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Chapter 1

Introduction

a History of financial contracts

Financial contracts have been made already centuries ago. For example to
have more security, farmers wanted to have a contract about how much they
will get for their crop long before the harvest. They feared that

good harvest = prices go down.

The customers of the farmers worried that

bad harvest = prices go up

so they also wanted an early agreement about the price. This led to forward
contracts/future contracts.

Another idea was to create a joint ownership in order to finance the building
of ships, starting a trade or a production of goods. For example if someone
wanted to build or enlarge a factory but did not have enough money, he
borrowed the money from others with the promise to share the profit with
them. This in turn led to shares.
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b Types of financial contracts

financial contracts

/\

primary securities derivative securities
bonds stocks options futures
preferred stocks shares

a security is a piece of paper representing a promise

bonds are certificates issued by a government or a public company promising
to repay a fixed interest rate at a specified time

a share (or stock) is a security representing partial ownership of a company
and/or makes dividend payments according to the profits. Shares are
traded on a stock exchange

preferred stocks are entitled to a fixed dividend

an asset (in Finance) is anything owned, whether in possession or by right
to take possession, by a person or a company, the value of which can
be expressed in monetary terms

stock

current assets
cash

land
building fixed assets
machinery

goodwill
copyrights

education intangible assets
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a forward contract is an agreement between two parties to buy or sell an
asset (which can be of any kind) at a pre-agreed future point in time.

a futures contract is a forward contract the has been standardized:

amount to be traded: for example a fixed number of barrels of oil

currency (US dollar often)

quality

delivery month

last trading date

Future contracts are traded on a futures exchange

an option gives the holder of the option the right to buy (or sell) a security
(shares) at a predefined time (or timeperiod) in the future and for a
pre-determined amount.
Types of options: - stock options

- foreign exchange options
- interest rate options (=largest derivatives market in the world)
- warrants
- options on bonds
- swaptions

long position someone agrees to buy the asset

short position someone agrees to sell the asset

One purpose of derivatives is as a form of insurance to move risk from some-
one who cannot afford a major loss to someone who could absorb the loss,
or is able to hedge against the risk by buying some other derivative.

The central topic of Financial Mathematics is the fair valuation of derivatives.
One key equation used to value derivatives is the Black-Scholes-Equation
(published 1973), (Fischer Black and Myron Scholes received the Nobel Prize
in Economics for this) after 1973 trading with options increased rapidly.

c Example: the European call option

Someone buys at time 0 a ”European call option”. Then he can (but does
not have to) buy a given number of shares (1 share here) for a fixed price K
(= the so called "strike price”) at a fixed time T'.
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If S7 > K then he will buy the shares for the price K and if he
sells them immediately his
gain = S — K — price of the option
If St < K he will not buy and his

loss = price of the option

Question: How to determine a ”fair” price for an option?

1. If the price would be 0: then the option holder (= the one who bought
the option) could make a riskless profit: this is against the "rules of
the market”

2. if the option price is too high and if there is no sign that the share price

St will be

option.

much higher than the strike price K, nobody will buy this
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Summary: European call-option; C, :=option price

The ”gain” (outcome) of the

option holder (= buyer) | writer (=seller of the option)

ST—K—OoifST>K K—ST+CoifST>K
—Cyit S < K Coift St < K

payoff (Sr-K)* - writers gain

buyer’s gain (Sr-K)"'-Cq T payoff (Sr-K)*

the purpose of a European call option:
1. The writer reduces the risk in case S; will go down: he gets Cj.

2. The buyer hopes that St > K + Cj and takes the risk that S; will go
down. In this case he loses the price Cj of the option.

purpose: it is a form of insurance (for the writer)

What we will do in this course:

- an easy mathematical model for the share price process (S;)L,:
(discrete-time) geometric Brownian motion

determine the ”fair” price for an option

- "hedging”
A fair price of an European call option
F(Sr) = (S — K)* (Example)

A fair price of f(S7) would be a price where both the writer and the buyer
could not make riskless profit. We consider the following example:
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Assume 2 trading dates: 0 and T.

at time 0 share price Sy = 20 (dollar)

: [ 20 (dollar) with probability p
at time T St = { 7.5 (dollar) with probability 1 —p (0 < p < 1).

Let the strike price be K = 15 (dollar).

5 (dollar) if Sy = 20

nothing if Sy = 7.5

We can do the following: ”hedging” (=counterbalancing action to protect
oneself from losing). Let us assume here for simplicity that the interest rate
r= 0. That means one can borrow from the bank without paying interest.
The writer sells the option, so he gets Cy. He borrows (-pg) dollar from the
bank and can buy

= the option writer has to pay

:CO_(PO

- (S, = 10)

©1

shares at time 0.
The portfolio (¢g,p1) is correctly chosen if

fol + 9120 =5 }

wol +p17.5=10
We get
wo = —T1.5¢1
1251 =5
Y = % =04
and

wo=—-75%04=-3
00:10@1—|—g00:4—3:1

is the fair price for the option.
Hence at the time 0 the writer gets 1 dollar for the option and borrows 3
dollars from the bank. With these 4 dollars he can buy 0.4 shares.

Case 1: Sy = 20. The option is exercised at a cost of 5 dollars. The writer
repays the loan (cost 3 dollars) and sells the shares (gain 0.4 % 20 = 8)
balance of trade: 8-5-3 = 0
Case 2: Spr = 7.5 The option is not exercised (cost = 0). The writer re-
pays the loan (cost 3 dollars) and sells the shares (gain 0.4 % 7.5 = 3)
balance of trade: 3-3= 0
If Cp > 1, then the writer can make (by hedging like above) the riskless

profit Cy — 1.

If Cy < 1 the option holder can make a riskless profit by the following
procedure: buy the option (cost —Cj), sell 0.4 shares (gain: 4) and put
4 — Cy to the bank account. Then, at time T
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ST:2024—00+5—0.4*2021—00

Where the 5 is from the option and 1 — Cj is riskless profit.
Summary
What we did in this example was:
1. found the hedge portfolio: we solved the equation
wo + »St = f(Sr) here (= (S, — K)7)

= one gets (¢, ¥1)

2. found the "fair price”: how much money does a trader need at time 0
to have the amount f(Sr) at time T?

He needs ¢g + @15y = "fair price”.

Remark

One can compute the fair price of an option also by using a "martingale-
measure”. For this we need probability theory.
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Chapter 2

Basics of Probability theory

1 Finite probability spaces
Definition 1.1 Let Q = {wy, -+ ,wn} be a finite set. Assume

N
> pi=1
i=1
Then P is a probability measure. Let A C €, then P(A) := >, P({wi})
Example 1.2 Rolling a die
O ={1,2,3,4,5,6}

P({w}) ——, we

A :="rolling an odd number”
P(A) =7

It follows from the definition that

P( ) Z {Wz sz =1
PO) = 3" B({w)) = 0

wieﬁ)
Let ' := 2% be the power set of )
= the set of all subsets off?2

Example 1.3 Q = {1,2},2% = {{1,2},{1}, {2}, 0} (it has 27 elements)

13
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Definition 1.4 [ o - field, o - algebra |
Let Q be a non-empty set. A system F of subsets A C ) is a o-field or
o-algebra on € if

1. 0,Q e F,

2. Ae F= AY =Q\A e F,

3. A, Ay, €F =S A €F.
Remark 1.5 If () is finite, it is enough to check in (3) that Ay, ..., Ay € F
implies J), A; € F, for any M = 2,3, ...

