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0. Some notation

We use standard notation from probability:
e (0, F,IP) stands for a probability space.

e B(IR) is the Borel o-algebra on IR, i.e. B(IR) is the smallest o-algebra
containing all open intervals (a,b) with —oco < a < b < oo (or equiva-
lently, all open subsets of IR). Similarly, B(IR") is the smallest o-algebra
containing all open subsets of IR".

e A map Z : ) — IR is called a random variable if Z is measurable as a
map from (2, F) into (IR, B(IR)), i.e.

ZYB)={weN: Z(w)e B}y F
for all Borel sets B € B(IR).
e The Lebesgue spaces are denoted by L, = L,(2, F,IP) with

£z, = (/Q|f(W)!”dﬂ°(W)); for p € (0,00).

Definition 0.1. A family of random variables X = (X;):>o with X; : Q@ — R
is called stochastic process with index set I = [0, 00).

When do two stochastic processes X and Y coincide? There are several
notions for this:

Definition 0.2. Let X = (X;);>0 and Y = (Y})i>0 be stochastic processes
on (2, F,IP). The processes X and Y are indistinguishable if and only if

P(X, =Y, t>0)=1

The definition automatically requires that the set {w € Q : Xy (w) =
Yi(w), t > 0} is measurable which is not the case in general. Another form
of coincidence is the following:

Definition 0.3. Let X = (X;):>0 and Y = (Y}):>0 be stochastic processes on
(Q, F,IP). The processes X and Y are modifications of each other provided
that

P(X;=Y;)=1 forall t>0.
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Up to now we have to have that the processes are defined on the same
probability space. This can be relaxed as follows:

Definition 0.4. Let X = (X;);>0 and Y = (Y});>0 be stochastic processes

on (Q,F,IP) and (¥, F',IP’), respectively. Then X and Y have the same
finite-dimensional distributions if

P((X;,...,X: )€ B) =P((Yy,,...,Y,) € B)

forall0< ¢ < ... <t, < oo, wheren =1,2,... and B € B(IR").

Proposition 0.5. (i) If X andY are indistinguishable, then they are mod-
ifications of each other. The converse implication is not true in general.

(ii) If X and Y are modifications from each other, then they have the same
finite-dimensional distributions. There are examples of stochastic pro-
cesses defined on the same probability space having the same finite-
dimensional distributions but which are not modifications of each other.

There are situations in which two processes are indistinguishable when they
are modifications of each other.

Proposition 0.6. Assume that X andY are modifications of each other and
that all trajectories of X and Y are left-continuous (or right-continuous).
Then the processes X and 'Y are indistinguishable.

We also need different types of measurability for our stochastic processes.
First let us recall the notion of a filtration and a stochastic basis.

Definition 0.7. Let (£, F, IP) be a probability space. A family of o-algebras
(Fi)e>o is called filtration if F; C F, € F for all 0 < s <t < oo. The
quadruple (Q, F,IP, (F;)i>0) is called stochastic basis.

The different types of measurability are given by

Definition 0.8. Let X = (X;)i>0, Xi : @ — IR be a stochastic process on
(Q, F,IP) and let (F;)i>0 be a filtration.

(i) The process X is called measurable provided that the function (w,t) —
Xi(w) considered as map between 2 x [0, 00) and IR is measurable with

respect to F x B([0,00)) and B(IR).
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(ii) The process X is called progressively measurable with respect to a
filtration (F;);>o provided that for all 7" > 0 the function (w,t) — X;(w)
considered as map between €2 x [0, 7] and IR is measurable with respect
to Fr x B([0,7]) and B(IR).

(iii) The process X is called adapted with respect to a filtration (F;)i>o
provided that for all £ > 0 one has that X; is F;-measurable.

Proposition 0.9. A process which is progressively measurable is measur-
able and adapted. All other implications between progressively measurable,
measurable, and adapted do not hold true in general.

Proposition 0.10. An adapted process such that all trajectories are left-
continuous (or right-continuous) is progressively measurable.

Finally let us recall the notion of a martingale.

Definition 0.11. Let (X}):>0 be (Fi)i>0-adapted and such that E|X;| < co
for all ¢ > 0.

(i) X is called martingale provided that for all 0 < s <t < oo one has

E(X; | F) = X; as.

(ii) X is called sub-martingale provided that for all 0 < s <t < oo one has

E(X, | F) > X, as.

(iii) X is called super-martingale provided that for all 0 < s <t < oo one
has that
E(X; | Fs) < X, as.

Finally we use

Definition 0.12. Let X = (X;):>o be a stochastic process. The process X
is continuous provided that ¢t — X;(w) is continuous for all w € Q.



1. and 2. Lecture
(FAUSSIAN PROCESSES AND BROWNIAN MOTION

Gaussian processes form a class of stochastic processes used in several
branches in pure mathematics and in applied mathematics. Some typical
examples are the following:

e The modeling of telecommunication traffic, where the fractional Brow-
nian motion is used.

e In Real Analysis the Laplace operator is directly connected to the Brow-
nian motion.

e In the theory of stochastic processes many processes can be represented
and investigated as transformations of the Brownian motion.

We introduce Gaussian processes in two steps. First we recall Gaussian
random variables with values in IR", then we turn to the processes.

Definition 1.1. (i) A random variable f : Q@ — IR is called Gaussian
provided that IP(f = m) = 1 for some m € IR or there are m € IR and
o > 0 such that
@=m)?® dx
IP(f € B) = / e 27
(feB)=| G
for all B € B(IR). The parameters m and o? are called ezpected value
and variance, respectively.

(ii) A random vector f = (fi,..., fn) : @ — IR" is called Gaussian provided
that for all @ = (ay, ..., a,) € IR" one has that

(f(w),a) = Z a; fi(w)

is Gaussian. The parameters m = (my,...,m,) with m; := IEf; and
o = (0ij)7 ;=1 With

oy = E(fi —mi)(f; —my)

are called mean (vector) and covariance (matriz), respectively.
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For a Gaussian random variable we can compute the expected value and the
variance by

m=IEf and o*=IE(f—-m)%
Now we introduce Gaussian processes.

Definition 1.2. A stochastic process X = (X;)i>0, X; : @ — IR, is called
Gaussian provided that foralln = 1,2, ... andall0 < t; <ty < - - < t, < ©
one has that

(Xt Xp,) : Q= R

is a Gaussian random vector. Moreover, we let
my = EX; and I'(s,t) = E(X; — ms)( Xy —my).

The process m = (my)i>o is called mean (process) and the process
(C(s,t))s4>0 covariance (process).

Up to now we only defined Gaussian processes, however we do not know yet
whether they exist. The main result in this respect is

Proposition 1.3. Let (I'(s,t))s+>0 be positive semi-definite and symmetric,

that means
n

Z ['(t;,tj)aia; >0 and T'(s,t)=T(ts)

ij=1
for all s, t,ty,....,t, > 0 and aq,...,a, € IR. Then there exists a probability
space (2, F,IP) and a Gaussian process X = (Xi)i>o defined on (2, F,IP)
with

(1) IEXt - O,

(i) EX,X, = D(s, ).
Remark 1.4. Given any stochastic process X = (X;)i>0 € Lo with [EX; =0

and I'(s,t) := [EX,X; we always have that I' is positive semi-definite and
symmetric.

Let us consider some examples.



Example 1.5 (Brownian motion). We let

I(s,t) == min {s,} = / Y01 (€) X0 (€€

so that

Z F(tl, tj)aiaj = A Z aiX[O,ti] (f)an[O,tj}(g)dg

i,j=1 i,j=1

= /0°° (Z%X[o,tﬂ(@) d§

i=1
> 0.

Example 1.6 (Brownian bridge). Here we take for a moment the time-
interval [0, 1] instead of [0, c0) and believe that all things from before can be
done in the same way. We let

— : < <
F(5”“L>':{t(1—s) L 0<t<s<l

and want to get a Gaussian process returning to zero at time 7' = 1. The
easiest way to show that I' is positive semi-definite is to find one realization
of this process: we take the Brownian motion W = (W};);>¢ like in Example

[1.5] let
Xt = Wt — th

and get that

EX. X, = EW,—sW)(W,—tW)
= [EWW, —tIEW,W; — sIEW W, + st]EI/Vl2
= s—ts—st+ st
= s(1—1t)

for0<s<t<1.

Example 1.7 (Fractional Brownian motion). The Fractional Brownian mo-
tion was considered in 1941 by KOLMOGOROV in connection with turbu-
lence and in 1968 by MANDELBROT and VAN NESS as fractional Gaussian



noise. Let H € (0,1) be the HURST index of the fractional Brownian motion
(HURST was an English hydrologist) and define the covariance function I' as

D(s,t) == (" + T — |t — s]?7).

N | —

This covariance function can be obtained (exercise) by looking for a stochastic
process X = (X¢);>0 such that:

e X is a continuous Gaussian process of mean zero with X, = 0.

e The increments are stationary, i.e. X; — X, and X, ; have the same
distribution for 0 < s < t < oo.

e The process is self-similar with exponent 6 € (0,1), i.e. the finite
dimensional distributions of (X 4;)i>0 and of A¥(X});> coincide for
A>0.

For H = 1/2 we get I'(s,t) = min {s,t}, that means the Brownian motion
from Example [I.5] The main problem consists in showing that I" is positive
semi-definite. To give the idea for this proof let ¢y := 0 and ag := — > | a;
so that > ja; =0 and

n

1 n
> Dt ty)asa; = —5 > 1t =t aiay.

i,j=1 1,j=0

Take € > 0 so that

n n
— . _4+.|2H _ . _4.2H
Z et gq, = E : (e elti—ty] _1> a0,
i,j=0 i,j=0
n
2H
= —¢ E [t — t;|*" a;ia; + o(e)
i.j=0
n
= 2 E F(tl, tj)aiaj + 0(8).
ij=1

Hence it is sufficient to show that

n

_ _+.|2H
E e ettt a;a; > 0.

i,j=0



Fact: There exists a random variable Z such that

]:EeitZ — 6_6|t|2H.
The random variable if 2H-stable (a random variable Z is p-stable for some
0<p<2ifaZ+ B2 and (|aP +|8|P)"/?Z have the same distribution if

a, B € R and Z' is an independent copy of Z). Since characteristic functions
are positive semi-definite, we are done.

Up to now we have constructed stochastic processes with certain finite-
dimensional distributions. In the case of Gaussian processes this can be
done through the covariance structure. Now we go the next step and provide
the path-properties we would like to have. Here we use the fundamental

Proposition 1.8 (KOLMOGOROV). Let X = (Xi)wc0,1), Xi : @ = IR, be a
family of random wvariables such that there are constants c,e > 0 and p €
[1,00) with

E|X; — X,|P < |t — s|'"=.

Then there is a modification Y of the process X such that
IE sup (u)p < 00
st
forall 0 < a < % and that all trajectories are continuous.
Remark 1.9. In particular we get from Proposition [1.8}
(i) The function f : Q — [0, o0] given by

f(CL)) — |Yt(w> _}/S(w”

st [t—s|®
is a measurable function.

(ii) The function f is almost surely finite (otherwise IE|f|? would be infi-
nite), so that there is a set )y of measure one such that for all w € g
there is a ¢(w) > 0 such that

Yi(w) = Ye(w)| < c(w)t — s|*

for all s,¢ € [0,1] and w € Q. In particular, the trajectories t — Y;(w)
are continuous for w € €.



Let us apply the proposition above to the Brownian motion.

Proposition 1.10. Let W = (W;)i>0 be a Gaussian process with mean
m(t) = 0 and covariance I'(s,t) = IEW,W, = min{s,t}. Then there is
a modification B = (Bi)i>0 of W = (Wy)i>0 such that all trajectories are

continuous and B B\
o<s<t<T |t — 8|*

forall0<04<%,0<p<oo, and T > 0.

