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Chapter 1

Introduction

One goal of the lecture is to study stochastic differential equations (SDE’s).
So let us start with a (hopefully) motivating example: Assume that X; is
the share price of a company at time ¢ > 0 where we assume without loss
of generality that Xy := 1. To get an idea of the dynamics of X let us
consider the relative increments (these are the increments which are relevant
in financial markets)

Xiya — Xy

Xy

with b € R, ¢ > 0, and A > 0 being small. Here bA describes a general

trend and oY; A some random events (perturbations). Asking several people
about this approach we probably get answers like that:

~ bA + O'Y;;A

e Statisticians: the random variables Y; o should be centered GAUSSIAN
random variables.

e Mathematicians: the perturbations should not have a memory, other-
wise the problem gets too difficult. Hence Y; A is independent from
X;.

e Then, in addition, probably both of them agree to assume that the
perturbations behave additively, that means

Yia=Ya+Y o

vl

so that var(Y; ) = A is a good choice.
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An approach like this yields to the famous BLACK-SCHOLES option pricing
model. Is it possible to make out of this a correct mathematical theory? Yes
it is, if we proceed for example in the following way:

Step 1: The random variables Y; o will be replaced by a continuous time
stochastic process W = (W}):>0, called Brownian motion, such that

Yin = Wiga — W,

Consequently, we have to introduce and study the Brownian motion.

Step 2: Our formal equation reads now as
Xt—i—A — Xt ~ (bXt)A + (UXt)(Wt+A — Wt)

with Xy = 1 which looks nicer. Letting A | 0 we hope to get a stochastic
differential equation
dXt = bXtdt + O'Xtth

we are able to explain. To this end we introduce stochastic integrals to be
in a position to write the differential equation as an integral equation

t ¢
X = X —i—/ bX,du +/ o X, dW,.
0 0

Step 3: We have to solve this equation. In particular we have to study
whether the solutions are unique and to find possible ways to obtain them.

Before we proceed, we give some historic data about groundbreaking work
of Kiyoshi It6 and Wolfgang Doblin.

1.0.1 Wolfgang Doblin

Wolfgang Déblin was born in Berlin in 1915 as the son of the famous German
writer Alfred Doblin. Since Doblins were Jewish, in 1933 they had to flee from
Berlin and take refugee in Paris. There Wolfgang made a strong impression
with his skills in maths, and during his short career he published 13 papers
and 13 contributions. Fréchet was his adviser, and Ddéblin also got in touch
with Paul Lévy, with whom he wrote his first note. He received his PhD in
1938, but in 1939 he was called up for front service in WWII. In February
1940 Doblin sent his work on diffusions to the Academie des Sciences in



Paris. In June the same year, he decided to take his own life as Nazi troops
were just minutes away from the place where he was stationed. In May 2000
his sealed letter was finally opened, and it contained a manuscript called
”On Kolmogorov’s equation”. The manuscript caused a sensation among
mathematicians; Wolfgang Doblin had developed a result comparable with
the famous [to’s formula, which was published by It6 in 1951.

1.0.2 Kiyoshi Ito

Kiyoshi [to was born in 1915 in Japan. He studied in the Faculty of Science of
the Imperial University of Tokyo, from where he graduated in 1938. The next
year he was appointed to the Cabinet Statistics Bureau. He worked there
until 1943 and it was during this period that he made his most outstanding
contributions, for example Ito’s famous paper On stochastic processes was
published in 1942. This paper is seen today as fundamental, but Ito would
have to wait several years before the importance of his ideas would be fully
appreciated. In 1945 Ito6 was awarded his doctorate. He continued to de-
velope his ideas on stochastic analysis, and in 1952 he was appointed to a
Professorship at Kyoto University. In the following year he published his
famous text Probability theory. In this book, Ito develops the theory of a
probability space using terms and tools from measure theory. Another im-
portant publication by Ito was Stochastic processes in 1957, where he studied
among others Markov processes and diffusion processes. [to6 remained as a
professor at Kyoto University until he retired in 1979, and continued to write
research papers even after his retirement. He was awarded the Wolf prize in
1987, and the Gauss prize in 2006. Kiyoshi Ito died in Kyoto in 10.11.2008.
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Chapter 2

Stochastic processes in
continuous time

2.1 Some definitions

In this section we introduce some basic concepts concerning continuous time
stochastic processes used freely later on. Let us fix a probability space
(Q, F,P) and recall that a map Z : 2 — R is called a random variable
if Z is measurable as a map from (2, F) into (R, B(R)) where B(R) is the
Borel o-algebra on R.

What is a continuous-time stochastic process? For us it is simply a family
of random variables:

Definition 2.1.1. Let I = [0,7] for some T € (0,00) or I = [0,00). A
family of random variables X = (X;)ier with X; : Q — R is called stochastic
process with index set I.

The definition of a stochastic process can be given more generally by
allowing more general I and other state spaces than R. In our case there are
two different views on the stochastic process X:

(1) The family X = (X})tes describes random functions by
w = f(w) = (Xe(w))eer-

The function f(w) = (t — Xy(w)) is called path or trajectory of X.
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(2) The family X = (X;);es describes a process, which is, with respect to the
time variable ¢, an ordered family of random variables t — X;.

The two approaches differ by the roles of w and t. Next we ask, when do
two stochastic processes X and Y coincide? It turns out to be useful to have
several 'degrees of coincidence’ as described now.

Definition 2.1.2. Let X = (X;);e; and Y = (Y})4e; be stochastic processes
on (2, F,P). The processes X and Y are indistinguishable if and only if

P(X, =Y, tel)=1.

It should be noted that the definition automatically requires that the set
{w e 0 : Xy(w) =Y(w), t € I} is measurable which is not the case in general
as shown by the

Example 2.1.3. Let [ =[0,00), 2 =[0,2), Y; =0,
[

0 w € [0,1]
Xi(w): =2 0 : we(l,2),t#w ,
1 we (1,2),t=w

and F:=o0(X;:t>0)=0({t}:t € (1,2)). But
{weN: Xy(w) =Yi(w), t >0} =10,1] & F.

Another form of coincidence is the following:

Definition 2.1.4. Let X = (X;);e; and Y = (Y})4er be stochastic processes
on (2, F,P). The processes X and Y are modifications of each other provided
that

P(X;=Y;) =1 forall tel.

Up to now we have to have that the processes are defined on the same
probability space. This can be relaxed as follows:

Definition 2.1.5. Let X = (X;);e; and Y = (Y})ier be stochastic processes
on (Q,F,P) and (', F',[P'), respectively. Then X and Y have the same
finite-dimensional distributions if

P(Xy,,...,Xy,) € B) =P ((Yyy,...,Y:,) € B)
forall0< t; < ... <t, €I, wheren=1,2,... and B € B(R").
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Proposition 2.1.6. (i) If X and Y are indistinguishable, then they are
modifications of each other. The converse implication is not true in
general.

(ii) If X andY are modifications from each other, then they have the same
finite-dimensional distributions. There are examples of stochastic pro-
cesses defined on the same probability space having the same finite-
dimensional distributions but which are not modifications of each other.

Proof. (i) Fixing t € I we immediately get that

P(X,=Y,)>P(X, =Y, s€l)=1.

To construct a counterexample for the converse implication let I = [0, 00)
and S :  — R be a random variable such that S > 0 and P(S =t) = 0 for
all ¢ > 0. Define X; := 0 and

Yi(w) r—{ (1) ﬁigﬁg% = X{S(w)=t}-

The map Y, is a random variable and
P(X, = V) =P(0=¥;) = P(S £ ) = 1.
but
{we: Xy(w) =Yi(w),t 20} ={w € Q:0=Yy(w),t =20} =0.
(ii) Let Ny := {X; # Y3} so that P(N;) = 0. Then, for B € B(R"),

P(Xyy, s Xe) €B) = P{(Xpy, s Xp) € BY\ (N, U---UN,))
= P({Gftm 7Y;fn) € B} \ (Nt1 u---u Ntn))
P((Y,,,....,Y:,) € B).

For the counterexample we let 2 = [0, 1] and P be the Lebesgue measure on
[0,1]. We choose X; = Xy, V; = Yp, Xo(w) :=w, and Yp(w) :=1—w. O

There are situations in which two processes are indistinguishable when
they are modifications of each other.
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Proposition 2.1.7. Assume that X and Y are modifications of each other
and that all trajectories of X andY are left-continuous (or right-continuous).
Then the processes X and Y are indistinguishable.

Proof. In both cases we have that
A={X,=Y,tel}={X,=Y,,te@QnNI}
so that A € F and
P(A) = P(X,=Y,te@QnlI)
= 1-P(X; #Y; forsomet e @nNI)
> 1- > P(X,#Y)

teQNI
1.

]

We also need different types of measurability for our stochastic processes.
First let us recall the notion of a filtration and a stochastic basis.

Definition 2.1.8. Let (2, F,P) be a probability space. A family of o-
algebras (F;)es is called filtration if Fy C F, C F forall 0 < s <t e I. The
quadruple (Q, F, P, (F;)ier) is called stochastic basis.

The different types of measurability are given by

Definition 2.1.9. Let X = (X;)ier, X; : 2 — R be a stochastic process on
(Q, F,P) and let (F;):er be a filtration.

(i) The process X is called measurable provided that the function (w,t) —
Xi(w) considered as map between € x I and R is measurable with
respect to F @ B(I) and B(R).

(ii) The process X is called progressively measurable with respect to a
filtration (F3):es provided that for all s € I the function (w,t) — Xi(w)
considered as map between € x [0, s] and R is measurable with respect
to Fs @ B([0, s]) and B(R).



2.1. SOME DEFINITIONS 13

(iii) The process X is called adapted with respect to a filtration (Fi)ier
provided that for all £ € I one has that X; is F;-measurable.

Proposition 2.1.10. A process which is progressively measurable is measur-
able and adapted.

All other implications between progressively measurable, measurable, and
adapted do not hold true in general.

Proof. (a) progressively measurable = measurable: Here only the case
I = [0,00) is of interest. Assume that X is progressively measurable. We
show that X is measurable as well. Given n = 1,2,... we have that X" :
Q x [0,n] — R given by X"(w,t) := X;(w) is measurable with respect to
F, ® B([0,n]) by assumption. Hence the extension X" : Q x [0,00) — R
given by B
X" (w,t) := Xian(w)
is measurable with respect to F,, ® B([0,00)) and henceforth with respect

to F ® B([0,00)). This can be checked considering X" = X" o J, with
Jp 1 Q2 x [0,00) = Q x [0,n] given by

In(w, t) == (w,t An).
Finally we observe that

Xi(w) = lim Xinp(w)

n—oo

and get that X is F ® B([0, 00))-measurable as a limit of measurable map-
pings.

(b) progressively measurable = adapted: Fix t € I. Then X' :
Q x [0,t] — R is measurable with respect to F; ® B([0,t]) by assumption.
Then FUBINT's theorem gives that X; is F;-measurable.

(c) Let I = [0,00), B C [0,00) be a non-measurable set, and define
Xy:=1ifte Band X; :=0if t € B. Then X, is constant, but

{(w,t) € 2 x[0,00) : Xy(w) =1} =Qx B

is not measurable. Hence the process is adapted but not measurable or even
progressively measurable.

(d) Examples of measurable, but not progressively measurable processes
are trivial. O]
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Proposition 2.1.11. An adapted process such that all trajectories are left-
continuous (or right-continuous) is progressively measurable.

Proof. We only consider the case of right-continuous paths. For S = 0 we
easily have that the map (w,0) — Xy(w) is measurable when considered
between (2 x {0}, Fo ® B({0})) and (R, B(R)). Consider now S > 0. We
have to show that (w,t) — X;(w) is measurable when considered between
(Q x [0, 5], Fs ® B(]0,5])) and ( B(R)). For n € {1,2,...} we define F}, :
(

Q% [0,5] = R by (w,t) — X" (w) with

X w) = X (@)

for 515 <t < =S and k =1,...,2", and Xo(n)(w) = Xo(w). It is clear
that F,, is measurable when considered between (2 x [0, S], Fs ® B([0, S]))
and (R, B(R)). Hence our claim follows since

Xi(w) = lim F,(w,t)

n—oo
by the path-wise right-hand side continuity of X. O]
Finally let us recall the notion of a martingale.

Definition 2.1.12. Let (X;)ier be (Fi)ier-adapted and such that E|X;| < oo
for all ¢ > 0.

(i) X is called martingale provided that for all 0 < s <t € I one has

E(X, | F,) = X, as.

(ii) X is called sub-martingale provided that for all 0 < s <t € I one has

E(X; | Fs) > X; a.s.

(iii) X is called super-martingale provided that for all 0 < s < ¢ € I one
has that
E(X; | Fs) < X as.

Finally we need some properties of the trajectories:
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Definition 2.1.13. Let X = (X;);cs be a stochastic process.

(i) The process X is continuous provided that ¢t — X;(w) is continuous for
all w € .

(ii) The process X is cadlag (continue a droite, limites a gauche) provided
that ¢ — X;(w) is right-continuous and has left limits for all w € Q.

(iii) The process X is caglad (continue a gauche, limites a droite) provided
that ¢ — X;(w) is left-continuous and has right limits for all w € Q.

2.2 Basic examples of stochastic processes

Brownian motion. The two-dimensional Brownian motion was observed
in 1828 by ROBERT BROWN as diffusion of pollen in water. Later the one-
dimensional Brownian motion was used by Louis BACHELIER around 1900
in modeling of financial markets and in 1905 by ALBERT EINSTEIN. A
first rigorous proof of its (mathematical) existence was given by NORBERT
WIENER in 1921. Later on, various different proofs of its existence were
given.

Proposition 2.2.1. There exists a probability space (2, F,P) and a process
B = (By)i>0 with By = 0 such that

(1) (Bt)io is continuous,

(ii) for all 0 < 51 < 59 < -+- < 5, < 5 <t < o0 the random variable
B; — B, is independent of (Bs,, ..., Bs,) (independent increments),

(iii) for all 0 < s < t < o0 one has By — By ~ N(0,t — s) (stationary
increments).

Definition 2.2.2. A process satisfying the properties of Proposition 2.2.1 is
called standard Brownian motion.

Poisson process. Let us assume that we have a lamp. Statistics says that
the probability that a bulb breaks down is at any time the same. Hence it
does not make sense to change a bulb before it is broken down.
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How to model this? We need to have a distribution without memory, and
this is the exponential distribution. This yields to the following construction:
We take independent random variables A1, Ag, ... : Q — R with A; > 0 and

P(A; € B) = / e~ Mdt
B

for B € B(R), where A > 0 is a parameter to model the time for break-
ing down. The random variables A; have an exponential distribution with
parameter A > 0. Letting

Spi= A1+ -+ A,

with Sp = 0 gives the time that the nth bulb broke down. The inverse
function
Ny :=max{n >0 : S, <t}

describes the number of bulbs which were broken down until time ¢.
Definition 2.2.3. (V;);>¢ is called Poisson process with intensity A > 0.
Proposition 2.2.4. (i) (NVy)i>0 s a cadlag process.

(ii) Ny — Nj is independent from (Ng,,...,Ns,) for 0 < 53 < -+-5, < s <
< oo.

(iii) Ny — Ny has a Poisson distribution with parameter \(t —s), that means

P(N;, — Ny =k) = %Ce’“ for p= M\t —s).

Both processes are Lévy processes which are defined now:
Definition 2.2.5. A process (X;)i>0, Xo = 0 is called Lévy process if
(i) X is cadlag,

(ii) forall 0 < s < -+ <5, < § <t < oo the random variable X; — X is
independent from (Xg,, ..., X, ) (independent increments),

(iii) for all 0 < s <t < oo one has that X; — X has the same distribution
as X;_s (stationary increments).
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2.3 (Gaussian processes

Gaussian processes form a class of stochastic processes used in several
branches in pure and applied mathematics. Some typical examples are the
following:

e In the theory of stochastic processes many processes can be represented
and investigated as transformations of the Brownian motion.

e In real analysis the Laplace operator is directly connected to the Brow-
nian motion.

e The modeling of telecommunication traffic, where the fractional Brow-
nian motion is used.

We introduce Gaussian processes in two steps. First we recall Gaussian
random variables with values in R", then we turn to the processes.

Definition 2.3.1. (i) A random variable f : Q@ — R is called Gaussian
provided that P(f = m) = 1 for some m € R or there are m € R and

o > 0 such that
_@-m? dx

]P’(fEB):/Be ?\/ﬁg

for all B € B(R). The parameters m and o2 are called ezpected value
and variance, respectively.

(ii) A random vector f = (f1,..., fn) : 2 — R" is called Gaussian provided
that for all @ = (ay, ..., a,,) € R one has that

n

(f(w),a) := Zaifi(w)

=1

is Gaussian. The parameters m = (myq,...,m,) with m; := Ef; and
o = (0ij)7j=; With

oij = E(fi = mi)(f; — my)
are called mean (vector) and covariance (matriz), respectively.

For a Gaussian random variable we can compute the expected value and

the variance by
m=Ef and o®=E(f—-m)%.
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Proposition 2.3.2. Assume Gaussian random vectors f,qg : Q@ — R™ with
the same parameters (m,o). Then f and g have the same laws.

Proof. 1f f(a) := Ee'!® and §(a) := Ee'@® are the characteristic functions,
then by the uniqueness theorem we need to show that f(a) = §(a) for all
a € R". For this it is sufficient to have that the distributions of (f,a) and
(g,a) are the same. By assumption both random variables are Gaussian
random variables. Hence we only have to check the expected values and the

variances. We get

E(f,a) = Zai]Efi = Z @im; = ZaiEgi = E(g,a)
i=1 i=1 i=1

and
B(S0) ~Bfa)? = 3w - m(f; —m)
_ raa)
= i a;a;E(g; —mi)(g; —my)
T
and are done. O

Now we introduce Gaussian processes.

Definition 2.3.3. A stochastic process X = (Xy)ier, Xi 0 Q2 — R, is called
Gaussian provided that for alln =1,2,...andall 0 <t; <ty <---<t, €1

one has that
(th, ...,th> . Q — Rn

is a Gaussian random vector. Moreover, we let
my :=EX; and ['(s,t) :=E(Xs —ms) (X — my).

The process m = (my);e; is called mean function and the process (I'(s,t))ser
covariance function.
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Up to now we only defined Gaussian processes, however we do not know
yet whether they exist. We will prove the existence by analyzing the finite
dimensional distributions of a stochastic process X = (X;)c;. What are the
properties we can expect? From now on we use the index set

Ac:=A{(ty,....,t,) :n>1,ty,....t, € I are distinct} .

Then the family (p4,,...1, ) (t1,....tn)ea With

Pty ot (B X o X Br) = e,y ety (Br(t) X -+ X Briwy),
Pyt (Br X oo X By X R) = gy, 4 (By X -+ X By_q)

for all By,...,B, € B(R) and all permutations 7 : {1,....,n} — {1,....,n}.
This is our starting point:

Definition 2.3.4. A family of probability measures (i, t,),...tn)eAs
¢, 1s a measure on B(R") is called consistent provided that

.....

(i) pty,t,(B1 X -+ X By) = Fo(t 1y senes tﬁ(n))(Bﬂ(l) X -+ X Brey) for all
n=12 .. By,.. B, € B(R), and all permutations 7 : {1,...,n} —

{1,...,n},

(i) poty,pn (B XX By XR) = puyy 4, (By X -+ x By,_q) for all n > 2
and By, ..., B,—1 € B(R).

We show that a consistent family of measures can be derived from one
measure. The measure will be defined on the following o-algebra:

Definition 2.3.5. We let B (R[ ) be the smallest o-algebra which contains
all cylinder sets

A= {(&)er : (s - &) € B}
for (t1,...,t,) € A and B € B(R").