Examples

1. 2% s a o-field

2. Let 2 be a set and assume A, ..., Ay is a finite partition of  i.e.
Ay, ..., Ay are mutually disjoint:

ANA;=0Yi#j

and

Then F = {UY, Aix : {i1,....in} €{1,... N}, n=0,.., M}
= {0, Ay, ..., Ay, AL U Ay, Aj U A, . Q)

is a o-field. We say F is generated by Ai,..., Ay and use the notation
o(Ay, ... Ay) = F.

Finite probability space (2, F,P)

T

Q= {U)l, ’UJN} Q al"bitrary
Q) is finite F=0(Ay,..An)
F =29 is a o-field of a finite partition,
P(Q) =1 AE}":>1;1:Uk:1Ai
P(A) = > k1 P(Aiy)




Chapter 3

The Cox-Ross-Rubinstein
model

(CRR-model, binomial tree
model)

We want to model the time-development of shares and bonds with a simple
model:

Assume T ={0,1,...,T} are trading dates (T = trading horizon).
SV = (8,59, ...,59) is a riskless bond (or bank account)

St:=8=(S,..,S7) is a risky (i.e. random) stock.

We assume a constant interest rate r > 0, i.e. if S§ = 1, then SY =1+ r,
SY=(1+r¥k=01,.,T

~ riskless bond for r=0.2

15
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We model the random behavior of the stock S as follows:0 < p < 1 fixed.

g Sn(1 + a) with probability 1 — p
" 8,(1 + b) with probability p
-1l<a<bd

If we choose

Q:={w=(er,.c,er): e, € {l+a,14+0b}}

then
St(w) = 5061,62, € Lt E T

Hence each w € () corresponds to one ”possible case” of a stock development.
We can also compute the probability of each case:

IPD((Ela sy €T>) - pk(l - p>T_k
where

k:=+4#{i: ¢ =1+0b}.

is the Binomial distribution.PP is clearly a probability measure on (2 when:
P(w) >0 Vw e

We have to check that

P(Q) = Z ]P((el,...,eT))

e;€{1+a,1+b};i=1,....T

= > ) Pa-ptt

k=0 ¢;€{14a,1+b}
such that k = #{i,e; = 1 + b} hence:

- i G;)p’“(l -p) (i) - WTLLW

= (p+-p) =1
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Example 0.6 T = {0, 1,2, 3}

w=(1+0b,1+b,1+b)

o S3(w)

(14+a)(1+0b)Sy

(1+ a)®So

1 Filtration

The investor does not know at time 0 how the values of S;,t = 1, ..., T will be.
At time ¢ > 0 he knows all about Sy, Sy, ...S; but nothing about S, ..., St.
We model the situation using a filtration.

Definition 1.1 A filtration is an increasing sequence of o-fields:

{0,Q}=F CF C...CFr
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Definition 1.2 Assume f : Q — {my,..my}, and G is a o-field on Q. Then

f is G-measurable < f~1(m;) = {w € Q: f(w) = m;} € GV,

If we have functions fi, fo,..., fi : Q@ — {my,....my} then G = o(f1,...f1)
denotes the smallest o-field, such that all functions fi, ..., f; are G-measurable.

Example 1.3 CRR model:

We assume F; = 0{Sy,...S;} is the information which the investor has till
time t.

T=1{0,1,2} Sy:=1.

Q={w=(a,6): ¢ {l+al+b}}

fl = O'{S(),Sl} S(]El

Siw)=14+ae w=(1+a,1+a)
or w=(l4+a,1+0b)

Sjw)y=14be w=(1+0b1+a)
or w= (140,140

=F={0,0{1+a14+a),(14+al1+b)}{(1+b1+a),(1+b1+0b)}}

but Sh(w)=(1+a)? < w=(1+a,1+a)
Sow)=14+a)1+b) < w=1+a,1+b)orw=(1+b1+a)
So(w)=(1+n) s w=(1+b1+0)

= S, is not Fj-measurable.

We say that (f,)I_, (fn : Q — R) is adapted to (F,)I_, if it holds f, is
F.-measurable Vn. If f, is F,_j-measurable Vn we say (f,,)I_, is predictable.
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2 Martingales and conditional expectation

We assume we have a finite probability space (€2, F,P). That means we can
find a partition Ay, ..., A, of Q with F = o(A44, ..., 4,).

Let f:Q — R be F-measurable.

Then f can always be written like

N
flw) = ZaiﬂAi(w) with a; € R

1=1

using indicatorfunctions which are defined by

1 weA
La(w) ::{ 0 we A

We define the expectation of f by

=1

Remark 2.1 Let Q = {wy,...,wn}. Then:
Bf =3 fwP({w)

Example 2.2 Rolling a die:
flwi) = wi
= :1*%+2*%+...+6*%

— 1+.6.+6 — 3’ 5

Definition 2.3 Let (2, F,P) be a finite probability space and f : Q@ — R
an F-measurable function. Let G C F be a sub-o-field of F. If

1. g:Q — R is G-measurable and
2.

Egle = Ef1oVG € G (3.1)

We say g is the conditional expectation of f with respect to G and write

g = E[f[F]
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Example 2.4 Let Q = {1,2,...,2V}

As sub-o-field we choose
Gnvo1 = of{{1,2}{3,4}, ..., {2V — 1,2"}}
We want to compute E[f|Gy_1]. Clearly, if (3.1) holds for all sets
G={2k—-1,2k} k=1,.,2N"

then (3.1) holds for all sets G € Gn_1.
By definition, if g := E[f|Gy_1], then

g(2k — 1,2k) = g(2k) , Vk

= Eglior1.2t) = Ef Liop—1.21)

Egljor-12ry = 92k — 1)El{ar_121)
= g(2k — DP({2k — 1,2k}) = Fg(2k — 1)

On the other hand

Eflpr-126y = {gﬁ; DP({2k — 1}) + f(2k)P(2k)
= ke Liok

2k — 142k

= g(2k — 1) = g(2k) = =

Iteration:

Gnoo =0{{1,2,3,4},... {2V = 3,2V — 2,2V — 1 2N} }
GO :{979}

E[flgN—l] = fN—1
E[f|gN72] S
Ef = Jo
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5] f 2 § *
fN—l x * % § 9%
7 fn- Lo
N-2 * .y § 2
N A
> e x 9
=] g
pete
2 - R
L
| Lo
8
o s 10 15 2 2 ®
Remark 2.5 Gy C G; C ... C Gy is a filtration.
fe = E[fIG], (fa)ilo
is an adapted sequence. Moreover it holds
E[fe1]Ge] = fr  VE
Definition 2.6 Let (Q,F,P) be a finite probability space. An (F,)I_,

adapted process (M,)1_, is
1. a a martingale if E[M,1|F,] = M,, YO<n<T,

2. a a supermartingale if E[M,,1|F,] < M,, Y0<n<T,

3. a a submartingale if B[M, 1| F,| > M,, YO<n<T,
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Chapter 4

Finite market models and
non-arbitrage pricing

1 The market model

(Q, F,P) finite probability space (remember the convention P(A) >0 VA €
F, A+ "every event is possible”).