Proof. First we fix T' > 0 and define
Xt = WtT
for t € [0,1]. Then, for p € (0, c0),
E|X, — X, = E|Wg — Wl
= E[Wqi grl”
1
B
2n(t — s)T JRr

= (== [ fepe e

D
2

52
[P~ 2w d

= 7(t— s)gT

where we used that the covariance structure implies W, — W, ~ N(0,b — a)
for 0 <a < b < oo. Now fix a € (0,1/2) and p € (2,00) such that

1 1
<p<oo and 0<a<£=———

1—« p 2 p

and
E|X, — X,|P <7, T5(t — s)'*.

Proposition (1.8 implies the existence of a path-wise continuous modification
Y =Y(«a,p) of X such that

IE sup

0<s<t<1

(m(a,p) - Ys<oz,p>!>” . (1)

|t = sl
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Replacing p by ¢ € (0,p) the same inequality remains true since || - ||z, <
| - |z, for 0 < ¢ < p < oco. Hence for all 0 < o < 1/2 and 0 < p < 0
we find a modification Y («,p) such that is satisfied. However, since
Y (aq,p1) and Y (a, po) are continuous and modifications of each other, they
are indistinguishable. Hence we can pick one process Y = Y (py, ag) which
satisfies forall 0 < @ < 1/2 and all 0 < p < co. Coming back to our
original time-scale we have found a continuous modification (B} )iejo1) of
(Wi)iepo,r) such that

BT_BT p
IE sup <M> < 0

0<s<t<T [t — s|«

forall 0 < @ < 1/2 and 0 < p < oo. We are close to the end, we only have
to remove the remaining parameter 7'. For this purpose we let

Qr = {weQ: Bl (w) =W (w),t € QN[0,T]}
and Q := %X_, Qy so that IP(Q) = 1 and
B (w) = BP(w) for teQn[0,min{Ny, Ny}
and w € . Since (BtN i)te[Q ~;] are continuous processes we derive that
B (w) = B*(w) for t € [0, min{Ny, No}]

whenever w € Q. Hence we have found one process (B;);o on 2 and may
set the process B zero on Q \ €. O

Now we define the notion of Brownian motion we need later.

Definition 1.11. Let (2, F,IP; (F3):>0) be a stochastic basis. An adapted
stochastic process B = (Bi)i>0, By : @ — R, is called standard (F;)i>o-
Brownian motion provided that

(i) By =0,

(i) for all 0 < s <t < oo the random variable B; — By is independent from
F, that means that

P(CN{B, — B, € A}) = P(C)P(B, — B, € A)
for C' € F; and A € B(R),
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(iii) for all 0 < s <t < oo one has By — Bs ~ N(0,t — s),
(iv) for all w € €2 the trajectories t — B;(w) are continuous.

The two-dimensional Brownian motion was observed in 1828 by ROBERT
BROWN as diffusion of pollen in water. Later the one-dimensional Brownian
motion was used by Louis BACHELIER around 1900 in modeling of financial
markets and in 1905 by ALBERT EINSTEIN. A first rigorous proof of its
(mathematical) existence was given by NORBERT WIENER in 1921. Later
on, various different proofs of its existence were given.

Definition 1.12. The stochastic basis (Q, F, IP; (F;)i>0) satisfies the usual
conditions provided that

(i) (2, F,IP) is complete,
(ii)) Ae F forall A€ F with P(A) =0 and ¢t > 0,

(iii) the filtration (F;);>o is right-continuous that means that

ft:ﬂft+a-

e>0

Proposition 1.13. There is a stochastic basis (2, F,1P; (Fi)i>0) satisfying
the usual conditions with a standard (F;)i>o-Brownian motion B = (By)>o.

Proof. (a) We take the process B = (By):>o from Proposition , let FP =
o(B, : s €[0,t]), and prove that it is a (F)s>o-Brownian motion.

(i) Since IEByBy = 0 so that By = 0 a.s. we can set the whole process B on
the null-set {By # 0} to zero and the conclusion of Proposition is still
satisfied and we can assume w.l.o.g. that By = 0.

(iv) follows directly from Proposition [1.10]

(iii) follows from IE(B; — B,) = 0,

E(B, — B,)? =t —2min{t,s} +s=1— s,

and the fact that B, — B, is a Gaussian random variable.

(i) Let 0 < 57 < 89 < ++- < 5, < s < t. The random variables
B, — By, Bs— B, , ..., By, — Bs,, Bs, are independent since they are Gaussian
random variables and any two of them are uncorrelated. Consequently

IP(Bs, € Ay,...,Bs, € A,, B, — B, € A)
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( yeA XX A, By— Bs € A)
(B,,, By, — Bs,....B,, — B, _,) € C, B, — B, € A)
( B,,...B,, — B,, ,) € C)P(B, — B, € A)

1

where
C:={(y1,.,yn) ER":pn €A1, yn+yp € Aoyt + -+ yn € Ay}

Since the events {B,, € Ay, ..., By, € A,} generate FZ we can apply the 7-
system theorem and are done.

(b) Without less of generality we can assume that F = o(B; : t > 0). We let
N :={ACQ: there exists a B € F with A C B and IP(B) =0} U {0}.

Then one has:

e If G be a sub-g-algebra of F, then B € GV N if and only if there is a
A € G such that AAB € .

e The measure IP can be extended to a measure IP on FVAN by HB(B) =
IP(A) for A € F such that AAB € N.

The probability space (2, F, ]f’) is called completion of (2, F,TP) and (F;)i>o0
with F; := FP V N is called augmentation of (FP)io.

Now one has to show that B is an (F;):>o-Brownian motion as well. Here we
only have to check

(ii) Assume C' € F; and find an C € FB such that IP(CAC) = 0 where we
denote the extension IP of IP again by IP. Taking A € B(IR) we get that

P({B;— B, € A}nC) =IP{B,— B, € A}nC)

—P(B, — B, € AP(C) = P(B; — B, € A)P(C).

The filtration (F;):>o is right-continuous that means that

-Ft = mﬂ—&-s'

The right-hand side continuity of the filtration (F;)¢>o is non-trivial and not
proved here. O
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A. For extended reading

One can prove the existence of the Gaussian processes by analyzing the finite
dimensional distributions of a stochastic process X = (X;)¢>o. What are the
properties we can expect? From now we use the index set

A= {(t1, ..., tn) :n > 1,14, ..., t, are distinct} .

Then the family (pi¢,,..1, ) (t1,....t0)ea With

ftg,tn (Br X o X Byoy X R) = gy g, (Br X - X Bpyy)
for all By,...,B, € B(IR) and all permutations 7 : {1,...,n} — {1,...,n}.

This is our starting point:

Definition 1.14. A family of probability measures (g, ..., ) (.....tn)ea, Where
ey t, 1s a measure on B(IR") is called consistent provided that

(i) Mty tn(Bl X - X Bn) = ,u(tﬂ(l) 77777 tﬂ(n))(Bﬂ(l) X oo X Bﬂ(n)) for all

(i) puty,tn(By X+ X Byoy XR) = pgyt (By X -+ - X By_p) for all n > 2
and By, ..., B,—1 € B(IR).

We show that a consistent family of measures can be derived from one mea-
sure. The measure will be defined on the following o-algebra:

Definition 1.15. We let o (IR[O’OO)> be the smallest o-algebra which contains

all cylinder sets

B = {(&)iz0: (§s - &) € A}
for (t1,...,t,) € A and A € B(IR").
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Proposition 1.16 (DANIELL 1918, KOLMOGOROV 1933). Assume a con-
sistent family (i, tn)(tl ..... tn)ea Of probability measures. Then there exists a
probability measure p on B(IR[O’OO)) such that

(&)= = (€urs s i) € A) = finy,t, (A)
for all (ty,....,t,) € A and A € B(R").

Proof. We only give the idea of the proof. Let A be the algebra of cylinder
sets

B:= {(&)1520 : (&17 "'7£tn) < A}
with (¢1,...,t,) € A and A € B(IR"), that means we have that

o RO ¢ 4,
e By,.... B, € Bimplies that B;U---UB, € B,
e B € A implies that B¢ € A.
Now we define v : A — [0, 1] by
V((&)iz0 1 (s s i) € A) == ity 1, (A)-
In fact, the definition is correct. Assume that

{(gt)tZO : (5317 "'7€5m) S A} = {<§t)t20 : (ftu "'7€tn) S B} :

Let (r1,...,7n) € A such that {ry,...,ry} = {s1, ..., Sm, t1, ..., tn}. By adding
coordinates we find an C' € B(IR™) such that the sets above are equal to

{(61&)1&20 : (57“17 "'7§TN> S C} :

By the consistency we have that

Hsy,....8m (A) = Hry,ry (C) = Htq,.., tn<B)
More difficult would be to check that v is o-additive on A, which means that

v (U Bn> = Zy(Bn)

n=1

for By, Bs,... € A, BN B; =0 for i # j, and |J,_, B, € A. This we leave
out for the moment. Having this we might finish with CARATHEODORY’s
extension theorem. O
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As an application we get the

Proof of Proposition 1.5 We will construct a consistent family of probability
measures. Given (ti,...,t,) € A, we let uy, .+, be the Gaussian measure on
IR" with mean zero and covariance

.....

giéjd/’[/tlw-,tn (517 ooy fn) = F(ti7 tj)'
R

If the measure exists, then it is unique. To obtain the measure we let C' :=

(D'(ts,t5))i j=1, so that C' is symmetric and positive semi-definite. We know

from algebra that there is a matrix A such that ¢ = AAT. Let v, be
the standard Gaussian measure on IR" and g be the image with respect to

A:IR"* = IR". Then
[ (wedduto) = [ (s edi(@) =0
R4 R4
and

/ (, e3) (2, ) dulx) = / (A, e)( Az, ¢;)d(2)

n n

- / (x, ATe;)(x, ATe;)dy, ()

= (ATe;, ATej)
(ei, AATe;)

(i, Cej)

P(ti, tj).

The defined family of measures is easily seen to be consistent: given a per-
mutation 7 : {1,...,n} — {1, ...,n} we have that the covariance of j,
is ['(tx(:), tx(;)) which proves property (i). Hence [t 1y (o
from p by permutation of the coordinates. To prove that

W(l)v"'ztw(n)
can be obtained
Pty stnritn (B X o X By X R) = pyy gy (B X -+ X By )

we consider the linear map A : R™ — R™ ! with A(¢y,...,&) == (&1, ..., En1)
so that
AN By x--xXB,1)=By x---xB,_1 xR
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and

Uty oty (Br X oo X By X R) = pug, 4 (Ail(Bl X -+ X Bp_1))

otn—1,tn

and we need to show that

Vi= Hiytn_1,tn (A_l()) = Myt

The measure v is the image measure of i, ¢, .+ With respect to A so that
it is a Gaussian measure. Moreover,

/Ianl nin;dv (M, ..s Mn—1)

_ /n<Ag,ei><A§,ej>dutl ..... 0 (€)

n

== Z <ek7 AT€i> <€l7 AT€j> /]R" <€? ek> <€7 €l>d:ut1 ..... tn (5)
k,l=1

n

= Z<6kaATei><€laATej>0'kl
k=1

= Z (Aey, e;)(Aey, ej)ox
k=1

n—1

= Z (ex €i)(er, €5)0m
k=1
= Uij-

Now the process X = (X;);>0 is obtained by X; : RO>®) — R with
Xi((€s)s>0) = & O

Proof of Proposition[1.8. (a) For m = 1,2, ... we let

1 om >
D,, = {oz—mz—m} and D::nlem.

Moreover, we set

Ap={(s,t) €Dy x Dy i |s—t]=2""} and K, := sup |X;— X,
(s,t)EAmM
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Then card(A,,) < 22™ and

[EK? = E sup |X;— XiP
(s,t)EAM

< > EX - X

(s,t)EAmM
1 1+€

< card(A,,)c (2—m)

< 2e2M2TmQTmE

= 2c27™.

