W)erg(w))de(w)
9)

_ / ¢TGP (o) / W dIP(w) = F()3y)-

Q

(ii)=(i): Define H : Q x Q :— IR* by H(wi,ws) := (f(w1), g(ws)). Then the
coordinates are independent and H(z,y) = f(x)g(y) = h(z,y) so that the
law of H and h are the same. But this implies that

IP(fEBl,gGBQ) = ]P(hEBl><BQ)
(]PX]P)(Hele.Bg):]P(feBl)]P(gEBg)

]
We consider an application of this:

Definition 2.6.4. Two random variables f, g : Q — IR with [Ef?+1Eg? < 0o
are called uncorrelated, provided that IE(f —Ef)(g — Eg) = 0.

Remark 2.6.5. If f and ¢ are independent and if IEf? 4+ IE¢g? < oo, then
they are uncorrelated. In fact, we have (by Proposition 2.6.1) that

E(f - Ef)(g — Eg) = [[E(f — Ef)] [E(g — Eg)] = 0.

Proposition 2.6.6. Let f,g: Q — IR be random variables such that (f,g) :
Q — IR? is a Gaussian random variable. Then the following assertions are
equivalent.

(i) f and g are uncorrelated.

(ii) f and g are independent.
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Proof. We only have to check that (i) implies (ii). We know from Proposition
2.5.7 that for x = (x1,23) one has

—

(f, g)(flj'l, 272) = ei(IlEf+I2Eg)—%<R$,.Z’)’
with

_ E(f —IEf)? E(f-Ef)(g—Eg)\ _ (var(f) 0
= (E(f —Ef)(g — Eg) E(g — Eg)? > B ( 0 Var(g)) '

Consequently,

—_— -~

(f7 g>(1,17x2) _ eizllEf—%z%var(f)eizzlEg—%w%var(g) — f(l’l)/g\(lé)

Applying Proposition 2.6.3 we get the independence of f and g. O]

Warning: We need that the joint distribution of f and g (in other words
law(f, g) € M7 (IR?)) is Gaussian.

2.7 Moments of measures

There are different types of moments of a measure g € M7 (IR?). Given
integers ly,...,lg > 0 and 0 < p < oo we have for example that

/ gt aldu(xy, ... xg) = moment of order (I,..., 1),
IRd

/ "
]Rd

/ a:—/:cdu(x)
R R

We are interested in the first type and show that one can use the Fourier
transform to compute these moments:

h du(xy,...,zq4) = absolute moment of order (1, ...,1;),

p
du(x) = centered absolute p-th moment.
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Proposition 2.7.1. Let u € MT(IRY) and assume integers ky, ... kg > 0
such that for all integers 0 < l; < k; one has that

Jo

Then one has the following:

(i)

I Ly
e xg dp(z, .. xg) < 00.

(ii)
ght ltet (z,y), | I
- 7 — slittlg UTY) b1, ld
PR axlddu(:v) =i /]R Ly ytdp(y).
(iii)
gt litt I I
S0 = et ().
axﬁl---axﬁg“( ) =1 /Rd i yddu(y)

(iv) The partial derivatives of [i are uniformly continuous.

Example 2.7.2. (a) Binomial distribution: 0 < p < 1, d = 1, n €

1,2,...).
u({k}) = <Z)pn_k(1 ) k=1,...,n.
fi(z) = [p+ (1 —p)e]", B(z)=n[p+(1—p)e]"" (1 -pie”,

(0 = n(1 - pyi. "0

=n(l—p).