Trading dates : T = {0,1,...,T}

The information available to the investors at time t we model by the o-
field F; where we assume

BN =FRCFHC..CFr=F

The securities (assets) are modelled by a stochastic process in R4+

(Sz?v Stla ) Std)te’]l‘

SY: bond (or bank account) nonrandom

St ..., S share prices at time t for d different shares: random (=de-
pend on w)

We want that S? is (F;)-adapted , i =1,...,d.
This we can achieve by setting

Fr=0(S., 8T 0<u<t)

The tuple (Q, F,P, T, (F), (S7,...5{)) is the (securities) market model.

23



24 CHAPTER 4. NON-ARBITRAGE PRICING

2 Strategies

Example 2.1 A trading strategy is a predictable process

o= () 9})i
¢! = number of shares of asset i the investor has at time .
t fixed: (¢?, ..., %) is called the portfolio at time t.
Thewvalue process (wealth process) Vi(p) is given by

Vo(p) = @1+ So the investors initial wealth

d
Vile) =@ Sy = @S VteT t>1
=0

The investor trades at time ¢t — 1 := portfolio ¢;. At time ¢ he will have
@i - Sy = Vr(p). If he uses exactly his wealth V;(¢) to trade at time ¢, then
it must hold

Vilg) = @1 - Si = 41+ S
where ¢;.5; is the wealth which comes out from choosing ¢, at time ¢t — 1 and
©r+19; the needed wealth to buy the portfolio ¢, at time t.
We call ¢ self-financing if
SptSt:(;Ot+lSt7 t= 1,7t—1

Let us introduce discounted prices: S° models the bond, i.e. for example:,

SY = (147)

if we assume a constant interest rate, but always it holds

SY)>0, t=0,....T
Then

~ St Sé
= (1, 2k, .., =L
St ( 7597 7579)

is the vector of discounted prices. (In case of interest rate r = 0 the discounted
price and the share price are equal). Now

1 3
= S—?((Pt'st) = ¢ S

is the discounted value of ¢ at t.

Vi(p)

Proposition 2.2 The following assertions are equivalent.

1. ¢ is self-financing
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2. Vi) = Vo(®) + > pey k- (Sk — Se-1), 1
3. Vi) = Vo) + 0 o - (Sk — Sky), 1

Proof (1) < (2) : We know that

VAN VAN
VAR VAN
N N

Vilp) = o1+ Sp = Z R
and this gives

Vi) = (Vi(e) = Vica(e)) + -+ (Vi) = Vole)) + Va(e)
= (- Si—pi1-Sec1)+ -+ (o151 —p1-S0) + 1+ So
= - (Se=Si) + -+ @1+ (51— So) + Valp)

which is self financing, hence:
i1+ St-1 =@ - St1

St St

(1) @) St =1 St & o1 5 =1 5
So S

Example 2.3 a self financing strategy ¢

bank account | first share | second share
time S0 St S?
0 1 20 50
1 1+0.05 25 40
2 (1+0.05)% 23 45

Day 0: investors money: Vy(p) = 300$. The portfolio chosen at time 0

o1 = (¥, 1, 1)
= (100, 5,2)

Vo(p) = 1 - So=100% 1+ 520 + 2 x50 = 300
Day 1: investors value of ¢ : Vi(p) = @1 - 51

Vi(g) = 105 + 5 % 25 + 2 % 40 = 310

which is the amount that can be used for the new portfolio y. It is
self-financing:

o1+ 5 =310 =5,
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If po = (%, 8, 1),then

Day 2:
70

Vg(go):1—05*(1,05)2—1—8*23—1—45:302,5

Proposition 2.4 For any predictable process (o}, ..., o)L and for any Vj €
R, there exists a unique predictable process ()L, such that the strategy
0 = (¢° !, ..., 0?) is self-financing and V() = V4.

Proof if ¢ is self-financing we get by Proposition 2.2 (3)

Vi) = Vole)+ D or- (Sk—Sk1)

k=1
t ~ ~ ~ ~
= Vo() + ) _ A5y = Sp1) + r(Sh = Sh) + -
k=1
ol (St = Siy). (4.1)
On the other hand,
Vi) =i+ Se =) + o1 SF+ - + o) 5] (4.2)

Now we set (4.1)= (4.2) and get

80? = Vol(p) + 22:1 Z?:l dg(gljc - S’ifl) - Z?:l ‘Pigt]
=W+ 22;11 Zle @%(Slg: - Sli—l) - Z;‘l:1 ©157_1

By this we get that (¢9)L; is uniquely defined and predictable. O

Predictable means that ¢? is F;_;-measurable. This is true because:

1. V4 is a constant & Fy C F;_; measurable
2. ol is F,_1-measurable jg=1,...,d
3. S,y is F;_j-measurable

4. plus (4) and times (*) keeps measurability



3. CONDITIONAL EXPECTATION: PROPERTIES 27

2.0.1 Questions for the future

1. How can we get market models

(Q,F,P, T, (F), (S, S, ... 59)
where riskless profit is not possible?

2. Is there always a self-financing strategy ¢ to hedge the pay-off: Vr(p) =
f(S7)?

3. How to compute the fair price for an option?

3 Conditional expectation: Properties

Proposition 3.1 Assume () is a set and Ay, ..., Ay is a partition of 2. Set
F = O'(Al, ceey AN)

1. A function f:Q — R is F-measurable

< f is constant on Aq,...Ay, i.e. f can be represented by
flw) = ZzNzl a;ly,(w), a; € R,wel

2. If f; and fy are F-measurable, then af; + bf, is F-measurable (a,b €
R), and f; x fy is F-measurable.

3. E(afi + bfs) = aEfy + bEfy, for fi1, fo F-measurable and a,b € R

Proof (1) 7<" Assume

N
f=Y als, aeR

i=1
If all the a;’s are different, then
f_l(ai) = Az ceF,i1=1,..,N

If some a;’s are equal, we have

f= Z bjlp, , b;’s different

i=1

and By, ..., B, is a partition on (2, all B;’s are unions of some A4;’s
= DB;eF Vj

Since f~1(b;) = B;, = f is F-measurable.
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"=" Assume f is not constant on all Ay,..., Ay. We will show that then f
is not F-measurable. There exists A; : f that is not constant on A;:

= Wi, Ws EAl a:f(wl) #f((,dg) =b
= wi € f!(a)
wy € f71(D)
Because f is a function we have

fHa)nfHb) =0

But F consits only of unions of Ay, ...Ay, that means for any set A € F it
holds

either {w;,ws} C A
or {wy,wy} C A°
= fa), fTH(b)EF
A BeF

Example 3.2 If fj =14, fo =15 Then

fi+fa = 1a+1p
= lanp+1laus
= lap+2lans + Ip\a+ 01laup)e

fifo =141 = 1anp

ANB=(A°UB)eF
AB=ANB*eF

Recall:

Assume P is a probability measure on (€2, F):

P:A—PA) VAe F =c{A, ..., An}
with the known properties of P If

N
f = Z aiILAi
=1

the expectation of f is

N
i=1
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Proposition 3.3 F = o(A, ..., Ay) like above.
1. If G is a o-field with G C F and f is G-measurable, then

