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1. Some stochastic calculus

Mathematical finance in continuous time is described in the language of
stochastic integrals and stochastic differential equations. That’s why the
course begins by introducing

e Brownian motion,
e martingales,
e [t0 integral and

e [t0’s formula.

1.1 Brownian motion
Let (2, F,P) be a probability space, i.e.
(1) Q is a non-empty set.
(2) F is a o-algebra.
(3) P is a probability measure.

The probability space (2, F,P) is complete, if B € F with P(B) = 0 and
A C B imply A € F, in other words " F contains all P-null sets”. Let
F = (Fi)i>0 be a filtration, i.e.

fsgftgf7038§t<oo7

where F, and F; are o-algebras. A o-algebra B(R) is the smallest o-algebra
containing all open intervals of R, see [3], p. 12-13.

In the future, it is assumed, that (€2, F, P, F) satisfies the ”usual condi-
tions”, namely

(1) (2,F,P) is complete,
(2) Fo contains all P-null sets of F,

(3) F is right-continuous, i.e. F; = Fyp = (| Fs.

s>t
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To model random phenomena in finance, the Brownian motion will be used.

Definition 1.1.1 (Brownian motion)

Assume a probability space (2, F,P) and a filtration F = (F;). A family
of random variables W = (W});>¢ is called (standard) Brownian motion
with respect to (F;), if

(a) for all w € Q, t — Wi(w) : [0,00) — R is a continuous function with

W()(W) = 0.

(b) (W;) is (F)-adapted and for 0 < s < t it holds that W, — Wy is

independent from F,, meaning that for all A € F; and B € B(R) it
holds that

P(AN {w: Wi(w) — W,(t) € BY) = P(AP({w : Wi(w) — W.(t) € BY).

c) W, is normally distributed for allt > s > 0 with EW, = 0 and EW? = ¢
( ) t Yy t t )

1.e.

1 r 22
P{w: W, <zx})= \/%/ e 2dz.

(d) (W) is homogeneous:

]P(Wt,s § f]f) = ]P)(Wt — Ws S .’L')

1.1.1 Some properties of the Brownian motion

1.

Brownian motion exists. The space (€2, F,P,F) can be chosen to satisfy
the "usual conditions”.

. The Brownian motion can only be sketched but not drawn: The length

of the path on the interval [0,1] is co almost surely:

P ({w : A}l_lrgoi ‘W%(w) —W%(w)’ = oo}) =1
k=1

. The paths t — W;(w) of the Brownian motion are for almost all w €

nowhere differentiable.

. For any 0 = ¢y < t; < ... < t,, the random variables W, — W, .

Wi, . — Wi
(Remember: Random variables X, ..., X,, are independent if and only
if

]P)({Xl c Bl}ﬂﬂ{Xn S Bn}) = P({Xl S Bl}) X ... X P({Xn S Bn})
for all B, € B(R). )

., Wy, are independent.

n—27""

. Because W is homogeneous,

EW, — W, =EW,_, =0 and E(W, — W,)? =t — s.



1.2. CONDITIONAL EXPECTATION AND MARTINGALES 7

1.2 Conditional expectation and martingales

The main properties of conditional expectation are recalled for later use.
Definition 1.2.1 (Conditional expectation)

Let (2, F,P) be a probability space and G C F a sub-c-algebra, and
X a random variable such that E|X| < oo. If Y is G-measurable (i.e.
{fweQ:a<Y(w)<b}egforall a <b)and

E(X]IA) = E(Y]IA) for all A € G,

then Y is called conditional expectation of X given G. The conditional
expectation is denoted by E[X|G] ;=Y.
Remark: The conditional expectation E[X |G] is only almost surely unique.

Example 1.2.2 If for example, X(w) = w? w € [0,1], then by choosing
Q =10,1], F = B([0,1]) and P = A, where X is the Lebesgue-measure on

[0,1], and a o-algebra
1 1
g:{|:071:|7(171:|7®79}7

E[X|G] can be determined in the following way: Any G-measurable random
variable Y is of the form Y = a]I[O’ﬂ + bl[(i,ua a,b € R. Now, a and b need
to be chosen such that

EXT,:, = EYI,: and
[0,4] [0,4]
EXI[(%»H - EYI[(%’I]
Since
1 ) 1
and
! a

implying that a = ﬁ. Similarly,

1 1 1
_ 2 — _
: _/0 “lan= 3 <1 43)

1
EY]I(%J] = /O Y]I[()’i](CU)dw = Z,

EXT,

IS

and

431

so b= "7y

_ 7
= 15 Hence

1 7
E[X[G)(w) = @]I[O&](w) + 1_6]1(%’1] (w) almost surely.



