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Harjoitus 8
Torstaina 12.03.09 16:15-17:45 (MaD 380)

(1) Olkoon ([0,1],B([0,1]),\) todennékdisyysavaruus. Madritellaan funktiot f,, :
2 — R kaavoilla

an(x) = n3H[0,1/2n]<x) ja f2n—1($) = ngﬂ[l—l/zn,l](x)7
missin=1,2,....

(a) Onko olemassa satunnaismuuttuja f :  — R siten, ettd f, — f melkein
varmasti?

(b) Onko olemassa satunnaismuuttuja f : Q — R siten, ettd f, L 17

(¢) Onko olemassa satunnaismuuttuja f : Q — R siten, ettd f, Lg f?

(2) Osoita Holderin epiyhtalod kiyttden, ettd E|f|P < oo = E|f|" < oo kaikilla
0<r<np.

(3) Olkoon n € N. Mééritelldén vélin [0, 1] o—algebra

fﬁIU{(E,k+1:| ,k:(),l,...,n—l}
n o n

(a) Miksi funktio f(z) =2, x €]0,1] ei ole F—mitallinen?

(b) Anna esimerkki F-mitallisesta funktiosta.

(4) Olkoon (f)%2, jono riippumattomia ja samoin jakautuneita (i.i.d.) satunnais-
muuttujia siten, ettd Ef; = m ja varianssi 0% = E(f; — m)?. Osoita keskeisti
raja-arvolausetta kiyttaen, etta

Cht+ et A+ fa—nm Lo e
Pl R ) e g L

kun n — oo.

(5) Olkoon G := o{(a,b), 0 < a < b < 1} vilin [0, 1] o-algebra. Mitkéd jatkuvat
funktiot f : [0,1] — R ovat G-mitallisia?

(6) Olkoot (2, F,IP) todennékdisyysavaruus ja f : Q — R.

(a) Olkoon F = {0,Q}. Osoita, etti f on mitallinen jos ja vain jos f on
vakio.

(b) Olkoot IP(A) on 0 tai 1 jokaiselle A € F ja f on mitallinen. Osoita, ettd

P({w: f(w) = ¢}) = 1 jollekin vakiolle c.
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(1) Assume the proability space ([0, 1], B([0, 1]), A). Define the functions
fn: Q2 — R by

f2n($) = nsﬁ[o,l/Qn}(ﬂf) and f2n—1($) = 713]1[171/271,1}(33),
where n =1,2,....

(a) Does there exist a random variable f : Q — R such that f,, — f almost
surely?

(b) Does there exist a random variable f: Q — R such that f, LR 17

(c) Does there exist a random variable f : Q — R such that f, Ly 9

(2) Use Holder’s inequality to show that E|f|” < co = E|f|" < oo for all 0 <
r<p.

(3) Let n € N. Define a o—algebra on [0, 1] by

1
7:20{(E’k+ ] ,k;:O,l,...,n—l}
n.on

(a) Why is the function f(z) =z, z € [0,1] not F—measurable?

(b) Give an example of a function which is F-measurable?

(4) Let (fx)32; be a sequence of independent identically distributed (i.i.d.) random
variables such that Ef; = m and ¢? = E(f; — m)?. Show using the Central
limat theorem that

ottt )

for n — oo.

(5) Let G := o{(a,b), 0 <a <b< 1} be a g-algebra on [0, 1]. Which continuous
functions f : [0,1] — R are G-measurable?

(6) Let (Q, F,IP) be a probability space and f: Q — R.

(a) Let F ={0,Q}. Show that f is measurable if and only if f is constant.

(b) Let IP(A) be either 0 or 1 for all A € F and assume that f is measurable.
Show that

P{w: f(w) =c}) =1 for some constant c.