(b) Let s,t € D and

Sy = max{sk €Dy s, < 8} € Dy,
Ty = max{ty € Dy :t, <t} € Dy

so that Sy 15, Ty T t, and S, = s and T =t for k > ko. For [t —s| < 27™
we get that

Xo= X, =) (Xoy, — X)) + Xs,, + > (Xo, — Xny,,,) — X,

where we note that the sums are finite sums, that |T,, — S,,| € {0,27™},
Siy1 — S; € {O, 2_(”1)}, and that Tj,, — T; € {O, 2_(”1)}. Hence

X, — X gKm+2§:Ki+1 §2i[(i.

i=1 i=m
(c) Let

X, — X,
Mazzsup{‘ L "S,tGD,s%t}.

[t —s|

Now we estimate M, from above by

X — X,
M, = sup Sup{gzs,teD,s%t,Q_m_lg|t—s|§2_m}
m=0,1,... |t — s|*
< sup 2(m+1)°‘sup{|Xt—Xs| cs,t € Dys#t |t —s| §2_m}
m=0,1,...
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< 2 sup 2(7”“)0‘2](@»

m=0,1,... ;
i=m

< glta Z 2MK2',
i=0
where we used step (b), and
oo
IMallz, < 27 27| K|,

1=0

< ote N ovi(ae) oy
=0

— 21+a(20)%22i(°‘*§)
1=0
< oo

where we used step (a).
(d) Hence there is a set Qy C Q with IP(Qy) = 1 such that ¢ — X;(w) is
uniformly continuous on D for w € €)y. We define

Xiw) : weQteD
Yi(w) == ¢ limgyeep Xs(w) @ weQo,t gD .
0 @ we

It remains to show that IP(X; = Y;) = 1. Because of our assumption we have
that
1 Xe, = Xell, =0 as t, Tt

Take t,, € D and find a subsequence (ny)72,; such that

Since IP(limy X, = Y;) =1 by construction, we are done. O

19



3. Lecture
PROPERTIES OF THE BROWNIAN MOTION

Proposition 3.1. The trajectories of the standard Brownian motion are
Hélder continuous with exponent o € (0,1/2), i.e. the set

Aor = {w €Q: sup |Bi(w) = Bs(w)] < oo}

0<s<t<T [t — s|*

is measurable and of measure one for all a € (0,1/2) and T > 0.

Proof. Since the Brownian motion is continuous we get that A, € F. More-
over, [EB;B; = min {s,t} implies by Proposition that there is a continu-
ous modification B = (ét)tzo of B such that the corresponding set ZQ,T has
measure one. However, B and B are indistinguishable, so that IP(A, 1) =1
as well. O

Proposition 3.2 (Law of iterated logarithm, HINCIN 1933). Almost surely
one has that

. . Bi(w . Bi(w
(i) limsupy, W(/t)) = lim sup;;, ((t)) =1,
(i) liminf, o 2545 = liminfpo, 240 = —1,

where Y(t) = /2t 1loglogt.

Proposition 3.3 (PALEY, WIENER-ZYGMUND). Given a standard Brown-
tan motion on a stochastic basis satisfying the usual conditions, one has

P(weQ:t— Bi(w) is nowhere differentiable ) = 1.
Proof. 1t is sufficient to prove that
IP (3s € [0,1) : By(w) differentiable in s) = 0.

Fix s € [0,1), w € Q, and assume that B;(w) is differentiable in s. Then
there exists an integer M = M (w) > 1 such that

Biw) ~ Bu() < Tt — s
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for all ¢ € [0, 1]. For

- |
pobsleiot o sl
n n

where [z] is the largest integer N < x, with j = 1,...,n — [ns] one gets that
J
B (w) = By (W] < [Biy (w) = Bo(w)[ + [Bip(w) = Bs(w)| < M.

Hence there is an s € [0,1) and an M > 1 such that for all n = 1,2, ... and
j=1,...,n —[ns] one has that

’B[ns]«&»jfl (CL)) - B[ns]+j (UJ)’ S M%

If n is large enough there are at least three possible j. Hence there are M > 1
and m > 1 such that for all n > m there are three subsequent k € {1,...,n}
such that 5

Bii(w) ~ Bg(w)‘ < M-

Estimating the probability, where we use FATOU’s lemma, gives that

se(UNU N frow-ne|<d)

1 m=1n>m i=1 k=i,i+1,i+2

- ZlP(limninfO N ‘B%(M—B

M=1 i=1 k=ii+1,i+2

o) n—2
Zliminf]P(U N ‘B@(M)—Bﬁ(w)‘ <M )
M= =1 k=igtlit2 "

- 3
= 3 liminf P ‘B,I _B ‘<M—
2 im inf ( ﬂ kT(w) %(w) < n)

k=1,2,3

e
£
INA

S|lw
N——

IN

0o 3
= Z lim inf nIP <’Bl(w)‘ < Mé)
=1 " " "

0o 3
= MzﬂlimninntP (\Bl(w)\ < M%)
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00 3 3
< chiminfn(M—) =0.
=" v
O

Now we turn to the Markov property. A basic example to motivate the
strong Markov property is the Reflection Principle (ANDRE, LEVY 1948)
for a standard Brownian motion B = (B;)¢>o. Given b > 0, we are interested
in the distribution of

T, = inf{t > 0 : B, =b}.
First we write
P(rm, <t)=P(n <t, By >b)+1P(n, <t, By <b).
Then our heuristic Reflection Principle says that
P(rm, <t, Bi<b)=P(n, <t, B, >0). (2)
On the other hand
P(r, <t,By >b) =1P(B;, > )
which implies

P(r,<t) = P(n<t, B >b)+P(r, <t, B <b)
= 2IP(m, <t, By >b)
— 2IP(B, > b).

From this one can deduce at least two things:
e The Brownian motion reaches with probability one any level because

IP(m, < 00) = tlLrOnOP(Tb <t)= 2tlir20 IP(B; > b)

i b

e One can deduce the distribution of the running maximum of the Brow-
nian motion M;(w) := sup,e(py Bs(w) because

{M; > b} ={n, <t} sothat P(M,>b)=2P(B; >0b).
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To justify would require a considerable amount of work. Here we only
indicate some concepts around the random time 7, : Q — [0, 00].

Definition 3.4. Assume a measurable space (2, F) equipped with a filtra-
tion (F¢)i>0. The map 7: Q — [0, 00] is called stopping time with respect to
the filtration (F;);>0 provided that

{r<tle R
for all t > 0. Moreover,
Fr={AecF : An{r <t} e F foralt>0}
In a sense, F, contains those events that can be decided until time 7.
Proposition 3.5. Let 7: Q — [0, 00| be a stopping time. Then
(i) the system of sets F, is a o-algebra,

(ii) one has {T < s} € F; for s >0 so that T is an extended F,-measurable
random variable.

Proof. (i) Since 0 N {r < t} = 0 € F, we have € F,. Assume that
B, By, ... € F,. Then

(GBn> N{r <t} = G(Bnﬂ{TSt})e]-}.

Finally, for B € F, we get that
Bn{r<t}={r<t}\(Bn{r <t}) e F.
(ii) For s,t € [0, 00) we get that
{r<sin{r <t} ={r <min{s,t}} € Fuingsy € F-

We conclude the proof by remarking that the system {z € R : z < }
generates the Borel o-algebra and that, trivially, {r <t} = 0 € for
t <0. m
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Example 3.6. Let X = (X};);>0 be continuous and adapted, I' C IR be
non-empty, and define the hitting time

m:=inf{t >0 : X; € B}

with the convention that inf(® := oco. If I" is open or closed, then 7+ is an
stopping time.

The proof will be an exercise.
As an application we prove

Proposition 3.7. Assume a standard Brownian motion B = (By)i>o with
By =0. Then, a.s., the Brownian motion changes infinitely often its sign on
0,¢] for all e > 0.

Proof. Let (Fi)i>0 be the augmentation of the natural filtration (used in
Proposition [1.13]). We define the stopping times

7_:=inf{t >0: B, <0} and 7 :=inf{t>0:B; > 0}.
Then {7_ =0} € Fy and {7 = 0} € Fy, so that
IP(r-=0) € {0,1} and IP(r, =0) € {0,1}.

By symmetry P(7— = 0) = P(7, = 0). Assuming them to be zero would
imply (exercise) that there is an € > 0 such that

IP(B; =0,t €0,¢]) >0

which is impossible (exercise). Hence

which implies the claim. O

To give a rigorous justification of the reflection principle one would need to
introduce the strong Markov property. In this course we restrict ourselves to
the introduction of the basic concepts.

Definition 3.8. Let (2, F,IP; (F:)i>0) be a stochastic basis satisfying the
usual assumptions and X = (X;);>0, X¢ : 2 — IR, be a stochastic process.
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(i) The process X is a Markov process provided that X is adapted and for
all s, >0 and B € B(IR) one has that

IP(Xs¢ € B|Fs) = P(Xsyy € Blo(X5)) a.s.

(ii) The process X is a strong Markov process provided that X is progres-
sively measurable and for all ¢ > 0, stopping times 7 : 2 — [0, 0], and
B € B(IR) one has that, a.s.,

PH{X; € ByNn{r < o0} |F;) =P{X,;1+ € B} N{7r < o0} |0(X;)),

where o(X;) := o(77(0), { X1 (B)} N {7 < c0}).

Proposition 3.9. Assume a stochastic basis (2, F,IP; (Fi)i>0) satisfying the

usual conditions and an (F;)¢>o-Brownian motion B = (By)i>o like in Defi-
nition|1.11. Then B is a strong Markov process.
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4. Lecture
STOCHASTIC INTEGRATION

We will define stochastic integrals for local martingales and assume in this
chapter that the usual conditions on the stochastic basis (2, F, IP; (F;)i>0)
are satisfied.

Definition 4.1. Let (M;):>0 be (Fi)i>o-adapted.
(i) M is called martingale provided that IE|M;| < oo for all t > 0 and
IE(M, | Fs) = M a.s.
forall 0 < s <t < 0.

(ii) We denote by Mg’c the space of all martingales M such that all paths
t — M;(w) are continuous, My = 0, and IEM? < oo for all ¢ > 0.

(i) M = (Mi)>o is called a continuous local martingale provided that
My = 0 and there exists a sequence of stopping times 0 < 73 < 75 <
73 < ... < oo with lim,, 7,,(w) = oo for all w € €2 such that the processes
(Mynr, )is0 € M2 for all n. = 1,2, ... In this case we write M € ME“°.

Example 4.2. (i) The Brownian motion is a martingale.

(i) The geometric Brownian motion S = (S);so defined by Sy := eP~2 is
a martingale.

Proof. (i) For 0 < s <t < oo one has that, a.s.,

E(B|Fs) = (B, — Bs|F;) + IE(B,|Fy) = IE(B, — B;) + By = B,.
The proof of (ii) is an exercise. O
Proposition 4.3. Let M € MY“°.

(i) Then there exists a unique adapted path-wise non-decreasing continuous
process (M) with (M)o = 0 such that, for all T > 0,

n

sup Z |Mt/\ty - MtAtggl‘z - <M>t —p 0
t€l0,1] | ;=1

for any sequence of time nets 0 = tj < --- < t < oo with

n
sup,_y o, [th =t 4| =, 0 and tI! —,, cc.

,,,,,
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(ii) The process (M) is the unique adapted increasing continuous process
starting in zero such that M? — (M) is a local martingale.

(i) If M € Mg’c, then the process (M) is the unique adapted increasing
continuous process starting in zero such that M?*— (M) is a martingale.

The process (M) = ((M)¢)>0 is called quadratic variation of M.

Example 4.4. For the Brownian motion B = (By);>o one has that (B); = t,
t>0, a.s.

Proof. We get that

N 5|2 N o|?
) ) 42 E ) )
E t_ |:Btﬁ _BtzEl] — t E 1_ [Bﬁ _BZE1:|
i=1 =1
2 Y 2 1 :
— £E §1 HB;-V —Bﬂ . N]

B tQZEH[B& —Bi;r‘ﬂ

=1
2 al 4 1
= *) [EB} - <7 = 0.
=1

]

Proposition 4.5 (BURKHOLDER-DAVIS-GUNDY). For all p € (1,00) there
is a constant ¢, > 0 such that

1
VM|, < N[Millz, < 6pll vV (M)l
P

for allt >0 and M € /\/lf)Oc’c.