8 CHAPTER 1. SOME STOCHASTIC CALCULUS

Proposition 1.2.3 (Properties of the conditional expectation)
Let (Q, F,P) be a probability space, and G C F be a sub-o-algebra of F.

1. IfE|X| <00 or X >0 a.s. then E[X|G] exists.
2. Let E|X| < o0 or X >0 a.s. then

(a) If X is G-measurable, then E[X|G] = X almost surely.
(b) If X and G are independent, then E[X|G] = EX almost surely.
(c¢) Tower property: If G C'H C F are sub-o-algebras, then
E[E[X|G)H] = E[E[X|H]|G] = E[X|]] a.s.
(d) Linearity: If E|X| < oo and E|Z] < 0o, then
ElaX + 8Z|G] = oE[X|G] + BE[Z|G] a.s.
for all a, B € R.

(e) ”Take out what is known”: If E|X| < co and Y is bounded
(or if E|XP < 0o and E|Y]? < 00 fOT%—‘—é =1,1<pqg< o)
and Y is G-measurable, then
E[XY|G] = YE[X|G] almost surely.
Definition 1.2.4 Let (Q, F,P) be a probability space and F = (F;);>0 a
filtration.
(a) A stochastic process X = (X;)i>0 on (©,F,P) is a collection of

random variables (X;):>o, (i.e. X; is F-measurable for all ¢ > 0.)

(b) A stochastic process X = (X;);>0 is adapted if X; is F;-measurable
for all ¢t > 0.

(¢) An adapted stochastic process (X;)i>o is called a martingale with
respect to (Fi)eso, if
(1) E|X;| < oo for all t > 0, i.e. X, is integrable.
(2) for0<s<t
E[X,|Fs] = Xs.
(d) A martingale (X;);>¢ is called square integrable if
IElXt2 < oo for all ¢ > 0.

Proposition 1.2.5 The Brownian motion (W,;);>0 is a martingale.

Proof:
The proof is an exercise. It can be easily seen that E|W;| < oo by using
1

Hélder's inequality (E|XY| < (E|X[?)» (E|Y|?)7 for 1 < p,q < oo such that

]l? + % = 1) by choosing X :=W,, Y := 1 and p = ¢ = 2, which imply

E[W,| < (EW2): = V1
by definition. O
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1.3 Ito’s integral for simple integrands

We assume that W = (W;);>¢ is a Brownian motion on (£, F, P, F) and want
to define the stochastic integral (=It6 integral)

T
/ Ltth for T > 0.
0

In this section it is assumed that the stochastic process (L;);>o is a simple
process, i.e. there exists a sequence 0 =ty < t; < ... < t, =T and random
variables &;, @ = 0,1, ...,n with the properties

(i) & is Fi,-measurable

(ii) sup |&(w)| < C for some C' > 0 for all i = 1,...,n such that (L;);>¢ can
we

be represented by
Ly = Z Eica W,y 4(t)
i=1

The space of simple processes is denoted by Lj.

Remark 1.3.1

1. (L¢)o<i<r is a stochastic process which has piecewise constant paths for
each w € Q.

&2(w)
Eo(w)

1y t, t3 =T

2. (L) is an adapted process:
Lt = §i—1 for t € (ti—la tz], L(] =0.

Then ;1 is F;,_, € Fi-measurable, hence L, is F;-measurable.
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If b is a continuously differentiable function on [0, 77, then
T T
/ Li(w)db(t) = / Ly(w)V (t)dt
0 0
n ti
- Z/ i1 (w)b'(t)dt
i=1 Y ti-1

_ Z&‘l(w)(b(ti) — b(ti1)).

i

This relation is the motivation for the definition of fOT L;dW; (but (Wy(w) is
not differentiable!).

Definition 1.3.2 (It6 integral on L)
The Ito integral for L = (L;);>0 € Ly is defined by

k—1
L(L) =Y &a(Wy — Wi ) + &(W, — W),
i=1

iftpy <t<tpand Ly = > & 11, ,4)(t). This can also be written as
i=1

L(L) = &io1(Wine — Wiy, t€[0,T),

i=1

where a A b := min{a, b}.

Notation: .
]t(L):/ L, dW,
0

Proposition 1.3.3 (Properties of I;(L), L € L)

(a) The equality known as It6 isometry

E(I7(L))* = ]E/OT Ldt

holds.
(b) (I(L))i>0 is a square integrable, continuous martingale.
(c) Ii(al + BK) = aly(L) + BI,(K) for all LK € Ly and o, € R.