E[f|G] = f

2. "tower-property”: f is F-measurable, G; C G, C F, o-fields, then

E[Emgl“gz] - E[Emgzﬂgﬂ

= E[f]G:].
3. If g is G-measurable, G C F, then
E[f9!9] = gE[f|G].
Proof Exercise
Example 3.4 A, Ay, A3 partition of (2
1 7 2
P(A;) = —, P(43) =—, P(43) =—
() =15 Bl =15, Bl =5

f = O'(Al,AQ,Ag)

f=a1la +asly, +asla,

. aq 7(12 2@3
A TRETIT)
G =0(AUAy, Az) Co(Ar, Ay, As)

H =E[fg|G] is by definition G-measurable,

h/ = bl:[lA:[UAQ + bQII-Ag,

Question: by =7 by =7
By definition:

E(hlg) =E(f1g) VB€EG

It is sufficient to test only with B € {A; U Ay, A3}. The reason will be given
in the fact below. We start with the condition

E[(bl ]lAlUAQ + 621A3)]]~A1UA2] = E(f]]‘A1UA2)
From the left hand side we get:
Ebl ]lAlLJAg - bl]P)(Al U AQ)
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From the right hand side:
]E(a1 ILAl + GQJIAQ = (IlP(Al) + CLQP(AQ)
This implies

ay + 7ay 10 ai + Tay
bl = — %fC — = —
10 8 8

For B = A3 we get from

E(blﬂAluAQ + bQ]]~A3)]]~A3 = E(f]]‘A3>

that it should hold

Ebg ]lAS = ECLg 11A3

which implies

b2 = as
Hence L7
a a
E[f|G] = - 3 2]1A1uA2 + azl 4,
Fact:

Let F be a o-field, f a F-measurable function and G = o(By,...,B,) a
partition of €2. Assume

]E(h]lBj = E(fﬂB]) VBJ ,j = 1, .., n

P?"OOf ]lB = ]luilej = ﬂle + -+ ﬂBjk

k

E(hlp) =E(h(lp, +---+1p,)) =E(hlps, )+ - +E(ls,)
= .. =Eflp

4 Admissible strategies and arbitrage

If ©? < 0, we have borrowed the amount |¢?| from the bank (at time ¢ — 1).
If pi < 0 for i € {1,...,d} we say that we are short a number ¢! of assets
(shares) i. Borrowing and short-selling is allowed as long as the value of the
portfolio V;(¢) is always non-negative.

Remember: A strategy is a predictable process

(@t)?:la or = R4+
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Definition 4.1 1. A strategy ¢ is admissible if it is self-financing and if
Vi(p) >0 VteT.

2. An arbitrage opportunity is an admissible strategy ¢ such that
Vo(e) = 0 and EVr(p) > 0
("arbitrage means possibility of riskless profit: ”free lunch”)

3. The market is viable if it does not contain any arbitrage opportunities,
i.e. if it holds

Volp) =0= Vr(p) =0 V admissible ¢

Let us assume in the following that Q = {wy,...,wy}. We can identify the
space of all functions f : Q — R with RV:

fe (flwr), ., flwn)) € RY
Define

C .= {:c = (21...,xN) € RY: 2;>0,i=1,..., N and there exists i : z; > 0}
C' is a convex cone.

Definition 4.2 A subset C' of a vector space is a convez cone if it holds:

r,2yelC=x+yeC
reCia>0=axreC

Define W, := set of admissible strategies.

Recall: ¢ is self-financing if and only if

Vile) = Vo(@) + D en - (Sk = Ska)-

k=1

Discounted gains process will be defined by
~ t ~ ~
Gilp) =) k- (S — Se1).
k=1

Lemma 4.3 If the market (2, F, P, (F;), (S;)) is viable (does not admit any
arbitrage opportunities) then it holds

Gr(p) € C ¥ predictable (¢}, ..., o).
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Proof  Assume Gp(p) € C. We will show that the market is not viable.
Here we prove that if:

Gr(p) >0, t=0,.,T

it follows that the market is not viable. Notice:

GT(%D) = Z%:l Pk ~(gk _NSI;—I) B B . )
= Ek:l 902(518 - Slg—l) + 9011;(511 - 52—1) T+t ‘P%(Sg - Sg—l)-

Hence G7(¢) does not depend on ¢°. From Proposition 2.4: Given (¢, ..., %)
which is predictable and Vy = 0 implies the existence of a predictable and
self-financing ¢ such that

Vi(p) = Vo + Gily).

So we conclude that

Vole) =0, Vi(p) >0 t=0,...T

But Gr(p) € C means Gp(p)(w;) >0 i =1,..,N and there exists iy with

Gr(p)(wiy) > 0.
Hence:

Gr(yp) fo\zl Gr(p)(wi)P({wi})

() (wi) ) P({wig}) > 0

Vv

So there exists an arbitrage opportunity and the market is not viable.

Now the general case:
Gr(p) can have negative values.

to = sup{t : P({w : Gi(¢) < 0}) > 0}
Clearly:
Lthy<T—1 (Gr(p)€0),
2. P({Gy(p) < 0}) >0,
3. Gi(p) >0, Vt=to+1,.,T
We define a new strategy: for i = 1,...d

(o0 ift <t
vilw) = { La(w)pi(w) ift > tg
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where A = {w: G, (¢) < 0} € F, and hence 1), is predictable.

¢ N - 0 t<to
= ;wk . (Sk — Skfl) = { ﬂA(ét(@) — é’to(gp)) t >t

By construction we have Gy(p) > 0 and —Gy, () > 0 on A.

= G(¥)>0 t=0,..,T, Gr(p)>0o0nA

Hence
EGr(y) = 2 Cr() (@)P({wi})
> Z Gr () (w)P({wr}) >
w; EA
So the market is not viable which means Gr(¢) ¢ C. O
Remark

About the assumptions on our "market”: in contrary to reality we always
assume here:

a "frictionless” market: no transaction costs
- short sale and borrowing without any limit (¢} € R)

- the securities are perfectly divisible: S} € [0, c0)
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Chapter 5

The fundamental theorem of
asset pricing

1 Separation of convex sets in R

Theorem 1.1 Let C' € RY be a closed convex set and (0, ...,0) & C. Then
there exists a real linear functional £ : RN — R and « > 0 such that

(z)>a Vel

Proof Let B(0,r) ={z € RN : ||z|| := (a2 + -+ 4 2% )2 < r} which equals
to a closed ball of radius r and center at the origin. Choose r > 0 such that
CNBO,r)#£0

The map = +— ||z|| is a continuous function and C'N B(0,r) is closed and
bounded. Let mg := mingecnpo,) ||z||- Then there exists an zo € CNB(0,7)
with ||zg]| = mo.

Indeed: take (z,)%°, with ||z||,—.o — mo then there exists a subsequence
(2, ) such that z,, — o for & — oo. The the claim follows from

[lzoll < Hlwo = @[] + [|n, |
because ||xg — 2, || — 0 and ||z, || — mo.

Hence,
lzl[ = [|zol| Ve (x¢& B(0,r) = [[z]| >7)

reC= X+ (1-Nzyel

for A € [0,1] since C' is convex.

[Az + (1 = N)o| = [|zol]
= N2+ 201 — Nz -2+ (1 — N)2wo - 20 > 20 - 70

35
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= A-z+2(1 =Nz x9— 27070 + ATp - 79 > 0
= 2020+ Na-x—2x- 20+ 30 T9) > 2919 VYA E[0,1]
For A — 0 this inequality is only true if

T -39 > 10 - 1o = ||T0][2 >0

If we define £(z) := x¢ -  we get a linear functional

(ry>mi=a xeC.
O
Theorem 1.2 Let K be a compact conver subset in RN and V a linear
subspace of RN. If V. N K = 0, then there exists a linear functional
E:RY >R

such that

1. &(z) >0, VoeK,

2. {(x) =0, VreV.