Given, for example, a Brownian motion B = (B;);>0, we would like to define

T
/ L.,d B,
0
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for a large class of stochastic processes L = (L;)>o. A first approach would

be to write . .
dB
/ LtdBt :/ Lt—tdt

However this is not possible (at least in this naive form) because the Brownian
motion is not differentiable as we learned earlier. So we have to proceed
slightly differently. We will first define the stochastic integral for simple
processes and extend then the definition to an appropriate class of processes.

Definition 4.6. (i) Let M € M>°. We define L5(M) to be the set of all
progressively measurable L = (L;);>o such that

T
/ EL}d(M); < oo
0

for all T > 0. Moreover, for L € Lo(M) we let

R /1 iz,
n=1 0

(ii) We let Ly be the space of all simple integrands, i.e. there is a sequence
ty < t; <ty < --- with lim, t,, = oo and uniformly bounded (in ¢ and
w) random variables v; : Q — IR such that v; is F;,-measurable and

Lt = Z Vi1 X (t5—1,t4] (t)
i=1
Lemma 4.7. For any L € Lo(M) there are L™ € Ly such that
lim |L - Ln|L2(M) = 0.

For L € Ly we can easily define a stochastic integral by
(L) (w) = Zvi—l(w)(Mti/\t(w) = My, pe(w)).
i=1

The key properties of this construction are the following:

Proposition 4.8. For M € M;“ and L € Ly one has:
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(i) (IM(L))iz0 € M*.

(ii) For 0 < s <t one has that

E ([IM(L) — IM(D)?F) =E (/t L3d<M>u|fs) a.s.

s

Proof. (i) By definition we have that I} (L) = 0 and that the process t —
IM(L)(w) is continuous for all w € Q. Since

0 : tSti—l

Vi1 (Mgt = My ne) = { Vit (Mype — My, ) 0t >t

we get that IM(L) is Fi-measurable. Now we observe that
E|Ui—1<Mb - Mti—1)|2 < CQIE|MI7 - Mtz‘—1|2 <00

for t;_1 < b < 00 so that

1
o 2\ 2
EILDD)? < B> via(Mn — M, n0)
=1
no L
< Z (E’Ui—l(Mtil\t - ]\4151-,1/\0‘2)§ < 0
=1

whenever t,,_1 <t <t,,. It remains to show the martingale property
E(M(L)|F) = 1Y(L) as.

for 0 < s <t < oo. Weonly check 0 < s <t < oo and find ng and mg such
that t,,_1 <t <t,, and t,,,—1 < s < t,,,. Then, a.s,,

IE([%(L)\.FS) = E <Z Ui—l(Mti/\t - Mtil/\t)‘}_s>
i=1

no
- Z e (Uifl(Mti/\t - Mtifl/\t)"rs) :

i=1
For 1 <7< mg— 1 we get

,Ui—l(Mti/\t - Mtifl/\t) = U’i—l(Mti - Mtifl) = ,Ui—l(Mti/\S - Mtifl/\s)
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which is F,-measurable. In the case ng > ¢ > mg + 1 we may deduce, a.s.,
that

E(Uifl<Mti/\t - Mti,l/\t)‘]:s) = E(Uifl(Mti/\t - Mti,1)|fs)
= IE (E<Ui—1(Mt,-/\t - Mti_l)’ﬁti_lﬂfs)
= [E (Uz‘fIIE(Mti/\t — M, , ’-7:m1)‘-7:s)
= [E (Ui—l(Mti/\t/\ti,l - Mti,l) Fs)
= 0.

Finally, for i = mq one obtains, a.s., that

E(Ui—l(tht - Mti_l/\t>|]:s> = Ui—llE(Mti/\t - Mti_l/\t|]:s)
= Uifl(Mti/\t/\s - Mti,l)
= Ui—l(Mti/\s - Mtifl/\s)'

(ii) By introducing new time knots we can assume without loss of generality
that s = ¢, and t = t5. Let

X =1 (L) and Gy :=F,.
Hence, a.s.,

B ([57(L) = LNLPIF) = B ([Xy = Xa)|Gn)
E



= i IE (vf_l / d<M>urftn)

l=n+1

= E (/t L§d<M)u|fs) :

]

Proposition 4.9. For M € M° and L € Ly(M) there exists a unique
martingale X = (X;)i>0 € M%C such that for all L™ € Ly with

lim |L — L"| ) = 0
one has that || X; — IM(L")||r, — 0 as n — oo.

A first impression that stochastic integration and usual integration differ
gives

Example 4.10. One has that
! 1
/ B.dB, = §(Bt2 —t) for t>0a.s.
0

Now we extend our stochastic integral simultaneously into two directions.
First we enlarge the class of integrands we can use:

Definition 4.11. Let £Y°(M) be the set of all progressively measurable
processes L = (L);>o such that

P (w cq: /Ot L2(@)d{Mu(w) < oo) —1 forall ¢>0.

Given M € MY““ and L € £19°(M) there exists a sequence of stopping times
71 <1 < - < oo with lim, 7, (w) = oo such that M™ = (Mar, )i>0 € Mg’c
and (L})i>0 := (LiX{t<ra})i>0 € Lo(M™) for all n = 1,2, ...

Proposition 4.12. There exists a unique X € MY such that
T (L") (@)X <@} = Xe(@)X e ()

fort >0 IP-a.s.
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Definition 4.13. We let
t t
/ L,dM, =X, and / L,dM, = X, — X,.
0 s

Now we summarize some of the properties of our stochastic integral:

Proposition 4.14. (i) For K,L € LY°(M) and o, 8 € IR one has
t t t
/ (aK, + BL,)dM, = a/ K,dM, + 5/ L,dM,, t >0, a.s.
0 0 0

(ii) Ito-Isometry: for M € M3, K, L € Lo(M), and 0 < s < t < oo one
has

t t t
E (/ KudMu/ LudMu|]-"s> = E (/ KuLud<M>u|f5) a.s.

(iii) For L € LY°(M) and a stopping time T : 2 — [0,00) one has that

( /Ow(w> LudMu> (w) = < /0 t LuX{uST}dMu> (@)

fort >0 a.s.
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A. For extended reading

It is not easy to find local martingales which are not martingales. We indicate
a construction, but do not go into any details. The example is intended as
motivation for ITO’s formula presented in the next section.

Example 4.15. Given d = 1,2, ... we let (W;);>0 be the d-dimensional stan-
dard Brownian motion where Wt(d) = (Bt ..., Bra), Wo = 0, and (Bi;)i>0
are independent Brownian motions. The filtration is obtained as in the one-
dimensional case as the augmentation of the natural filtration. Let d = 3

and
M= L
a4+ W
with || = 2 where | - | is the Euclidean norm on IR?. Then M = (M,);> is

a local martingale, but not a martingale.

Proof. To justify the construction one would need the following;:
(a) For a d-dimensional standard Brownian motion W with d > 2 the sets
{y} with y # 0 are polar sets, that means

IP(r, <o00) =0 with 7,:=inf{t>0:W,=vy}.

(b) For d > 3 one has that IP(lim;_,, |W;| = 00) = 1.
¢) Assuming that M is a martingale property we would get IEM, = IEM, =
=. But a direct computation yields to
2

1 1

E =1E — 00 0
e+ Wil e+ Vg1, 92.98)]

where g1, g2, g3 ~ N(0,1) are independent.
(d) How to show that M is a local martingale? This gives us a first impression

A . . - 1 o
of ITO-formula which will read for f(&;,&2,&3) : Jomae and X; := 1z +
(Bi1, Bia, Bi3) as
3 t of 1 [t
X,) = X,)dB,; + = Af)(X,)du a.s.
FxX) = g+ 3 [ G KBt [ADKdias
3 t
of
= X,)dB,;
f(a) +Z/ oL x)
where the latter term turns out to be a local martingale. O
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5. and 6. Lecture
ITO’S FORMULA

In calculus there is the fundamental formula

o+ [ 7w

for, say, f € C'(IR) and —oo < ¥ < y < oo. Is there a similar formula for
stochastic integrals?

Definition 5.1. Let f : [0,00) — R be a function. Then

var(f,t) == sup Y |f(t) = f(te-)| € [0,00].

0=to<-<tn=t T

The 1-variation var(f,t) is always lower bounded by the quadratic variation

because
(Z F(te) — f<tk1>|2> <D It = Fr-)l-

More precisely, to require that a process has a bounded variation is strictly
stronger than to require that a process has path-wise a bounded 2-variation.

Lemma 5.2. (i) The function var(f,-) is increasing.

(ii) If f:[0,00) = IR is continuous, then var(f,-) is left-continuous.

Definition 5.3. A stochastic process A = (A;)i>0, At 1 @ — R, is called of
bounded variation provided that

var(A.(w),t) =  sup Z |A;, (W) — Ay, (w)] <oo forall t>0 a.s.

O0=to<-- <tn7t

Lemma 5.4. If M = (M;)i>0 € MZOCC is of bounded variation, then

P(weQ: My(w)=0,t>0)=1.
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Proof. Since M has continuous paths it is sufficient to show that
P(M;=0)=1 forall t>0.
(a) First we consider M € MZ°. Assume that
var(M.(w),t) < ¢ < oo a.s.

and let ¢ := 2. Then

. 2
EW_JﬂZM@%QM

i=1
n 2
= > om My -]
i=1
< Evar(M.,t) sup |[Mp — M
i=1,...,n
< cIE sup Mtn—Mt;g‘
1=1,....n
Since
sup | M (w) — My l(w)‘ —n 0

for all w € € by the uniform continuity of the paths of M on compact
intervals and

sup |Myn — My | <2 sup |[M,| € Ly
i=l,,n ’ u€0,t]

-----

by DOOB’s maximal inequality, majorized convergence implies that
lim [ My — My | =0 s0 that  EMZ =0,

(b) Now let N € {1,2,...}, T'> 0, and
Tn(w) :=inf {t > 0:var(M. (w),t) > N} AT.

Because of Lemma the random time 7y is a stopping time. To check this
it is sufficient to show that

on(w) :=1inf{t > 0 : var(M. (w),t) > N}
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is a stopping time. Indeed
{t <on(w)} ={var(M.(w),t) < N} € F,

yields that oy is an optional time, so that we conclude that o is a stopping
time by the usual conditions. Moreover,

c,0
(Mt/\fzv)tzo € M2
by the optional stopping theorem and
var(M™ (w),t) < N.

Applying (a) gives

Consequently,
EM? = IEli]{fn M%ATN = li]]\r]n ]EM%ATN =0

since 7y T 71" a.s. and

M3, < sup M, € L.
t€[0,T]

(¢) Now we assume a local martingale with a localizing sequence (0,,)32, for
M. In addition, we let

prn =inf {t >0 |M;| > n}

so that 7, := 0, A p, is a localizing sequence with |M;™| < n. The variation
of M™ is bounded by the variation of M, so that

]P<Mt/\0'n - 0) - 1
forallt > 0 and n=0,1,2,... by (a) and (b). Consequently,
P(M; =0) =1E (ggo X{MMT,FO}) = lim I (X{as,.,=03) =0

where we have used dominated convergence and lim,, 7,(w) = oo for all w €
Q. n
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Definition 5.5. A continuous adapted stochastic process X = (X;)i>0 is
called continuous semi-martingale provided that

Xy =20+ M, + Ay
where 2o € IR, M € M, and A is of bounded variation with Ay = 0.
Because of Lemma the decomposition is unique.

Proposition 5.6 (ITO’S FORMULA FOR CONTINUOUS SEMIMARTINGALES).
Let f € C*(RY) and X, = (X},.... X% be a vector of continuous semi-
martingales. Then one has that, a.s.,

F(X) = f(Xo) +Z/ f LdXE 4 Z/ o axj YA(M?, M),

where dX! = dM! + dA!, and

(M, M), = i [(M*+ M), — (M"— M7),].