Proof:
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By a direct computation,

E(IT(L>>2 = (Z&Z Wtz Wti—l))
— ZZE(& 11 (Wy, = W)Y (Ws, — Wtkl))

i=1 k=1

= ZEg (ti —t;i_1) +0,

because if i #£ k, for example ¢ < k, then by using the tower property
and taking out what is known

Egi—lgk’—l(Wti - mi—l)(Wtk - Wtk—l)
= EE [&-1&a(Wy, = W ) (W, = Wi, ) F ]
= Efifl’fkfl(wti - Wtiq)E [Wtk - Wtk—l’ftkfl] =0,

since Wy, — W, _, is independent from F;, |, and E(W,, — W, _,) = 0.
If + = k, then

Egi{l(Wti - Wti—1)2 = EE [5 (Wt Wti—1)2|Fti—l}
= Egi—l [(Wtz - Wti71)2‘fti71:|
= E& (ti —ti). (P1)

On the other hand,

T T n 2
E/ Lidt = E/ Z&i—l]:[(tifl,ti](t) dt
0 0 i=1
T n
= E/ Z@z,l]l(ti_l,ti](t) dt
0 i=1

n T

e [ i
i=1 0

= EY &, (t —ti). (P2)
=1

Comparing (P1) and (P2) implies the claim (a).

(b) From (a) the square integrability of (I;(L));>o follows, because

t n
E(I,(L))* =E / L2ds =B & (tiAt—tiyAt) <Pt (P3)
0 i=1
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because £2 | < ¢? by the definition of simple processes. A martingale is
said to be continuous if it has almost surely continuous paths. Hence,
it needs to be verified that

P({w € Q: ([;(L)),< (w) is continuous in ¢}) = 1.

By the definition of the Brownian motion, t — W;(w) is a continuous
function for all w € §2. This implies

Z& Y Wine(w) = Wi (W)
- Zgz Wt/\s ) Wti71A5<w)):IS(L>(w)7

as t — s and thus [;(L)(w) is continuous in ¢ for all w € Q.

Yet it needs to be shown that (I;(L)):>o is a martingale:

(1) Ift e (tk—btk], then

-1
= &G (Wi, = Wioa) + &ea (W = Wi, ).
=1

The random variables §;_; are JF;, ,-measurable, &, is Fy, -
measurable, the terms (W, — W,,_,) are F;,-measurable and the
term (W, — W;,_,) is Fi-measurable. Since F;, , € F, Ii(L) is
Fi-measurable, and (I;(L)):>o is adapted.

(2) E|L(L)| < (E|[,(L)]?)2 < oo, because inequality (P3).

(3) For 0 < s < t, assume t;_1 < s <t <t Then

BIL(LIF] = Y E[6 (W, — W, )IF)]
+ E[k (W =W, 1)‘fs:|
= Z& 1 i) & (Ws =Wy, )

= IS(L) almost surely.

(c) Clear from the definition.
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1.4 Itd’s integral for general integrands

Is it possible to define
T
/ Wi dW, ?
0

The process (W;) is not piecewise constant, so (W;) ¢ Ly. In this section,
the definition of I;(L) will be extended to a larger class of integrands L. The
results are not proven here, but the proofs can be found in [2], [3] and [4].
Let Ly be the space of the processes L = (Ly)icpo,r) which are

e 53([0,T]) x F-measurable,

o (F;)-adapted,
T

° EfL?dt < 00.
0

Lemma 1.4.1 Let L € Ly. Then there exists a sequence (L™),>o of simple
processes such that

T
lim E/ |L; — L}|*dt = 0.
0

n—oo

Definition 1.4.2 Let L € £5. Then define

t

I(L) := lim [ L}dWs,

n—oo 0
where the limit is in Lo-sense, i.e. I;(L) is the random variable such that

lim E(I,(L) — I,(L"))? = 0.

n—o0

Notation: .
(L) = / LWy,
0

Proposition 1.4.3 (Properties of f(f LydWy, L € L5)
(a) 1t6 isometry: E(I,(L))? =E [} L%ds
(b) (I:(L))i>0 is a square integrable martingale.

(c) Ii(al + BK) = al(L) + BL(K) almost surely for all o, € R,
LK € L,.

(d) EI,(L) = 0.
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Remark 1.4.4 By (b), (I;(L)):>o is a square integrable martingale. What
about the continuity of ¢t — [(L)(w)? Here, for each ¢t € [0,7] the random
variable I,(L) has been defined as a limit in Ls-sense, i.e. [ (L) is P-a.s.
unique.

The stochastic processes (X;)¢>o and (Y;);>¢ are called modifications of each
other, if X; =Y; almost surely for all £ > 0. It can be shown, that (/;(L))¢>0
has a modification which has almost surely continuous paths ¢t — I,(L)(w).
In the future, it is assumed, that (I;(L)) refers to the modification, which
has almost surely continuous paths. It can be shown, that

2

lim [E sup =0.

nMm—00  0<t<T

t
/ L — L™dW,
0

1.5 Itd’s formula

Assume a given stochastic process

t t
X; = Xy +/ b(s)ds +/ d(s)dWs,
0 0

where the second term is a Riemann-integral with
e b(s) = b(s,w) is jointly measurable, i.e. bis B([0,T]) ® F-measurable,
e b(s) is Fs-measurable, EfOT |b(s)|ds < oo, and
e €L,

Then the Ito integral is defined.