Theorem 2.3.6 (DANIELL 1918, KOLMOGOROV 1933). Assume a consistent
family (ue, ... tn)(tl 77777 tn)ea 0f probability measures. Then there exists a unique
probability measure u on B(R!) such that

p((e)eer = (&tyy s &) € B) = pigy 1, (B)
for all (ty,...,t,) € A and B € B(R").
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Proof. Let A be the algebra of cylinder sets

A= {(&)er : (s &) € B}
with (t1,...,t,) € A and B € B(R"), that means we have that
o R € A,
e A, ..., A, € Aimplies that A;U---UA, € A,
e A c Aimplies that A° € A.
Now we define v : A — [0, 1] by

In fact, v is well-defined. Assume that

{(£t)t€I : (6517 "'aésm) € B} = {(&)te[ : (€t17 "'7€tn) € C} :

Let (rq,...,7n) € A such that {ry,....,7n} = {s1, ..., Sm, t1, ..., tn }. By adding
coordinates we find an D € B(RY) such that the sets above are equal to

{(St)tZO : (&”17 ""51”1\1) € D} .

By the consistency we have that

Now we indicate how to check that v is o-additive on A, which means that

v (U An) = Zy(An)

n=1

for Ay, As,...€ A, A;NA;=0fori# j,and |J,—, A, € A. By subtracting
Zivzl v(A,) and using the finite additivity of v we see that it is sufficient to

prove that
A}l_lg(}l/( U An> = 0.

n=N+1

Letting Cy := (U, _n,, An this writes as
limv(C,) =0

n
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for C; D Cy D -+~ € Awith (2, C,, = 0. Assume that

limv(C,,) =3¢ > 0.

Because we only use finitely many coordinates for each C,, we can transform
the problem from R! to RN with N = {1,2,...} and consider C, as cylinder
sets in RY. By the inner regularity of probability measures on B(R%) one can
construct compact sets K,, C R¥» such that

v(D2) > v(C,) — &,
with g, :=¢g/2"" DY := K,, x R® C C,,. We construct the new sequence
D,:=D)n---NnDY
and get
o D, CD° =K, xR®C(,,
e Di2Dy 2+,
e v(D,) >v(DY)— (e 4+ +¢&,) >v(D?) —e >v(C,) — 2.
This estimate can be seen as follows: We have

v(Dy) = v(Cy) =v(Co\ Dy)
= v(C,) —v(C,ND;)

and C,,N DS = C,N((DY)°U---U (D)) = Up_,(C,\ DY) C Up_,(C.\ DY)
Since we have v(Cy, \ DY) = v(Cy) — v(DY) < & this implies

v(D,) > v(Cn) —(er+ - +e&n) >v(DY) —(e1+ - +ey).

Hence lim,, v(D,,) > ¢ > 0. Hence lim, v(D,) > ¢ > 0. By construction we
have (_, D, €, —, C\, = 0. However all coordinate sections of the D,, are
compact in R and decreasing so that there is non-empty intersection which
disproves that (>~ D,, = 0.

Having proved this we are allowed to apply CARATHEODORY’s extension
theorem and obtain the desired probability measure. ]

As an application we get the following
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Proposition 2.3.7. Let (I'(s,t))ster be positive semi-definite and symmet-
ric, that means

Z L(ti,tj)aa; >0 and T'(s,t) =T(¢t,s)

i,j=1

for all s, t,ty,....t, € I and aq,...,a, € R. Then there exists a probability
space (2, F,P) and a Gaussian process X = (Xy)er defined on (Q, F,P)
with

(i) EX, =0,
(il) EX, X, = I'(s, ).

Remark 2.3.8. Given any stochastic process X = (X;)er C Lo with EX, =
0 and I'(s,t) := EXX; we always have that I' is positive semi-definite and
symmetric.

Proof of Proposition 2.3.7. We will construct a consistent family of probabil-
ity measures. Given (t1,...,t,) € A, we let p, ;. be the Gaussian measure
on R™ with mean zero and covariance

.....

fiéjduth-n,tn (517 ) gn) = F(ti7 tj)‘

Rn

If the measure exists, then it is unique. To obtain the measure we let C' :=

(L'(ti, ;) j=1, so that C is symmetric and positive semi-definite. We know

from algebra that there is a matrix A such that ¢ = AAT. Let v, be
the standard Gaussian measure on R™ and g be the image with respect to

A :R® — R™ Then
/n<w7ei>du(a:) = /n<AI,ei>d%(x) —0
and
[ wedwenin) = [ (4 epiar,einiz)

_ / Sz, Ale;)(x, ATe;)dy,(x)
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= <AT€Z', AT€j>

= <€i, AAT€j>

= <€i7 C€j>.
The defined family of measures is easily seen to be consistent: given a per-
mutation 7 : {1,...,n} — {1,...,n} we have that the covariance of Ft 1yt

is I'(t(), t=(j)) which proves property (i). Hence [ty 1)yt (ny €A1 De ODtained
from p by permutation of the coordinates. To prove that

,utl,u.,tnfl,tn(Bl X oo X Bpog X R) = Utq,..., tn,l(Bl X X Bn—l)

we consider the linear map A : R™ — R"! with A(&y, ..., &) == (&1, oy Ent)
so that
AN By - X By 1) = By X -~ X Byt X R

and
[ty onstn 1t (B X o X By g X R) = Mtl,...,tn_l,tn(Afl(Bl X -+ X By q))
and we need to show that

V= g tntn (A7) = By,

The measure v is the image measure of i, 4, ,+, With respect to A so that
it is a Gaussian measure. Moreover,

/ 77i77jd’/(7717 "'7777171)
Rn—1

_ / (AE e (AL, €5} dpu .0, (€)

_ Z(ek,AT6i><el,AT€j>/ (& er) (s en)dp .., (§)
ke l=1 !

= Z<ek,AT6i><€l,AT€j>0'kl
k=1

= Z<A6k,€i><14€laej>0-kl

k=1
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n—1

- Z<6k76i><elaej>gkl
k=1

= Jij-

Now the process X = (X;)ss is obtained by X; : R — R with X;((&,);) :=
&t ]

Let us consider some examples where we use Proposition 2.3.7 for the
existence of Gaussian processes.

Example 2.3.9 (Brownian motion). For I = [0, 00) we let

['(s,t) := min {s, ¢} I/O X0,51(€)X[0,9 (&) dE

so that

n

Z L(ti, t))aa; = /OOO Z aiX[o,](§)ajXo.,)(§)dE

i,j=1 t.j=1
o) n 2
= / (Z @; X[0,t4] (f)) dg§
0 i=1
> 0.

Example 2.3.10 (Brownian bridge). For I = [0, 1] we let

[ s(1—-t) : 0<s<t<1

L(s,1) '_{ t(l—s) : 0<t<s<1
and want to get a Gaussian process returning to zero at time 7' = 1. The
easiest way to show that I' is positive semi-definite is to find one realization
of this process: we take the Brownian motion W = (IW})> like in Example

2.3.9, let
Xt = Wt — th

and get that
EX, X, = E(W,;— sWy)(W; —tW)
EWSWt — tEWSI/Vl — sEVVth + StEWf
s—1s — st+ st
= s(l—1)

for0<s<t<1.
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Example 2.3.11 (Fractional Brownian motion). As for the Brownian motion
we assume that I = [0, 00). The Fractional Brownian motion was considered
in 1941 by KOLMOGOROV in connection with turbulence and in 1968 by
MANDELBROT and VAN NESS as fractional Gaussian noise. Let H € (0,1).
As fractional Brownian motion with HURST index H (HURST was an English
hydrologist) we denote a Gaussian process (W );>o with EW} = 0 and with
the covariance function

1
EWHAWH =T(s,t) := 3 (7 4 27— |t — s]?).

For H = 1/2 we get I'(s,t) = min {s,t}, that means the Brownian motion
from Example 2.3.9. The main problem consists in showing that I is positive
semi-definite. To give the idea for this proof let ¢y := 0 and ag := — Y ., a;
so that > ja; =0 and

n

1 n
Z F(tz, tj)a,-aj = —5 Z |tz — tj|2HClZ'CI,j.

ij=1 i,j=0
Take € > 0. Since Zijo a;a; = 0 we have using Taylor’s theorem that
n n
Z e_a|ti_tj‘2Ha,iCLj — Z (6—8|ti—tj‘2H _ 1) a;a;
i,j=0 4,j=0
n
= —e Y |t —t;Maia; + o(e)
i,j=0
n
= 2 Z I'(t;,t;)aia; + o(e).
ij=1

Hence it is sufficient to show that

n

el —t.|2H
E e et g0, > 0.

,7=0

Case H € (0, 3]: In this case we show that

|2H

plt) = eI

is a characteristic function and therefore by the theorem of Bochner and
Khinchin positive semidefinite using the following result:
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Case H € (0, %] In this case we first construct a random variable Z such
that

Ee''? = ¢~elI*
by the following result:
Fact 2.3.12 (PoLyA). Let ¢ : R — [0,00) be
(i) continuous,
(i) even (i.e. p(x) = p(—x)),
(iii) convex on [0, 00),
(iv) and assume that p(0) = 1 and lim,_,~ ¢(x) = 0.

Then there exists a probability measure p on R such that fi(z) = o(x).

General case H € (0,1): For 0 < p = 2H < 2 one gets the desired random

variable Z with Ee'tZ = e~<lt’" by

Z=3157,
j=1

where (I';)22, are the jump times of a standard Poisson process and 1y, 7y, ...
are i.i.d. copies of a symmetric p-integrable random variable.

Since characteristic functions are positive semi-definite, we are done in
both cases.

The random variables we obtained in both cases are p-stable with p = 2H,
ie. aZ + 37" and (JafP + |B|P)/PZ have the same distribution if a, 5 € R
and Z' is an independent copy of Z.

Up to now we have constructed stochastic processes with certain finite-
dimensional distributions. In the case of Gaussian processes this can be done
through the covariance structure. Now we go the next step and provide the
path-properties we would like to have. Here we use the fundamental
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Theorem 2.3.13 (KOLMOGOROV’s continuity theorem). Assume that X =
(Xt)ep,1), Xi : Q@ = R, is a family of random variables such that there are
constants ¢,e > 0 and p € [1,00) with

E|X; — X, [P < c|t — s|*T=.

Then there is a modification Y of the process X such that

Y, — Y, \?
K sup (u) < 00
sAt \ |t — s|®

forall0 < a < § and that all trajectories are continuous.

Remark 2.3.14. In particular we get from the proof of the theorem two
things:

(i) The function f :  — [0, 00] given by

is a measurable function.

(ii) The function f is almost surely finite (otherwise E| f|” would be infinite),
so that there is a set )y of measure one such that for all w € )y there
is a ¢(w) > 0 such that

Yi(w) = Ys(w)| < c(w)t — s]*

for all s,t € [0,1] and w € Q. In particular, the trajectories t — Y;(w)
are continuous for w € €.

Remark 2.3.15. Proposition 2.5.13 can be formulated as an embedding the-
orem. The assumption reads as

I1X, — X,|l, < crlt — s|pts = d|t — s|7 7.
Letting

oy XK= Xl
H H Liq ‘= Sup 1
Cr " (Lp) st \t—s|p+"
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and
Y, — Y]
sup ————

X a) . —
H HLp(C ) st t— 8‘04

)

then we get the embedding

C%M(Lp) — L,(C%) for 0<a<n.

Before we prove KOLMOGOROV’s theorem we consider our fundamental
example, the Brownian motion.

Proposition 2.3.16. Let W = (W,);>¢ be a Gaussian process with mean
m(t) = 0 and covariance T'(s,t) = EW,W, = min{s,t}. Then there is
a modification B = (Bi)i>0 of W = (Wy)i>0 such that all trajectories are

continuous and
( |B; — By| )p
E sup — | <@

o<s<t<T |t — 8%

forallO<a<%,0<p<oo, and T > 0.

Proof. First we fix T' > 0 and define
Xy =Wy
for ¢ € [0,1]. Then, for p € (0, 00),

E|Xt - Xs|p = ]E|WtT - W5T|p
- IE|V[/(t—s)T|p

1 -
\/QW(t—s)T/Rm ‘
— ((t- 9T jz_ﬂ / e de
= ’Yp(t_s)gT%

£

2
2(t—s)T dé‘

where we used that the covariance structure implies W, — W, ~ N(0,b — a)
for 0 < a < b < oo. Now fix a € (0,1/2) and p € (2,00) such that

i €
T <p<oo andlete>0satisfy O<a<-=
3 @ p

N | —
D | =



2.3. GAUSSIAN PROCESSES 29

Then
E|X, — X [P <~,T2(t — s)'*e.

Proposition 2.3.13 implies the existence of a path-wise continuous modifica-
tion Y = Y («, p) of X such that

Y, _y, o\
(E sup Yi(a,p) = Yi(a,p)| )
0<s<t<l |t — s|*
Yi(a,p) - Y, P\ b
0<s<t<1 |t — s|*

for all ¢ € (0,p]. Hence for each 0 < o < 1/2 and 0 < p < oo we find a
modification Y (a, p) such that (2.1) is satisfied. However, since Y (a1, p1)
and Y (aw, p2) are continuous and modifications of each other, they are indis-
tinguishable. Hence we can pick one process Y = Y (po, ag) which satisfies
(2.1) for all 0 < @ < 1/2 and all 0 < p < co. Coming back to our original
time-scale we have found a continuous modification (B} )scpo,r1 of (Wy)iep, ]

such that . T
B: — B

0<s<t<T [t — s|«

forall 0 < o < 1/2 and 0 < p < oco. We are close to the end, we only have
to remove the remaining parameter T'. For this purpose we let

QOp = {we Q: Bl (w) = Wi(w),t € QN [0, 7]}
and Q := %_, Qv so that P(Q) = 1 and
BN (w) = B(w) for t€QnN[0,min{N;, Ny}]
and w € €. Since (BtN")te[(L ~;) are continuous processes we derive that
B (w) = BM*(w) for t € [0, min{Ny, No}]

whenever w € €. Hence we have found one process (B;);o on  and may
set the process B zero on Q \ ). O

Proof of Theorem 2.53.13. (a) For m = 1,2, ... we let

1 2m °°
D,, = {0, o 2—m} and D := ngl D,,.
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Moreover, we set

Ay ={(s,t) €Dy X Dyt |s—t| =2""} and K, := sup |X;— X,
(s,t)EAm

Then card(A,,) <2 2™ and
EK? = E sup |X;— X,?

(s,t)EAm
< ) EX - X[
(s,t)EAM,
1 1+e

< card(Ay,)c (2—m)

< 22Me27moTMmE

= 227",

(b) Let s,t € D and

Sy = max{s; € Dy : s, <s} € Dy
T, = max{tk €Dyt < t} € D,

so that Sy 1 s, Ty 1 ¢t, and Sy = s and T, =t for k > ko. For [t —s| < 27
we get that

Xo= X, =) (Xo, — X)) + X, + > (Xn, = X)) — X,

where we note that the sums are finite sums, that |7,, — S| € {0,27™},
Sit1 —S; € {0,270V} "and that Tpyq — T; € {0,270+ }. Hence

X, — X, gKm+2iKiH gzim.

(c) Let
X — X,
M, := sup M:s,teD,s%t )
|t —s[®
Now we estimate M, from above by

’Xt _X8’

T— :s,tED,s#t,Q‘m_lg\t—s]§2_m}
_SCY

M, = sup sup{

m=0,1,...
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< sup 20mFDegyp {|Xt —Xi|:s,teD,s#t |t —s| < 2_m}
m=0,1,...

< 2 sup 2(m+1)aZKi

m=0,1,... p
i=m

< 21+o¢ i 2aiKi’

1=0

where we used step (b), and

[Mall, < 277 2% K|,
=0
S 21+O¢ Z 2&2(2C>%2*%
i=0
- 21+a(20)%22"(°‘—%)
=0

< o0

where we used step (a).

(d) Hence there is a set 5 C  with P(Qg) = 1 such that ¢t — X;(w) is
uniformly continuous on D for w € y. We define

Xi(w) @ weQyteD
Y;(w) = limsﬁ,sep XS((JJ) W E Qo,t Q D .
0 @ wg

It remains to show that P(X; = Y;) = 1. Because of our assumption we have
that

| X, — Xillz, = 0 as t, Tt

Take ¢, € D and find a subsequence (ny)32; such that

]P’(hin Xt”k = Xt) =1.

Since P(limy X, = Y;) = 1 by construction, we are done. O
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2.4 Brownian motion

In this section we prove the existence of the Brownian motion introduced
already earlier. To this end we start with a setting which does not use a
filtration. This leads, in our first step, to a Brownian motion formally a bit
different than presented in Definition 2.2.2.

Definition 2.4.1. Let (2, F,P) be a probability space and B = (B;)i>0
be a stochastic process. The process B is called standard Brownian motion
provided that

(i) Bo=0,

(i) for all 0 < s < t < oo the random variable B; — B; is independent
from (B, )uefo,s), Which means that for all 0 < sy < --- <5, < s and
A, Aq, ..., Ay € B(R) one has

P(B,, € Ay,....,B,, € A,,By— Bs € A) =
P(Bs, € Ay,...,B,, € A,))P(B, — Bs € A),

(iii) for all 0 < s <t < oo and for all A € B(R) one has

P(B,— B, € A) =

1 o?
_— / e 2=1d\(x),
V2m(t—s)Ja

where A denotes the Lebesgue measure on (R, B(R)),
(iv) all paths t — Bi(w) are continuous.

Proposition 2.4.2. The standard Brownian motion exists.

Proof. We take the process B = (By);>o from Proposition 2.3.16.

(i) Since EByBy = 0 so that By = 0 a.s. we can set the whole process B
on the null-set {By # 0} to zero and the conclusion of Proposition 2.3.16 is
still satisfied.

(iv) follows directly from Proposition 2.3.16.

(iii) follows from E(B; — Bs) = 0,

E(B; — B,)> =t —2min {t,s} +s =1 — s,

and the fact that B, — B, is a Gaussian random variable.
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(ii) The random variables B; — By, Bs, — B, _,,..., Bs, — Bs,, Bs, are
independent since they form a Gaussian random vector and any two of them
are uncorrelated. Consequently

P(B, € Ay,...,Bs, € Ay, By — Bs € A)
= P((Bsy,..,Bs,) € Ay X --+ X A,, By — Bs € A)
— P((B,,,Bs, — Bs,,.... By, — By, ,) € C,B, — B, € A)
= P((B,,,Bs, — Bs,,..., By, — By, ,) € C)P(B, — B, € A)
= P(Bs, € Ay,...,Bs, € A,)P(B, — Bs € A)

where

C:={(y1,stUn) ER" 1y € Aj,y1 + 92 € Aoy ccs i + -+ yn € An}.
u

Proposition 2.4.3. Let B = (B;)t>0 be a stochastic process such that all tra-
jectories are continuous and such that By = 0. Then the following assertions
are equivalent:

(i) The process B is a standard Brownian motion.

(ii) The process B is a Gaussian process with mean m(t) = 0 and covariance
['(s,t) = min {s,t}.

Proof. (ii) = (i) From Proposition 2.3.16 (see Proposition 2.4.2) we get
that there is a modification B of B which is a standard Brownian motion.
Since both processes are continuous they are indistinguishable. Hence B is
a standard Brownian motion as well.

(1) = (i7) The mean is zero by definition and the covariance is obtained
by, for 0 < s < t < o0,

EB,B, = EB,(B, — B,) + EB?> = EB,E(B, — B,) + 5 = s.

It remains to show that B is a Gaussian process. To this end we have to
check whether for alln =1,2,...and 0 <t; <ty <---<t, <0

(Bt17 ceey Btn) . Q — Rn
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is a Gaussian random vector. We know that B, — B, ,,..., By, — By, , By, are
independent Gaussian random variables so that (B;, —By,_,, ..., By,— By, By,)
is a Gaussian random vector. Using the linear transformation A : R — R"
defined by A(&,...,&,) = (& + -+ & & + - + &1, .o, §1) We obtain

A((Btn - Btnfﬂ ...,BtQ - Bt1aBt1)) - (Btant -'-77Bt1)

n—17

and are done since the linear image of a Gaussian random vector is a Gaussian
random vector. O

Proposition 2.4.4. The trajectories of the standard Brownian motion are
Hélder continuous with exponent o € (0,1/2), i.e. the set

Apr = {w cQ: sup |Bi(w) = By(w)| < oo}

0<s<t<T |t — s|*

is measurable and of measure one for all « € (0,1/2) and T > 0.