Proposition 5.7 (Partial integration). For continuous semi-martingales X
and Y one has that

t t
XY, = XoYo +/ Y.dX, +/ X dY, + (X, Y), a.s.
0 0
or, in differential form,
Proof. We take d = 2 and f(z,y) := xy so that, a.s.,
XY, = f(X,Y)

= f(Xo,Y0) + gf(Xu,Y)dX + gf(Xu,Yu)dYu
92 f
/(91’3 (X, Yo)d(X,Y),
an
t t
_ X Yo+ / Y,dX, + / X,dY, + / d(X,Y),
0 0 0
because (0f?/0x?) = (0f%/0y?) = 0. O
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Proposition 5.8 (Compensator). For M € M{“° one has that
t
M? — (M), = 2/ M, dM,
0

s a local martingale.

Proof. One takes d =1 and f(z) = 2% O

The proposition above says that (M), is the compensation for M? to get a
local martingale.

Definition 5.9. A continuous and adapted process X = (X;)i>0, X; : 2 —
IR, is called ITO-process provided there exist L € £X¢(B) and a progressively
measurable process a = (a;)¢>o with

t
/ |t (w)]du < o
0

forall t > 0 and w € Q and xy € IR such that

t t
Xi(w) = xo + (/ LudBu) (w) +/ ay(w)du for t >0, a.s.
0 0

To formulate ITO’s formula in this case we need

Definition 5.10. A continuous function f : [0,00) x R — IR belongs to
C12([0,00) x IR) provided that all partial derivatives 0f/0t, df/0x, and
02 f JOx? exist on (0,00) x IR, are continuous, and can be continuously ex-
tended to [0, 00) x IR.

Before we state ITO’s formula for ITO-processes we need

Lemma 5.11. Let M, = fg L.dB, for some L € Lo(B). Then

t
(M)t:/ Ldu a.s.
0
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Proof. By Proposition [£.3]it is sufficient to check that

t
(ME— / Lidu)
0 t>0

is a martingale. For 0 < s < t < oo we have to show that

t s
E(Mf—/ Lidu|]—"s) :Mj—/ Ldu a.s.
0 0

t
E (M} — M2|F,) =E (/ Lgdu|f5) a.s.

or

Using IE (M, M,|F,) = M,IE (M;|F,) = M? a.s., the left-hand side computes

to
E (M} — M2|F,) = E (M7 — 2M, M, + M2|F,) = E ((M; — M,)*|F)
and the assertion follows from Proposition |4.14] m

Proposition 5.12 (IT0’s formula for ITO-processes). Let X = (X;)i>0 be
an ITO-process with representation

t t
X = xg +/ L,dB, +/ aydu, t > 0,a.s.
0 0

and let f € CY2. Then one has that

Lo Lo
f(t, Xy) :f(O,X0)+/0 a—i(u,xu)du+/0 a—i(u,Xu)LudBu
1 [to*f

taf
—l—/o a—x(u,Xu)audu—l—

fort >0 a.s.

Proof. We only indicate the case f € C?(IR?). We let d = 2 and consider
the processes (Y;, X;) := (¢, X;) and apply the general ITO rule. Since the
martingale part of Y is zero, the only cross variation which is left is (M)
where M is the (local) martingale part of X. Here we use Lemma to
deduce T o2
2
o (u, Xo,)d(M), = = (u, X)L du.
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Example 5.13 (Exponential martingales). Let L € C[0,00) and X; :=
[y LydB,. Then

E(X), = X5 Jo Ladu _  Xe—5(X)s
15 a martingale and called exponential martingale.

The proof will be an exercise.
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A. For extendend reading: THREE APPLICATIONS OF ITO’S
FORMULA
A.1 Behavior of the three dimensional Brownian motion

Let B = (B}, ..., BY) a d-dimensional standard Brownian motion where the
filtration is taken to be the augmentation of the natural filtration and the
usual conditions are satisfied. The process

R; = |xy + B|

where |-| is the d-dimensional euclidean norm is called d-dimensional BESSEL
process starting in z, € IR?. We want to prove the following

Proposition 5.14. Let d =3 and 0 < ¢ < r = |xo|. Then one has that

P(mnse) =
Proof. Let
Ti=inf{t>0: Ry =c} and o :=inf{t>0: R, =k}
for an integer k > r. Let
Pkn = TN o An.

By ITO’s formula we get

— - [Mwran
= - = quu
Rpk,n r 0

with f(x) := 1/|x|. Taking the expected value gives

1 1
B
T R

1 1 1
= EIP(T <orAn)+ EIP(J;C <TAN)+ IER—X{HQ,]CAT}.

Pk,n

By n — oo we get that

1 1 1
-=-IP(r < —IP(o), <
S= (1 <op)+ ’ (op < 7)
By k — oo we end up with
1
-=-P(r < .
o= (T < 00)
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A.2 Lévy’s characterization of the Brownian motion

Proposition 5.15. Let (2, F,IP; (F;)i>0) satisfy the usual conditions and
let M be a path-wise continuous martingale with My = 0. Then the following
conditions are equivalent:

(i) M is an (Fi)i>o-Brownian motion.
(ii) (M), =t fort >0 a.s.
Proof. We only have to show that (ii) implies (i). Let

f(z) = e for some \€IR.

By ITO’s formula (here we ignore, that we have complex numbers),

t 2 t
) ) A )
ez)\(MthS)XA = ya+ XA/ z’)\el’\(M“Ms)d’\ [, — > XA/ ez)\(Must)du

for all A € F,. Taking the expected value implies that
. 22t .
EeAMe=My  — P(A) — ?/ [EeMMu=Msy ) du.

Letting .
H(u) := e MueMey
gives that
)\2 t
H(t)=1P(A) — ?/ H(u)du,

2
so that H(t) = IP(A)e= =) This implies that M, — M, is independent
from F, and that M; — My ~ N(0,t — s). O

A.3 Local time

Given a Borel set A C IR and a Brownian motion B = (By);>¢ we want to
compute the occupation time of B in A until time ¢, i.e.

Ty(A,w) = /0 a(Bu(w))ds = \(s € [0,4] : B,(w) € A).
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It is not difficult to show that I';(A,w) = 0 P-a.s. if A(A) = 0 so that one
can ask for a density

Ft(A,w):/AQLt(x,w)dx

where the factor 2 is for cosmetics reason.

Definition 5.16. A stochastic process L = (L(z,-))i>0zer 18 called Brow-
nian local time provided that

(i) Li(z,-) : Q@ — R is F-measurable,
(ii) there exists €y € F of measure one such that for all w € 2y one has

(a) (t,z) — Li(x,w) is continuous,
(b) Ty(A,w) = [, 2Li(z,w)dzx for all Borel sets A C IR.

To get a candidate for L(x,-) we use Itd’s formula: Let p. € C§° be such
that supp(¢:) C [—¢,¢], ¢ >0, and [ ¢.(x)dz = 1. Let

i) = [ [ ewduay

T

o) = [ e

— 00

(@) = e(x).

so that

By Ito’s formula, a.s.
t 1 t
fBi-a) = L)+ [ B - wdB g [ B - s
0 0

— f(-a)+ / (B, — a)dB. + | / oo(B.— a)ds.

t
]E/ |f2(Bs — a) — X(0,00)(Bs — a)l*ds — 0
0

and
sup |fo(z) — 2| =0
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as € | 0, so that, a.s.,

. 1 t t
tin > [ (B = s = (Bi— ) = (0" = [ xooo (BB,
n 0 0

for some sequence ¢, | 0. But the left-hand side is - formally -

1 t

Proposition 5.17 (TROTTER). The Brownian local time exists.

Proof. (Idea) (a) Let

My(z,w) := (Bi(w) — a)" = (=a)" - (/Ot X(a,oo>(Bs)st) (w)-

By a version of KOLMOGOROV’s Proposition one can show that there
exists a continuous (in (t,z)) version L = (L(z,))i>02em of M.

(b) Let —00 < a1 < as < by < by and define the continuous function A : IR —
IR as h(x) = 1 on [ag, bs], zero outside [ay, by], and linear otherwise. Let

H(z) = /_ OO /_ 1 () dudy — /R (2 — u)* du

so that
H'(x) = /_x h(u)du:/mh(u)x(wo)(:c)du
H'(z) = h(z).

By 1to’s formula,
1 t t
5 [ WByds = BB - H(B) - [ 1B,
0 0
t
= / [(Bt —a)t — (—u)”" —/ X(um)(Bs)st] du
R 0
= / h(uw) My (u, -)du.
R
(c) In the last step one has to replace M by L. O
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Formally, we also get the following:
a+e
I'((a—¢e,a+¢),w) :/ 2L(z,w)dx

and

.1
lglﬁ)l 4—€F((a —g,a+¢),w) = Lia,w).

Proposition 5.18 (TANAKA formulas). One has that, a.s.,

Lt(a) = (Bt - CL)+ — (—a)+ — /0 X(a,oo)(Bs)st

and .
2Li(a) = |By —a| — | — q| —/ sgn(Bs — a)dBs.
0

Proposition 5.19 (ITO’s formula for convex functions). For a convex func-
tion f and its second derivative p one has, a.s.,

By =0)+ D~ f(B.)dB. + [ @t

where
1

D™ (@) = lim 3 [f(x — h) = /(@)

and p is determined by

p(la, b)) :== D~ f(b) = D™ f(a).
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7. Lecture
STOCHASTIC DIFFERENTIAL EQUATIONS

Stochastic differential equations (SDE’s) play an important role in stochastic
modeling. For example, in Economics solutions of the SDE’s considered be-
low are used to model share prices. In Biology solutions of stochastic partial
differential equations (not considered here) describe sizes of populations.

7.1 Strong solutions of stochastic differential equations

Stochastic differential equations are (for us) a formal abbreviation of integral
equations as described now:

Definition 7.1. Let 2o € R, D C IR be an open set, and o,a : [0,00) x D —
IR be continuous. A continuous and adapted stochastic process X = (X;)i>0
is a solution of the stochastic differential equation (SDE)

dX; =o(t,X;)B; + a(t, X;)dt with X = xg (3)
provided that the following conditions are satisfied:
(i) Xy(w) € D forallt >0 and w € Q.
(il) Xo = xo.
(iii) X, = w0 + [, o(u, X,)dB, + [, a(u, X,)du for t > 0 as.

Let us give some examples of SDE’s.

Example 7.2 (Geometric Brownian motion with drift). If X; := zge®Bt+0
with zg, b, ¢ € IR, then we obtain by ITO’s formula that, a.s.,

t t 1 t
X, = mo+ / cX,dB, + / bX du + = / X, du
0 0 2 Jo
t t 1
= xo—l-/ chdBu—i-/ {b+502:| X.du
0 0

t t
= :vg—i-/ JXudBu—I—/ aX,du
0 0
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with
o = c,
1

a = b+ 562.

Going the other way round by starting with a and o, we get that
c = o,

1
b = a— o>
a 20

Consequently, the SDE
dX; = o X dB; + aXdt with Xy = xg

is solved by
X = xoe”Bﬁ(“*%”Q)t.

We may use D = IR for o(t,x) := oz and a(t, z) := ax.
The following examples only provide the formal SDE’s. We do not discuss
solvability at this point.

Example 7.3 (ORNSTEIN-UHLENBACK process). Here one considers the
SDE
dX; = —cXidt + odB; with X, = xg.

Example 7.4 (VASICEK interest rate model). Here one considers that
dry = a(b—ry)dt + odB; with 19 >0,

o > 0, and a,b > 0 models an interest rate in Stochastic Finance. The
problem with this model is that r; might be negative if o > 0. If o = 0, then
one gets as one solution

re = roe” "+ b(1 — e )

so that the meaning of a and b become more clear: the interest rate moves
from its initial value ry to the value b as t — oo with a speed determined by
the parameter a. If ¢ > 0 one tries to add a random perturbation to that.
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7.2 Uniqueness and existence of strong solutions

We shall start with a beautiful lemma, the GRONWALL lemma.

Lemma 7.5 (GRONWALL). Let A, B,T >0 and f : [0,T] — IR be a contin-
uous function such that

f(t) < A+B/0tf(s)ds

for all t € [0,T]. Then one has that f(T) < AeBT.