Therefore, the subspace V' is included in a hyperplane that does not intersect
K.

Proof
The set

C=K-V={reR¥:3(kv)c KxV,z=k—v}
is convex since for xq, x5 € C' we have
A+ (1—=Naxg = Ak —v1) + (1= X)) (kg — v2)
Ak 4+ (1= XNka — (Avg + (1 — Nwg).

Now Ak + (1 — MNke € K and vy + (1 — Nvg € V and its difference is
in C. The set C' is closed because V' is closed and K is compact. We have
(0,...,0) € C since VN K = (). Hence we can apply Theorem 1.1 and find a
linear functional ¢ : RV — R and a constant o > 0 with

E(r)>a Veel.

This implies
E(k—v)=¢k)—€&v) >a Yee K,ve V.

Especially, it holds for fixed ky € K and and vg € V and all A € R

§(ko) — £(Avg) > a
and because ¢ is linear also

(ko) — A&(vo) = .
Consequently, £(v) = 0 for all v € V and £(k) > o for all k € K. O
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2 Martingale transforms

Let (Q,F,P) be a finite probability space. Recall from Proposition 3.3 the
following properties of the conditional expectation.

1. If G € Gy C F are sub-o-fields

E[f[G1] = E[Ef|G.]|G1]

2. If g is G-measurable (G C F) Then

E[fg|G] = gE[f|F]

Linearity also holds:

Elaf + Bgl9] = oE[f|G] + GE[g|G] . € R.

Lemma 2.1 Let (F,)._, be a filtration (¢,)._, a predictable sequence and
(M,,)I_, a martingale. Then the process

X() =0

X = p1(My — Mo) + o(Mz — My) + ... + on(My — My-1)

is a martingale with respect to (F,)_,. (X,)I_, is called a martingale trans-

form of (M) by (¢n).

Proof
X, is F,-measurable, n = 0, ...,T. We check the martingale property:

n+1
ElXplFal = B[ el My— My )| F
t=1
= Z oi(My — My—1) + Elpn 1 (Myy1 — My,) | Fy
t=1

where we used

E[@nH(MnH - Mn)|-7:n} = 90n+1]E[(Mn+1 - Mn)’fn]
- §0n+1E[Mn+l‘f‘n] - SDnJran

because (p,,) is predictable and (M,,) adapted.
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Theorem 2.2 An adapted real-value process (M,)?_, is a martingale if and

only if
t
EY n(My—M,_1) =0 Vt=1,..T (5.1)
n=1

for all predictable processes (¢,)1_;.

Proof 7 =7
If (M,)!_, is a martingale, X, = S' _ »,(M, — M, ;) is a martingale

n=0
transform. Hence by the previous Lemma

EX, =0 Vt=1,..T.
7«" Assume (5.1) holds. Let A € F,,, and define

_J 0 n#Eny+1
Pn(w) -—{L,(w) n0:n0+1

= ]E[Mno—l-l‘fno] == Mno ng = 0, ,T

Definition 2.3 (Independence)

1. The sets A, B € F are called independent

o P(AN B) = P(A)P(B)

2. The o-fields G1,Gy C F are called independent
= P(ANB)=PA)P(B) YA€ G,B¢€g
(every set of G is independent of every set of Gy).

3. If fiy ey fr : Q@ = {aq, ...,an} (a; € R) are F-measurable then fi, ..., f,,
are called independent (random variables) <

P({w: filw) =21, (W) = 2n})) = I P({w s filw) = 2:)

Va; € {ai,...,ap}. In other words all the pre-images of fi,..., f,, are
independent sets.

4. An F-measurable function f is called independent from a o-field G (G C
F) &
f and 1g are independent VG € G.
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Remark to (3)
{w: filw)=a1,..., fn(w) =2,} ={w: fi(w) =2 and ... and f,(w) = x,}
= Mi=1 £ ().

Example 2.4 1. Tossing a coin 2 times:
P(1st toss = "heads” and 2nd toss = "tails”) = P(1st toss)P(2nd toss)

CRR model Tossing a coin T-times
Q={w=(e,....,er), & € {(1+a),(1+0)}} Write for each toss
1+ a if "tails”
_ k(1 _ \T—k
2 Pliwh) =p*(1 =p) 1 + b if "heads”
if w contains k times 1 +b and T'— k times 1 + a | P(tossing "heads”) = p
= P(tossing "tails”)=1—p

The functions

S8 &
R O
are independent: for z; € {(1 +a),(1+b)}

Sy (w St(w
P({w: Sogw; =T, ST——E(C‘))) = ar})

= P({w = (€1, ., ET) 1 €1 = L1, E = xt})
= pf(1-p""

= I ,P({w: S

St-1
if k of the z;’s are 14+ b and T'— k are equal to 1 +a. We have fort =1,...,T

=&t = T1})

P({w = (e1,.,e7) e =1+ b}) — )

where p is the probability that one tosses ” heads” the t-th time if one tosses
T-times alltohether. The outcome of the other times does not influence that
of time t (independence).

Theorem 2.5 Let f, g be F-measurable.

1. If f and g are independent then

Efg=EfEg
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2. If f is independent from the o-field G(G C F) then E[f|G] = Ef

Proof

1. Let . .
f= ZwiﬂFi 9= Zyjlej
i=1 Jj=1

where we assume that all x;’s are different and all y;’s are different.

Efg = E Z Z zy;lr g,

i=1 j=1

= E Z Z zYilFng,

i=1 j=1
m

= Z Z zy;P(F; N Gy)

i=1 j=1
n

= (2o wP(E)) (D uP(G)) = EfEg

where we used P(F;NG;) = P({w: f(w) = z;}N{g(w) = y;}) = P({w:
flw)=2})P({w: gw) =y;}) =P(F)P(G))

2. Exercise -5-

Proposition 2.6 Assume fi, ..., f, are independent and F-measurable. Let

Fr=0(f1, fr)-
1. Then f;,1 > k is independent from Fy

2. IfEfy =0, for k = 1,...,n then (M) with M, := 3", _, fi for t > 1 and
My = 0 is a martingale with respect to (F3).

3. fEfy, =1, for k = 1,...,n then (N;) with N, :=II} _, fx for ¢ > 1 and
Ny = 1 is a martingale with respect to (F).

Proof
LIdea:G € Fi; G={f1 = x1,..., fr = 1}

P(fl = 7y, ]lG = .CL') = ]P(fl = xl)]P’(]lG = IE)

2. 3. Exercise



3. THE FUNDAMENTAL THEOREM OF ASSET PRICING 41

Remark

One can show that

O'(é, ceey i) = O'(Sl, St) = ft-
1

So’ TS
From (3) it follows now that (S;)L_, with S; = S, g(l) :32 . % is a martingale
St
S E =1 Vit
St

3 The fundamental theorem of asset pricing

With the results of the previous sections we get a characterization of the "no
arbitrage” condition.

Remark:

Assume Q) and a o-field F on 2 and P,Q : F — [0, 1] probability measures.
One says that P is equivalent to Q (notation P ~ Q) if and only if

P(A)=0< Q(A) =0 forany A€ F.