Proof. Since the Brownian motion is continuous we get that A, € F. More-
over, EB;B; = min {s,t} implies by Proposition 2.3.16 that there is a contin-
uous modification B = (ét)tzo of B such that the corresponding set ZOQT has
measure one. However, B and B are indistinguishable, so that P(A,r) = 1
as well. O

For our later purpose we need a slight modification of the definition of
the Brownian motion. We include a filtration as follows:

Definition 2.4.5 ((F;)ic;-Brownian motion). Let (Q,F,P; (Fi)ier) be a
stochastic basis. An adapted stochastic process B = (By)ier, By : 2 — R, is
called (standard) (F;)e;-Brownian motion provided that

(i) By=0,

(ii) for all 0 < s <t € I the random variable B; — B; is independent from
F, that means that

P(C'N{B, — B, € A}) = P(C)P(B, — B, € A)

for C € F; and A € B(R),
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(iii) for all 0 < s <t € [ one has By — By ~ N(0,t — s),

(iv) for all w € Q the trajectories t — By(w) are continuous.

Now we link this form of definition to the previous one.

Proposition 2.4.6. Let B = (B:)i>0 be a standard Brownian motion in
the sense of Definition 2.4.1 and let (FP)i>o be its natural filtration, i.e.
FB :=0(Bs:s€0,t]). Then (By)er is an (FP)ier-Brownian motion.

Proof. Comparing Definitions 2.4.1 and 2.4.5 we only need to check that
Definition 2.4.1(ii) implies Definition 2.4.5(ii) which is left as an exercise. [

For technical reason we have to go one step further: we have to augment
the natural filtration. First we recall the completion of a probability space.

Lemma 2.4.7. Let (2, F,P) be a probability space and
N :={ACQ: there exists a B € F with AC B and P(B) =0} U {0} .

(i) Let G be a sub-c-algebra of F. Then B € GV N if and only if there is
a A€ G such that AAB € N.

(ii) The measure P can be extended to a measure PonF:i=FVN by
P(B) :=P(A) for A € F such that AAB € N.

Definition 2.4.8. The probability space (Q,]—N" , I?P/’) is called completion of
(Q,F,P).

Definition 2.4.9. Let X = (X;)es, X; : Q — R, be a stochastic process,
FYi=0(X,:s€l), and F :=0(X,:s€]0,t])
for t € 1. Define
N :={ACQ: there exists a B € F with A C B and P(B) =0}

Then (F;)ier with Fy := FX VN is called augmentation of (F7)e;.
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Proposition 2.4.10. Let B = (By)i>0 be a standard Brownian motion,
(FB)i>0 be its natural filtration and (F;)er be the augmentation of (FP)ier.
Then

(1) the process (Bi)ier is an (Fi)ier-Brownian motion,

(ii) the filtration (Fy)ier is right-continuous that means that
F=) %
s€(t,S)

with 0 <t < S:=o00if [ =[0,00) and 0 <t < S:=T if [ =[0,T].

Proof. (i) We only have to check that B — B, is independent of Fs for
0<s<t< oo Assume C € F, and find an C' € FZ such that P(CAC) = 0

where we denote the extension P of P again by P. Taking A € B(R) we get
that

P({B;,— B, € A}nC) =P({B, — B, € A}n )

— P(B, — B, € AYP(C) = P(B, — B, € A)P(C).

(ii) The right-hand side continuity of the filtration (F;);e; is not proved
here. ]

Definition 2.4.11. The stochastic basis (2, F, P; (F;):er) satisfies the usual
conditions provided that

(i) (2, F,P) is complete,
(i) Ae F forall Ae F with P(A) =0and ¢ € I,

(iii) the filtration (F;)ser is right-continuous that means that

F= ) %

s€(t,S)

with 0 <t < S:=o0if I =[0,00) and 0 < t < §:=T if I = [0,7].
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2.5 Stopping and optional times

The heuristic Reflection Principle as motivation: Stopping times and
optional times are random times that form an important tool in the theory of
stochastic processes. To demonstrate their usefulness let us briefly consider
the Reflection Principle for a standard Brownian motion B = (B;);>o. Given
b > 0, we are interested in the distribution of

T, ;= inf{t > 0 : B, = b}.
First we write
P(r, <t)=P(n, <t, By >b)+P(m, <t, B <b).

Then our heuristic Reflection Principle says that among the paths which
reach b before time ¢, there will be as many above b as below b at time t:

P(r, <t, B, <b)=P(rm, <t, B > D). (2.2)
On the other hand
]P)(Tb < t7Bt > b) :P(Bt > b)
which implies
P(Tb < t) = ]P)(Tb < t, B, > b) +P(Tb < 1, B, < b)
= 2P(Tb < t, Bt > b)
From this one can deduce at least two things:

e The Brownian motion reaches with probability one any level because

P(1, < 00) = tlggo P(m, <t)= QtILI& P(B; > b)

) b
:2tli)1£101P’<B1 > %> =1

e One can deduce the distribution of the running maximum of the Brow-
nian motion M;(w) = sup,epy Bs(w) because

{M; > b} ={m, <t} sothat P(M,>0b)=2P(B, >b).
To justify (2.2) would require a considerable amount of work. Here we only

introduce the concepts around the random time 7, : 2 — [0, o] like stopping
times and optional times, and their relations to each other.
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The precise definitions: In the following we assume in the case I = [0, T
that F = Fp. Moreover, to treat both cases, I = [0,00) and I = [0, 7], at
the same time, we let

[:{[o,oo] : 1 = [0, 00)
~ o, I1=10,T]

Definition 2.5.1. Assume a measurable space (€2, F) equipped with a fil-
tration (F¢)er.

(i) The map 7: Q — I is called stopping time with respect to the filtration
(F:)ter provided that
{r=styer

for all t € I. Moreover,

Fr={AecF:An{r st} e Fforalltel}.

(i) The map 7 : Q — I is called optional time with respect to the filtration
(F¢)ter provided that
{r<tier

for all t € I. Moreover,

Fr={AecF : An{r<tie Fforaltel}.

It should be noted that the constant time 7 = T is an optional time,
so that in the case I = [0,7] we get (with our convention that F = Fr)
.FT+ = .FT.

One might say that F, contains those events that can be decided until
time 7 and that F,+ contains those events that can be decided right after
the random time 7 occurs. Let us give a simple example of an optional time
that is not a stopping time:

Example 2.5.2. Let I = [0,00), Q := {1,2,3}, F =22 P({k}) = 1/3, and
Xi(w) := (t —w)* for t > 0. Then the natural filtration computes as

{0,V : te€]0,1]
FX =3 {0,9,{1},{2,3}} : te (1,2
2% . > 2
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Let 7(w) := inf{t > 0: X;(w) > 0} so that 7(w) = w. The time 7 is not a
stopping time since

{r <1} ={1} ¢ Fi.

But it is an optional time since {7 < t} € F; for all ¢ > 0.
Proposition 2.5.3. Let 7 : Q — I be a stopping time. Then
(i) the system of sets F, is a o-algebra,

(ii) one has {r < s} € F, for s € I so that 7 : Q — I is an extended
F.-measurable random variable.

Proof. (i) Since 0 N {r < ¢t} = 0 € F we have € F,. Assume that
Bl, BQ, ... € fT. Then

(GBH> N{r =t} = G(Bnm{rgt})eﬂ.

n=1

Finally, for B € F, we get that
Bn{rst}={rst}\(Bn{r=t}) e F.
(ii) For s,t € I we get that
{restn{r =t} ={r Smin{s,t}} € Fuingssy C Fi-

We conclude the proof by remarking that the system (—oo,t], t € R, gen-
erates the Borel o-algebra and that (for example) {7 <t} = 0 € F, for
t <0. O

The pendant for the optional times reads as
Proposition 2.5.4. Let 7: Q — I be an optional time. Then
(1) the system of sets F,+ is a o-algebra,

(i) one has {T < s} € Fr+ for all s € I so that T is an extended F +-
measurable random variable.

The proof is an exercise. Optional times are stopping times with respect
to the filtration (Fi+)ier:
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Proposition 2.5.5. Let (_Q,]-" ) be a measurable space equipped with a filtra-
tion (Fy)ier and 7 : Q — 1.

(i) Then T is an optional time if and only if, for allt € I,

{r<tyeFe= () 7

se(t,S)

with 0 <t < S:=o00if [ =[0,00) and 0 <t < S:=T if I =1[0,T],
and with the convention that Fp+ = Fr if I =[0,T].

(ii) If T is an optional time, then A € F+ if and only if AN{T <t} € Fy+
fortel.

The proof is an exercise. The general relation between stopping and
optional times is as follows:

Proposition 2.5.6. (i) Every stopping time 7 is an optional time and
Fr C Fo+.

(i) If the filtration is right-continuous, then any optional time T is a stop-
ping time and F, = F+.

Proof. (i) This follows from

{T<t}:[j{fgt—%}

n=1

and

1
{T S t— _} € FmaX{O,t—l} g ’F}/

n

Hence 7 is an optional time. Let A € F. so that by definition AN{r <t} € F;
for all t € I. Hence

Aﬂ{7'<t}—UAﬂ{T§t—%}€}"t

n=1
because .
Aﬁ {7’ St— —} G‘Fmax{o,tfl} Q]-"t

n
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(ii) For the second assertion we have to check that 7., C F,. Given A € F,
from Proposition 2.5.5 we know that A € F,, if and only if AN{r <t} € F,.
But, by assumption JF; = F;+, so that the statement follows. O]

Now we consider two basic examples.

Example 2.5.7. Let [ = [0,00), X = (X;);>0 be continuous and adapted,
D C R be non-empty, and define the first hitting time

o :=inf{t 20 : X; € D}
with the convention that inf () := oo.
(i) If D is open, then 7p is an optional time.
(ii) If D is closed, then 7p is a stopping time.
Proof. We only show (ii), part (i) is an exercise. Given ¢ > 0 we have to
show that {rp <t} € F;. The condition 7p(w) < ¢ implies the existence of a
sequence tq > to > t3 > -+ > 0 such that X, (w) € D and s := lim, t,, < t.

By the continuity of X we have X, (w) = lim,, X;, (w) and by the closedness
of D that X (w) € D. Hence

{mp £t} = {weQ: there exists an s € [0, ] such that X (w) € D}
= {we: seg,lggtd(XSW)’ D) =0} € F
where d(z, D) := inf {|z — y| : y € D} is a continuous function, note that
|d(z, D) = d(y, D)| <[z —yl,

which implies that w — d(X;(w), D) is Fs-measurable. O

2.6 A short excursion to Markov processes

To give a rigorous justification of the reflection principle one would need to
introduce the strong Markov property. In this course we restrict ourselves to
the introduction of the basic concept. Because of the continuity properties
of the filtration (right-hand side continuous or not) we first work with the
optional times and not with the, probably more intuitive, stopping times.
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Before we begin, we make a general observation: Given a measurable
process X = (X});>0 and an optional time 7 and a fixed S € [0, 00), the map
w = X was(w) is measurable because it can be written as X rs(w) =
X 0 ®%(w) where ®° : Q — [0, S] x Q is given by ®%(w) := (7(w) A S,w) and
X5 :00,T] x Q — R with X(t,w) = X;(w). By (X;)(w) = limy,_00 (Xran) (W)
it follows that that X, is measurable whenever 7(w) < oo for all w € €.

Definition 2.6.1. Let (2, F,P;(F;)>0) be a stochastic basis and X =
(Xt)e>0, Xi : @ = R, be a stochastic process.

(i) The process X is a Markov process provided that X is adapted and for
all s, >0 and B € B(R) one has that

P(Xs1 € B|Fs) =P(X,1 € Blo(Xy)) a.s.

(ii) The process X is a strong Markov process provided that X is progres-
sively measurable and for all ¢ > 0, optional times 7 : Q — [0, 0], and
B € B(R) one has that, a.s.,

P{X, € B}N{r < o0} |Fry) =P{{ X, € B} n{r < 0} |o(X;)),

where 0(X,) := o(77!(00), {X1(B) N {r < >} : B € B(R)}).

To make the definition rigorous we need

Lemma 2.6.2. Let X be progressively measurable and 7 : Q@ — [0, 00] be an
optional time, then

X B)N{r < oo} € Fry

T

for all B € B(R).

Proof. Note that X' (B)N{r < co}n{r <t} = X L(B)n{r <t} e F. O

We give an easy example for a Markov process which is not a strong
Markov process.

Example 2.6.3. We consider Q := {-1,1}, F := 2% and P({-1}) =
P({1}) = 1/2. As stochastic process we take X;(1) := max{t— 1,0}
and X;(—1) := min{—t+ 1,0}. The filtration is the natural filtration
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Fi = o0 (Xs:s5€[0,t]). Taking the optional time 7 = 1, one checks that
o(X,) ={0,Q} and F,, =2 But this gives that

P(X, € B|F,4) =P(Xy € Blo(X,)) a.s.

cannot be true for all B € B(R).

For us, the main (positive) example is

Proposition 2.6.4. Assume a stochastic basis (2, F,P; (Fi)i>0) and an
(Fi)e0-Brownian motion B = (By)i>o like in Definition 2.4.5. Then B is a
strong Markov process.

Finally, without proof we state

Proposition 2.6.5. Assume a process X = (Xy)i>0 which is a strong Markov
process with respect to its natural filtration (F;X)so with Fi¥ == o(X, 1 u €
[0,t]). Then the augmented filtration is right continuous.
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Chapter 3

Stochastic integration

Given a Brownian motion B = (B});>0, we would like to define

T
/ L.dB;
0

for a large class of stochastic processes L = (L;);>9. A first approach would

be to write . .
dB,
/ LtdBt :/ Lt_tdt

However this is not possible (at least in this naive form) because of the
following

Proposition 3.0.1 (PALEY, WIENER-ZYGMUND). Given a standard Brow-
nian motion in the sense of Definition 2.4.1, then the set

{w e Q:t— Bi(w) is nowhere differentiable }
contains a set of measure one.
So we have to proceed differently. We will first define the stochastic
integral for simple processes and extend then the definition to an appropriate

class of processes. Throughout the whole section we assume that the usual
conditions hold:

e the probability space (2, F,P) is complete,

45
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e the filtration (F;);>¢ is right-continuous that means (.., Fi4e = F for
all t > 0,

e all null-sets of F are contained in Fy,

e the process B = (By);>o is an (F;)i>o-Brownian motion.

3.1 The It6 integral

3.1.1 Martingales, Doob’s maximal inequality

As a preparation for the definition of Ito’s integral and its investigation we
start with martingales: Recall that M = (M;);>¢ is a martingale w.r.t. the
filtration (F;)i>o if

(i) M, is Fi-measurable for all £ > 0 (M is adapted)
(ii) E|M;| < oo for all t > 0 (M is integrable)
(i) E[M|Fs] = My a.s. for all 0 < s <t < oo (martingale property).
Definition 3.1.1. A martingale M = (M;)i>o belongs to M provided that
(i) E|M|*> < oo for all t >0,
(i) the trajectories t — M(w) are continuous for all w € Q.
In case that My = 0 we write M € M.

Proposition 3.1.2 (Doob’s maximal inequalities). Let M = (M;);>o be
a right-continuous martingale or a right-continuous positive sub-martingale
and let M := supyei | Ms|. Then one has, for \;t >0 and p € (1,00), that

NP(M; 2 2) < E|M,
and

p
E(M;)P < <L1) E| M,[?.

For the proof we use the discrete time version proved in [7]:
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Lemma 3.1.3. Let M = (M,)"_, be martingale or positive sub-martingale
and let M’ := sup,_o ,, |Mg|. Then one has, for A >0, n =0,...., N, and
p € (1,00), that

..... n

AP(M;; 2 A) < E[M,],

and

V4
E(M:) < (L) E|M, P,
p—1

Proof of Proposition 3.1.2. First we remark that M; : 2 — R is measurable,
since

M = sup (|M[V[M])
s€[0,tjNQ

which is a countable supremum of measurable functions. From Lemma 3.1.3
it follows that, for

one has that
* n,* p
AP(M™* > \) <E|M,| and E(MM) < (%) E| M,|?.
Since M;"* 1 M} a.s. as n — oo we are done. O

The next lemma will turn out to be useful below to show the so called
[t0 isometry.

Lemma 3.1.4. Let M = (M)}, be a martingale with respect to (Gy)Y_,
such that EM? < oo for k =0,...,N. Then, a.s.,

E ((My — M,)%|G,) = E < 3 <dMl>2|gn)

l=n+1

for 0 <n < N where dM; := M; — M;_;.
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Proof. We have that
N
E(My — M,)*(G,) = > E(dM; dM;(G,,).
3,j=n+1
We are done if we can show that
for n <i < j < N. But this follows from, a.s.,

E(dM; dM;|G,) = E (E(dM; dM,|G;)|G,) = E (dM; E(dM,|G,)|G,) = 0.

3.1.2 Step 1: The Ito integral for simple processes

Let (92, F,P; (Fi)i>0) be a stochastic basis satisfying the usual conditions
(see Definition 2.4.11) and B = (B)t>0 an (F;)¢>0 -Brownian motion.

First we define simple processes we are able to integrate:

Definition 3.1.5 (the space Ly). A stochastic process H = (H;);> is called
simple provided that there exists

(i) a sequence 0 =ty < t; < ty < --- with lim, ¢, = oo,

(ii) JFi,-measurable random variables v; : Q@ — R, i = 0,1, ..., with ¢ :=
Uy, [t1(w)] < 00,

such that

Hy(w) = Z Xt 1,ta) (D) Vi1 ().

The class of these processes is denoted by L.

For simple processes we define the stochastic integral as follows
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Definition 3.1.6 (Stochastic integral for Lo-integrands). For H € Ly and
t > 0 we define the stochastic integral

ZUZ 1 Bt/\t ) Bti,lAt(W))a

where a A b := min{a, b}.

Proposition 3.1.7. For H € Ly one has that I(H) := (I,(H));>0 € MS°.
Proof. By definition we have that I(H) = 0 and that the process
t— L(H)(w)

is continuous for all w € Q. We show next that I(H) is a square integrable
martingale: Since

o 0 : t S ti,1
Vi1 (Bgat — Bty nt) = { Vit(Bini — B )t >t

we get that I;(H) is F-measurable. Now we observe that
E|Ui—1(Bb - Bti71)|2 < CQE|Bb - Bti71|2 = CQ(b - ti—l)
for t;_1 < b < 00 so that

1
no 2\ 2

Z Ui—l(Bti/\t - Bti_l/\t)

=1

EILHP)? < (E

no

< Z (]E’Ui—l(Bti/\t - Bti—l/\t)‘Q)

i=1

D=

< 00

whenever ¢,,,_; <t <t,,. It remains to show the martingale property
E(I,(H)|Fs) =I,(H) a.s.

for 0 < s <t < oo. By introducing new time knots we can assume without
loss of generality that s =, and ¢t = ty. Then

N
= Z Uifl(Btz‘ - Btiﬂ)
=1
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and

E(I,

(
(

—~

H)|F5)

I
=

Mz

Vi Bti*l)]}}»

via(By, = B )1 ) + E( S (B - By 1)

1 i=n-+1

=1

= E

M:

i
n

= vi_1(By, — By,_,) a.s.
i=1

Indeed, for 1 < i < n the expression v;_1(By, — By, ,) is J;, measurable,
while for n +1 < ¢ < N the tower property implies that

E(vi1(By — B )IFn) = E(E(va(B, - B )IF,)IF)

= E(vE((B, - B.)IFL)IF)
= 0 as.

Clearly, > ", vi_1(By, — By, ,) = I,(H).