Proof. Letting g(t) := e B! fot f(s)ds we deduce

g0 ==Be ™ [ fopds +e )
= < f(t)—-B f(s)ds) < Ae” Pt

and

Consequently,

f(T)<A+B /T f(t)dt = A+ BeTg(T)

< A+ BePT (1 — e_BT) = AeBT,

Se] IS

]

Proposition 7.6 (Strong uniqueness). Suppose that for alln = 1,2, ... there
18 a constant C,, > 0 such that

|o(t,2) = o(t,y)] + |a(t, 2) — a(t, y)| < calr =y

for x| <n, |ly| <n, andt > 0. Assume that (X;)i>0 and (Yi)e>o are solutions
of the SDE (@ Then
P(X,=Y;,t>0) =1
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Proof. We use the stopping times
opi=nf{t >0:|X¢| >n} and 7,:=inf{t>0:|Y; >n}

where we assume that n > |zg|. Letting p, := min{o,,7,} we obtain, a.s.,
that

Hence
tApn 2
IE [ Xinp, — Yt/\pn|2 < 2E / [a(u, X,,) — a(u, Y,)] du
0
tApn 2
+2IE / [o(u, Xy) — o(u,Y,)] dB,
0
tApn
< AE / la(u, X)) — a(u, V) du
0

tApn
e / (1, X,) — o(u, V) du
0
tApn
< (2t+ 2)ch]E/ X, — Y, [2du
0
t
S <2t + 2)CiIE/ ’XU/\pn — Yu/\pn|2du.
0
Now fix T' > 0. The above computation gives
t
E Xinp, — Yins [ < 2T+ 202 [ B Xany, — Vi '
0
for t € [0, 7). For

f(t) = ]E |Xt/\pn - }/;5/\,071‘2

we may apply GRONWALL’s lemma. The function f is continuous since for
tr — t one gets

hinf(fk) = hin]E|thApn—YtkApn|2
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= Eh}gﬂ | Xtonpn — Younpa|”
= ]E |Xt/\pn - K/\Pn |2
= f(®)
by dominated convergence as a consequence of (for example)

IE sup |men|2 <n?
t€[0,T]

and the continuity of the processes X and Y. Exploiting GRONWALL’s lemma
with A:=0 and B := (2T + 2)¢,, yields

f(1) < AePT =0 and E | Xinpn — YtApn’2 = 0.

Since
lim p,, = 00
n

because X and Y are continuous processes, we get by FATOU’s lemma that
E[X, = Y,|" = Elim inf | Xinp, — Yipp,|” < liminf B[ X, — Yoy, [ = 0.
Hence IP(X; =Y;) = 1 and, by the continuity of X and Y,
P(X;=Y,t>0) =1
[

Sometimes the assumptions of the above criteria are too strong. There is a
nice extension:

Proposition 7.7 (YAMADA-TANAKA). Suppose that
o,a:[0,00) xR - R
are continuous such that
o(t,z) —ot,y)l < h(lz—yl),
la(t,z) —alt,y)] < K(lz—yl)

for xz,y € R, where h : [0,00) — [0,00) is strictly increasing with h(0) = 0
and K :]0,00) — R is strictly increasing and concave with K(0) = 0, such

that
¢ du _/E du B
o K(u) Jy h(u)?

for all e > 0. Then any two solutions of (@ are indistinguishable until the
hitting time of the boundary of D.
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Example 7.8. One can take h(x) :=z* for a > 1.

However, there is also the following example:

Example 7.9. Let 0 : R — [0,00) be continuous such that
(i) o(xg) =0,

(i) [77° o < o0 and o(z) > 1 if |x — 0| > € for some & > 0.

zo—e o2(x)

Then the SDE
dXt = O'(Xt)dBt with X() = 2o

has infinitely many solutions.

Proposition 7.10. Suppose that o,a : [0,00) X R — IR are continuous such
that

jo(t,2) = o(t,y) + |a(t, 2) —alt,y)| < Klr—yl,
lo(t, @) + la(t,2)] < K(1+[z])

forallt >0, x € R, and some K > 0. Then there exists a solution of the
SDE (7).

Proof. (a) We define a sequence of processes X*) = (Xt(k))tzo which con-
verges to our solution:

Xt(O) = Zo,

t t
Xt(chrl) — x0+/ a(u,Xik))dBu+/ a(u,Xl(Lk))du.
0 0

(b) Let us fix 7" > 0. By induction we show that

sup ]E]Xt(k)]2 =: Ay < o0.
t€[0,T]

For k = 0 this is clear so let us consider the step from k to k 4+ 1 where we
get that

]E|Xt(k+1) |2
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T
< |:r;0]2+IE/ o(u, X 2du + IE
0

t 2
/ a(u, XM du ]
0

T T
< 4{]1}0|2—|—/ K2(1+\X5k>|)2du+T/ IEK2(1+|X1(L’“)|)2du}
0 0

= Ak+1 < 0

since IB(1 + | XM))2 < 2(1 + Ay).

(¢) Now we show some kind of CAUCHY sequence property for the sequence
of processes X*) to obtain an appropriate limit. First we decompose the
difference Xt(kﬂ) — Xt(k) almost surely as

t
Xt(k_H) - Xt(k) _ / [O’(U,quk)) — U(U,Xq(lk_l))} dBu
0

¢
—l—/ [a(u,Xi(k)) — a(u,Xﬁk_l))} du
0
= Mt —|— At'

Now

T
E sup |A]* < TK2/ E|X® — xk-D2g,
0

t€[0,T]

and

E sup |M;]*> < 4EM3}
te[0,7

- 4]E/ w, X®) = o (u, XED)[* du
< 4K2/ E|X® - XF V| du
0
by DOOB’s inequality and ITO’s isometry. Consequently,

T
E sup ‘Xk“) 5‘”’2 < L/ E|XH — x k=D 2g,
0

te[0,T)

for L := 2(4K? + TK?). We iterate the last equation and get

IE sup ’X 1) X(k)‘
t€[0,7]
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T Ul
< I / / | XD - XF2| doduy

< Lk/ / / E | X! — | dvdu, - - duy,—y

L — sup E[XY — zf?

- k! ve[0,T]
_ It
- TR
Using CHEBYCHEV’s inequality we continue to
(k1) ! e (LD, LT
v (EBF}] )Xt ‘ ~ 2k+1> sA e s U

Now we use the BOREL-CANTELLI lemma: letting

1
Ay =< sup ’X k) X(k)‘ > —
: {te [0,T] ! 2k+1

we get

k=1n=k

i]PAk ) < oo so that ]P(ﬂUAn> 0
k=1

k=1n=k

: e(0f )

Assuming
we =4
k=1n=k
we have )
(n+1) (n)
sup ‘X w) — X (w ‘ <
s X0 ) - X0 < o

for n > k(w). Define

0 @ wé&

: k
YD () = { lim, X P (W) + we Qé '
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For this process one can show that it satisfies
t t
v =z, +/ J(u,Yu(T))dBu—l—/ a(u, Y du
0 0

on [0,7]. By the uniqueness argument for the strong solutions we also get
that
Py, =Y™) =1

for t € [0, min {73, 75}]. Hence, as already carried out earlier we may find a
continuous and adapted process X = (X;);>o such that

P(X, =Y ") =1 forall te][0,n]

which turns out to be our solution. O
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8. Lecture
TRANSFORMATION OF DRIFT

To perform a so-called transformation of drift we need the following result of
GIRSANOV:

Proposition 8.1 (GIRSANOV). Let L = (L;)i>0 € L2(B) and assume that
the process (&;)i>0 defined by

t 1 t
E = exp (-/ L,dB, — —/ Lidu>
0 2 0

1s a martingale. Let T > 0 and
dQr = EpdIP.
Then (Wy)eeo,r) with
W, := By + /t L.du
0

defines a Brownian motion (Wy)iwcpo,r) with respect to (0, Fr, Qr, (Ft)icpm)-
Lemma 8.2. Let 0 <t <T < 0.

(i) The measures Q; and Qr coincide on JF;.

(ii) Assume that Z : Q — R is Fr-measurable such that IEq,.|Z| < oc.

Then
E(Z&r|F)
— "~ a.s

Proof. (i) For B € F; one has

QT(B):/BETd]P:/BIE(ETU-})dIP:/BStdIP:Qt(B)

where we have used that (& ):>o is a martingale.
(ii) We show that

EEE,, (|Z]|F) < oo and / EEq, (Z|F,)dIP = / ZErdIP
B B
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for all B € F;, which follows from
o > / 1Z1dQr
Q
~ [ Eo(12)1F)d0r
Q
- [ Eo.zIiF)da
Q
~ [ &, (12]1F)ap,
Q
and, the other way round, by
| o217~ [ o (2170,
B B

- / Eo, (Z|7)dQr
B

_ /B 2dQy

= / ZEpdIP.
B

]

Proof of Proposition[8.1. We restrict ourselves to Ly = p € IR. In this case
we have that W; = B; + ut which is a Brownian motion with a deterministic
drift. Moreover, using the same argument as in Example 4.2| we derive that
(&)e>0 is a martingale.

(a) First we show that (W})co,r) is a @r-martingale, that means Eq, |W;| <
oo and Eq,(Wr|F:) = Wy as. for 0 < ¢t < T. The integrability is a
consequence of

IEQT|Wt‘ = /Q‘Bt—FMﬂSTdIP

2
= / |B, + ptle *Br=5Tqp
Q

IN

2 2
/|Bt|6_“BT_u2TdIP—I—,ut/e_“BT_HQTdIP
Q Q
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— /\/Elg”e—u\/fgl—uvT—th—“;TdIP+Mt
Q

2

< \/Z/ lglle“ﬁglle/ eIl qipe= T 4 it
Q Q

where g; and go are independent standard Gaussian random variables. So
we have to estimate, for an integer n > 0 and ¢ € IR, that

_e dé
g|"e“dIP = / £|"e%e 2 < o0
Xz [ =

which follows by an easy computation. Now we turn to the martingale prop-
erty. Using Lemma [8.2) we need to show that
E(WrEr| Ft)
&

= Wt a.s.
which is equivalent to

& £
E ((WT - Wt)?TU-}) + W, E (gm) =W, as.
t t

Er
— =1 a.s.
IE(&]}}) a.s

because (&);>0 is a martingale, we end up by checking that

Since

b
E ((WT - Wt)?TU—"t) =0 as.
t
Again, by independence,
ST gT
E (WT — Wt)—|ft =1 (WT — Wt)— a.s.
gt 5t
Finally, we observe, for s := T — ¢, that

Er / w2 dE
E{Wr—-W)— | = SE — pus)e MV =0.
<< T t) gt) ]R(\/_f 2 ) \/ﬂ
(b) Now we compute the quadratic variation of W. It should be the same as
the quadratic variation of the Brownian motion B, since the only difference
is a process of 1-variation. Let us take a sequence of nets

0=t < - <t"=t
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with
lim max [t} — ¢ ;| = 0.
n 1<i<n

We find a subsequence (n;)g2, such that

1 2
lim (W = Wep 2= (W), Qas.

i=1
Since IP ~ () we may replace Q-a.s. by IP-a.s. Finally, we have that

1

1
2 2

— K (Z |t — t?1|2>
=1

< (z Wi - w)

=1
1

n 2 n

< (Z By — By, ) +p (Z o — tu?)
i=1 =1

(z By - \)
=1

N[

=

Since

n n
lim <th;‘ —t?_1|2> < lim {sgpw —t?_1|] <Z|ty—ty_1|>

i=1 i=1
= lim¢sup [t} — ¢ ;| =0

it follows that, a.s.,

ng Nk
lim (Z By — Bt::kf) = lim (Z W = Wt?fl|2> -

i=1 i=1
Because of (B); =t, t > 0, a.s., this implies that

(W), =t,t>0, as.
Applying Proposition we can conclude the proof. m

Now we turn to the NOVIKOV condition, an important condition to decide
whether (&;)¢>0 is a martingale.
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Proposition 8.3. Assume that M = (M)cjo.1] 95 a continuous martingale
such that
EezM7 < o0,

Then € = (E)iejor) with

s a martingale.