We assume ) = {wy,...,wy}, F = 2% and P({w;}) > 0,7 = 1,...,N. So
Q~Pif Q{w;})>0,i=1,....,N.

Theorem 3.1 [Fundamental Theorem of Asset pricing]

The market (Q,F,P, (), (St)) is viable if and only if there exists a proba-
bility measure Q ~ P such that S} = 1 SZ , 1 =1,...,d are Q-martingales (Q

is called the equivalent martingale measure. EMM).

Proof” <7 .
Assume Q ~ P and S}, =1,...,d are Q-martingales. By Proposition 2.2(3)
we have, if ¢ is self-financing that

Vile) = Vo(@) + D or - (Sk = Ska)-

k=1

We denote by Eg the expectation with respect to Q. Hence by Theorem 2.2

T
EoVr(p) = EqVo(w) +Eg Y @ - (Sk — Sk1)

k=1

= EoVo(e +EQZZ<Pk Sz 511»1

i=1 k=1
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d T
= EoVo(p) + > Eg Y ¢i(Si—Siy)
= EqVo(y) (5.2)
If Vo(p) = 0 = EgVr(¢) = 0. Now assume that

EqVr(e) = Y Vr(e)(w)Q({w;}) = 0. (5.3)

=1

If ¢ is admissible, then Vi(e)(w) > 0,i=1,..,N So (5.3) implies that
Vr(p)(w;)) =0,i=1,..,N.
Consequently,

Volp)(w;)) =0 , i=1,..N=Vr(p)(w)=0,i=1,...N

for all admissible ¢. Hence the market does not admit arbitrage opportunities
and is not viable.

g

by j b2
By Lemma 4.3 we have :
The market is viable

= Gr(p) € C = {v=(21,..,on) €ERY 2, >0,i=1,...,N,Jiz; > 0}
V(o' ..., %) predictable
where

t

Gile) =D (eh(SE— S+ + @St = Si)

k=1
is the discounted gains process. We define

V= {Gr(e): (¢ ..., %) predictable }

V is a linear subspace of RV:

(Gr()(@r), ., Grp)(wn)) € RY
By the Lemma we have VN C = (). We define

K= {f = (f), o flwn) €C: Y flwn) = 1)

VNK =10
K is convex: If f, g € K then
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L. Af+(1—=X)g € C (since C is convex)
2 T, (M) + (1= Nglwn)) = A+ (1= 3) = 1

K is compact because it is bounded (||f|| = 3>~ | f(w;)| = 1) and closed.
Therefore, by Theorem 1.2 there exists a linear functional £(x) = {1z +- -+
SN:EN with

LYY &flw) >0 VfeK

2. ZZJL gsz(wz) =0 V(wl, ...,god) predictable.
NOW7 if f = (07 "'707 1707 70) s then f € K and 71.” 1mphes fz >0 éz >
0,2=1,....,N.
We define

.o &
Q{wi}) : SV ¢

Then Q is a probability measure, Q ~ P and by 72.”

EoGr(p Z Gn(p Q{w:}) =0 Y(g, ..., ") predictable.

In other words,

E@ZZ% (Si—Siy) =

t=1 i=1

or in short form

N
Eq Z @i (S; —Si1) =0 Vi=1,..,d(p) predictable.
i=1
Hence by Theorem 2.2 we have that (5’ Lo, gd) are Q-martingales. U

Remark

The scalar product (or inner product) on a vector space V(= Ry) is a function
(,):V xV — R such that Vo, 3 € R
and vy, vy, v €V
1. (g + Pug,v) = a(vy,v) + [(vg, v) linearity
2. (vl,v) = (v,v1) symmetry

3. (v,v) >0 and (v,v) =0 < v =0 positive definite.
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If (x1,....,25) ERy, c;cw €V
(v,w) == Zf\il v;w;x; 18 a scalar product

S >0 Vi=1,...,N

One can see this assuming z; = 0 < v = (1,0, ...,0) implies (v,v) = 0 which
is a contadiction.

If all z; < 0 < (v,v) < 0 which leads again to a contradiction.

If some z; < 0, some -0 them there exists v # 0 with (v,v) = 0 which is a
contadiction.

Orthogonality: We define V' 1. W orthogonal < (v, w) = 0.

4 Complete markets and option pricing

Let us assume the market model (Q, F, P, (F;), (S;)). We already know the
European call-option H = (S} — K)T and the European put-option H =
(K — 8h)*.

Options can also depend on the whole path of the underlying security. For
example,

g (s SIS -+ Sy
4 T
would be one type of a so-called Asian option. In general we define a
European option ( or a contingent claim) to be a non-negative function

H : Q — [0,00) which is F-measurable. We say the contingent claim H
is attainable if there exists an admissible strategy ¢ with

H = Vp(p).

If the market is viable, then there exists a Q ~ P such that (S,)7, is a
@Q-martingale and if we find a self-financing strategy ¢ such that

It follows

EqVr(#)) = Vo()
is a no-arbitrage price. This implies that
EqH /Sy

is a no-arbitrage price if H is attainable and Q ~ PP.
By the way, it holds

Vi) = E@[S%w
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discounted no-arbitrage price at time t.

Definition 4.1 The market is complete if every contingent claim is attain-
able; i.e. for any Fpr-measurable H > 0 there exists an admissible strategy
¢ such that H = V().

Remark:

Completeness is a restrictive assumption: a lot of market models are not
complete. But there is a nice mathematical characterization of completeness.

Theorem 4.2 A viable market is complete if and only if there exists a unique
Q ~ P such that (S, ..., S%) are Q-martingales.

Proof” =7
Assume the market is viable and complete. Let H be Fpr-measurable and
H > 0. Complete so that there exists an admissible strategy such that

H = Vr(p) (5.4)

¢ is self-financing so that:

Vr(e) = Volp) + Z@t(gt - 5Yt—1)

t=1

Viable so that there exists Q ~ P such that (S;), are Q-martingales. We
have to show that Q is unique. Let Q be another probability measure such
that Q ~ P and (S;); are Q-martingales. Then

EoVir () = Voly) = EgVr(yp).
Hence

H H
Eo— =W =Eqy—
By assumption H is attainable, so the arbitrage price is the same for any Q.
Choose

H=1,5% for A e Fr
= QA)=Q4) VAeFr=F
= Q=0

7 ¢ 7
Assume the market is viable and incomplete. Then there exists H > 0 ,and
H is Fr-measurable and not attainable.
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T
V={Vo+ ) @S —51), VoeR, (¢ ...,¢" predictable}

t=1

H
— V.

W= {f = (f(w1>7 7f(wN))} =R"Y
Hence we get:
VZw.

We introduce the scalar product

(f.9) :=Eqfg= Z Fw)g(w)Q({wi})

We take a basis vy, ...,vpy €V, 1z := sﬂo gV
T
M
=3 =x— Z(x,vi)vi) 1V

=1

Indeed: take any v = Z,iw:l opvy €V

M M
= (‘%71}) - Zak('ravk) - Zan(xavn) =0
k=1 n=1

Define:
Q) = (14 5o ) @)
Obviously,
Q{{w}) >0 Vw
and

Hence Q is a probability measure and @ ~ P and @ # Q by definition.
Finally; we show that (S;) is also a Q-martingale
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Ky S pil(Si = Si) = 2%1 U(Wz')(@({wi}} |
= 2im 0(wi) (1 + #iﬁ)w@({wi})
= EQU + WEQU‘%

=0 V(! ..., %) predictable

Hence by the Theorem 2.2 (S,)L, is a Q-martingale.