Proposition 1.5.1 (Ité’s formula) Let f € CY%([0,00) x R). Then

f.X) = F0.X0)+ [ s x0)ds
0
ta 1 taQ
+ i 8—£(S,XS)(b(s)ds+a(s)dW5)+5 i 6—9£(87X5)52(S)d3-

Remark 1.5.2 If 5
( / <S,XS>5<S>) ¢ Lo

Ox s€[0,T7

then a more general definition is needed for

t af
i %(S,Xs)é(s)dWS.

(see, for example [2], section 3.1.)



1.5. ITO’S FORMULA

Example 1.5.3 Let f(t,z) = e*~2, X, = W,. Then

t ¢ 1 S t S
f&,w,) = e 2 =1 +/ ——e s +/ e T dW, 4
o 2 0 2

t
= 1+/ Vs dW,.
0

15

1 [t s
/ eVsm2ds
0
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2. Continuous time market
models

2.1 The stock price process
A continuous time market model consists of
(1) a complete probability space (2, F,P),
(2) a filtration F = (F;)o<i<r, that

e satisfies the "usual conditions”
o Fy is trivial, i.e. for A € Fy, P(A) =0 or P(A) = 1.
° FT =F.

(3) d+ 1 traded assets:

e d stocks: Sy(t), ..., Sa(t)

e one bank account Sy(t)

Now assume, that r : [0,7] — [0, 00) with 7(0) = 0, for example r(t) = rot,
7o > 0, and Sy(t) = e"®. Stocks model as ”generalized geometric Brownian
motions”. For d =1,

Si(8) = 81(0) exp ( /0 5(s)dW + /O t (a(s) - %52(5)) ds), (%)

where o, € L5. Now Itd’s formula implies that

(S1(t)) is given by (*)
<~ S5i(t) = 51(0) +/0 a(s)S1(s)ds +/0 d(s)S1(s)dWs,

for all t € [0, 7.
Special case: geometric Brownian motion (with drift)

Si(t) = S1(0)eSHe= ) ¢ e [0, T

17
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= St :51(0)+0z/t51(s)ds—|—5/t81(s)dWS, te 0,7

0 0

For d > 1, the random influence is assumed to come from a d-dimensional
Brownian motion

W =W}, . W,

where (W})epo, 17, (W2 )te[g T], cory (W) ieo1) are independent Brownian mo-
tions. Then for i = 1,. S;(t) is defined as

Si(t) = S;(0) + /Ot s)ds + Z/ s)dW?

for all t € [0, T, oy, ;5 € Ls.

2.2 Trading strategies

Assume, that there are shares/stocks S1(t), ..., Sq(t), t € [0,7], and a non-
random bank account Sy(t), t € [0,T].

Definition 2.2.1 The stochastic processes
p(t) = (po(t), ..., pa(t), t € [0, 7],

form a trading strategy, if

(a) the ¢; : [0,T]xQ — Rare B([0,T]) ® F-measurable and adapted (y;(t)
is Fy-measurable for all t), i =0, ..., d.

d
Zf 2)dt < .
i=00

In the definition above, ¢;(t) denotes the amount of shares of asset
i (1 < i < d) held in the portfolio at time t. ;(t) < 0 means short
sales: selling a stock which is not owned, only borrowed.



3. Risk neutral pricing

We want to have a method to compute the fair price of an option (so that
riskless profit = arbitrage is not possible). The method will be ”risk neutral
pricing” using an equivalent martingale measure.

Definition 3.1.1 A probability measure Q defined on (2, F) is a (strong)
equivalent martingale measure if

(i) Q is equivalent to P, i.e. Q(A) =0 <= P(A)=0forall Ae F

(ii) The discount price process
~ t
S = <S( ) >
S0<t) t>0

It will be shown that (like in the discrete time case) for certain models an
equivalent martingale measure (EMM) exists

is a Q-martingale.

e uniquely
e not uniquely (there are more than one EMM) or

e not at all.

Definition 3.1.2

(a) The value of the portfolio ¢; = (¢o(t), 1(t), ..., pa(t)) at time t is
given by

V,(t) = Zgoi(t)si(t), te[0,71].

The process (V,(t))icpo,r is called the value process (or wealth pro-
cess) of the trading strategy .

(b) The gains process is

%@:ZA%M@@a

if the stochastic integral is well-defined.

