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Exercises 2 (13th of November 2008)

(1) Assume that f, g : Ω → IR are independent random variables with the
same distribution. Show that IE|f | < ∞ if and only if IE|f + g| < ∞.

(2) Show that

(a) z1z2 = z1 z2 for all z1, z2 ∈ C,

(b) ez1+z2 = ez1ez2 for all z1, z2 ∈ C,

(c)
∣∣eiα − eiβ

∣∣ ≤ |α− β| for all α, β ∈ R.

(3) Let n ∈ {1, 2, 3, ...}, Ω = IR, and F = B(IR). Define

µ(B) :=
card(B ∩ {1, 2, ..., n})

n
.

(a) Show that

µ̂(x) =
eix

n

einx − 1

eix − 1
,

where x ∈ IR and x 6= 2πk for all k ∈ {0,−1, 1,−2, 2, ...}.
(b) Compute µ̂(2πk) for all k ∈ {0,−1, 1,−2, 2, ...}.

(4) For λ > 0 and µ :=
∑∞

k=0 e−λ λk

k!
δk, where δk is the Dirac-measure at k,

prove that µ̂(x) = eλ(eix−1).

(5) For a > 0 and

µ(B) :=
1

2a

∫ a

−a

χB(x)dx, B ∈ B(IR)

compute µ̂(x).