47
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Chapter 6

American Options

1 Stopping Times

Let (2, F,P) be a finite probability space, (2, F, P, (F;)L,, (St)L,) a market
model as before.

An American option can be exercised at any time t € {0,1,....T} =:T.
For example, the American call option with strike price K:

Zy= (S} —K)* ,t=0,1,..., T is then a sequence adapted (Fr). Z; = profit
made by exercising the option at time t.

For the decision to exercise or not at time t the trader can only use the
information available at time JF;. We describe this using stopping times.

Definition 1.1 A random variable 7: 2 — T is a stopping time if
{r=t}eF Vt=0,..T.

{r=t} ={weQ:7(w) =t})
Remark 1.2 It holds

{r=t}={r<t}\{r<t—-1}e Fvt=1,..,T
— {r<t}={r=0u{r=1}U..U{r=t} e Fvt=0,..,T
Definition 1.3 Let (X;)_, be an adapted sequence and 7 a stopping time.
We define
X7 (w) = Xiar(w) (w)  (aAb:= min {a,b})
This means on the set { w: 7(w)=k}

- Xpift>k
X _{Xtift<k.

Theorem 1.4 Let 7 be a stopping time.

(1) (X3) is (F) adapted = (X]) is (F;) adapted.

(2) (X}) is a martingale = (X7 ) is a martingale

(3) (X}) is a supermartingale = (X7 ) is a supermartingale

49
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Proof
(1)

t
Xinr = Xo+ > ey (Xi — Xi1)

k=1

It holds {k < 7} = {k > 7}*. But {r < k } = {r < k1} € F_..
Hence ¢(k):=1t<,} is a predictable sequence. Clearly, (X;a-){_, is adapted.

(2) Let (X;) be a martingale. By Lemma 2.1: since (X] — z¢) is a
martingale transform of (X;) by (¢(t)) it follows (X[ ) is a martingale.

(3) Can be shown similarly. O

2 The Snell Envelope

We want to define the price of an American option for example for

Zt:(St—K)+, tZO,,T
We use a backward in induction:
t=T:
option price Ur = Zr.
t=T-1:

Now the option holder has 2 possibilities:

(1) Trading at once (t=T-1) writer must pay Zp_;

(2) Trading at time t=T. Writer must be able to pay Zr = needs an admis-
sible strategy with the price

7 -
59 Eg {S—ﬂﬁ_l} = S Vi1 = Vi,
T

(Q=EMM, assume : market is complete)

= option price
0 Zr
UT_1 = max{ZT_l, ST—IE@ S—0|.,FT_1 }
T
induction:

U
Ut,1 = HlaX{thl, S?_lEQ |:S—S‘./Tt1:| }
t



2. THE SNELL ENVELOPE 51

Theorem 2.1 Let (Q,F,Q) be a finite probability space, (X)L, an (F)
adapted sequence with Xy > 0, t =0, ..., T. Then the process (U;) with

UT = XT
Ut,1 = maX{thl, E@[Ut’ftfl]}

is a supermartingale. It is the smallest supermartingale dominating (X;),
i.e. it holds

UtZXt7 tIO,,T
Remark 2.2 The process (Uy) is called the Snell envelope of (X;).

Proof (of the Theorem)

Clearly: U; = max { Xy, Eq[Up1|F)} > X, t=0,...,T.
So (Uy) is dominating (X;).

(Uy) is adapted.

E[U|Fi-1] < max{X;_1, Eq[Uy| Fi—1]}
= U;_; = supermartingale

We have to show that (U;) is the smallest one:

Suppose (Y;) is a supermartingale dominating (X;). Then Yy > Xr = Ur.
Backward induction: Assume for some ¢t < T that Y; > U;. Then it
follows

Yio1 > EglYi|Fiza] > Eg[Ui| Fi-i]
T T

Supermartingale assumption Y; > U,

But Y;_; > X,;_; holds also.

= Y1 > max{X; 1, Eq[Ui|Fi 1]} = Uiy

Theorem 2.3 1. 7« =min{t > 0: U; = X;}is a stopping time.

2. The stopped process (U[*) is a martingale.

Proof
1.

{rx =0} = {Uy = Xo} € Fy since Uy, X, are Fy — measurable.

t—1

{rx =t} = (U, > X} n{U, = X,}

s=0
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Since {Uy > X} € Fy C F and {U; = X} € F; we have {7 =t} € F,.
2. Define (1) := Lir>y (= (¢(t)) is predictable)
It holds

t
U7 =Us+ Y @(s)(Us — Usy)
s=1

= U = U = ot)(Uy — Ui1) = Tjruny (Up — Upa)
= Loy (U — Eg[U] Fia])
since on the set {7* >t} = {7* >t — 1} it holds U;_; > X;_; and hence
U1 = max{X; 1, Eo[U;|F; 1]}

= Eq[U|Fi-1]-

So it follows
EolU™ — UL |Fia] = Eo[Mirazey (Ur — Eq[U| Fea]) | Fii]
= Loty (Eq[U| Frn] — Eq[U| Fi]
=0
= (U]")martingale

Definition 2.4 A stopping time o : Q0 — T is optimal for (X;) if
EQXU = sup EQXT
T€T

where T denotes the set of stopping times 7 : {0 — T.
Interpretation: If we think of X, as the total winnings at time n, then
stopping at time o would mazximize the expected gain.

Corollary 2.1 7« = min{t > 0 : U; = X} is an optimal stopping time for
(X:) and

Uy = Eg X, =supEX.
Te€T

Proof (U]*) is a martingale. It holds
Uo = UOT* - EQU%* - EQUT/\T* - EQXT*

because T'A 7« = 7 and U,, = X, by definition.
On the other hand (U]) is a supermartingale for any 7 € 7 by Theorem 1.4.
So it follows because U] is a supermartingale and (U;) dominates (X;) that

Us = U] > EgU, > EgX,.

Which implies Uy > sup,7 EgX-, and since 7 € 7 and EgX,. = Uy we
get Uy = sup, o7 Eg X 4

There is the following characterization for optional stopping times:



2. THE SNELL ENVELOPE 33

Theorem 2.5 A stopping time o is optional for (X;)
< (1)U, =X,

and

(2) U? in an ((F), Q) martingale .
(U denotes the Snell envelope of (Xy)).

Proof 7<”
If U? is a martingale, it holds

Up = BoUZ = EqU, = EgX,.

On the other hand (U]) is a supermartingale for any 7 € 7 (since (U;) is a
supermartingale, see Theorem 1.4.) Hence

Uy = U7 > EqUs = EqU, > Eg X,
because (U;) dominates (X3).

=,er E@X, =supEgX,, i.e. o is optimal
T€T

7=" Assume o is optimal; i.e. EgX, = sup, .7 EqX-
By Collary 2.1: Uy = sup, 7 EgX-.

Hence Uy = Eg X, < EqU,

because (U;) dominates (X3).
(Uy) is a supermartingale, therefore (U/) is a supermartingale

Us = Ug > EgU,

= EQXU =U, = EQUU. (61)
By Ut Z XtVt,u) = XO— = UO"

Since (U7) is a supermartingale:

EolUr| 7] < U7 (6.2)
Up = Ug > EqUf > Eglo[U7|Fi]
= EqU, = Uy
since (U/) is a supermartingale and because of the relations (6.1) and (6.2).
Hence Eq[UZ|F;] = U7, (U/) martingale.