Now we come back to our SDE’s and show how the method of the transfor-
mation of drift works.

Proposition 8.4 (Transformation of drift). Let o,a : [0,00) x R — IR be
continuous such that

lo(t,2) = o(t,y)| + |a(t,2) —alt,y)] < Klr—y|
lo(t, )] +lat,2)] < K1+ |z)

forallz,y € R andt > 0. Let X = (X;)i>0 be the unique strong solution of
dXt = O'(t, Xt)dBt —+ G(t, Xt)dt

with Xo =xg € R. Let T > 0 and L : [0,T] x R — IR be continuous such

that
Fes Jo LwXu)?du o

and let .
W, .= B, —I—/ L(u, X,)du
0

forw € [0,T]. Then, under Qr with
dQr := EpdIP  where & :=e¢e~ Jo L(w.Xu)dBu—3 [ L(“vXu)Qd“’
one has that

dX; = o(t, Xy)dWy + [a(t, X¢) — o(t, Xy)L(t, Xy)]dt  for t€[0,T].

What is our philosophy in this case? We wish to solve
dX; = o(t, Xy)dW; + [a(t, X;) — o(t, X;)L(t, X;)]dt  for te€[0,T].
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For this purpose we construct a specific Brownian motion W = (Wt)te[O,T]
on an appropriate stochastic basis (2, F, Qr; (F)ejo,r)) so that this problem
has the solution X = (X;);cjo,r) which is called weak solution.

Proof of Proposition[8.4. By Propositions and there is a unique
strong solution X = (X¢)¢>0. Setting

t
M, = / (—Ly,)dB,
0

we get that (&)i>0 is a martingale by NOVIKOV’s condition (Proposition
8.3). The GIRSANOV Theorem (Proposition gives that (W;)cjor] is a
Brownian motion with respect to Q7. And finally (and also a bit formally)

dXt = O'(t, Xt)dBt + a(t, Xt)dt
= O'(t, Xt)(dBt + L(t, Xt)dt) — O'(t, Xt)L(t, Xt)dt + a(t, Xt)dt
= O'(t,Xt)th + (a(t,Xt) — O'(t,Xt)L(t,Xt))dt

Example 8.5. Let o(t,z) =z, a=0, 79 =1, S, = %2, and
]EeéfOT L(u,Sy)?du < 0.

Then
dSt = Stth — StL<t, St)dt, te [0, T], under QT.
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A. For extended reading: weak solutions

In the previous section we already indicated the principle of weak solutions:
we do not start with a stochastic basis, we constructed a particular Brownian
motion to our problem. The formal definition is as follows:

Definition 8.6. Assume that o,a : [0,00) X IR — IR are measurable and
bounded. A pair (X;, Wy)i>o is a weak solution of

dXt = O'(t, Xt)th + a(t, Xt)dt with XO = 2y

if there exits a stochastic basis (2, F, Q, (Ft)i>0) satisfying the usual condi-
tions such that

(i) (Wy)e>o is an (F)i>o-Brownian motion,
(il) Xy =z + f(f o(u, X, )dW, + fot a(u, X,)du, t >0, a.s., and Xy = zy.

Let us start with an example of an SDE that has a weak solution, but not a
strong solution.

Example 8.7 (TANAKA). Assume that (€, F, IP; (F;)i>0) satisfies the usual
conditions and that B is an (F;):>o-Brownian motion and that the filtration
is the augmentation of the natural filtration of B. Then the SDE

dX; =sgn(X;)dB;, with X,=0,

with sgn(z) = —1 for x < 0 and sgn(z) = 1 for x > 0, has no strong solution,
but a weak solution.

Proof. (a) Assume that we have a strong solution: By Levy’s theorem the
process X is a Brownian motion as well because,

(X)e =t

for t > 0 a.s. Applying TANAKA’s formula gives that
t
| X:| = / sgn(Xs)dXs + 2L4(0)
0
t
= / sgn(Xs)sgn(X,)dBs + 2L,(0)
0
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Consequently, B; can be expressed (modulo null sets) via | X;|, so that
FXVNCFEVNCFX v N

which can be shown to be a contradiction, where N is the system of all null

sets of (2, F,IP).

(b) The SDE has a weak solution. We start with a Brownian motion X on
(Q> fa IP; (.Ft)tzo) and let

t
Wi ::/ sgn(X)dXs.
0

By LEVY’s theorem the process W is a Brownian motion as well and we have
that, a.s.,

t t
Xt:/ Sgn(Xs)2dXS:/ sgn(Xs)dWs.
0 0
]

Proposition 8.8. Assume that o,a : [0,00) X IR — IR are continuous and
bounded. Then the SDE

dXt = O'(t, Xt)th + a(t, Xt)dt with XO = 2y
has a weak solution.
Proof. (Idea) Let us define

o(t,x)?
2

Af(t,z) = J'(@) + alt, ) f'(x)

for f € C?. Using ITO’s formula and assuming that one has a solution X
one can show that

(7000 -0 - | t Af(s,Xs)ds>t20 ()

is a local martingale for f(x) = z and f(x) = 2. The idea is as follows:
Step 1: By an approximation scheme one constructs a continuous stochastic
process X which solves the martingale problem as above.
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Step 2: Letting
t
M, =X, — X,y — / a(s, Xs)ds
0

one proves (by using f(z) =z and f(z) = 2?) that

(M), = /Ota(s,Xs)st

for ¢ > 0 a.s. From that one constructs a Brownian motion W such that

t
M, = / o (s, X,)dIW,
0

and checks that this is the desired solution. O

To formulate a connection of weak solutions to strong solutions we introduce
the notion of path-wise uniqueness.

Definition 8.9. The SDE
dX; = o(u, X,,)dBy, + a(u, X,)du with Xy = xo,

t >0, a.s., Xog = xg, satisfies the path-wise uniqueness if any two solutions
with respect to the same stochastic basis and Brownian motion are indistin-
guishable.

The application of this concept consists in

Proposition 8.10. The existence of weak solutions together with the path-
wise uniqueness implies the existence of strong solutions.
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9. Lecture
A CcoONNECTION TO PDES

Throughout this section we assume a stochastic basis (€2, 7, IP, (F)sc(0,1]) and
a standard d-dimensional Brownian motion B = (B):cjo,1], where (F¢)icjo1)
is the augmentation of the natural filtration and F = F;. We consider the
parabolic backwards PDE

%_1; 4 %AF—FQ — kF with F(1,2) = f(z)

where
e the potential &k : R? — [0, 00) is continuous,
e the Lagrangian ¢ : [0,1] x R? — R is continuous,
e the terminal condition f: R? — IR is continuous,

e F:[0,1] x R = IR is continuous and in C*2 on [0,1) x R%.

Proposition 9.1 (FEYNMAN-KAC). Assume that

F(t t,z)] < cel
t%‘[(?‘,’ﬁ' (,fc)|themn[gtff]lg(,:c)l_c6

and that 0 < a < %. Then
F(t,z) =

1-t
E|f(x+ By_)e Jo FatB)ds | / g(t + 0,2 + By)e~ Jo katBdsgg |
0

Proof. Let us consider the case d =1 andlet usfixz e Rand 0 <r < 1—t.
Define the process

0
Ap = / k(x + Bs)ds
0
and the function

G(0,y,a) = F(t+ 0,2 +y)e .
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Define the stopping time
=inf{s >0: |z + Bs| > n}.
An application of ITO’s formula gives

F(t+ (r A71,), 2+ Brar,)e™ JIAT k(a+Bs)ds
= G(rATn Benr,, Arar,)

" oG 0G 10G?
= G(O,Bo,Ao)+/0 {%Jra—k’( +Bo) + 555 | (0, Bo, Ag)db

TNATn aG
+/ — (0, By, Ay)dBy
0 ox

TNATn
= F(t,x)— / e lo MatBs)dsg(t 49, x + By)dh
0

+/Omrn — [{ k(z+Bs)d gF (t+ 0.2+ By)dB,
Taking the expectation and rearranging gives that
F(t,z) = EF(t+ (r ATp), 2 + Byag, e Jo " FB)ds
N ]E/vr/\Tn o I k(Bs)dsg(t 40, + By)do.
0
Now we let n — oo and r 1 1 — ¢ so that
F(t,2) = EF(1,z + By_,)e Jo  k(Bs)ds
N ]E/lt - J k(Bs)dsg(t 40,1+ By)dd.
0

Finally, we observe that F'(1,z) = f(x). O

If we assume d =1, g =0, and k = 0 we get that
F(t,z) =Ef(x+ B1_)
solves the backwards heat equation

OF 10*°F

— + =

ot 2 02
Another variant of the above result is the famous BLACK-SCHOLES PDE in
option pricing:

=0 with F(l,z)= f(x).
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Proposition 9.2. Let S; := eBr=3 be the geometric Brownian motion, f :
(0,00) = IR be a Borel function such that TEf(S})? < oo, and

G(t,y) = Ef(ySi).

Then
oG 22 9°G L1906 2
t
G(t,Sy) =IEf(S1) + a—G(u, S.)dS, a.s.
o Oy
fortel0,1), and
L oG
f(Sl) = ]Ef(Sl) + a_y(t, St)dSt a.s.
0

Before we prove the proposition, let us give an interpretation from option
pricing in Stochastic Finance: The random variable S; describes the share
price at time ¢, f is a pay-off function, G(¢,y) is the option price at time ¢ if
the underlying share price equals y, the integrand % describes the so-called
d-hedging strategy.

Proof of Proposition[9.9. (a) Let h : IR — IR be Borel-measurable and 6 > 0.
Assume that

/ ¢ 0 |h(z)| dz < oo.
R

Then (s, z) := Eh (z + W,) exists (and is finite) for (s,z) € (0,55) % IR,
has partial derivatives of all orders, and satisfies

o 16% |
% = 5@ on (0, %) x IR.

(b) Let 1 < ¢,r < 0o be such that 1 = 217 + %, 0 := 5, and h(z) := f (655—5)
for x € R. Assume that f(S;) = h(B1) € L,. Then

/}Re—%z \h(z)|de = /IR<6) (e |f(ew—%) |) da
</]Re_zjgldx)pl/ (/]Re—f 7 (e3) |de);
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1
v

- (/ exjf,dw)p (20 |If (S0l < o0
R

where 1 = 1/p + 1/p’. Now one can apply (a) to obtain that G €
C*((—¢,1),(0,00)) for some ¢ > 0 and satisfies the claimed PDE. It can
be also shown that

2 2

0G dt < oo

_<t7 St)St

Xz

IE sup
t€[0,b]

' oG
< oo and /O]E'a—y(t,st)St

for all b € [0,1). From this and ITO’s formula we may deduce that

E(f(S)|F) = G(t,5,) = Ef(S,) + g—j@ S)dS: as.
0

By t 1 1 the assertion follows because Vicp1)F; = F1 and a martingale
convergence theorem. O
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10. Lecture
THE COX-INGERSOLL-R0Ss SDE
Here we want to discuss the COX-INGERSOLL-ROss SDE
dX, = (a — bX,)dt + o\/X,dB, with Xy =z >0 (5)
on [0, 7] where a,0 > 0, b € IR, and
T(w) ;== inf {t > 0: X,(w) = 0}.

Proposition 10.1. There exists a unique continuous and adapted solution
of the SDE (3).

We are not in a position to prove this proposition. The uniqueness can be
deduced by exploiting the uniqueness criteria of YAMADA-TANAKA presented
in Proposition [7.7] since

Vel = Vyll < (| = y))

/OO dz /OO dz
— = — = 0.
0 h(x)g o <

What we can do in more detail is to study the quantitative behavior of this
equation in one case.

with h(z) := /z and

Proposition 10.2. Ifa > %2, then IP(17 = 00) = 1.
Proof. For x, M > 0 we let (X}):>0 be the solution of the COX-INGERSOLL-
Ross SDE starting in > 0 and

Thy(w) :=inf{t > 0: X7 (w) = M}.