1.2..2

(b) Gaussian measure vy ,2 € M7 (IR): We have that 5 ,2(z) = e 27 * and
get

oy _1_.2.2 e
76,02 (I) = —zo’e 27" ) ’7(,),02 (0) =0,

~ _1.2.2 Ny

76/»0'2 (‘T) - (1’204 - 0-2)6 27 9 7(,)/,0'2 (0) = —0'2.

c¢) Cauchy distribution pu,, € with o > 0: Recall that
Cauchy distributi M7 (R h 0: Recall th

Proposition 2.7.3. For all o > 0 one has

/ |z|*dpg(z) =00 for k=1,2,...
R
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Proof. A first variant of the proof is

ookl g emald g
lim——— =—-a#a=lim——.
z|0 €T z10 x

Or we can use

k 1 k 0
r (& T (% |lz|>1 T 1

Proof of Proposition 2.7.1. We only prove the case [y = 1,1y =---=1;=0
(the rest follows by induction). Fix zs,...,z4 € R and define f(z1,y) =

0 4 o . .
o) ) () — o) () — g / ey g
9 /}R e du(y) /]R oty =i | e ydpdy),

where the first inequality has to be justified. Now we define dv,(y) =
Xy >03y1dp(y) and dv_(y) = —x{y <0y¥1d(y) and obtain bounded measures,
so that

T eV duy (y)
ﬂ:{d

are uniformly continuous and bounded and (iv) follows. O]

For the equality we have to justify, we need

Lemma 2.7.4. Let f: IR x Q — C be such that
(i) %(-,w) is continuous for all w € €2,

(ii) %(w, -) and f(z,-) are random variables,

(iii) There exists a g : Q@ — R, g(w) > 0, such that |g—£(x,w)‘ < g(w) for
allw € Q, x € R and IEg < oo,

(iv) Jo f(z,w)|dP(w) < oo for all € IR.

0 = % xT,w w
52 | tware) = [ Zeoape)
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2.8 Weak convergence

In the beginning of the lecture we considered the following types of con-
vergence: almost sure convergence, convergence in probability and L,-
convergence. Up to now we needed that the underlying probability spaces
are the same. This will be relaxed by the weak convergence, where we only
consider the convergence of the laws.

Proposition 2.8.1. Let ji,, p € M (IR?). Then the following assertions are
equivalent.

(i) For all continuous and bounded functions ¢ : R® — IR one has that

Je(@)dpn(z) == [ p(x)du(z).
(ii) For all closed sets A € B(IRY) one has lim,u,,(A) < u(A).
(iii) For all open sets B € B(RY) one has lim,, jt,(B) > u(B).

(iv) Ifd =1 and if F(x) = pn((—00,2]) and F(z) := u((—o0,x]), then
F.(x) — F(x) for all points x € R of continuity of F.

(V) fin(z) — @i(z) for z € R

Definition 2.8.2. (i) For p,,u € M{(R?) we say that p, converges
weakly to p (u, = p or p, % p) provided that the conditions of
Proposition 2.8.1 are satisfied.

(ii) Let f, : Q, — R%and f : Q — IR? be random variables over probability
spaces (Q,, Fn,IP,) and (Q, F,TP). Then f, converges to f weakly or
in distribution (f,, % f) provided that the corresponding laws p,(B) =
IP,(f, € B) and u(B) = IP(f € B) are converging weakly.

What is the connection to our earlier types of convergence?

Proposition 2.8.3. For f,, f : Q@ — IR? one has that if f, converges to f in
probability, then f, converges to f in distribution.

Proof. Letting ¢ : IR? — IR be continuous and bounded, we need to show
that

Belf) = [ eleldmia) = [ et = Beo(s).

But this follows from (defining |||« = sup, |p(x)])

Eolh) ~Ee(h) < [ aP2lela+ [ aP2¢ll~
{Ifn—rfI>¢} {lfn—fI<e,|fI>N}
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T / o) — o(f)] dP
{lfn—fI<e,|fI<N}

< 2flellee (1 fn = fI> ) + P(If] > N))
+  sup fo(x) — ey
lz—y|<e, |y|<N
< 36,
for N = N(0), e =¢(N(0),0)) and n > n(e). O
Proposition 2.8.4 (Central limit theorem). Let fi, fo,... : @ — IR be a

sequence of independent random variables which have the same distribution
such that 0 < IE(fy, — Ef;,)? = 02 < 0o and IEfy, = m. Then