Remark 2.6 7% from the Corollary is the smallest optimal stopping time
for (Xy).
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3 Decomposition of Supermartingales

We will consider the so called "Doob decomposition” which we will use to
find trading strategies for American options. It is also used to model trading
strategies with consumption.

Theorem 3.1 Every supermartingale (U;)L, has the following unique de-
composition

Up = My — Ay,

where (M) is a martingale an (A;) is a non-decreasing predictable process

Proof Induction t=0: if Ay = 0= M, = Uj is uniquely determined.
t — t+1:

U1 = Up = Myyy — My — (A — Ay) (6.3)

We take the conditional expectation on both sides and assume (M) is a
martingale and that (A;) is predictable:

E[U1|F] = Uy = E[My1 | Fy] — My — (Appr — Ay)

= _(At+l - At) — E[UtJrl’Ft] - Ut S 0 (64)

= A; < A1 (non-decreasing)

Remark 3.2
My — My = Uy — E[Up 1| Fi](use (6.3) and (6.4))
A1 — Ay = Uy — E[U44 | F]
One can find also the largest optimal stopping time for (X;):
Definition 3.3 Define o : 2 — {0,1,..., T} by setting

Wl T it Ap(w) =0,
oI = min{t > 0; A, >0} if Ap(w) > 0.

if (Uy) is the Snell envelope of (X;) and U; = M; — A; (Doob decomposition).

Theorem 3.4 o is the largest optimal stopping time for (X;)
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Proof (1) o is a stopping time:

{o =t} =Ns<{As =0} N {As1 > 0} is F; — measurable

because {A; = 0} is Fs_y C Fy_j-measurable and {A;1; > 0} is F;-
measurable since A is predictable.

(2) it is optimal
We conlude from

U =M — A and U = M/ fort <o(w)

that (U7) is a martingale. This gives us property (2) of Theorem 2.5 and
hence that ¢ is optimal. We still have to show U, = X,.

U, = 25;01]1{(,:5}[]5 + I[{o':T}UT

= Y Mgy max{ X, E[Us1|Fs]} + Loy Ur
We have E[U; 1| Fs] = E[Mg1—Asi1|Fs] = Ms—As11 and Agyq > 0 on {o = s}
Us =M, — As and A; =0 on {0 = s}
E[Usp1|Fs] < Us =

Us = max{ X, E[Ug1|Fs|} = X
So we get

U, = EST:_(}I[{U:S}XS + Loy Ur

- X,
because Ur = X7 by construction

= optimal.

(3) o is the largest:
Assume 7 > ¢ and Q(7 > o) > 0.

then EU, = EM, — EA, = EM, — EA, < EU, = U,

which means 7 is not optimal. U
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4 Pricing and hedging of American options

We assume the market (2, F,P, (F;), (S:)) is viable and complete ((€2, F,P)
finite probability space) and Q is the EMM. An American option is an
adapted sequence (Z;)L, with Z; > 0. In Section 2 of this chapter we saw:
Given an American option (Z;)L, its value process (U;)L_, can be described
by
Ur = Zr
{ Uy = max{Z;, S{Eq[g= | A} 0<t<T—1

That means, the discounted price of the option U, := %, t=0,...., T is

the Snell envelope under Q of (7). Like in Section 2 one can show

~ Z
U, = sup Eg|=|F],
t TGTE’T Q[SQ| t]
where 7, r denotes the set of all stopping time 7 : Q — {¢,...,T}. Conse-
quently, the price Uy of the option (Z;)L_, is
Z,
Ut = S? sup ]EQ[—O|.F15]
7€l ST
Now we use the Doob decomposition:
Uy = M, — A
where M, is a Q-martingale and A, is non-decreasing, predictable, A=0. By

assumption, the market is complete. )
= Jo, self-financing such that for H = S% My it holds

Vr(p) = S%MT
i.e.Vi(p) = My = V() = My, t =0,...,T.
because (f/}(go)) is a Q-martingale.
= Ut = f/t(SO) - At, U = V;t((P) - A

Optionprice Vo(¢) = Uy = sup,cr Eq%
= investment needed for a hedging strategy
= rational ( or "fair”) price or "no-arbitrage price”.

Vo(¢) is the minimal investment capital to hedge (using a self-financing strat-
egy) the option
Zt,t - 1, ,T

Theorem 4.1 A stopping time o € T is an optimal exercise time for
the American Option (Z;)L,

Ly Zr
& E@@ = sup Eq (6.5)

T€T S»(r)
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Proof

An optimal date to exercise the option has to be a stopping time (traders do
not have information about the future). An option holder would not exercise
(=use) the option in case

(A

because he would trade an asset worth U; (=the price of the option at time
t) for an amount Z; (= profit he gets from exercising the option at time t).
We know (U,) dominates (Z;) = U, > Z, ¥t . So the option holder waits till
Uri = Zry.( Uy, = Z,,) But this is the property (1) of an optimal stopping
time (compare Theorem 2.5 ). So also

, _{ inf{0<t<T-1,A;41 #0}

T7 AT - 0
is an optimal exercise time. After o,,., one should not exercise: From
U= Vi(p) — A

It follows Uy < Vi(p) on {t > Omax}. If the holder would sell the option at
the time oy, he would get U, By using U,,... = Vo (@) and trading

max * max

with the trading strategy ¢ he creates a parfolio ¢, such that
\/O'max‘f‘l(gp) > UUmax"Fl) LR \/T(SO) > UT

Hence, for an optimal exercise time 7 it holds (U]) is a martingale, so also
property (2) of an optimal stopping time must hold (compare Theorem 2.5)
Remark:

Or, from the writer’s point of view: If he uses ¢ as defined above and the
buyer exercises at 7 # ’optimal’ then

U,>Z.or A, > 0.
= Writer makes riskless profit:
Up = Vilp) — A
=V (o) -2, =U.+A. —Z, >0

itU, > Z,,A;, >0,A. >0 and U, > Z.. V.(p) is the amount the writer gets
by hedging, and Z, is the amount the writer has to pay to the holder.

5 American options and European options

Theorem 5.1 Let C{ be the value of an American option at time t described
by an adapted sequence (Z;)L_, and let CF be the value of an European option
at time t defined by the Fr measurable random variable H = Zp. Then it
holds

CA>CF,
Moreover, if CE > Z; for all t, then

cA=cF vt=1,...\T.
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Remark 5.2 One can imagine that C* > CF should be true because the
American holder has more choices to exercise than the European.

Proof Put CF = SPEq[#|F]. Cf = g—f is a Q— supermartingale and
T t

because of the assumption C# = CF we have
Ci' > Eo[Cr|F] = EglCF|F] = CF.

If CF > Z, for all t then CF is a Q— martingale (and as any martingale is a
supermartingale) it is a Q— supermartingale which dominates Z;. Hence

CA<CE t=0,...,T.

g

Remark 5.3 The price of the European call and the American call are equal:

CF = (14+r)"Eg[(Sr — K)*|F
> Eg[Sr — K(1+7)7"|F]
S, —K(1+nr)T.

Thus
CP>8 ~KA+r) T Y>85 K r>0.

Because CF > 0 we heve CF > (S; — K)TZ;
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