19
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(c) A trading strategy is called self-financing if
o Oftgoi(u)dSi(u) is well-defined
o V(1) =V, (0) +G(t), t €[0,T].

Remark 3.1.3 If

Si(t) = S;(0) + /t s)ds + Z / s)dW3,
then

/Ot@i(u)dsi(u)Z/ot i(u)a; du+2/ 1 (1) S, ()55 AW

By denoting the first term by A and the second term by B, then by Holder’s
inequality

t 2
E(/ %(u)c@(u)) = E(A+ B)? < 2EA? + 2EB.
0
For

EA? — ]E(/Ot gpi(u)ai(u)si(u)du)z <IE /Ot (gpi(u)Si(u)ozl( ))Zdu < o0

and for EB?,

E(/Ot goi(u)Si(u)@j(u)dWi)Z _ iE/@t (goi(u)si(u)(;ij( ))Qdu < .

j=1

The above is true, because

t t
IE/ a(u)dWJ/ b(u)dW? =0
0 0

if W' and W? are independent Brownian motions, and a,b € L£,. See the
exercises for (a(u)) and (b(u)) simple processes.

Definition 3.1.4 Assume Q is an equivalent martingale measure. A strat-
egy ¢ is admissible, if

(i) it is self-financing,

(i) V,(t) >0, t € [0,T]
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(iii) Eq sup V,(t)? < oo, where
0<t<T

Definition 3.1.5 A trading strategy ¢ is called an arbitrage opportunity
if

(i) ¢ is admissible,
(ii) V,,(0) =0 and P(V,(T) > 0) > 0.

Any non-negative random variable H we will call an option. Often H is
a function of S;(7T), the terminal value of the i-th share price process. For
example,

H = f(S(T)) = (Si(T) — K)*,
the European call option. But there also exists ”basket options” like
H=(Si(T)+ .. + So(T) — K)"

or ” Asian options”, depending not only on the last time T,

H= (% /OTsl(t)dt - K)

Proposition 3.1.6 If the equivalent martingale measure Q exists uniquely
and EgH? < oo, then there exists an admissible trading strategy

+

Y= (900(3)7 5 wd(s))se[O,T]
such that

= Vil) + 3 / i(5)d5i(3).

Proof:

Follows from the ”Martingale representation theorem”. The theorem says
that if there is exactly one Q ~ P such that (Si(t))wico1), ¢ = 1,...,d are
Q-martingales, then any option H > 0 with EgH? < oo can be hedged. Tt

can be shown, that Eq fOT ©i(t)dS;(t) = 0. Hence
EoH = Vo (),
which is the fair price of the option H.

Since arbitrage opportunities appear in reality only temporarily, the aim is
to construct market models which do not admit arbitrage opportunities. We
continue with a formulation of the ”Fundamental Theorem of Asset
pricing”:
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Proposition 3.1.7 If a market model has an equivalent martingale measure
Q, then it does not admit arbitrage.

Remark 3.1.8 The other implication is not always true in this general set-
ting. But there exists an ”if and only if”-relation, if "no arbitrage oppor-
tunities” is replaced by "no free lunch with vanishing risk” (see [1], page
235).



4. The Black-Scholes model

Assume a probability space (2, F,P,F) and a Brownian motion W with
respect to F. We will consider the model suggested by Black and Scholes to
do some computations related to the theory introduced before.

The model consists of

e one riskless asset Sy(t) = e, t > 0, where r > 0 is the (instantaneous)
interest rate, and

. _&2
e one risky asset S(t) = soe®Vt— T L,

It can be easily checked, that Sy(t) solves the differential equation

{ So(0) = 1, )

and that Sy(t) is the only solution of (*). It is also true, that

{dS(t) = 0S(t)dW; + uS(t)dt (%)
S(O) = S

is solved by
2
S(t) = speWe T it

4.1 The equivalent martingale measure Q
We want to determine the equivalent martingale measure Q. It has the
properties:

1. Q~P

~ 2
2. S(t) = %(tt)) = 5oeWe= Tt =L ¢ ¢ [0, T] is a Q-martingale.

The measure QQ can be found using Girsanov’s theorem:

Proposition 4.1.1 (Girsanov’s theorem)
Let (04)ico,m) be an adapted process satisfying fOT 62ds < oo almost surely and
such that the process

t 1 t
H; = exp (—/ 0sdWy — 5/ 9§ds) , t€[0,T]
0 0

23
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15 a martingale. Then with respect to Q,
_ / HydP(w)
A

t
Bt::Wt—i—/Qsds, 0<t<T
0

the process

1s a standard Brownian motion.