P (s (i) bt (e m) <o) — [ o Fae

Proof. Let f° := f"%m Then we get that IEfY = L(IEf, —m) = 0 and
E(f))? = SIE(f, —m)? = 1. We have to show that

1 1 e

or, for S, := f+ -+ f, \/LﬁSn = g ~ N(0,1). By Proposition 2.8.1 this
is equivalent to

—_—
+2

Sult) = () =%

Bl

for all ¢ € IR. Now

o —
—

%Sn(t) = (% (f{’+---+f3))(t) = %(t)---?—%(ﬂ =y (%)n

if o(t) = ff(t). Since E(fY)? < oo, Proposition 2.7.1 implies that ¢” €
Cb(]R) and

o) = 0l0)+1(0) + L (0) +olt)
= ¢(0) + tEf + §¢2]E(f{))2 + o(t?)

t
= 1—§+0<t2)

for t € IR with
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So it remains to show that

12 2\ \" 2
(1__+0( )) e
2n n

Letting 6 = %, this is done by

ot

n n

Fix 6 > 0, let € € (0, 1), and choose n(e,0) € IN such that
6

)=t

n

for n > n(e,0). Then

(1) <ot () <2052

for n > n(e,0) such that 1+€) < 1. Because

lim (1 — 0(1 + 6)) = 679(1+€) and lim (1 — 6(1 _ €)> = 679(176)

n n n n

it follows that

e~%0%) < lim inf (1 — g +o0 (Q>) < lim sup (1 — Q + o0 <€))
n n n n n n

S 6_9(1_6).
Since this is true for all € > 0 we end up with
e ? < lim (1 - Q +o0 (g)) <e?
n n n
which finishes the proof. ]

Proposition 2.8.5 (Poisson). Let fn1,..., fun : & — IR be independent
random variables such that P(for = 1) = pax and P(for = 0) = qux with
Dk + Gui = 1. Assume that

n
max —, 0 and —n A > 0.
1§k§npnk n ;pnk n

Then, for S, := fa1 + -+ fan, the laws p, = law(S,) converge weakly to
the Poisson distribution

Z e (S{k}

k=0
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Proof. For § = e — 1 we get that

:j:

§n(t) — n,k H pnke +an
k=1

ol

—_

Il
=

(14 par (" = 1))

k=1
=[] +pubd)
k=1
= 1 + 0 (Z pnk) + 92 ( Z pn/ﬂpnkz)
k=1 1<ki<ka<n

+...+gl< Z pnkl"'pnkl>+"'

1<k <<k <n

+9 pnl

with ’
bln = ﬁ Z Pnky **  Pnk; -

1<k <<k <n

We do not give the Poisson’s Theorem, we just show that
n

for fized [. This can be easily seen by

!
ﬁ Z Pnky * Pk,

1<ki1<-<ki<n

l 1<kq,..., k< te
= (pnl + e + pnn) Zall indicés arel(i?;:it\ct pnkl pnkl
)\ Zlgkl,...,klgn kal o .pnkl

The first factor converges to 1 as n — oo. The second one we write as

1<kq,....kj<n pnkl T 'pnkl Z 1<ki,...kp<n pnk1 e pnkl
all indices are distinct _ _ not all indices are distinct
21§k1,...,klgn Prky " Pk 21§k1,,,,,klgn Pnky - Pk

and can bound the second term by

Z Prky = * " Pnk S (pnl + - _'_pnn)lil ml?xpnk

1<ky,..., kj<n
not all indices are distinct

+(pn1 + -+ pnn>l72 ml?xpik
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+(pn1 + - +pnn) m]?Xpiz_kl‘

This should motivate the convergence

3 BV Aeit—1)

Sp(t) —e™ =e =T\(t).

Example 2.8.6. p,1 = =pp, 1= % for n > A.

7

Now we consider a limit theorem which is an extension of the central limit

theorem.

Proposition 2.8.7. Assume that fu1, fn2, ..., fan are independent random

variables such that

Efu =0 and » Ef), =1

k=1

foralln =1,2, ... Let pipr := law(for) and assume that the Lindeberg condi-

tion

S [ #dpast) 0
k=1 |CC|>E
is satisfied for all e > 0. Then one has that
Sn —d N(O, 1)

where Sy, = fp1 + -+ fun.