Now we can prove our first [to-isometry:

Proposition 3.1.8. For H € Ly and 0 < s <t < 0o one has that

E ([I(H) — L(H)]|F.) (/ H2du|F)a5

Proof. As above, by introducing new time knots we can assume without loss
of generality that s =t, and t =ty. Let

My :=1,(H) and G :=F,
so that (M), is a martingale with respect to (Gx)4_,. Hence, a.s.,

E ([It(H> - IS(H)F’FS) = E ([MN - Mn]Q‘gn)
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N
E ( > (dMl)Z]gn>
I=n+1
N
E ( Z Ul2—1(Btz - Btl—l)2|‘En>
I=n+1

N

Z E (E(U?—I(Btl - Btz_1)2|ft1_1)|]:tn)
l=n+1

N

Z E (UlalE((Btl - Bt171)2|ft171)’./—'.tn)
I=n+1

N

Z E (U?—lE(Btz - Btzfl)sztn)
l=n+1

N

Z E <U12_1(tl — tl—1)|ftn)
I=n+1
E (/ H2du|]-"tn>
E ( / H2du|f)

O

Proposition 3.1.9. For H K € Ly and o, 3 € R one has that

)+ BL(K).

3.1.3 Step 2: The Ito integral extended from £ to £,

We want to extend the map

I: £0 — Mgo

(which was defined w-wise) to a larger class of integrands.
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Definition 3.1.10. Let £5' be the set of all progressively measurable pro-
cesses H = (Hy)i>o0, Hy : Q — R, such that

T 2
|H|lzor == (E/ Hfdt) < oo forall T >0.
0
Moreover, we let
d(K,H) := 22_” min {1, |K — H||z,n} for K, H € L.
n=1

Proposition 3.1.11. One has that Lo C Ls. Moreover the inclusion s
dense, that means for all H € Ly there is a sequence (H™)>, C Ly such
that

limd(H™, H) = 0.

Proof. step a: Assume that sup,, |H;(w)| < oo and that t — H(w) is
continuous for all w € Q. For T > 0 we define
on_q

H(w) =3 Hyg (@)X (g 0pm)(1)

on 2n
k=0

Then lim,, ., Ht(n) (w) = Hi(w) for all t € (0,7] and, by dominated conver-
gence,

T
hmE/(mm—mﬂa:o
0

n—o0

step b: Let H be progressively measurable with sup, , |H;(w)| < oo and let
T >0. Fort >0 and m =1, 2, ... define

]Tlt(m)(w) =m t Hy(w)ds.
fieay

Hence (H™);so is continuous and adapted (we can write If_ft(m)(w) =

m[Ki(w) — K 1)0(w)] with K;(w) := Ot/\T Hy(w)ds). Moreover,

|H™ ()| < sup |Hy(w)]

s>0

"Working with Lo we use equivalence classes: K ~ H if (A x P)((t,w) € [0,00) x Q :
Hy(w) # Ki(w)) = 0.
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and we can apply step (a) and find

fl(m’n) = (ﬁt(m’n)> € Hp

t>0

such that

n—0o0

T
hmE/|Hﬁm—HﬁWﬁ:o (3.1)
0
Let
A={(tw) 0,7 x Q: lim H™(w) = Hw)} €B(0,7)) & Fr.

Let
A, ={te|0,T]: (t,w) € A}.

FUBINI's theorem implies that A, € B(]0,7]). Moreover, t € A¢ whenever
t
Ht(m)(w) = m/ Hy(w)ds =, Hy(w).
(t=7)vo

By the fundamental theorem of calculus we get that
MA) =T or MNA,) =0
where A is the LEBESGUE measure. Hence by FUBINI’s theorem,
A@P)(A)=0

so that by majorized convergence,
T o~
hmE/|Hﬁkimﬂﬁ:Q (3.2)
m 0

Combining (3.1) and (3.2) gives the existence of H™ = (Ht(n))tzo € Ly such
that

T
hmE/ |H™ — H,|?dt = 0.
n 0

step c: From step b we get that there are H™) = (Ht(N))tzo € Ly such that

N 1
E/‘mm—m
0

2
<3
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for N =1,2,... Hence

||H(N) — Hlg,7 < for N>T

1
N
and d(H™) H) —x 0 as N — oo.

step d: Now we remove the condition that H is bounded. For k = 1,2, ...
we let

k Ht Z k
g .= H, . H, €|-kk
—k Ht S —k

By dominated convergence we have that |H — H® ||z, 7 — 0 as k — oo for
all T > 0. But the H® can be approximated by elements of £, so that we
are done. O

Proposition 3.1.12 (extension of the It6 integral to Ls). The map
I: [,() — M;’O

can be extended to a map

J: Ly — MSP
such that the following holds:
(i) Eatension property: if H € Lo, then
L(H)=J/(H), t>0,a.s.

(ii) Expectation and It6 isometry: if H € Loy, then, fort >0,

t 3
EJ,(H)=0 and |J,(H)|., = (E/ Lgdu) .
0

(iii) Linearity: for a, 5 € R and K, H € Ly one has
Ji(aK + pH) = ay(K)+ BJ(H) forall t >0 a.s.

(iv) Uniqueness property: if J' : Lo — MS’O s another mapping satisfying
(i),...,(iil), then one has that

P(J(L)=J(L):t>0)=1 forall L€ L,.
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Proof. By Proposition 3.1.11 there exist H™ € £, with d(H, H™) —, 0.
By Doo0B’s maximal inequality we have

te[0,N]

N

— 4E / \H™ — H™Pdt  (3.3)
0

< 4e?

for m,n > n(e, N). Hence we find 1 = ng < ny < ny < --- (depending on
N) such that

1
ok+1

E sup | (H(nkﬂ)) — I, (H(nk)) ‘2
te[0,N]

for k =1,2,... Letting

ay == sup |I, (H™+)) — I, (H™)) |
te[0,N]

implies

iﬂﬂa 2 < oo and P(Zak<oo =1,
k=0

1
where the latter is a consequence of > 77 (Ela|*)® > 377 Eapy . Setting

Qy = {weQ:iag(w)<oo},

we define for ¢ > 0

N o 200:0 It(H(nk+1))_It<L(nk)> (W) : weQy,
5w = { g0l J) e et

The | process (Jt(N)(H ))ico,n] is path-wise continuous| as a uniform in

time limit on [0, N] of path-wise continuous processes I(H(+1)). Using tri-
angular inequality and (3.3) leads to

(E sup [JV(H) = LH™)12)z — (B sup I (H) — L(H™) )z
te[0,N] t€[0,N]
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< (E sup |L(H™)) — I,(H™)2)2

te[0,N]

N 3
< 2(]E / |H§”k>—H§m)|2dt)
0

N 3 N 3
< 2 (E/ |5 ™) —Ht|2dt> +2 (E/ |Ht—Ht(m)|2dt> ,
0 0

so that for £ — oo we get

N
E sup |7 (H) — L(H™) < 4E / \H, — 1™ 2t
0

te[0,N]

This implies that J™)(H) does not depend on the approximating sequence.
Especially, we have that E [° [H, — Hs"’|*ds — 0 implies
(N) . (m)y\ 2
E|J; 7V (H) — L(H™)|* — 0 for any t € [0, N]. (3.4)

Since I(H (m)) is a martingale, and the Lo-limit of martingales is a martingale,

also | J™N)(H) is a martingale.

With a standard trick we find the process we are looking for: define, for
0<N<M< oo,

Ay = {w €Q: Jt(N)(H)(w) = Jt(M)(H)(w) for all t € [0, N]}

so that P(Qy ) = 1 since (Jt(N)(H))tE[O,N] and (Jt(M)(H))tE[O,N] are continu-
ous modifications. Letting

we obtain that P(£2) = 1 and set

JY(H)(w) : weQandte0,N]

JlH)w) = { 0 : wé¢g Q
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By changing the process on a null-set (we have the usual conditions) we may
assume that Jo(H) = 0.

’We indeed have found the desired extension J: ‘

e Property (i) follows by construction since we can take H,, = H in this
case.

e Property (ii) holds since
EJi(H) = E[E[J,(H)|Fo]] = EJo(H) =0
by the tower property. By

I (H) |2y = He(H™) | < 1Jo(H) = L(H™)| [, =4 0
and

(E/Ot Hidu)é — (E/Ot(Hgm)?du) ‘
(E /Ot(Hu — Hé"))zdu)é

and by the ITO isometry for the simple processes we get the ITO isom-
etry in (ii).

[NIES

< — 0,

e Property (iii) Follows from the linearity of 1,(H™), the L, convergence
E|I,(H™)—J,(H)[* — 0 and the fact that J(H) is pathwise continuous.

e Property (iv) By Proposition 3.1.11 there exist H™ € L, with
d(H, H™) —, 0. Hence by (3.4), which holds for J’ as well,

Jy(H) = Ly=lim J,(H™) = Ly—lim I,(H™) = Lo—lim J/(H™) = J/(H).

Since (Jy(H))i>o and (J;(H))i>o are continuous, the processes are in-
distinguishable.

]
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3.1.4 Examples of It6 integrals
If the integrand is not random the Ito integral is called Wiener integral.

Example 3.1.13 (WIENER integral). For a continuous function L : [0, 00) —

R the process
Xt = Jt(L)

is a Gaussian process with mean zero and covariance

min{s,t}
['(s,t) =EX,X, = / L2du.
0

Proof. (a) First we remark that an Ly-limit of Gaussian random variables is
again a Gaussian random variable, which is left as an exercise.

(b) Defining

we obtain that d(L, L) —, 0. Hence by Proposition 3.1.12 (iv)
J(L™) =1, J(L).

But J,(L™) = I,(L™) are Gaussian random variables so J;(L) is Gaussian
by step (a) as well.

(¢) To check that we have a Gaussian process welet 0 <t; < ... <t, <T
and oy, ...,a, € R. It is easy to see that

> agd;, (™)
k=1

is a Gaussian random variable which converges in Ly to the random variable
> oy iy, (L). Hence the latter is Gaussian and we have a Gaussian process.

(d) To get the covariance structure we simply use the ITO-isometry since
one can show that

J (L) = Jp(K™) a.s.
for K" := L, for u € [0,r] and K" := 0 for u > r, where T > r. O

Next we consider our first real example.
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Example 3.1.14. One has that
1
Jy(B) = §(Bt2 —t) for t>0 a.s.

Proof. Since the left and right-hand side are continuous processes starting in
zero we only have to show that Jp(B) = 5(B7 — T) a.s. for T > 0. Let

on 2n

Lg?) = ZX(TFHTQ%] (t)BTiA.
i=1

By dominated convergence one can show that
limd(L™, B) = 0.

In the next step we would need to show that

omn

271
Jr(L™) = " Bria(Bpi — Bret)
=1

(note that L™ is not a simple integrand according to our definition). This
can be easily done by a truncation of the coefficients B,i-: which brings us
2’!’1

back to the simple integrands. So we are left to show that

2

277.
. 1
lim E Y Bria(Brs — Bria) - 5(3% - T)| =o0.
=1
Let N =2". Then
N 1 2
E|Y " Bria(Bri — Brei) - 5(B% ~T)
=1
N 2
1 2 2] T
- E|Y {BTH (Brg = Brea) = 5 (BTQ +5 <BT%> ] +5
=1
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T2 N 2 1 2
- = _1EH[B;-V—BLN1} —ﬂ
T2

Looking at the above proof we also got

Proposition 3.1.15. For the Brownian motion B = (By);>0 and T > 0 one

has that
N

2
dm 3 |Bry — Brp| =T

where the convergence in probability is taken.

3.1.5 Step 3: The It6 integral extended from L, to £Y°

We are close to the stochastic integral we need to have. In this last step we
carry out a localizing procedure to extend the integral from Ly to £¥¢. For
this purpose we first need

Lemma 3.1.16. For any stopping time 7 : @ — [0,00) U {o0} and progres-
siely measurable process L = (Li);>0 one has that L™ := (LX<} )i0 1S
progressively measurable.

Definition 3.1.17. (i) Let £¥° be the set of all progressively measurable
processes L = (L;)¢>o such that

¢
P(wGQ:/Li(w)du<oo):1 for all ¢>0.
0
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(ii) A sequence (1,)%°, of stopping times is called localizing for L =
(L¢)i>0 € LY provided that

(a) 0 < 71(w) <7(w) < nw) <--- < oo and lim, 7,,(w) = oo for all
w € Q,

(b) L™ € Ly foralln=0,1,2,...

Remark 3.1.18. (i) One has that £ C L£Y° since
t
E / L2du < oo
0
implies by FUBINT’s theorem that

t
/ L2du < o0 a.s.
0

(ii) For every L € L¥° there exists a localizing sequence (7,,),>1: Let N =
1,2, ... and

N
Qy = {weQ:/ Li(w)du<oo}.
0

Then P (-, 2v) = 1 and we may set

(W) = inf {t >0: fg L2 (w)du > n} Dow € Nvey v
o oo : else

because t — fot L?(w)du is a continuous function defined on [0, 0o) with
values in [0, 00) for w € Ny, Q-
Next we need

Lemma 3.1.19. Assume L € LX°. Then there is a unique (up to indistin-
guishability) adapted and continuous process X = (X;)i>0 with Xo =0 such
that for all localizing sequences (7,)52, of L one has

P(J(L™)=X;, t€[0,7]) =1 for n=0,1,2, ..
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Definition 3.1.20. Let L € £°. The process X obtained in Lemma 3.1.19

is denoted by
t
([ as.)
0 >0

and is called It6 integral of (the integrand) L with respect to (the integrator)
B. Moreover, for 0 < s <t < oo we let

t
/ L,dB, = / L,dB, = X; — X;.
s (st]

Before we summarize some properties of stochastic integrals we introduce
local martingales.

Definition 3.1.21. A continuous adapted process M = (M;);>o with My = 0
is called local martingale (we shall write M € M°) provided that there
exists an increasing sequence (0,,)%, of stopping times 0 < op(w) < 0y (w) <
-+ < oo with lim,, 0,,(w) = oo such that M := (M., )i>0 is a martingale
forallm=0,1,2,...

Surprisingly it is not so easy to find local martingales which are not
martingales. We indicate a construction, but do not go into any details. The
example is intended as motivation for ITO’s formula presented in the next
section.

Example 3.1.22. Given d = 1,2,... we let (W})i>0 be the d-dimensional
standard Brownian motion where W, := (B 1, ..., Bra), Wo = 0, and (B ;)0
are independent Brownian motions. The filtration is obtained as in the one-
dimensional case as the augmentation of the natural filtration. Let d = 3

and )
M, = ———
! |CI) + Wt|
with |z| > 0 where | - | is the Euclidean norm on RY. Then M = (M;);>o
is a local martingale, but not a martingale. The process |z + W;| is a 3-

dimensional BESSEL process starting in |z|.

Proof. To justify the construction one would need the following:
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(a) For a d-dimensional standard Brownian motion W with d > 2 the
sets {y} with y # 0 are polar sets, that means

P(r, <o00) =0 with 7,:=inf{t>0:W,=y}.

(b) For d > 3 one has that P(lim;_,, |W;| = c0) = 1.
(c) Assuming that M is a martingale we would get

1
EM, = EMy = —.

|z
But a direct computation yields to
1 1
E - ]E _>t 00 O
|z + Wil 2+ V(g go,g3)|

where g1, g2, g3 ~ N(0,1) are independent.
(d) How to show that M is a local martingale? This gives us a first

impression of ITO-formula which will read for f(&, &, &3) = Jmaie +1§2 o and
1 2 3
Xt =T+ (Bt,17 Bt,27 Bt,3) as

f(Xy) = f(@—i—Z/ gi(Xu)dBu,i—i-%/o(Af)(Xu)du a.s.

where the latter term turns out to be a local martingale. [
Now we summarize some of the properties of our stochastic integral:

Proposition 3.1.23.

(i) For L € LY® one has <f(f LudBu> € My,
>0

>

(ii) For K,L € LY and o, B € R one has

t t t
/ (K, + BLy)dB, = a/ K,dB, + 5/ L,dB,, t >0, a.s.
0 0 0



64 CHAPTER 3. STOCHASTIC INTEGRATION

(iii) Ito-Isometry: for K, L € Lo and 0 < s <t < o0 one has

t t t
E </ KudBu/ LudBu|fs) =E (/ KuLudu|]:s) a.s.

(iv) Given K € Ly, the process

t 2 t
( / KudBu> — / KZ2du
0 0 >0

1S a continuous martingale.

(v) For L € LX° and a stopping time 7 : Q — [0, 00] one has that

( /OWM LudBu> (w) = ( /0 t Lux{ugT}dBu) ()

fort >0 a.s.

(vi) For 0 < s <t < oo, B€Fs, and K € LY one has that

t t
/ xBK.|dB, = XB/ K,dB, a.s.
with the convention that
t t _
/ [XBK.]JdB, = / K,dB,
s 0
with

~ 0 : uelo,s
K(u)’_{XBKu Cu> s

Proof. (iii) = (iv) Let
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= E <(Mt M, + M,)? / szul}">
t
= E <(Mt — M,)* 4+ 2(My — My)M, + M? — / Kgduyfs>
0
t
= E <(Mt — M,)? - / Kgdu|fs) + E (2(M, — M,)M,|F,)

+M? — / KZ2du

= / KQdu

where the first term is zero because of (iii) and the second one because of
E (2(M; — Ms)Mg|Fs) = 2ME (M, — My|Fs) =0 a.s.

(iii) Using the polarization formula ab = i ((a +b)? — (a — b)?) it is enough
to show the assertion for K = L. We take L™ € L such that d(L™, L) —, 0
and get that

t
IE/ L™ — L|*du —, 0.
0

By the construction of the stochastic integral we have

t
E/ L™ — L,|?du=E
0

Fact 3.1.24. Let (M,%, ) be a probability space and G C 3 be a sub-o-

algebra. Assume random variables f, f, € Lo such that E|f, — f|*> —, 0.
Then

2

t t
LWdB, — / L,dB,| —, 0.
0

E[E(£2]G) — E(f?|G)| = 0.

Let now f,, := f: ngn)dBu and f := fst L,dB,. Then

t 1 ¢ i
[fo = fllz. = (E/ (L — Lu)QdU> < (]E/ (L — Lu)Qdu) 5, 0.
s 0

Hence, by our fact,

E ((/t ij‘)dBu>2 |]-"8) -, E ((/t LudBu)2 |]-"5> :



66 CHAPTER 3. STOCHASTIC INTEGRATION

Considering the product space € X [s,t] with u = P x is and G = F; ®

t—
B([s,t]) we get in the same way that

E (/t (Lg”>)2duyfs> -, E (/t (Lu)2du\]-“s) .

Now we can finish with Proposition 3.1.8.
We do not give the details for (i), (ii), (v) and (vi). O

3.2 Ito’s formula

In calculus there is the fundamental formula
y
f0) = 5@+ [ flda

for, say, f € CY(R) and —c0 < x < y < oo. Is there a similar formula
for stochastic integrals? We develop such a formula for a class of processes,
called ITO-processes.

Definition 3.2.1. Let f : [0,00) — R be a function. Then

Vi(f) :=sup  sup Z |f(t) — f(te—1)| € [0, 00].

neN 0=to<--<tp=t &

Lemma 3.2.2.
(i) The function t — V}(f) is increasing.

(ii) If f :[0,00) = R is continuous, then t — V;(f) is left-continuous.

Definition 3.2.3. A stochastic process A = (A)i>0, Ar @ 2 — R, is called
of bounded variation provided that

VI (A (w)) =sup  sup Z |A;, (w)—A;, (W) < oo a.s. forall t>0.
k=1

neN 0=tg<--<tn=t 4
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Lemma 3.2.4. If M = (M) € MS’O is of bounded variation, then
P({weQ: My(w)=0,t>0}) =1.
Proof. Since M has continuous paths it is sufficient to show that
P(M;=0)=1 forall t>0.