Remark 4.1.2 It is often difficult in applications to check whether (H,); is
a martingale. The Novikov condition

1 T
Eez Jo 67 dt < 00

is a sufficient condition for (H;) being a martingale.
Now by It6’s formula,

2

S(t) = so+5/ s)dW, +/t5( )(—%+(u—r))ds
+ 5/0 S(s)ds
= so+5/0t§(s)dW5—i—/otg(s)(u—r)ds

t
= 30—1—5/ S(s)dB,,
0

with B, = W, + “

is given by Q(A) := [, H,dP, where

-7 —r)?
H; .= exp (_,ué (H%z) t).

4.2 Pricing: The Black-Scholes formula

Assume we have an European call-option with strike price K > 0 at time
T >0,

f@) = (e - K)*

What is the fair price of the option f(S7) = (S — K)*7 This question will
be answered using the so-called martingale representation (see [4]).

Definition 4.2.1 Let (X;)o<¢<r be a stochastic process on a complete prob-
ability space (Q, F,P).
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(i) Set

F = o0(X,,0<s<t)
= the smallest o-algebra, such that X, is
Fi-measurable for all s € [0, t].

Then (F;)icp,r is the filtration generated by (X;).

(ii) Now all P-null sets of F are added to each F;:
Fri=FU{AeF:P(A) =0}

Then (F;*)tepo Is again a filtration, and it is called the natural fil-
tration of (X¢)cpo77-

Proposition 4.2.2 (Brownian martingale representation)

Let (2, F,IP) be a complete probability space and (Wi)ejo.r) @ Brownian mo-
tion, (F}V )iepo its natural filtration. Let (My)sepor) be a square integrable
martingale with respect to (FV ). Then there exists an (F}¥ )icion-
adapted process (Ly)icio,r), such that EfOT L2dt < oo, and

t
M, = My + / LsdWy almost surely for all t € [0, T).
0

The above Proposition 4.2.2 is applied in the following way:

—_—

e (S(T)— K)* is square integrable:

—_—— —_~—

Eo((S(T) — K)*)? < Eq(S(T))* =1 < o

o M, := Eg[(S(T) — K)"|FP] is a square integrable martingale with
respect to (FP)ieio1), where (Bjs)sejor) is the Brownian motion with
respect to QQ, see page 24.

e Proposition 4.2.2 implies that there exists (L;)sejo7) which is (FF)-
adapted and Eq [, L2ds < oo, such that

(S~ K)* = M =2ty [ L.ap, )

On the other hand, if the equation

(S(T) = K)" = V,(T) = V,(0) +/0 p(u)dS(u) (**)
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would be true with (p(u)) being adapted and E@(fOT cp(u)dg(\zﬁ)2 < o0, then
(@(u))uejo,r; would be a self-financing trading strategy. Because of

%:So—f—&/t%st,

where (Bj)sejo,r) is the Brownian motion with respect to Q, (**) implies

—_——

(S(T) = K)" = V,(0) +/0 (u)S(u)ddB,. (%)

By comparing (*) and (***),

2

—_~ e/~

0 = Eo|(S(T) - K)" = (S(T) — K)*

_ E@(Mo+ /0 " LB, —V,(0) - /O Tso(u)%édBuy

~ Eg (Mo + v¢<0)) 2

+ 2Eqg (MO - v¢(0)) ( /0 ' LydB, — /0 ' gp(u)%adBu)
+ EQ( /0 ' L.dB, — /0 ' gp(u)g(\u/)édBu)Q

_ EQ(MO _ V;,(O))z —HEQ/OT

where the last equality follows the fact that Eq fOT L, — ¢(u)S(u)ddB, = 0
and [to isometry. This implies, that

—_~—

Lo — p(u)S(w)d| du,

ch(o) = My

ou) = ,{ﬁ and
S(u)d

V() = M,

Q ® dt-almost everywhere. Since (B,,) is a Brownian motion with respect to
Q, by Proposition 1.4.3

Vo(t) = Vu(0) + /tgo(u)g(u)édBu, te0,7]

is a square integrable martingale.
Now, if

V,(0) = the price of the option at time 0.
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V,(t) = discounted price of the option at time ¢.
Then the price is
(S(T) — K)*

erT

V() = EQ[ 7P

= EoleT(S(T) - K)*|7)

= Eq _e—“T—t) (S(t)% — K) ]—"tB]

= Eq _e—“T—t) (m% — K)+ ]—"f]

where S(t) is independent from F? and FP-measurable. For the last equality,
see [5], proposition A.25.