(a) Define

x
2by 2a

s(x) ::/ ea2y o2dy.
1

Then



by an easy computation.
(b) Let 0 <e <2 < M and 77y, := 77 A 7. By ITG’s formula

t/\T;M 1 t/\‘r;M
o) = s+ [ semaxe g [ et
0 0
IATZ o
= 3(m)+/ §'(X¥)or/ XsdBs
0
t/\T;M 1
+/ [(a— bXT)s'(XT) + 55”(X;”)02Xs} ds
0
t/\T;M
= s(x)+/ s'(X?)o/ XdBs.
0

(c) Since Xiprz € [g, M] for all £ > 0 we have that

2

t/\T;M
IE/ s'(X")?0*X,ds = IE )s (XMT;M> — s(x)
0 :

< sup Js(y))?
y€le,M]

=: ¢

< OoQ.

Letting ¢ — oo gives that
e 2y 2
IE/ (XTI Xs0%ds < 00.
0
Since X, > ¢ for s € [0,77,,] by definition and since

2bx 2a 2|b|IM
- TETG2
o

s(x)y=eo?x o2 >e¢ M™232 = d >0

we get that
TiM
IE / ds < 00
0

so that I[E7”), < oo and 77), < 00 a.s.
(d) Now

Tgi]\/[/\t
@) = B <S(X%MM) _ /0 s’(Xf)m/ngBs>
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and the boundedness of the integrand of the stochastic integral on [0, 77, At]
yields that
s(e) = Bs(XE )

By ¢ — oo, dominated convergence, and the fact that 77°,, is almost surely
finite, we conclude that

s(x) = IES(X%M) = s(M)IP(ry; < 77) + s(e)P(ry; > 72).

(e) Now we can prove our assertion. First we observe that

. . © 2y _2a
lims(e) = lim [ e-2y «2dy
el0 el0 Jq
1

T [ 260—@’2} -0,

i [ |7 [y dy
= —©

since § = 2% > 1. Moreover, IP(7? < 7{;) decreases as € | 0. Assume that

hﬂ)l]P(Tg <Ty)=0>0.

Then

s(x) < |s(M)| — lgigl s(e)d = —o0

which is a contradiction. Hence

1;&1 IP(r2 < 73) = 0.

Since 77 is non-decreasing in ¢ we conclude that
IP(ry < 1y) =0.
Letting M — oo gives 7j(w) 1 00 so that

IP(1y < 00) = AI}%EOIP(T(? < ty) =0.

Hence P(7§ = o0) = 1. O
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1. Day: Gaussian processes and Brownian motion

(1) Let W = (W};)>0 be a Gaussian process such that
EW, =0 and I(s,t)=EW,W,=min(s,t).
(a) Show that E(W; — W) (W, —W,) =0if 0 <a <b<c<d. Are the
random variables W, — W, and W, — W, independent?

(b) Define Y; := tW% if t > 0 and Yy := 0. Show that (Y})i>0 is a
Gaussian process and compute IEY,Y;. Do you recognize the process
(Y2)i>0?

(2) Let WH

= (WH);o be a fractional Brownian motion with Hurst index
H e (0,1).

(a) Let 0 < s <t < oo. Show that

>0 : H>1/2

H _ywH\WwH —
E(We" = W)W, {<o L H<1/2 "

This means that the increments of the process W correlate nega-
tively if H < 1/2, and positively, if H > 1/2.

(b) Is there a continuous modification Y = (V;);>0 of the process WH =
(W), such that all paths of Y are continuous?

(3) Let (£, F,IP) be a probability space, F = (F;):>0 a filtration and X =
(X¢)>0 a stochastic process F-adapted whose paths are continuous for all
w € Q. Let tg > 0 and A C ) the set of all w € ) such that

sup Xi(w) < Xy (w)

[t—to|<e(w)

for some e(w) > 0. Is it true that A € (oo Frgse’

e>0

Homework for the 2nd day:

(1) Is there a modification X = (X})sc[0,1) of the Brownian bridge Y = (Y}):>0
such that all the paths of X are continuous?

(2) Let X = (X)iep,1) be a Brownian bridge. Define
Y= (t+1)X o, t20.

Do you recognize the process Y = (Y};)i>07
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2. Day: Stopping times and stochastic integrals

(1) Let X = (X})i>0 be continuous and adapted, I' C IR be non-empty and
closed, and define the hitting time

mi=inf{t >0: X, €T}
with the convention that inf () := co. Show that 7 is a stopping time.
(2) Let S = (S;)i>0 be a geometric Brownian motion, defined by
S = eB‘_%,

where B = (B;)i>0 is a standard Brownian motion. Show that S is a
martingale.

(3) Suppose 2 =10,1), F = B(IR), and IP = A, and define

kE—1 k
= ,— | k=1,...,2"

Assume f:[0,1) — IR is continuous (and can be continuously extended
to [0,1]).

(a) Show that g is F,-measurable if and only if ¢ is constant on the
intervals [’“’1 k)

509
(b) Define

2n %
M, =T(f | F) = (2” / / <U>d“> X[t )
k=1 2

2

Show that (M,,)>2, is a martingale wrt. the filtration (F,,)5%.

Homework for the 3rd day:

(1) Suppose that 7,0 : Q — [0, 00| are two stopping times. Show that the
minimum of the stopping times, 7 A o, is a stopping time.

(2) (WIENER INTEGRAL) Suppose that L : [0,00) — IR is a bounded mea-
surable function. Define the process X = (X});>¢ as follows

t
X ::/ L,dB,
0
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(a) Show that X is a Gaussian process, in the case L is a simple func-
tion.

(b) Compute the mean and covariance of the process X.
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3. Day: Ito’s formula

(1) Show that
t
1
/ B.dB, = 5(B,?—zs) for t>0a.s.
0

where B = (B;):>0 is a standard Brownian motion.

(2) Let o,¢> 0 and « € IR. Show that
t
X, =xe 4 ae_Ct/ e“d B,
0

solves the SDE
dX; = —cX;dt + 0dB;, where Xg=ux.

Compute the mean IEX; and variance IE(X; — IEX;)?. Is the process
X = (Xt)i>0 Gaussian?

Hint: You may use the formula

. u t ot
/ o Cu / e dB,du = / / e “e“dsdB, a.s.
0 0 0 u

(3) Let S, = P~ 2. Find a SDE for the process X, := 1/5,.
(4) Let b € R. Solve the following SDE:
dXt = XtdBt + bXtdt miSSé, X() = 1

Hint: You can use the fact X, = e*Pt=5 where o, 3 € IR and Itd’s
formula.

Homework for the 4th day:

(1) Let L € C[0,00) and X, = [ L,dB,. Then
E(X) = eX1=3 Jo Lidu

is a martingale and called exzponential martingale.

Hint: You can assume that [, IE(E(X),)?du < oo for all ¢ > 0.
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4. Day: SDEs

(1) Let 2 € IR and

" dB
X = at 1—1 :

where t € [0,1). Show that

(a) limyy EX? = 2%, and
(b) dX; =dB, + Z2dt, if t € [0,1).

1

Hint: You may use the identity 'dB,ds = dsdBj,.

(2) Let 0 : (0,00) — (0,00) and define o : R — (0, 00) by

. 1.
o(x) = and b(x) = —502(56).
Assume that ¢ and ¢’ are continuous and bounded. Prove that:
(a) The SDE
dX, = 5(X,)dB, + b(X,)dt with Xy = g

has a unique solution.
(b) The process Y = (Y;)i>o with Y; := e** satisfies the SDE

dY; = o(Y;)dB; with Yy =e"™.
(3) Prove that the SDE
dXt = a(b — Xt)dt + 0/ |Xt|dBt with Xo = X

and o > 0 has at most one solution.

Hint: Use the criteria of YAMADA AND TANAKA (Proposition 7.7 of the
lecture notes).

Homework for the 5th day:

77



(1) ORNSTEIN-UHLENBECK process: Prove that the SDE
dX; = —cXydt + 0dB; with Xy = 2

and o,c¢ > 0 has a unique solution. Prove by ITO’s formula that the
solution can be written as

t
X; = xoe  + O’/ e =) qB,.
0

Hint: f(t,x) := (x¢ + ox)e .
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5. Day: SDEs

(1)

(2)

Consider the differential equation
dXt = 2XtdBt + 5Xtdt with To — 1.

(a) Find a measure Q1 equivalent to P such that the solution X is a
martingale on [0, 7] with respect to Qr.

(b) Given an arbitrary solution X. Does X have almost surely positive
trajectories?

Solve the SDE
dSt = Stth + (/.LSt — tSt)dt where SO =1

where ¢ € [0, 7] and W is a Brownian motion.
Hint: Use the transformation of drift.

Check Your solution by Ito’s formula.

Let 0 < e <r <c¢<ooandlet Wy = (B, Bi2) be a two-dimensional
standard Brownian motion starting at (0,7). Let A be the event that the
Brownian motion hits first the circle around zero with radius ¢ and B
be the event that the Brownian motion hits first the circle around zero
with radius ¢. Prove that

Inr =1P(A)Ine+ P(B)Inc.
Hint: Itd’s formula.

Let (Q,F,IP,(Fi)i>0) be a stochastic basis and the process (X¢)i>o
adapted with respect to the filtration (F;)i>0. Suppose X; — X and
F, are independent for all 0 < s <t < o0 D Show that

P(X,,s € B|F,) = U(X,, B) a.s.

for an appropriate function V.

Remark: From this one can deduce the Markov property
IP(X; s € B|Fs) = P(Xy1s € Blo(X;)) a.s.

for all s,t > 0.

P({X; — X, € BYNA) = P(X, — X, € B)P(A) for all B € B(R) and A € F,.
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Examination

General remarks

Date for examination: 13/06,/2007
Time: 6h (exercises are for 4h)

Send an e-mail to geiss at maths.jyu.fi with the name and e-mail of a
person I can send the exercises to and which will supervise’” You.

The formulations from the script are the ’official’ ones. Only quadratic
integrable continuous martingales are used.

In addition to the topics below the exercises are included.

In case, the examination will not be passed, a retake is possible.

Topics for the examination

1.

2.

Gaussian processes and Brownian motion

(a) Definition of a Gaussian process.
(b) Criteria for the existence of a Gaussian process (Proposition 1.3).

(¢) Examples: Brownian motion, Brownian bridge, fractional Brown-
ian motion (not the proof of the existence).

(d) Kolmogorov’s criteria for the existence of a continuous modifica-
tion (Proposition 1.8) and its applications (Brownian motion has
Holder continuous paths with exponent o € (0,1/2), Brownian
bridge, fractional Brownian motion).

(e) Definition of an (F;);>0 Brownian motion. Proof that the covari-
ance structure implies independent increments.

(f) Paths of the Brownian motion are not differentiable.

(g) Reflection principle.

Stopping times

(a) Hitting time of a closed set is a stopping time.
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(b) The minimum and maximum of two stopping times is a stopping
time.

3. Stochastic integrals

(a) Definition and properties of the conditional expectation (Proposi-
tion 3.1.8).

(b) Brownian motion and geometric Brownian motion are martin-
gales.

(c) Quadratic variation of a martingale and equivalent formulation
(Proposition 4.3).

(d) Quadratic variation of the Brownian motion and of the stochastic
integral fot L,dB,.

(e) Definition of the stochastic integral (simple and extension) and
properties (Proposition 4.14: i.p. It6’s isometry).

4. Ttd’s formula

(a) General formulation and formulation for It6 processes.

b AppliC&ti()llSI partial inte rati(m, C()mpensator, IJGVY’S character-
g
ization of the Brownian motion.

5. Stochastic differential equations

(a) Criterion for uniqueness and existence (Propositions 7.6 and 7.10).

(b) Criteria of Yamada and Tanaka and its application to the Cox-
Ingersoll-Ross SDE.

(¢) Girsanov theorem (proposition 8.1) and transformation of drift
(proposition 8.4).

(d) Connection to PDEs.
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