(a) Assume that
VH (M (w)) <c< oo a.s.

and let ¢ := . Then

EM? = E

Since

for all w € 2 by the uniform continuity of the paths of M on compact
intervals and

sup |Myn — My | <2 sup |M,| € Ly
i=1,...,n ¢ ¢ u€0,4]

by D0oOB’s maximal inequality, dominated convergence implies that

imE sup My — My [ =0 sothat EMZ =0,

i=1,....,n

(b) Now let N € {1,2,...}, T"> 0, and
Tv(w) :==inf {t > 0: V] (M.(w)) > N} AT.

Because of Lemma 3.2.2 the random time 7y is a stopping time. To check
this it is sufficient to show that

on(w) :==inf {t > 0: V}(M.(w)) > N}
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is a stopping time. Indeed
{t <on(w)}={V,(M.(w)) <N} € F,

yields that oy is an optional time, so that we conclude that oy is a stopping
time by the usual conditions. Moreover,

(Mt/\TN )tz() € Mg’o

by stopping and
VH(M™(w)) < N.

By stopping we mean here that
E(Mp,|Fs) = Msp, a.s. (3.5)

for a stopping time 0 < p < T. This can be proved by considering ap-
proximating stopping times 7" > p; | p where the p; takes only values in
{0,T/2',....kT/2', ..., T, s}. Stopping from discrete time martingales implies

E(Mt/\pllfs) = MS/\pl a.s.

Letting | — oo, using the pathwise continuity of M, and that (by Doob’s
maximal inequality) Esup,c ) M7 < oo, we arrive at (3.5). After all, ap-

plying (a) gives

Now our assumption implies oy — oo a.s. Using again E|M;|> < oo we
derive E|Mr| = Elimy o0 |[Mryar| = impy o0 E| M, a7| = 0. O

Now we derive

Lemma 3.2.5. If M = (M;)i>o € Mfgfg s of bounded variation, then
P(weQ: M(w)=0,t>0)=1.
Proof. We assume a localizing sequence (0,,)5°, for M. In addition, we let

pn =1inf{t > 0: | M| > n}
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so that 7, := 0, A p, is a localizing sequence with |M;™| < n (again, stopping
is used here). The variation of M™ is bounded by the variation of M, so
that

P(Mirr, =0) =1

forallt > 0and n=0,1,2,... by Lemma 3.2.4. Consequently,

]P(Mt = O) =K <11II1 X{Mt/\q—n=0}> = T}LH;QE (X{Mt/\Tn:O}) =1

n—o0

where we have used dominated convergence and lim,, 7,(w) = oo for all w €
Q. O

Definition 3.2.6 (ITO process). A continuous and adapted process X =
(X1)is0, Xi 1 © — R, is called ITO-process provided there exist L € £ and
a progressively measurable process a = (a¢)¢>o with

¢
/ |ay (w)|du < oo
0

for all t > 0 and w € €0, and ¢ € R such that

t t
Xi(w) = xo + (/ LudBu> (w) +/ ay(w)du for t >0, a.s.
0 0

Proposition 3.2.7. Assume that X = (X;)i>0 is an ITO-process with repre-
sentations (L,a) and (L',a’). Then

(A X P)((t,w) € [0,00) x Q: Ly(w) # Ly(w) or a;(w) # aj(w)) = 0.

Proof. We only prove the part concerning the processes L and L’. From our
assumption and the linearity of the stochastic integral it follows that

t t
M, = / (L, — L.)dB, = / (al, — ay)du for t>0a.s.
0 0

Hence M = (M;):>o is a local martingale of bounded variation because, a.s.,
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-

te |42
n

< sup
tr e

_ /Ot 0 (@) — au(w)|du

<

ljmww—%w»w

|%wwwmmm}

/ )
123

By Lemma 3.2.5 this implies M; = 0 a.s. so that by the continuity of the
process M one ends up with

M;=0 for t>0, a.s.

and .
/ (L,— L))dB,=0 for t>0, a.s.
0

Since L — I € £12°C we find a sequence of stopping times 0 < 75 <7 < ---
converging to infinity such that (L — L')™ € L5 and by the definition of the
stochastic integral

tATh tATH
/ (Lu — L)X uerydBa = / (Lo — L/)dBy = 0 a.s.
0 0

By Proposition 3.1.23(v)

t tATR
0 0

and by the ITO isometry,

t
E/ |Ly — L |*X fusrydu = 0.
0

Monotone convergence gives
E/ |L, — L |*du =0
0

which implies our assertion with respect to L and L'. O]
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To formulate ITO’s formula we need

Definition 3.2.8. A continuous function f : [0,00) x R — R belongs to
C12([0,00) x R) provided that all partial derivatives df/dt, df/dz, and
02 f/0x* exist on (0,00) x R, are continuous, and can be continuously ex-
tended to [0, 00) x R.

Theorem 3.2.9 (ITO’s formula). Let X = (X;);>0 be an ITO-process with
representation

t t
X =xg +/ L,dB, —|—/ aydu, t > 0,a.s.
0 0
and let f € CY%(]0,00) x R). Then one has that

Lo i,
f(t, X,) :f(O,X0)+/O 8—£(u,Xu)du—|—/0 a—i(u,Xu)LudBu
1 [t O*f

taf
+/0 %(U,Xu)audu+

fort >0 a.s.

Remark 3.2.10. (i) The assumptions on f and the continuity of the pro-
cess X ensure that the right-hand side of ITO’s formula is well-defined.
In particular,

8f ocC
<%(U,Xu)Lu) c Ly

u>0

(ii) To shorten the notation we shall use

t t t
/ K,dX, :—/ K,L,dB, +/ K,a,du
0 0 0

where we fix the decomposition of the process X in the following.

Before we discuss the proof of ITO’s formula we consider some examples
for its application.
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Example 3.2.11 (Compensator). For f(t,x) = f(z) := 2* we obtain

t t
X? :a:g+2/ Xuqu+/ Lidu, t>0, a.s.
0 0

If a,, = 0, then we get that
t t
X} —/ Lidu = x3+2/ X, L,dB, t >0, a.s.
0 0

is a local martingale. Sometimes the term fg L2du is called compensator (it
compensates X? to get a local martingale) and denoted by

(X), = /Ot [2du.

Example 3.2.12 (Exponential martingale). Let L € C[0,00) and X; :=
[} L,dB,. Then
E(X), 1= X2 Jo Lidu — oXim5(X)e

is a martingale and called exponential martingale. To check this, we let
ft,x) = e~ 3 Jo Lidu,
Applying ITO’s formula gives, a.s.,
EX) = [f(t,Xy)
= £(0,Xo) + /Ot %(U,Xu)du + /Ot %(u,Xu)LudBu

[ Y i [

°’f
2 ), 022"
= f(O,Xo)+/0f(u,X ( ) du+/qu)LdB
f(u,

+/Otf(u,Xu)audu+ /

t
= 1+/f(u,Xu)LudBu
0

(u, X)) LA du

L2 du
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with

t t
/ E|f(u, Xo)Lo|?du = / Ee2(Xe=3 o' L) 12 gy,
0 0

t
/ Ee? X« du.
0

So we have to compute Ee**+. This is easy to verify since X, is a centered
Gaussian random variable with variance c(u) = fou L2dv. Hence using the
change of variable formula and a simple calculation we have

< |sup L}
u€[0,t]

2Xy

Ee**v = IEeQ‘/CT‘g:—l2 / ezﬁxe_éd:p
V24T J—c0

_ (z—2y/mm)?
> e*udy = e,

1 [oe)
— e
V2T /_oo
and
E62Xu _ Ee%/cug — €2Cu,

where g ~ N(0,1). This implies
¢
/ E|f(u, X)) Ly|*du < oo
0

and that (£(X); — 1);50 € M5°. The above integral equation can also be
written as a differential equation

df(t, X;) = f(t, X,)LdB,  with (0, X,) =1

or

Example 3.2.13 (Integration by parts). For ¢ € C1[0,00) one has

Y(t) Xy = 1(0)Xo + /Ot P(u)dX, + /Ot X' (u)du a.s.

which follows by using f(t,z) := ¢(t)z.
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Example 3.2.14. Using ITO’s formula we can now establish an important
connection between stochastic differential equations and partial differential
equations by one example. Assume the following parabolic PDE
06 oG
ot 2 oy?
for (t,y) € [0,T) x (0,00) with the formal boundary condition G(T',y) = g(y)
for some fixed T > 0. The PDE is called backwards equation since the

boundary condition is a condition about the final time point 7. Assume now
the geometric Brownian motion

0 (3.6)

Si(w) = Pz for ¢>0.

Applying ITO’s formula we see that S is an ITO-process with
t
Sy =1 +/ SudB,,.
0

What is the connection between the geometric Brownian motion and the
PDE (3.6). Assume that Eg(Sr)? < co and define

G(t,y) == Eg(ySr—t).

One can show that there is some ¢ > 0 such that G € C*((—¢,T) x (0, 00))
and that f satisfies the PDE (3.6). The principal way (without details) is as
follows:

Fact 3.2.15. Let p(t,z,y) == — e fort>0 and z,y € R. Then

Moreover, letting h : R — R be a Borel function such that

/e_“l’?\h(x)]dw < 00,
R
then for
u(t, r) ¢=/h(y)p(t7x,y)dy
R

one has that
ou 10%u

ot 202
f0r0<t<%anda:€R.
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Let now f(x) := g(exp(z — (7/2)). Applying the above fact we get an
e > 0 (without proof) such that for

F(t,x) :=Ef(x + Br_t)

one has
F L 10F
ot 2 0zx2
for (t,z) € (—e,T) x R. Using

t t
G(t,y) = Eg(ySr—) =Ef <BTt + 3 + log y) =F (t, 5 + log y>
we can derive that G satisfies the PDE (3.6). Applying ITO’s formula gives
that
Loa
G(t, St) = G(O, So) + a—y(u, Su)SudBu
0
oG 1 ['0°G
— du+ = | —= 2d
+/0 90 (u, Sy)du + 2] By (u, Sy)Szdu

t
= G(0,S0) + a—G(u, Su)SudBy
0o Oy

for t € (0,7") a.s. Without proof, we remark that

Toa
g(St) = G(0, ) —l—/ —(u, Sy)SudB, a.s.
o Oy
by t T T where the integrand of the stochastic integral is defined to be zero
for u = T and one has that
2

oG du < 0.

T
E|{—(u,S,)S,
/0 ‘32/( )

Example 3.2.16 (Computation of moments). ([5], [6]) The following ex-
ample is of importance in Stochastic Finance when the Brownian motion is
replaced by the geometric Brownian motion. For simplicity we use the Brow-
nian motion. Let f : R — R be a Borel function such that Ef(Bz)? < oo for
some T > 0. Similarly to Example 3.2.14 we can define

F(t,z) .= Ef(x + Wr_,)
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and get, for some € > 0, a function F' € C*((—¢,T) x R) which solves the
PDE

oF N LO°F 0
ot 20z
Again, by ITO’s formula
TOF
f(ST) = F(O, So) + —(U, Bu)dBu a.S.
0 Ox
where . )
/ E ‘8—F(u,Bu) du < oo.
0 ox

We are interested in

2

bTOF OF
/a {a—x(u,Bu)—a—x(a,Ba)} iB,

for 0 < a < b < T, which can be interpreted as the quadratic one-step error
if f; 9 (u, B,)dB, is approximated by 2 (a, B,)(B, — B,). To compute the
error we proceed formally as follows: by the ITO-isometry we have

bTOF oF
/a [%(U,, Bu) — %((l, Ba):| dBu

E

2

E

b [OF OF ?
= /a E [a(ﬂ, Bu) — %(G, Ba> du.

Now we rewrite the expression under the integral by ITO’s formula. We let

J 109

A= 5 T30

and get by ITO’s formula that

E |5 (1, 5) - g—f:(a,Ba)r

oz
OF OF 2
E |:— - %(qu Ba>‘| |u:a

v 9 [OF OF 2
—I—E/a —_— {%(U,Bv) — a—x(a, Ba):| dBv
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HE/a APF(U B,) — a—F(a,Ba)rdv

ox ox
_ E/auA{g—i(v,Bv)—g—i(a,Ba)rdv
= E/a {8822(1) B )]2dv
since
%A(v,x) [g—i(vﬂf) - g—i(a,y)] 2
= [ - Zan] )
i ([Getvn) - San] S w8)
- [Fwn) - S| ot wie)
%?;TZ(U, x)%(v, B,) + % B—Z(v, ) — 2—:(@, y)} a%(v, B,)
_ {g];(v x)—g—i(a,y)] <§;§t(v, )+%%(U,Bv>)

1 [0*F ?
= 3\a2")

Summarizing the computations gives

E[g];(uB) gi(a,Ba)r— // ( vx)dedu

- E/a (b— wE (?2@ B )>2du.

Now take a net 0 =ty <t; < --- <t, =T one can show that

2

ToF oF
0 ox (u B )dBU Z oz (tk laBtk 1)(Btk Btkfl)

k=1

E

7
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n tr aQF 2
- Z/ (try —uw)E (—Z(U, Bu)) du.
k=1 " tk-1 Oz
Taking for example ¢ (2) := X[k )(z) One can compute that

M%@Mfﬁﬁﬁn

3.3 Proof of ITO’s formula in a simple case

[ 1Y

Throughout this section we assume X to be an ITO process such that L € L.
Before we start to prove ITO’s formula we need the following lemmata:

Lemma 3.3.1. Let Y, — 0 a.s. and Z,, — Z in probability. Then

Y. Z, —p 0.

The lemma will be an exercise.

Lemma 3.3.2. Let Y = (Y3)1>0 be continuous and adapted, and assume that

sup |Yi(w)| < 0.
>0,weQ

Then, for t? := t, one has that

T n

n t

S Ve (X = Xip ) —e / Y,dX,, (3.7)
=1 0

n t

S Yo (X = Xip )? / Yo L2du, (3.8)
=1 0

The proof of this lemma is indicated at the end of the section.

Proof of Theorem 3.2.9. We shall prove ITO’s formula in the case that f®)
exists and is continuous, and satisfies

sup ]f(k)(ac)| < 0.
2€R k=0,1,2,3
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We fix t > 0 and let

1

for i = 0,...,n be the equidistant time-net on [0,¢]. Then, a.s.,

f(Xh) = f(Xo)
Lf (X — f(Xen )]

1
{f'(Xt?_l)(Xt? = X )+ 5" (X )Xy — X )

||'Ms ||'M:
= —

1 ~
el ) (XK = X )?
n n 1
= DK )X = X )+ 35S (X ) (K = X

i=1

n 1 -
— (3) X n X n — X n 3
+ ;1: 6f ( ti—l)( t; ti—1>

where we used TAYLOR’s formula with the LAGRANGE remainder. Applying
Lemma 3.3.2 we get, in probability, that

t
P — limlf = / f’(Xu)qu,
n 0

t
P—lim/[} = / f7(Xu) L2 du.
" 0

To get
P—-lim/3=0

we observe that

> Oy )Xy — X )P
=1

< [sup\f(?’)(x)\ sup IXu—Xv|] [Zn:(Xt? —Xt?f]

z€R |lu—v|<t/n i—1
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= Y,.Z,

with Y,, = 0 a.s. and Z,, —p fot L2du according to Lemma 3.3.2. O

Proof of Lemma 3.3.2. (a) First we consider (3.7) and get

tm

zn:)/t?—1 (Xt? B Xt?—1) - zn:Y;?—l /tZL LudBu + zn:Y;?—l / Z audu'
=1 i=1 =1

n n
ti*l ti*l

By standard calculus the second term converges for all w € €2 to

t
/ Yo (w)ay, (w)du.
0
To consider the first term we let
K" =Yy L, for we (t] ]

and otherwise zero. Then

n 134 t
> Y, / L,dB, — / Y, L.dB,
i=1 ta

0

2

E

2
= E

n t? t
> / (Yir  L,)dB, — / Y, L.dB,
= e, 0

t

2

= E / (K™ —Y,L,)dB,

0

t
— E/ K™ —Y,L,|" du
0
—, 0

by dominated convergence since

|K1([‘) —Y,L,| <2 sup [Yi(w)[]|Lu|

t>0,we

and lim,, |[K{" — Y, L,| = 0 for all w € .
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(b) Now we consider (3.8) and prove this statement for a, = 0 and
|Ly(w)] < cforall u>0andwe 2. We get

t
Zytn (Xp — X )* — / Y, L2du
=1 0
n tn n t?
= ZYt?_I (Xgn — Xt?_ )2 _/ Lidu + Z/ (Y;f?_l - Yu)Lidu
i=1 g i=1 Yt

where the second term converges to zero for all w € €. To treat the first sum

we let
£

di = (X — Xpn )? — / L2du

n
ti—l

and get a martingale difference sequence since

£
E ((Xt;; - Xt?71)2|]-“t?71> —E (/ Lidu|]—"t¢1> a.s.
(251
Consequently,
r 2
(X — Xt?_1)2 - / Lidu]
tn
- ZEY;% d? < Squ ZECF
Finally,

2
ty 3
Ed; = E(Xpm — X ) = 2E(Xpp — X |)? / Lidu+E ( / Lidu>
e i

i—1 i—1

where

Since
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it remains to show that

i 4
> E (X~ X ) a0

i=1

— But this follows from the Burkholder-Davis-Gundy inequality (see Theo-
rem 4.3.1 below)

t
E|thl - Xt?_1’4 S C4E </ Lidu)
tr

3.4 For extended reading

Definition 3.4.1. A continuous adapted stochastic process X = (X¢)i>o is
called continuous semi-martingale provided that

Xy =x0+ M; + Ay
where o € R, M € ./\/lloc, and A is of bounded variation with Ay = 0.
Because of Lemma 3.2.5 the decomposition is unique.
Proposition 3.4.2 (ITO’S FORMULA FOR CONTINUOUS SEMIMARTIN-

GALES). Let f € C*(R?) and X; = (X}, ..., X?) be a vector of continuous
semi-martingales. Then one has that, a.s.,

F(X) = X0+Z/ 7, X WAXE + 2 Z/&w% )d(M?, M),

where dX! = dM! + dA?, and

<Mi’Mj>u = [<Mi+Mj>u_<Mi_Mj>u}~

|
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3.4.1 Local time

Given a Borel set A C R and a Brownian motion B = (B;):>o we want to
compute the occupation time of B in A until time ¢, i.e.

Ii(Aw) ::/O Xa(Bs(w))ds = A(s € [0,t] : Bs(w) € A).

It is not difficult to show that I';(A,w) = 0 P-a.s. if A(A) = 0 so that one
can ask for a density

I'(A w) :/AQLt(a:,w)da:

where the factor 2 is for cosmetics reason.

Definition 3.4.3. A stochastic process L = (Li(, -))t>0zer is called Brow-
nian local time provided that

(i) Li(zx,-) : Q@ — R is F-measurable,
(ii) there exists Qy € F of measure one such that for all w € {2y one has

(a) (t,x) = Li(z,w) is continuous,
(b) TW(A,w) = [, 2L,(z,w)dx for all Borel sets A C R.

To get a candidate for L;(x,-) we use It6’s formula: Let p. € C§° be such
that supp(p.) C [—¢,¢], ¢ >0, and [, p.(x)dz = 1. Let

)= [ etwduay

so that

f(x) = e(x).

By It6’s formula, a.s.

fY(Bs — a)ds

£

fBi=a) = fi=a)+ [ B —aan+ g |
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/ fL(Bs — a)dB, + ; /t ve(Bs — a)ds.

Now
/|f s (By — a)ds = 0

and
sup | fo(z) — 2| =0
as € | 0, so that, a.s.,
1 + + '
lim = [ e, (B; —a)ds = (B —a)" = (=a)" = | X(a,00)(Bs)dBs
enl0 2 J 0

for some sequence ¢, | 0. But the left-hand side is - formally -

1 t
5/0 5(B. — a)ds = Lu(a,-).

Proposition 3.4.4 (TROTTER). The Brownian local time ezists.

