Todennikoisyysteoria 1

Harjoitus 9 (15.03.07)
MaD 355, 08:30-10:00

(1) Olkoon ([0,1],B([0,1]),A) todennikdisyysavaruus. Madritelladn funktiot f, :
2 — R kaavoilla

f2n(x) = 713]1[0,1/271]@) ja f2n—1(I) = n3H[1—1/2n,1}($)7
missdi n=1,2,....

(a) Onko olemassa satunnaismuuttuja f : 2 — R siten, ettd f, — f melkein
varmasti?

(b) Onko olemassa satunnaismuuttuja f : € — R siten, ettd f, K f?

(¢) Onko olemassa satunnaismuuttuja f : Q — R siten, ettd f, Lz f?

(2) Osoita Minkowskin epayht#loa kiyttien, ettéd reaalilukujonoille (a,,)5% ja (b,)5%
patee kaikilla 1 < p < oo kaava,

1 1 1
(Z]anern\p) g(Z\an\p> +<Z\bn\p> .
n=1 n=1 n=1

(3) Olkoon n € N. Mééritellddn vélin [0, 1] o—algebra

f:za{(ﬁ,k—Fl} ,k::(),l,...,n—l}
n o n

(a) Miksi funktio f(z) =z, x €0,1] ei ole F—mitallinen?

(b) Anna esimerkki F-mitallisesta funktiosta.

(4) Olkoon (f)52, jono riippumattomia ja samoin jakautuneita (i.i.d.) satunnais-
muuttujia siten, ettd Ef; = m ja varianssi 0? = E(f; — m)?. Osoita keskeisti
raja-arvolausetta kiyttien, etta

htfot o+ fo—nm L A
(i )

kun n — oo.

(5) Olkoon ((0,1),B((0,1)), A) todennédkdisyysavaruus. Laske
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Probability Theory 1

Exercises 9 (15.03.07)
MaD 355, 08:30-10:00

(1) Assume the proability space ([0, 1], B(]0,1]), A). Define the functions
fn:2— R by

fon(x) =0T 1/om(x)  and  fon_1(x) := n* L1001 (2),
where n =1,2,....

(a) Does there exist a random variable f : 2 — R such that f, — f almost
surely?

(b) Does there exist a random variable f : 2 — R such that f, B fo
(c¢) Does there exist a random variable f : Q — R such that f, Le o

(2) Use Minkowski’s inequality to show that for sequences (a,)>°; and (b,)22; of
real numbers it holds for all 1 < p < oo that

1 1 1
n=1 n=1 n=1

(3) Let n € N. Define a o—algebra on [0, 1] by

f:za{(ﬁ,k—i_l} ,k:(),l,...,n—l}
n.n

(a) Why is the function f(z) =z, =z € [0,1] not F—measurable?

(b) Give an example of a function which is F-measurable?

(4) Let (fr)52, be asequence of independent identically distributed (i.i.d.) random
variables such that Ef; = m and ¢? = E(f; — m)?. Show using the Central
limit theorem that

P ) s L

for n — oo.

(5) Assume the probability space ((0,1),B((0,1)), ). Compute

E ;(k + 1)]1[(1@411)!’%]'