Now, set
viren [ S(T) *
— r(T—t) —
F(t,z) == Ege (x 50 K) ,
(

then Vi (¢) = F(t,S(t)). By S(u) = soetBu= 3"

~ +
rT

F(t,z) = Ege T (m%@ - K)
eT‘

z=S(t)

see p.24)

T T §(Br—B s2(r—1) +
— 7t)EQ e (T 8(Br—B)— =1 p-
+
= T, (mer(Tt)eé(BT_t)52(72"t) B K) |

since By — B, < Br_;. By substituting 7' — t =: a and denoting X = —5%,
making X standard Gaussian, ie. P(X < z) = Npi(z), F(t,z) can be

expressed as

2, +
F(t,z) = e "MEg (xeme‘s\/&X_éT - K)
1 00 2, + 22
= e_m\/?/ (xeme‘s\/az_éT —K) e 2dz
T J—-c0

1 - az— 82 —ra _22
= \/_2_77-/_00 (Ie‘s\f 2 — Ke )]I{Z+d220}6 2 dZ,

where 5
log = + (r+ %)a
4y = 5K 5\(/5 D) dy = d, - S,

with @ =T —t. Then {z +dy > 0} = {—2 < dy}, and

1 [" 2, 2
F(t,l‘) = E/ (1'6_6‘/62_% — Ke—ra) e 2dz
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= ... = $M,1(d1) — Ke_m/\/'(m(dg).
This is the Black-Scholes formula

F(t, w) = ZL‘N[)J(CZI) — KB_T(T_t)N071(d2).

4.3 Example of infinitely many EMM’s

Assume that (2, F,P) is a complete probability space and (W}') and (W}?)
2

are independent F—Brownian motions. Let (S¢):cjo,1], St := eSWi=%3* be the

share price process. Then (5;) is a P-martingale with respect to (ﬂwl)tE[O,T],

the natural filtration of (W}). Set H; := eGWtQ_TTﬂ, 6 > 0. Then
Q°(A) = Ep (s Hr)
is an equivalent martingale measure for any 6 > 0 :
o 0 < Hr < oo P-a.s.

e Since HT% and ]:SW I are independent, as are Hr and %, and Hp and

Sr are square integrable, the martingale property is satisfied as
Eqg[SiI|F"] = E[HrS,|F"]
= S.E {HTE—: fswl]
S,
= S,E <HT§Z)
SSEHTIE% =S,

because EHr =1 = Eg—z

4.4 Example of no EMM’s

Assume r = 0 and price processes are chosen as

S;i(t) = Si(O)eWtJr(“"_%)t, i=1,2 and py # uo.

2
Then H} = e~ mWr+5T defines according to Proposition 4.1.1 the equivalent
martingale measure Q; for S;. For Q; = Q the condition p; = ps would be
needed.



5. Bonds

A bond is a debt security. The issuer (government, credit institutes, com-
panies) has to pay interest (coupon) once or twice a year and to repay the
amount (principal) and the interest at the maturity time. Zero-coupon bonds
do not pay interest until maturity time. Modeling of a zero-coupon bond:

e p(t,T) = price of a zero-coupon bond at time ¢ < T that pays 1 € at
time T

p(t,t) = 1.
If the ”instantaneous” interest rate is a constant r, then

p(t,T) = e

because for 1 € one would get e"T~%) interest for the time amount T — ¢.

(The relation between annual interest rate r, and instantaneous interest rate
T i8S N\
r
re = lim <1+—) —1=¢eT—1 for T =1 year. )

n—00 n

Now we assume that the interest rate is not fixed, but changes randomly.

Similar to Proposition 3.1.7, it holds that if the market model (2, F, P, F, S)
has an equivalent martingale measure, then it does not admit arbitrage.

If Q is an equivalent martingale measure, then Q ~ P and the discounted
price processes of the basic securities have to be (Q-martingales. If we
consider the bond market, then the discounted zero-coupon bonds have to
be Q-martingales.

Definition 5.1.1 The fair price for a zero-coupon bond with maturity
T at time t is

p(t,T)
— < =F .7: 1 t 1
5 0) Q So 7| almost surely,
under the assumption Sy(t) = exp fo s)ds) with a random adapted process

(7(s))seo,r)- So p(t,T), the price of a bond at time ¢ which matures at T is

p(t,T) = Eg [ I %5,

29
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Remark 5.1.2 There are other approaches to describe bonds and bond
prices. See [1] for the Heath-Jarrow-Morton-model.

The ”short rate” r(s) can be modeled with several proposals:

Vasicek model, see [2]:

r(s) =ro+ /S a — fr(u)du + /S ~AW,,
0 0

Cox-Ingersoll-Ross, see [2]:

r(s) =ro+ /OS a — fr(u)du + /08 §(w)\/r(u)dW,,

and other more complicated ones.