Proof. (Idea) (a) Let

My(a,w) = (By(w) — a)" = (—a)" - (/Ot X(am)(Bs)st) (w)-

By a version of KOLMOGOROV’s Proposition 2.3.13 one can show that there
exists a continuous (in (t,z)) version L = (L(z,-))i>0zer of M. Clearly,
L(x,-) is F;-measurable.

(b) We still need to show that for all Borel sets A € B(R) :

I'(A w) :/AQLt(x,w)dx. (3.9)

Let —0c0 < a; < ag < by < by < oo and define the continuous function
h:R — R as h(z) =1 on [ag, bs], zero outside [a1, b1, and linear otherwise.

Let
/ / w)dudy = /R(x —w) " h(u)du

H@) = [ hwdi= [ b @)

—0o0

so that
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H"(x) = h(x).

By Tt&’s formula,

l/oth@s)ds = H(Bt)—H(BO)—/OtH’(BS)dBS
= [ B0 = b [ (BB do
:(4%@JWMM

(c) In the last step we replace M by L. Then for each h it holds for

P-almost all w .
1
-/h@¢m@_/gwwwwm

2 0 R

Since both sides are continuous in ¢, we can find a set Q* € F with P(2*) =1
such that the equation holds for all functions h with rational ay, as, by, by (this
is obviously a countable set of functions). We can approximate indicator
functions X[, by the functions h and monotone convergence from above
implies

1 t

3 | Mean(Bule)ds = [ L))

for all w € Q*. From this one can deduce by the monotone class theorem for
functions that for every Borel measurable function f: R — [0, 00)

1 t
5/ f(Bs(w))ds = / Li(u,w) f(u)du, weQ*
0 R
which implies (3.9). O
Formally, we also get the following:
ate
F(a—e,a+¢)w)= / 2L (z,w)dx

and

1
lglgl EF((@ —g,a+¢),w) = Lia,w).
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Proposition 3.4.5 (TANAKA formulas). One has that, a.s.,

t
Li@) = (B~ ) = (~0)" = | X (BB,
0
and .
2L(a) = |By —a| — | — q] —/ sgn(By — a)dBs,
0
where sgn(z) = —1 for x <0 and sgn(z) =1 for z >0

Proposition 3.4.6 (IT0’s formula for convex functions). For a convez func-
tion f and its second derivative p one has, a.s.,

FB) = 50)+ [ D BB+ [ Lihiuts)

where
1

D™ f(x) :=lim =[f(x) — f(z — h)]

and p is determined by
p(la, b)) :== D™ f(b) — D™ f(a).

3.4.2 Three-dimensional Brownian motion is transient

We would like to prove, that the three-dimensional Brownian motion is tran-
sient”. For this we let B, = (B}, ..., B) a d-dimensional standard Brownian
motion where the filtration is taken to be the augmentation of the natural
filtration and the usual conditions are satisfied. The process

Rt = |$0 + Bt|

where |-| is the d-dimensional euclidean norm is called d-dimensional BESSEL
process starting in zo € R?. We want to prove the following

Proposition 3.4.7. Let d =3 and 0 < ¢ < r = |zxo|. Then one has that

P (inth < c) = E
t>0 r

2Transient: passing especially quickly into and out of existence.
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Proof. Let
=inf{t>0:Ry=c} and op:=inf{t>0:R; =k}
for an integer k > r. Let
Pk =T Nop An.
By ITO’s formula we get for f(x) :=1/|z]|

L1 Z/

Pk,n

i nJj
4= Z/ axax]f(x0+B)d<BB>u

’L]f

_ Z/

since < B', B9 >,= 0 for i # j,
0 1 T;

Ov; (24 + ... + 22)2 (¢ + ... +22)

f(zo+ B,)dB!

3
2

and
3

0? 1
2. .d Nl Z

= 0%} (2§ + ... + 23)2 (371+ )3 = (af + .. +5’5d)g
Taking the expected value gives
1 1

- =F
T R

Pk,n c

By n — oo we get that

By k — oo we end up with

1 1
-=-P(r < .
T C (T OO)

The observation that {7 < co} = {inf;>g R; < ¢} finishes the proof.

87
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= —IED(T <o A n) + EP(Jk < TA n) + ER_X{n<ak/\T}'
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Now we can prove:

Proposition 3.4.8. The 3-dimensional Brownian motion is transiient, i.e.
P(lim |B;| = o0) = 1.
t—00

Proof. (a) We begin with R = (R} );>0, a 3-dimensional Bessel process start-
ing at some point o with Ry = |zo| = r > 0. For ¢, = r/2% we get by
Proposition 3.4.7 that

) STy 1 B
]P)(%ggRt S?) —? for k—1,2,

(b) Given € € (0,1) and L > 0, we find a k with 1/2¥ < € and r such that
r/2F = L. If the Brownian motion would start at level r, then

P (infR; < L) =1/2" <
>0
Let o := inf{t > 0 : | B;| = r}, so that we get P(0 < oco) = 1. This means that
the modulus of the Brownian motion can reach the level r with probability
one in finite time. By the strong Markov property one can decompose the
Brownian motion into a Brownian motion which is stopped at the first hitting
of the level r and an independent Brownian motion starting from there.
Hence for our process B; starting in 0, we get
P (htmmf B, < L) < eforall e € (0,1) and L > 0.
— 00
This implies P (liminf, , |B;| < L) =0 for all L > 0 and

P (hminf |Bi| = oo) = 1.
t—r00



Chapter 4

Stochastic differential equations

Stochastic differential equations (SDEs) play an important role in stochastic
modeling. For example, in economics solutions of the SDEs considered below
are used to model share prices. In biology solutions of stochastic partial
differential equations (not considered here) describe sizes of populations.

4.1 What is a stochastic differential equa-
tion?

Stochastic differential equations are (for us) a formal abbreviation of integral
equations as described now. Throughout the whole chapter we assume a
stochastic basis (€2, F,P; (F;)i>0) which satisfies the usual assumptions and
an (F;)¢>o-Brownian motion B = (B;);>o.

Definition 4.1.1. Let zp € R, D C R be an open set, and 0, a : [0, 00) x D —
R be continuous. A path-wise continuous and adapted stochastic process
X = (Xi)i>0 is a solution of the stochastic differential equation (SDE)

dX; = o(t,Xy)dB; + a(t, X;)dt  with Xy = zg (4.1)
provided that the following conditions are satisfied:
(i) Xi(w) € D for allt >0 and w € .
(i) Xo = xo.
(ili) Xy =20+ fota(u, Xu)dBy, + fot a(u, Xy)du for t > 0 a.s.

89
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It follows from the continuity of X and (c,b), and definition of the solu-
tion, that

t t
/ la(u, X, (w))|du +/ lo(u, X,(w))]Pdu < 0o for all w e
0 0

and that (in particular) (o(u, X,))us0 € L.
Let us give some examples of SDEs.
Example 4.1.2 (Brownian motion). A solution of
dX; =dB; and Xy=0

is the Brownian motion itself B = (B;);>o since B; = f(f 1dB,. We can take
D =R.

Example 4.1.3 (Geometric Brownian motion with drift). Letting X; :=
zoePrt with xg, b, ¢ € R we obtain by ITO’s formula that, a.s.,

t t 1 t
X, = zo+ / cX,dB, + / qudu+§ / X, du
Ot Ot 1 0
= x0+/ chdBu+/ {b%——cQ} X, du
0 0 2

t t
= m0+/ UXudBu+/ aX,du
0 0

with
o = c
1
= b4 =c2
a + 20
Going the other way round by starting with a and o, we get that
c = o,
1
b = a— -0’
@a— 50

Consequently, the SDE
dX; = o XydB; + aXdt  with X = x

is solved by 1
Xt _ erUBt+(a—§o'2>t'

We may use D = R for o(t,z) := ox and a(t, x) := ax.
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The following examples only provide SDEs formally. We do not discuss
solvability at this point.

Example 4.1.4 (ORNSTEIN-UHLENBECK process). Here one considers the
SDE
dXt = —CXtdt + O'dBt with XO = Xy.

We close by some examples from Stochastic Finance.

Example 4.1.5 (VASICEK interest rate model). Here one considers that
dry = [a — bry)dt + cdB; with 7y >0,

o > 0, and a,b > 0 models an interest rate in Stochastic Finance. The
problem with this model is that r; might be negative if o > 0. If ¢ = 0, then
one gets as one solution

a
Ty = ’I“()@_bt + g(]_ — G_bt)

so that the meaning of a and b become more clear: the interest rate moves

from its initial value ry to the value § as t — oo with a speed determined by

the parameter a. By assuming o > 0 one tries to add a random perturbation

to this.

Both, the Ornstein-Uhlenbeck process and the process in the Vasicek
interest rate model are Gaussian processes since the diffusion coefficient is not
random. Moreover, the Vasicek interest rate model process is a generalization
of the Ornstein-Uhlenbeck process.

The drawback of a negative interest rate in the Vasicek model can be
removed by the following model:

Example 4.1.6 (Cox-INGERSOLL-R0OSs Model). For a,b > 0 and o > 0
one proposes the SDE

dry = [a — bry]dt + o+/ridB; with 1o > 0.

The difference to the VASICEK interest rate model is that the factor /r; is
added in the diffusion part. This guarantees that the fluctuation is getting
smaller if r; is close to zero. In fact, the parameters can be adjusted such
that the trajectories stay positive (which should be surprising).
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Instead of considering the interest rate r as initial condition one can take
into the account the whole interest curve as anticipated by the market at time
t = 0 as initial condition. This yields to a considerably more complicated
model, the HEATH-JARROW-MORTON model.

Example 4.1.7 (HEATH-JARROW-MORTON model). We assume that f(s, )
stands for the instantaneous interest rate at time ¢ as anticipated by the
market at time s with 0 < s < t < oco. In particular, r, = f(¢,¢) is the
interest rate at time ¢. Now one considers the equation

f(t,u) :f(O,u)+/0 a(v,u)dv+/0 o(f(v,u))dB,

with f(0,u) = ®(u).

4.2 Strong Uniqueness of SDEs

We shall start with a beautiful lemma, the GRONWALL lemma.

Lemma 4.2.1 (GRONWALL). Let A, B,T >0 and f : [0,T] — [0,00) be a
continuous function such that

f(t) < A—I—B/Otf(s)ds

for all t € [0,T]. Then one has that f(T) < AeBT.

Proof. Letting g(t) := e~ P [} f(s)ds we deduce

§(1) = —Be~Pt /O F(s)ds + e P E(#)

e (10 -8 [ fas) < 4

0

and
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Consequently,

f()<A+B /T f(t)dt = A+ BePTg(T)

< A+ BePT

Se IS

(1 — e_BT) = AePT.

]

Theorem 4.2.2 (Strong uniqueness). Suppose that for alln = 1,2, ... there
s a constant ¢, > 0 such that

|o(t,2) = o(t,y)| + |a(t, 2) = a(t, y)] < ealz =y

forlz| <n, |y| <n, andt > 0. Assume that (X¢)i>0 and (Y:)i>0 are solutions
of the SDE (4.1). Then

P(X,=Y,t>0)=1.

Proof. We use the stopping times
op:=inf{t >0:|Xy| >n} and 7,:=inf{t>0:]Y;| >n}

where we assume that n > |x¢|. Letting p, := min {o,,7,} we obtain, a.s.,
that

Xt/\pn - Y;/\ﬂn

— /0 o [a(u, Xy) — a(u,Y,)] du +/0 o [o(u, X,) — o(u,Y,)] dB,,.

Hence

2
E [ Xinpn — Yinp|”

IN

2K /0 " la(u, X)) — a(u,Yy,)] du

2

tApn
+2E / lo(u, X,) — o, Y,)| dB,
0

tApn
< AR / la(u, X.) — afu, V) du
0
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tApn
+2F / (o, X,) — o(u, Vo) du
0
tApn
< (2t+ 2)ciIEl/ | X, — Y,|*du
0
t
< (@t +2)CE / Xunp, — Yurp Pdu
0
Now fix T" > 0. The above computation gives

2 du

t
E |Xt/\Pn - }/;/\,Dn |2 S (2T + 2)637,/ E |XU/\pn - YU/\pn
0

for t € [0,T]. For
f<t> = E ‘Xt/\Pn - }/t/\/’n|2

we may apply GRONWALL’s lemma. The function f is continuous since for
tr — t one gets

1i]£n f(ty) = h]gﬂE 1 Xinmm = Yoerpal’
= Eh}gn ’th/\pn - }/;/k/\PnF

E|Xerp, = Yirpal”
= f(t)

by dominated convergence as a consequence of (for example)

E sup [Xinp,|* <n’
t€[0,T]

and the continuity of the processes X and Y. Exploiting GRONWALL’s lemma
with A := 0 and B := (2T + 2)c? yields

f(T) < AePT =0 and E | Xinp, — YtApn|2 = 0.

Since
lim p,, = o0
n

because X and Y are continuous processes, we get by FATOU’s lemma that

E|X, - Yi|> = Eliminf | X, — Yir,,|? < liminf E | Xn,, — Yiap,|” = 0.
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Hence P(X; = Y;) = 1 and, by the continuity of X and Y,
P(X, = Y,,t>0) = 1.
O]

Sometimes the assumptions of the above criteria are too strong. There is
a nice extension:

Theorem 4.2.3 (Yamada-Tanaka). Suppose that
o,a:[0,00) x R—R
are continuous such that

< h(lz —yl),
lat,z) —a(t,y)| < K(lz—yl)

for z,y € R, where h : [0,00) — [0,00) is strictly increasing with h(0) = 0
and K : [0,00) — R is strictly increasing and concave with K(0) = 0, such

that
¢ du _/‘E du
o K(u) Jo h(u)?

for alle > 0. Then any two solutions of (4.1) are indistinguishable.

Example 4.2.4. One can take h(z) := z® for o > 3.

For a« = 1/2 we have in the Cox-Ingersoll-Ross model that o(t,z) =
o+/|z|. This implies that

lo(t,z) —o(t,y)| < olVe — Vyl < ov/]z —yl.
However, there is also the following example:
Example 4.2.5. Let 0 : R — [0,00) be continuous such that
(i) o(zo) =0,
(ii) fjoois U;i—(fx) < oo and o(z) > 1 if |v — x| > € for some € > 0.

Then the SDE
dXt = U(Xt)dBt with X(] = T

has infinitely many solutions.
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4.3 Existence of strong solutions of SDEs

First we state the Burkholder-Davis-Gundy inequalities:

Theorem 4.3.1 (Burkholder-Davis-Gundy inequalities). For any 0 < p <
oo there exist constants oy, 3, > 0 such that, for L € LY, one has that
sup

T t T
B, / Ldt| < / LB, <o, / Ladt| . (4.2)
0 te[0,7] |Jo 0

p p

Moreover, one has o, < ¢\/p for p € [2,00) for some absolute constant ¢ > 0.
The result we want to prove in this section is

Theorem 4.3.2. Suppose that o,a : [0,00) Xx R — R are continuous such
that

|O(t7 JZ) - U<t7y)| + |a(t,x) - a’(ta y)| < K|I’ - y|
for all x,y € R and some K > 0. Then there exists a solution X = (X¢)i>o
to the SDE (/}.1). Moreover, for 2 < p < oo we have

sup | X||| < V2[|ao| + 1]l FTlwt VT

te[0,T

for T > 0, o, > 0 being the constant from the Burkholder-Davis-Gundy
inequalities, and Kt := max{ K, sup,cj r[|o(t,0)| + |a(t,0)[]}.

Proof. (a) Let p > 2 and T' > 0. We define the space Lg[O’T](Q,]:, P) to be
the linear space of all f: Q — C[0,T] such that f; : Q@ — R is measurable
for all ¢ € [0,7] and such that

1/p
flagom = ([ 17@IondPe)) <o

with ||gl|co.r) := supsepo 7y |9¢| for g € C10,T]. We obtain a complete normed

space, i.e. a Banach space. We define the sequence of processes X*) =
(X{)iz0 by

Xt(o) = X2,
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t t
Xt(kJrl) = X9+ / O'(Ua Xék))dBu + / a(u7 quk))du7 k= 0.
0 0

(b) X® e LSOT(Q F P) for all k € N: We check this by induction,
where for and Xt(o) = 1z this is evident. So we assume X©@ ... X®) ¢
LSO (Q, F,P) and decompose

t
Xt(k+1) . Xt(k) _ / [U(U, quk)) — U(U, quk_l))} dBu
0

¢
+/ [a(u,X,L(Lk)) — a(u,Xik_l))} du
0
= Mt + Ct.

Now .
B sup (O <77 K7 [T X
0

t€[0,T]
by Hélder’s inequality and

p/2

E sup [MiP < ofE
te[0,7)

T
/ o, XB) — o(u, XED) P du
0

T
< ALKPT'T / E[X® — xFI)" du
0

by the Burkholder-Davis-Gundy inequality with constant o, > 0 and
Holder’s inequality. Consequently,

, 1/p 1/p 1/p
(E sup ‘Xt(kﬂ) —Xt(k)‘ ) < (]E sup |Mt|p> + (E sup |C’t|p>
]

te[0,T te[0,T] t€[0,T
T 1/p
< D, (/ E|X{ — Xg’f*)y”du)
0
p—1 p=2

with D, = K[T' » + a,T7 % | where we used the triangle-inequality in
Lg[O’T](Q,]—", P). Since by assumption X*) X(*=1 ¢ Lg[O’T](Q,]—-, P), we
conclude that the right hand side of the estimate is finite. Because of the
triangle-inequality,

||X(k+1)||Lg[0,T] < ||X D — X(k)HLg[O’T] ™ ||X(k)||L§[O’T]
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this implies X*®+1 e LSOT/(Q, F P).
(c) Iterating step (b) yields to

P (TDr)*
g el

te[0,7) t€[0,T

TDP)k
(E sup ’Xt(kﬂ) — Xt(k) p) < % sup E ‘Xt(l) —

Therefore, (X®)> is a Cauchy-sequence in L " (€2, F,P) as for 0 < k <
[ < oo we have

X0 = X9 0

< [|x® - X(l—l)”LgM e || XD X(k)HLg[O»ﬂ
_ (TDr)i=1/r (TDr)k/»
(I RN CIRE

0 (TDp)i/p
S Cmo,T,p (Zl)—p;/p—)k 0.

i=k )

Therefore there is a limit X in LY [O’T](Q, F,P) and

E sup | X < 0.
te[0,T

We show that this is our solution. Re-using the computation from step (b)
we get

t t
HXt — g — / o(u, Xy)dB, — / a(u, X,,)du
0 0

Ly

_ H [Xt - /Ota(u,Xu)dBu - /Ota(u,Xu)du}

t t
— {Xt(kﬂ) — 1z — / a(u,quk))dBu — / a(u,quk))du}
0 0

1

T p
< || X, — X§"’“U\LP +L, </ E| X, — Xfﬁ>|pdu>
0

— 0
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as k — oco. Hence, a.s.,
t t
X; =z —/ o(u, X,)dB, +/ a(u, X,)du.
0 0

(d) By the uniqueness argument for the strong solutions we also get that
P(x(™ = X)) =1

for t € [0,min {7}, T>}] when X* = (X )ico7) is the solution constructed
on [0,7T]. Hence we may find a continuous and adapted process X = (X;)i>0
such that

P(X,=X™)=1 forall te0,n).

(e) Now we consider the solved equation and 2 < p < oco. Similarly as
before we deduce, for ¢ € [0, 7], that

sup | X
s€[0,¢]

t t N
< x| + oy (E ‘/ lo(u, Xu)|2du / la(u, X,,)| du )
0 0

p/2 %
+@
1
p/2\ p
) N

1/2

t
< zol + oKy (E’/ 1+ [ X[ du
0

1
p>p

t
AMH&WM

Ky <IE /Otu Xl du

t
< Jaol + apKr K [
0

1/2

t
< o] + Krloy, + VT / 11+ X, 2du
0

Consequently,
2 . 2
1+ sup | XJ||| < 2[|zo] +1)* + 2K2[a, + \/T]Q/ 1+ sup |Xi||| du
s€[0,t] » 0 s€[0,u]
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for t € [0,7] and Gronwall’s lemma gives

2

1+ sup |Xol| < 2[|wo| + 1)2e2K7 Tl VT,

s€[0,T]

]

Remark 4.3.3. (1) From the above proof it follows that we obtain a Gaus-
sian process in case of o(t,x) = o(t) and a(t,z) = a1(t)x + ag(t) with
0, a1, ay continuous and bounded as the approximating processes X ()
are Gaussian and the Lo-limit of Gaussian random variables is Gaussian
as well.