Example 2.8.8. Let us check that the Lindeberg condition is satisfied in

the case that we consider the weak limit of

1

\/ﬁ(f1+---+fn)
where
(2) Eff =1,

(3) f% f3,f2, ... is a uniformly integrable family of random variables.
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In the above notation we can write (in distribution) that

_ I
d\/ﬁ’

flomir = % [y ()
1

3
| fi|>+/ne
sup/ fidIP

1<k<n J| fi|>v/ne

< sup/ frdP
k21 J|fe|>/ne

— 0

fnk

so that

n

k=1

IN

as n — oo. Examples that the family (f2)72, is uniformly integrable are
(a) fi, fa,... are identical distributed,

(b) sup,, E|fi|[P < oo for some 2 < p < 0.

2.9 A first ergodic theorem

We conclude the lecture with an extension of the Strong Law of Large Num-
bers.

Definition 2.9.1. Let (2, F,IP) be a probability space.

(1) A measurable map T': Q — Q is called measure preserving provided that

P(T(A) =P(A) forall A€ F.

(2) A measure preserving map T : Q —  is called ergodic provided that,
for A € F, the condition

T '(A)=A implies IP(A) € {0,1}.

Now we get the following Ergodic Theorem.

Proposition 2.9.2 (Birkhoff & Chinéin). Let (Q2,F,IP) be a probability
space, T : Q0 — §Q be ergodic, and f : Q2 — IR be a random variable such
that IE|f| < co. Then one has that

n—1
1
lim — g f(T*) =TEf a.s.
non
k=0
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Why does the Ergodic Theorem of Birkhoff and Chincin extend the Strong
Law of Large Numbers? Let

(M, %, u) == ®:°,(9, F,IP)
and define the shift T': M — M by
T(wy,wo,ws, ...) = (wa,ws, ...).
The shift T" is ergodic:

(a) T is measure-preserving: This can be checked on the m-system of
cylinder-sets with a finite-dimensional basis.

(b) Assume now that 77!(A) = A for some A € F. By iteration we get that
T*A=Aforall k=1,2,.... In other words

A€ (o(Pe, Prsr, )
k=1

where the P are the coordinate functionals P : M — IR. By the 0—1-law
of Kolmogorov we get that u(A) € {0,1}.

Finally, we remark that the family (f(7%))2, forms an iid sequence of ran-
dom variables having the distribution of f we were starting from.

Proof of Proposition 2.9.2 (see [6]). By normalization we can assume that
Ef =0. Let

n—1 n—1
1 1
n' = liminf — g f(T*) < limsup — g f(TF) =:n.
noon non
k=0 =0

The idea is to show that 0 < ' <7 < 0 a.s. By the symmetry of the problem
(replace f by —f) it is sufficient to show that

n<0 a.s.
Let € > 0 and
Aa = {77>5}7
St = e f(TTY,
M = max{0, f], ..., fr}.

From Lemma 2.9.3 it follows that

IEf*XM;;>0 > 0.
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Moreover,

*

{M} >0} 1, {supS; >0} = {sup% >0}:{sup% >elnNA. = A
k k k

because of sup; % > 1. By Lebesgues dominated convergence,
0 <IEf"Xamzs0 —n Ef xa. = Efxa. —cIP(A.).
If J is the o-algebra of T-invariant sets, we get that A, € J and
Efxa. = E(xaE(f]])) = E(xa.0)
as all sets from .J have measure 0 or 1. Consequently,
elP(A.) >0
for all € > 0 and we are done. O

In the proof we used the following maximal ergodic theorem:

Lemma 2.9.3. Let T : Q — Q be a measure preserving map and f : 2 — IR
be an integrable random variable. Let

Sn = f++f(Tn_1)7
M, = max{0,S,...,S.}.

Then IE(fx{am,>01) = 0.
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