6. Currency markets

Sometimes the assets are in several countries simultaneously. We consider two
countries: a domestic country with interest rate r4 and a foreign country with
interest rate r¢, and bank accounts in both countries, denoted by By(t) = e
and By(t) = e¢"f*. We introduce an exchange rate process (Q(t))to to pass
denomination in foreign to domestic currency. (Q(t));>0 depends on the two
economies, the policies of the governments, etc, so (Q(t)) is influenced by
a "multidimensional noise”, modelled with independent Brownian motions

(Wi e ey (Wtd)t‘ Then

{ dQ(t) = Qt)udt + Q(t)(61dW + ... + §adW )
QO) = ¢ >0

if and only if

Q(t) = qoexp (Z ;W + (N - %Z(SZZ) t) (1)

=1

We compute the discounted value of the foreign savings account (discounted
by the domestic interest rate) in domestic currency,

5oy .- BriQ()

Q) :== B (1)

and get from () and (f) that
~ d . 1Y
Q(t) = goexp (Z 0;Wy + (M 3 Z@) t+(ry— Tdﬁ) :
i=1 i=1

To avoid arbitrage between domestic and foreign bond markets, such an
equivalent martingale measure Q(t) is needed that

t d t
Q) =+ [ Q)+ ry =ras+ 36 [ Qaw

does not have the drift term fg Q(s)(ju + rf — rg)ds. In case there exist d
independent trading assets the equivalent martingale measure QQ is unique.

31
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It is called the domestic martingale measure. By considering currency
options, for example the currency European call-option:

Then the fair price at time t is given by

O(t) = Eqe " (Q(T) - K)*.



7. Credit risk

Credit risk is the risk of loss if a loan or its interest is not paid back. There
exists two methods to model credit risk:

e reduced form models
A point process is used to describe the default event.

e structural models
The traded assets itself are used to describe the default event.

Default event is the event where the debtor does not make a scheduled
payment - "the debtor defaults”.

7.1 A simple model for credit risk

Let (Q, F,P,F) be a filtered probability space, and T* > 0 a time horizon.
We assume a firm’s value process

V(t) =V(0)+ T/Ot V(s)ds — (5/0t V(s)ds + 5/(: V(s)dWs,

where 7 is the interest rate and 0 is either the constant dividend rate if 6 > 0
or the constant "pay-in” rate, if 0 < 0. The process can be equivalently
written (see page 24) as

V(t) =V (0)exp (5Wt — %Qt + (r — 5)t) :

We assume that there exists an equivalent martingale measure QQ to have an
arbitrage-free market. Then the discounted tradable securities which pay no
dividends follow Q-martingales. By assuming that the firm’s value process
is a tradable security, we get for 6 > 0

If (W,) is a Q-Brownian motion, then (V(¢)) is a Q-martingale. Now we
consider a zero-coupon bond with notational amount F' (=face value) and
maturity 7' < T™.

33
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So the cash received by the ”owner of the defaultable claim” (= the one who
gives the credit to the firm in form of buying the bond) is

n._{ F if Vp > F
™= Vo, fVyp<F

Now, define a ”default time”
7= Ty <py + 00 llpy, > Fy-
Then the payoff for the ”equity owners” (=owners of the firm) is
Cr=Vp—F)*,

which can be interpreted as a call option on the value of the firm. By
Black-Scholes formula (see page 28),

Cy = Eg(Vr — F)" = Vie " TON 1 (dy) — Fe 7T\ (dy) ()
with . 5
_ log 2 +(r—0+%)(T —1)
WT —t
The bond owners (= the one who gave the credit) payoff is

dy =dy+0VT — 1.
Dy =F — (F—Vp)".

What is the fair price of this bond, or in other words, how much credit
can this firm get?

Proposition 7.1.1 Assume the above assumptions. Then
Bonds = a risk-free payment — put-option on the value of the firm,

so we have

p(t, T) = Fe—(T—t) _ Eq [e—r(T—t)<F B VT)JF‘]_.T]
Vie T ING 1 (—dy) + Fe " TN, 1 (dy).

Proof:
The proof is done by using the call-put-parity

OT—PT:(VT—F)+—(F—VT)+:VT—F

and knowing that
6_(7‘_6)75‘/; _ Mt

is a martingale. We have

C; = ¢"Eq[Cr| 7]
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and

P, = ¢"Eq[Pr|F)],
which imply that

Co— P = " T VEg[Vp|R] —e 7T IF
e—'r(T—t)+('r—5)T—(r—6)t‘/t . e—T(T—t)F

We*&(T*f/) . e*T‘(Tft)F'

This yields
Fefr(Tft) . F)t — ‘/tefé(Tft) - Ct

But by (X),

p(t,T) = FeTY—Pp
Vie 0=t _ We*‘S(T’t)/\/'o,l(dl) + Feir(Tit)/vO’l(dQ)

We_a(T_t)Nm(—dﬁ + FG_T(T_t)NO,l(Cb)
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