(2) From the assumptions of Theorem 4.3.2 we get that

|o(t, 2)| + [a(t, )| < sup [[o(t,0)] + |a(t, 0)]] + K]z

te[0,7

which is a standard growth condition that is satisfied in our context
automatically.

4.4 Lévy’s characterization of the Brownian
motion and the Girsanov theorem

The first theorem, Lévy’s characterization of the Brownian motion, is a char-
acterization of the Brownian motion by the quadratic variation. To introduce
the quadratic variation we need

Proposition 4.4.1. Let M = (M;);>0 € MY be a continuous local mar-
tingale starting in zero. Then there exists a continuous and adapted process
(M) = ((M)¢),>q, unique up to indistinguishability, such that

(i) 0= (M)o < (M)s < (M) for all 0 < s <t < 00,

2
(i) lim, lzyzl (Mt? — Mf?_l) = (M), in probability for all 0 = t§ <
n |tn - t?*l’ = 0.

- <t =1 such that lim,, sup,_, :

-----
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Definition 4.4.2. The process (M) is called quadratic variation of the local
martingale M.

Proposition 4.4.3. For L = (L,),>0 € LY one has that

: t
</ LudBu> :/ Lidu for t>0 a.s.
0 t 0

In particular, we have

Example 4.4.4. For the Brownian motion B = (B;):>o one has that (B); =
t,t >0, a.s.

The converse is true as well:

Proposition 4.4.5 (P. Lévy). Let M = (M;)i>o be a continuous adapted
process such that My = 0. Then the following assertions are equivalent:

(i) M is an (Ft)i>0-Brownian motion.
(i) M € M and (M)y =t, t >0, a.s.

loc

Proof. We only have to show that (ii) implies (i). Let
78 (w) = inf{t > 0: |My(w)| = N},

and let o} be an increasing sequence of stopping times, with limy o4 (w) = oo,
such that M = M;X <o} + My, X{o,<ty = Mino, is a martingale for all
k € N. Now

E|M/N|* < N* < oo for all N =0,1,2,..., and ¢t > 0,

and M™ is (F;)i>o-adapted (see [11, Proposition 2.18 in Chapter 1]). More-
over, for 0 < s <t < oo (we use E[E[X|F,|F,] = E[X|F, ;] which holds for
any integrable X and stopping times 7, 0):

E (Mipry|Fs) = E(E(Mppry| Finry) |Fs)
= E (Mt/\TN"FS/\TN)

= E (hm Mt/\ak/\TN|]:5/\TN>
k—o0
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= lim E (Mt/\ak./\‘rN ‘FS/\TN)
k—o00
- hm MS/\UkATN
k—o00
- MS/\TN7
where we have used dominated convergence and the optional stopping theo-

rem (sometimes called the optional sampling theorem) (note that s A 7y <
t A1y <t, forall k> ky). Hence M™ € M;O. Let

f(z) :=e"* forsome \€R.

By ITO’s formula for martingales (used in the complex setting which follows
directly from the real setting), which states that for a C? function g and a
continuous local martingale (X;)

o(X) =9X0)+ [ f XX+ [ XA,

one has

t
MMy = XA+XA/ AT M

2 tAT
_%XA / " MY M) gy

ATN

for all A € Fs. Using (M™), = (M), = u for sA7y < u < tA7y and taking
the expected value implies that

Ee (M _S)XA:IP’(A)—?/ Ee A M =M™y du.

ATN

As N — oo we get by dominated converge

2 t
EeiA(Mt—MS)XA — P(A) _ A_/ ]Eez‘A(Mu—Ms)XAdu.

2

Letting now ‘
H(u) = Re?Mu=Ms)y

yields to a continuous and bounded function. Moreover, we have

H(t)=P(A) — %/ H(u)du
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which implies
2
H(t) = P(A)e 7).

This can be seen by expanding the right-hand side of the integral equation
successively to a series expansion. We conclude from

ReAMa—Ma)y ]P)(A)efg(tfs)
that M; — M is independent from Fy and that M; — My ~ N(0,t —s). O
Now we turn to our second fundamental theorem:

Proposition 4.4.6 (Girsanov). Let L = (Li)t>0 € L2 and assume that the
process (E)i>o defined by

t 1 t
E =exp (—/ L,dB, — —/ deu)
0 2 /o

1s a martingale. Let T'> 0 and
dQr = EpdP.
Then (Wy)i>o with
W, := B, + /Ot Xjo,77 () Ly du

defines a Brownian motion (W)= with respect to (2, F, Qr, (Fi)t>0)-
Lemma 4.4.7. Let 0 <t <T < 0.

(i) The measures Q; and Qr coincide on F;.

(i) Assume that Z : Q@ — R is Fp-measurable such that Eq,|Z| < oo.

Then
E(Z&r|F)
— —— " a.s
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Proof. (i) For B € F; one has

QT(B):/Bc‘:TdJP’:/BE(ET|Ft)dP:[BEth:Qt(B)

where we have used that (& );>¢ is a martingale.

(ii) We show the assertion only for 0 < Z < ¢ where all terms are defined.
The general case follows from the decomposition Z = Z*—Z~ and dominated
convergence. We will show that

/ ERq, (Z|F)dP = / ZEpdP
B B

which follows from
| eBo 217N = [ Bo,(z17)da
B B

~ [ Eo,(zI7)d0x
B

- /B 2dQy

= / ZEpdP.
B

[]

Proof of Proposition 4.4.6. We only prove the statement for bounded L € Ls.
(a) We assume that K € L, is deterministic and bounded. We will show
that

EQTefOT iKudWa _ =3 fo Kidu (4.3)

It holds
T . T 1 T 72 T.
]EQTefo iKudWu  _ e Jo LudBu—3 [§ Lidug [y iKudW
T T T . T .
Ee~ Jo LudBu—3 [y Lidu,fy iKudBu+t [y iKuLudu
REelo ((Ku=Lu)dBu—3 [ (iKu=Lu)?du—3 [§ Kidu

o3 s KﬁduEefOT(iKu—Lu)dBu—% fOT(iKu—Lu)Qdu'
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We realise that M given by M, = eo (Ku—Lu)dBu=3 [g(iKu=Lu)’du 5 5 complex-
valued martingale with My = 1 so that EMy = 1. This implies (4.3).

(b) Relation (4.3) holds especially for K, = Y, | TxX(,_,.4](u) with
zp€ERand 0 <ty <ty <...<t, <T. Then

T .
Jo iKudWy E

EQ TeiZZ:l ar(We, =Wy, _y)

o5 i@ (te—te)

€

But this means that w.r.t. Q)7 the vector W, — W, ,...,W,, —W,, consists
of independent normal distributed random variables with E(W,, —W,,_,)* =
ty — tp_1. Hence W is a Brownian motion w.r.t. Qr.

(c) In order to see that W is a Brownian motion w.r.t. (Q, F, Qr, (Ft)i>0)
we first notice that W is (F;)i>o-adapted. To show that W, — W is indepen-
dent from Fy w.r.t. Qr we write for z,y € R and A € F;

Eo ™™ "4 = Eq.Eq [¢™" ™" xa | F]
= EguxaEq [e™™ W) | F)
= Eq,xaB[e" 7)™ S DudBug f) L | Fsl.

where we used Lemma 4.4.7 for the last line. Using the tower property we
get similarly to (a) that

E[eix(Wt—Ws)e— [FLudBu—1L [T L2du | ]
_ ]E[eia:(Wt—Ws)E[e_ISTLudBu_% STLﬁdu | ft] |J—_~S]

E[em(wﬁws)ef [ LudBu—3 [fL2du | ]
S

2 M
— TR | L F
|17

with M, = eloia=Lu)dBu=3 [glia—Lu)’du and | [% | ]:s:| = MLE My | Fg] = 1.
Consequently,

é(t—s)

em(wt_WS)XA = Eg,xae” .

Eq

T

]

An important condition to decide whether (& );>0 is a martingale is
NoVIKOV’s condition.
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Proposition 4.4.8. Assume that M = (M,;);>0 is a continuous local mar-
tingale with My =0 and T > 0 such that

]Ee%W)T < 0.

Then € = (Enr)i=0 with

1s a martingale.

4.5 Solving SDEs by a transformation of drift
Now we explain how to solve a SDEs by a transformation of drift.

Proposition 4.5.1 (Transformation of drift). Let 0,a : [0,00) x R — R be
continuous such that

lo(t,2) = alt, y)| + lalt, ) — alt, y)|
lo(t, )] + lalt, ©)]

K|z —y|
K(1+ |z])

<
<
forallz,y € R and t > 0. Let X = (X)i>0 be the unique strong solution of
dX; = o(t, X;)dB; + a(t, X;)dt
with Xo =29 € R. Let T > 0 and L = (Lt)1>0 € Lo be continuous such that
Ees o Lidv < og

and let .
Wt = Bt + / Ludu
0

fort €[0,T]. Then, under Qr with
dQr = ErdP  where & :=e~ Jo LudBu—3 [; Ly du
one has that X solves

dXt = O'(t, Xt)th + [G(t, Xt) — U(t, Xt)Lt] dt fOT t e [0, T]
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What is the philosophy in this case? We wish to solve
dX, = o(t, X;)dW; + [a(t, X;) — o(t, X;) L] dt  for t € [0,T].

For this purpose we construct a specific Brownian motion W = (W,)scpo1
on an appropriate stochastic basis (2, F, Qr; (Ft)iejo,r1) so that this problem
has the solution X = (X;)cjo,r] which is called weak solution.

Proof of Proposition /.5.1. By Theorems 4.2.2 and 4.3.2 there is a unique
strong solution X = (X}):>0. Setting

t
M, ::/(—Lu)dBu
0

we get that (&)>o is a martingale by NOVIKOV’s condition (Proposition
4.4.8). The GIRSANOV Theorem (Proposition 4.4.6) gives that (W).c0.1] is
a Brownian motion with respect to Q7. And finally (and also a bit formally)

dXt = O'(t, Xt)dBt + a/(t, Xt)dt
O'(t, Xt)(dBt + Ltdt) — O'(t, Xt)Ltdt + a/(t, Xt)dt
O'(t, Xt)dVVt + (a(t, Xt) — O'(t, Xt>Lt>dt

Example 4.5.2. Let o(t,z) =z, a =0, 2o = 1, S; = P2, and
Ees Jo Lidv < o,
Then

dS; = Sy dW, — S;L,dt, t €10, T], under Q.

4.6 Weak solutions

In this section we indicate the principle of weak solutions: we do not start
with a stochastic basis, but we construct a particular basis to our problem.
The formal definition is as follows:
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Definition 4.6.1. Assume that o,a : [0,00) x R — R are measurable. A
weak solution of

dXt = O'(t, Xt)dBt -+ a(t, Xt)dt with XO = 2o
is a pair (Q, F, P, (F¢)i>0), (Xt, Wi)i>0, such that
(i) (2, F,P, (Fi)e>0) satisfies the usual conditions, i.e.

e (02, F,P) is complete,
e all null-sets of F belong to Fy,

e the filtration is right-continuous, i.e. F; = ﬂ8>0 Fires
(ii) X is continuous and (F);>o adapted,
(iii) (Wi)eso is an (F;)i>o-Brownian motion,
(iv) Xy = a0+ [ o(u, Xu)dW,, + [ a(u, X,)du, t >0, a.s.,

where (o(u, X,,))us0 € £5° and [ |a(u, X, (w))|du < oo for all w € Q and
all ¢ > 0.

Example 4.6.2 (Tanaka). Assume the SDE
dXt == Sign(Xt)dBt with XO =0

where sign(z) = 1 if > 0 and sign(z) = -1 if x < 0.

(a) Non-uniqueness of the solution: Assume that (X;);>o is a solution.
Because

t
/ sign(X,)%ds =t
0

Lévy’s theorem applies and (X});>0 is an (F;)i>o- Brownian motion. Then
we also get that

(—X,) = / (—sign(X.)|dB..

Because -
E/ |sign(—X,) + sign(X,)|*ds = 0,
0
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we also have that .
(~) = [ fsgn(-X.)dB.
0
so that (—X;):>0 is a solution as well and uniqueness fails.

(b) Existence of a solution: Define

t
M, ::/ sign(B;)dBs.
0

Again, by Lévy’s theorem, (M;);>¢ is an (F;)i>o-Brownian motion. We verify
that we have that

t
B, = / sign(Bs)dM;,t > 0, a.s.
0

We find simple (AN )sefo,q such that

¢
]E/ AN — sign(B,)|*ds — 0
0

as N — oo. Then .
E/ |I\sign(B,) — 112ds — 0
0

and .
/ \sien(B.)dB. — B,
0

in Ly, as N — oo. On the other hand,

t t
/ MNaM, — / sign(B,)dM,
0 0

in Ly, as N — oo. Finally, by a direct computation we see that

t ¢
/ MNaM, = / [(\Vsign(B,)]dB,
0 0

as for A\ := lecvzl Ul]cv—ll(tkal,tkN](t) we get, a.s.,

t N
/ NJdM, = Zvljﬁvfl[MtkN — My 1]
0 k=1 B
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sign(B;)dB;

N ti\’
_ N
= E Uk—1 /
tN
k=1 k—1
N
N tk

=y / o sign(B,)dB,

N
k=1

tk—l
t
= /[)\ivsign(Bs)]st.
0

To explain the usage of weak solutions we also introduce the notion of
path-wise uniqueness:

Definition 4.6.3. The SDE
dX; = o(t, X})dBy + a(t, Xy)dt  with Xy = z,

t >0, a.s., Xo = xg, satisfies the path-wise uniqueness if any two solutions
with respect to the same stochastic basis and Brownian motion are indistin-
guishable.

The application of this concept consists in

Proposition 4.6.4 (Yamada and Watanabe). The existence of weak solu-
tions together with the path-wise uniqueness implies the existence of strong
solutions.

For more information see [11, Section 5.3].

4.7 The Cox-Ingersoll-Ross SDE

Now we consider an example that does not fall into the setting we discussed so
far. Instead, we have some kind of boundary problem. Formally, we consider
the COX-INGERSOLL-R0OSS SDE

dXt = ((Z — bXt)dt + o/ XtdBt with XO =x9 > 0 (44)
on [0, 7] where a,0 > 0, b € R, and
T(w) :=inf{t > 0: X;(w) =0} .

First we make this formal equation precise:
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Definition 4.7.1. A stopping time 7 : Q@ — [0,00| and an adapted and
continuous process X = (Xi)i>0 with Xi(w) = Xipr)(w) for all w € Q is
called solution of the COX-INGERSOLL-ROSS SDFE provided that

tAT tAT
Xipnr = / [a — bX|ds + 0/ v/ X.dB,
0 0
fort > 0 as. and X;(w) = 0 if 7(w) < oo and Xy (w) > 0 for all
te0,7(w)).
Proposition 4.7.2. There ezists a unique solution to the SDE (4.4).

Idea of the proof. We only give the idea of the construction of the process.
Let 1/n € (0, x¢) and find a Lipschitz function o, : R — R with 0, () = o/x
whenever > 1/n. Then the SDE

dX] = (a — bX])dt + 0,,(X}")dB; with X =29>0 (4.5)
has a unique strong solution. For an adapted and continues process X let
Ty :=inf{t >0: X; =1/n} € [0, 0]

By adapting the proof of our uniqueness theorem we can check that
(X&T;n)tzo and (X[?wgm)tzo are indistinguishable for 1 <n < m < oco. Let

o be a set of measure one such that on )y the trajectories of (thm;; )
"/ t>0

and (X m

inen ) coincide for 1 <n < m. By construction we have that
™/ >0

Tyn (W) < 7¥m(w) for w e Q

and may set

lim,, oo TRn : Q
7_(w)::{1m_> T%n (W) 'wE 0
o0 W¢Q0

and

lim,, oo X7 : Q
Xt<w>;:{”“ﬁ r(w) w €S

T TwdQy
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What we can do in more detail is to study the quantitative behavior of
this equation.

Proposition 4.7.3. One has the following:
(i) Ifa > %2, then P(1 = 00) =1,

(ii) z'f0<a<§ and b >0, then P(T = o0) =0,

(iii) if0<a< § and b < 0, then P(1 = 00) € (0,1).

Proof. For x, M > 0 we let (X7 ):;>0 be the solution of the COX-INGERSOLL-
Ross SDE starting in z > 0 and

Ty(w) :=inf{t > 0: X (w) = M}.
(a) Define the scale function

2by 2a

s(x) ::/ ey o2dy.
1

Then

0.2

?xs”(x) + (a —bx)s'(z) =0 (4.6)

by a computation.
(b) Let 0 < e <2 < M and 7%, := 7% A 7. By I10’s formula

t/\T;IW 1 tAT§A4 )
X, = s+ [ amax g [ mexzds
e, M 0 2 0
t/\T;fM
= s(x)+/ s'(X?)o\/ X*dB;
0
t/\TsI,IM 1
+/ {(a —bXD)s'(XT) + 53”()(;”)02)(4 ds
0

AT oy
= s(:v)+/ s'(X2)o/ X*dBs.
0

(c) Since Xypr=, € [g, M] for all t > 0 we have that

2

t/\T;M
E / S(X2PoXzds = Els(Xie, ) —slo)
0 ©
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< 4 sup |s(y)]?
y€le,M]

=: c< OoQ.

Letting t — oo gives that

€T

TE,M
IE/ s'(XP)?X¥o?ds < 0.
0

Since X7 > ¢ for s € [0,72,,] by definition and since

2bx 2a _2“7‘M

S(E)=e?a o >e P M 22 = d>0

TEI,]W
E/ ds < oo
0

so that E77), < oo and 77°), < o0 a.s.
(d) Now

we get that

T;M/\t
s(x)=E <S<X%,M/\t) — /0 3'(Xf)a\/X§st>

and the boundedness of the integrand of the stochastic integral on [0, 77, At]

yields that
s(2) = Es(XZ ).

By ¢ — oo, dominated convergence, and the fact that 77°,, is almost surely
finite, we conclude that

s(r) =Es(X% ) = s(M)P(ry, <77) + s(e)P(7y; > 77)
= s(M)(1 = P(ry; > 77)) + s(e)P(7y > 77)

1.e.

P(r® < %) =2 (4.7)

(e) Now we can prove our assertion.

Case (i): Assume a > "72 and set 0 := 2% > 1. Observe that

lims(s) = li oM, By
1m s(& - 11m €o o
el0 el Jq y Y
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1 2by
= —lim [6072} 94
i | y "dy
= —o0.

Hence the from (4.7) we get

1' x x — .
E1{{[)1]1”(7’5 <Ty)=0

Since 77 is monotone in € we conclude that

[e.o]

P(rg <7y) <P ﬂ {7’%<Tf/l} =0.

1/N<x
Letting M — oo gives 73, (w) 1 oo so that
x — 1i z L p—
P(ry < o0) = Alﬁrolo P(ry < 13y) = 0.

Hence P(7§ = o0) = 1.

Case (ii) and (iii): Our first aim is to show that P(75,, < oo) = 1. We
follow [11, Proposition 5.5.32] and define the so called speed measure for (4.4),
le.

2dy
S

m(dy) := for ye (0,M)

2y

as well as the function

Alx) = / Gz, y)mi(dy),

with
Gy = AN ANCOD oo ) o a
Obviously,
G(0,y) =0=G(M,y) and A(0) = A(M) = 0.
For x € ) we have

(0, M
. (M) — s(a) [
/0 Glagm(an) = 5= / (s(y) — 5(0))m(dy)
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and
M s@)—s(0) (M
/ Glay)midy) = =" | 600 = swm(ay).
We get
s(M)—s(a) [
Aw) = Tp—at [ s = so)midy
s()—s0) (M
S a0 = smia)
s(M) —s(z) [

1 x
(o) = gy | (GO0 = sw)mlay)
we get
Alx) = —s’(:r)/o 5’(?/6)%23/ + 8’ (z)z(M)
and

A”(JZ) _ —S”(I) /O:C S/(Qdy B 2 + S”(ﬁ)Z(M).

y)oly o3z
We use that s solves (4.6) to deduce
o2

7:&4“(@ + (a — bx)A'(z)

2 2 T 2d 2 2
= O—xs”(x)z(M) — J—xs”(x)/ /—y _ Tz
o Sy 2 o2z
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—(a —bx)s"(z) /Ox 5’(2;)%—23/ —(a— bm)% + 5" (z)z(M)

— (M) <%2xs”(x) (a— bx)s’(m))
~ /0 T 2dy (gxs"(x)—i—(a—bx)s'(x)) 1

s'(y)oy
= -1

By Ito’s formula we get for 0 < e <z < M that

e,M

t/\‘rg,
AXE . ) = A(@)+ / Y A (X7)o\/XTdB,
0
t/\Tg,IM 1
+ / (A'(ij)(a X))+ §A”(X5)02X5) du
0

t/\TsM t/\'r;M
= A(z) —|—/ A(XDoy/XEdB, — / du.
0 0
For 0 < % < 1 one can show that
t/\T;M
E/ (A(X))?0* X du < 0.
0

Therefore, taking the expectation yields

E(tATIy) = A(r) — EA(X],

t/\Te,JW

) < Alz)

and limit € | 0 gives
E(t A1) < Az)

so that, by ¢ — oo,
E75y < A(r) < o0

and in particular P(75,, < co) = 1. Since 7§ A 7j; < 00 a.s. and the process
can not hit 0 and M at the same time, it holds P(7§ = ;) = 0. Hence we
may conclude

lim P(ry; < 7m3) =Py, < 75)
N—o0 N

and

lim P(r1 < 7y) =P(r5 < 73f) = P75 < 7).
N—oo N
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The condition 0 < a < § gives that §# = 2% <1 and

1
lims(e) = —/ Py ldy e R
el0 0

which is denoted by s(0). Hence

8

s(x) = s(M) lim P(rj; <7
N—o0
= s(M)P(ry, <75) +s

)+ s(0) lim P(r1 < 73))
N N

—00

0)P(75 < T3p)-

2|

~—~

If b > 0, then we have
lim s(M) = o0

M —oc0

so that

z\}lglooP(TM <75)=0 and A/IIILHOOP(TM >75) =1

(note that P(r§;, = 7§) = 0) and
IP’(U {Tf4>7'g}) = 1.
M>0
Because limy; 73, (w) = oo for all w € Q, this implies
P(ry < o0) = 1.
If b < 0, then we have

lim s(M) =: s(o0) € (0, 00)

M—o0

and
s(z) = s(o0)P(15 = o0) + s(0)P(15 < 00),

and P(7§ = o0) € (0,1) as well as P(r§ < o0) € (0,1). O
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4.8 The martingale representation theorem

Let B = (B',..., B% be a d-dimensional (standard) Brownian motion on
a complete probability space (Q,F,P), i.e. B' = (B})eo.1 are Brownian
motions for ¢+ = 1,...,n that are independent from each other, meaning that

all families

B - B.,...,B: - B\
1 N1

1y
tO N1l_1

d d d d
.....BL—B% .. BY —BY
1 0 Nd

Nd_1
are independent for 0 =t < --- < ¢4, = T. If we define
Fii=o0((Bl,...BY,s€[0,t])) v{B e F:P(B) =0},

then the filtration (F;) is right-continuous [11, Section 2, Proposition 7.7],
so that we use the stochastic basis (€2, F, P, (F¢)tcjo,r1) in the following. We
recall

[»2 =
T

{L = (Lu)uepo,r) : L progressively measurable , [L]3 = IE/ L2du < oo} :
0

Theorem 4.8.1 (Stochastic integral representation). For F' € Ly(Q, Fr,P)
there are L’ € Ly, j = 1,...,d, such that

d T
F=EF + Z/ LidBI.
j=1"0

Proof. The proof follows from [10, Theorem 56.2] and [18, Lemma V3.1]. We
define

d T
S = {ZG[&(QaITa]P):Z:Z/ Liqujy Lj 6‘62’j:1""7d}'
j=1""9

We will verify our statement by proving that R ® S = Ly(Q2, Fr,P). This
follows from proving that for Y € Ly(Q2, Fr,P) with EY =0 and Y L S one
has Y =0 a.s.

Step 1: If K7 : [0,T] — R is Borel measurable with fOT(KZ)Qdu < 00, we

set . . ) ; )
E(K) = eXp{Z/ KidBi—éz:/ (Ki)Qdu}.
j=1"70 j=1"0
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By the Novikov condition we have that (&;(K))¢cjo,r) is a martingale. More-
over,

E(F)|* = &(2K) exp {Z/O (KZ)QdU} (4.8)

so that
E|& (K)[? = exp {Z /0 (Kg)Qdu}. (4.9)

Our assumption implies that
T
EEr(K)Y =0 for all K*,..., K with / (K9)2du < oo
0

because by Itd’s formula one has Er(K) — 1 € S.
Step 2: Let 0 =ty <t; <---<t, =T and assume that

n
KI = Z aan(t7,L,17tm], agn cR.
m=1

Then

Er(K) = exp (Z Z ol (Bl — Bl )— %Z/o (Kg)Zdu) .

j=1 m=1
Using the o(By,,. .., By, )-measurability of &7(K), we get that

0 = E(&r(K)Y)
= EE [&r(K)Y|o(By,,...,B,)]
= E[&r(K)E[Y|o(By,,....B,)]].

Step 3: We deduce that
E[Y|o(By,...,B,)] =0.
To show this, we set

g(Bt17 s 7Btn> =K [Y’O'(Btl, .. '7Btn)}

!The existence of a Borel function g : (RY)" — R such that g(By,...,B;,) =
E[Y|o(B,,...,By,)] follows from the factorization theorem (see [1]).
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and fix &,...,&, € R% For z € C we set

/() =E

€xXp (Z Z(im: Btm - Btm—1>> g(Bt17 s 7Btn)

m=1

One can show that f : C — C is holomorphic and on R the function f is
identically 0. By the identity theorem of holomorphic functions, f = 0. But
then especially

E |exp (z Z(am, B, — Btm1)> 9(Biy,...,B,)| =0
m=1
for all ay,...,a, € R? so that by the uniqueness theorem for the Fourier
transform,

9(Bi,,...,B;,) =0 as.
In fact, for d = 1 the precise argument is as follows: The above equation
implies that
/ eiZZm:l Oémxmg(xl; T1+To, ..., T1+To+ ... —|—;Ij‘n)
n71)<$1’x2’ cee >$n)dx1 e d.fl?n = O

where hp, .5, -5, ,) 1s the density of the law of the random vector
(By,, ..., B, — By, ,) with respect to the Lebesgue measure on R”. Hence

g(x1, x14x9, . . ., T1+To+ . .. —|—xn)h(3tl Btn—Btn,l)(xla T, ..., x,) =0 a.e.

-----

with respect to the Lebesgue measure on R" and therefore
g(x1, x14x9, ..., T1+22+ ... F2,) =0 a.e.

with respect to the Lebesgue measure on R”.

Step 4: To conclude with Y = 0 a.s. as we proceed as follows: We let

A=) | oBu..-.B,)

m=10<t1<-<tpm=T

which is an algebra that generates o(B; : t € [0,7]). According to [7, Lemma
2.1.7] we have that for any € > 0 and any B € o(B; : t € [0,7T]) there exists
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A € A such that P(AAB) < . This remains true if B € o(B; : t € [0,7]) is
replaced by B € FE. Set Y+ := max{Y, 0} and suppose that EY *xp = ¢ > 0
for some B € FF with B C {Y > 0}. Then we find a set A € A such that

c
[E[Y (xa — xB)]| < |‘YHL2(Q,.F£’7P)P(AAB)1/2 < 5

But since

EYxa =EY(xa—x5)+EYXx5 =EY(xa — xB) + EY *yg,

it follows that E[Yy 4] > 0, which is a contradiction. The same argument can
be applied to Y ~, so that EYyp = 0 for all B € FZ, implying that ¥ = 0
a.s. Therefore, R ® S = Ly(Q2, FE, P). O

The following corollary shows that in this particular setting (called
Wiener space setting) all square integrable martingales can be chosen to
be continuous. This is not true in general.

Corollary 4.8.2. Assume that M = (My)icjo,r) € Lo is a martingale with
respect to (Fi)icpr)- Then there exists a modification M = (My)icpo,r (i-e.
P(M; = M) =1 for allt € [0,T]) such that t — M(w) is continuous for all
w € Q.
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Chapter 5

Backward stochastic differential
equations (BSDEs)

5.1 Introduction
Let T > 0. We have considered SDEs
dXt = a(t, Xt)dt + O'(t, Xt)dBt, XO =X.

A solution (in the strong sense) we defined as an adapted process (X;)icpo,1]
solving the equation

t t
X, = x—l—/ a(s,XS)ds+/ o(s, Xs)dBs, (5.1)

0 0
where we assumed that (0, F, P, (F;)weo,r) (satisfying the usual conditions)
and a Brownian motion (By)icpo,r) W.r.t. (Ft)icpo,r) are given, also the initial

condition Xy = x. Could one, instead of the initial condition Xy = z, demand
a terminal condition X7 = & € Ly? Re-writing this equation would give

Xy =¢&— /T a(s, Xy)ds — /T o(s,Xs)dBs, te€]|0,T], (5.2)

and X7 = £. However, equation (5.2) does not have in all cases an adapted
solution. For example, take ¢ =1, a =0, and ¢ = 1. This would yield that

T
thl—/ dBS:1+Bt—BT,
t

123
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so that X; would not be F;-measurable. Instead of (5.2), we will consider

T T
Y;:g+/ f(s,YS,ZS)ds—/ Z.dB., te[0.7T), (5.3)
t t

and call (Y, Z) a solution, if Y = (Y;)icpo,r) and Z = (Z¢)sejo,r] are progres-
sively measurable processes satisfying further conditions specified below. In
the above equation £ is called terminal condition, f generator, and the pair
(&, f) the data of the BSDE. So given the data (&, f), we look for an adapted
solution (Y, Z).

5.2 Setting

For the terminal condition we use
(C¢) One has £ € L.
We use the following assumption (C'y) on the generator
f:0,T]xQ2xRxR—-R:
(Crl) f(-, -.,y,2) is progressively measurable for all y, z € R.
(Cy2) There exists an Ly > 0 such that
|f(tw,y,2) = f(t,w,5,2)| < Ly (ly — gl + [z — 2])
for all (t,w) € [0,T] x Q and y,7, 2,z € R.
(Cs3) E [ £2(t,0,0)dt < co.
Moreover, we define and recall, respectively:

(i) The space S, consists of all adapted and continuous processes (X¢):c[o,7]
such that HXH?SQ = Esupogth ‘Xt‘Q < 0.

(ii) The space Ly consists of all progressively measurable (X;)icpo,r such
that [X)3 =E [ X2dt < oo.

(ii) For 8 >0 and X € Lo we let [X]3,:=E [ X2e™dt.

Notice that the norms [-]3 ; are equivalent for all 5 > 0.
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5.3 A priori estimate

We start with a sufficient condition such that a local martingale is a martin-
gale.

Lemma 5.3.1. A (continuous) local martingale M which is bounded by an
integrable bound G :
sup |My| < G, EG <
t

1s a martingale.

(see [12, Theorem 7.21, p.196]).

Now we prove an a priori estimate, that can be seen as a stability result
as well.

Proposition 5.3.2. Assume that (C¢), (C¢), (Cy), and (Cy) hold for the
data (&, f) and (&, f). Let (Y,Z) and (Y, Z) be in Sy x Ly and be solutions
to

T
Vi—¢+ / F(5. Yo Z)ds — [ Z.dB,, te[0,T),
t

T T
Y;=§+/ f<s,K,Zs>ds—/ Z.B,, te[0,T),
t t

respectively. Then, for all B > A+2Lf+ 2LJF % where A > 0, it holds that

Y =Y+ (22135 < 2Bl =& + J1/ (Y, Z) = (-, Y. 2)l5
Proof. Assume § > 0 and apply Ito’s formula, in order to get

-8 = (Yp—Yp)?
= Py, - V)

/ Be (Y, = Y,)*ds
_/t ™Y, = Y.) [f(5,Ys, Z) = f(5,Ys, Z,)] ds

e _
+ / 267 (7, — Z,)*ds
t

2



126 CHAPTER 5. BSDES

T
+2/ P (Y, — Y )(Z, — Z,)dB,.
t
We rearrange the terms to get
Bt |2 r Bs =~ |2
N, =Y+ | €|Z, - Z| ds
T o
—fe—gP-p [ ey T s
r ' o
22 [T (16 Yo 2) — F(5. Ve 2,5)) ds
tT ) )
— 2/ (Y, = Y ) (Z, — Z,)dB,. (5.4)
t

Now we estimate the terms of the right-hand side of (5.4). If we let

T
I:= sup / P (Y, =Y ) (Z, — Z,)dB,|,
te[0,T
then
%
EI < C’JE(/ P (Y, — V)(Ze — 2.)] ds)
0
1/2
< CiE (sup|Y} >< 2BS|ZS—ZS|2ds) ]
< QY ~ V|82 — Zhy <

by the Burkholder-Davis-Gundy inequality (Proposition 4.3.1) and the
Cauchy-Schwartz inequality.  Therefore, the maximal function of the
It6 integral in (5.4) is integrable, which implies that the Ito integral

(fg P (Y, — Y) (Zs — Zs)st> is a martingale by Lemma 5.3.1. Hence

>0
we get that

T
IE/ P (Y — Y )(Z, — Z,)dB, = 0.
t
For the second last term in (5.4) we use, for A > 0 and a,b € R,

1
2ab < Aa® + =b?
ab < a+A
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and B S B )
F(s,Ys, Zy) — F(s,Ys, Z,)| < Ly (|Ys = V5| +1Zs — Z4)

in order to get

27 |V, = Vil | (s, Ya, Z5) = [(5, Y, Z4)|
< 25 |Y, — Yi| | £(5,Ye, Z4) — f(s. Ve, Z4)]
+26% |V, = Yi| | (s, Ys, Zo) = F(s5.Ys, Zs)|
< AP Vil e 5,V Ze) — s YS,ZW

+2Lpe™ |V, = Vi|* + 2027 |Y, — Y\+ |z, — Z|".

Here we used the above inequality with a = \/§Lf|YS —YS} and b =

V1/2|Z; — Z| to estimate
2Ly |V, = Vi| |2~ Zi| < 23 Ve~ VP4 567 |2~ 2]
Hence, for 8 > A+ 2L7 + 2L?E + %, (5.4) implies that
2 1" = 12
Ee |Y, — V)| +§E/ e’ | Zy — Z,|" ds
t
T _o 1 (T 12
< EeT|¢-¢| —EE/ e” Y, = Y, ds
t

1_ (T ;
TE / e | F(5, Vs Z2) = F(5,Ys, Z) [ ds.
t

We move the term with ”—" to the left-hand side and consider the inequality
for t = 0. We derive

YV Y2, +[Z2- 22, < 2°TE|¢ — ¢
2

gy

(' 7Y7 Z)]%,B
[

Now we state and prove the fundamental existence and uniqueness theo-
rem for BSDEs:
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Theorem 5.3.3. Assume that we have the filtered probability space
(Q, FR. Py (FP)icppr) and let (C¢) and (Cy) hold for the data (f,&), then

T T
Yt=§+/ f(s,Ys,Zs)ds—/ Z.dB., 1€ [0.T], (5.5)
t t

has a solution (Y, Z) which is unique in Sy X Ls.

Proof. We will define a map F : L9 X Ly — Lo X Ly and show that F
is a contraction, i.e. if IV, 2),(V,2) € Ly X Ly, (Y,Z) = F(Y,Z), and
(Y, Z)=F(Y,Z), then

YV =Y +12 =2 <c[V =I5 +[2 - 2L54]

for some constant 0 < ¢ < 1.

(a) Construction of the map F: Let (), Z) € Lo x Ly. We look for a pair
(Y, Z) = F(Y, Z) that solves

T T
Yt:§+/ f(s,ys,Zs)ds—/ Z,dB,. (5.6)

We get Z from Theorem 4.8.1 about the represenation property on the
Wiener space. For this we let

T
M, =E [f —|—/ f(s, Vs, Z5)ds ]-—t] )
0

Then M = (M;)ico,1] is a square-integrable martingale and there exists a
unique Z € L, such that

t
M, = M, +/ ZsdBs for tel0,T)]as.
0

Now, letting

T
Y, =E [5 +/ f(s, Vs, Z5)ds ]-"t}

we get

t
Y, = M, — / f(s, Vs, Z5)ds
0
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t t
= M, —|—/ Z.dB, —/ f(s, Vs, Z5)ds
0 0
T T T T
:M0+/ ZSst—/ f(s,ys,Zs)ds—l—/ f(s,ys,Zs)ds—/ Z,dBy
0 0 t t

T T
=¢ +/ f(s, Vs, Z5)ds — / ZsdB;.
t t
Hence, we have
FY,2) = (Y, 2).
(b) F is a contraction: Let (), Z), (), Z) € L9 x Ly. Then, by the a priori
estimate (assume, for the moment, that ), € S,), for £ = &, setting
f0<87}/;7Zs) = f<87y8728>
f0<37 Y57 Zs) = f(37 ysa Zs)>

(notice that the r.h.s. is not depending on Y, Z, Y, Z) and for the solutions
(Y, Z) and (Y, Z) we get

_ _ 2 T o
Y=Y +12-2hs < SE / [ £(5, Y0 2) = f(5, D0, 2)[ ds
0
ALY s »
< A INE Vg s+ 12— Z]Q,B] : (5.7)

Now we choose A large enough so that 4LZ < A, and then a corresponding
[ according to Proposition 5.3.2.

(c) The iteration: Consider the following procedure: Start with Y9 =
0,7° = 0 and define (Y*1 Zk1) = F(Y* Z*). Then, because F is a
contraction, there exists (Y, Z) € Ly x L5 such that

(Y* Z") = (Y, Z) in Ly x Ly,
provided that Y* € S, for all k = 1,2, ...

(d) Y* € S; and Y € Sy: From the construction of the map F we know
that

t
}/t:Mt_/ f(S;yS7ZS)dS'
0
Therefore,

Y3, = EsgplYtV
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2

IA

2F sup |M,|> + 2E

0<t<T

T
/0 (s, Ve, Z2)|ds

2

IN

T
8E|MT\2+2E/ £ (s, Vs, Z,)|ds
0

2

IA

T
16 Vo[> + 4E / (5, V) 2.)|ds
0

IA

T
6EE +4TE [ |f(5. 00 2) — [(5.0.0) + [(5.0.0)F ds
0

T
< 16E§2+8TE/ (L7 (V2 + 22) + f?(5,0,0)] ds
0

< o0

where we used Doob’s maximal inequality for p = 2 and the assumptions
E&? < oo and (Y, Z) € Ly X Ly. This shows that the Y;, € Sy, but the same
argument also shows that Y € S, if we use the argument for Y = Y and
Z =2Z.

(e) The Uniqueness follows from Proposition 5.3.2 because for £ = £ and
f = f we have that

_ _ _ 2 _
Y -Vl +12- 25, < 27Ele— &+ ZIf(-. Y. 2) = F(-, Y, Z),
~ 0.
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