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Policy Gradient Descent
Stochastic Control
A simple controlled diffusion:

dX; = By dt + dWs, te[o,T].

Consider the cost functional (finance, fine tuning, RL...)

;
VP = E[/ 0(Xe, Be) dt +g(x7)] . V3= Ay,
0

The control is taken as a deterministic state-feedback function
Br = B(t, Xe),  B:[0,T] x & = RY.

Thus, the marginal law of X; is described by a Fokker—Planck PDE and the
value function by HJB PDE.

= = - - =yt
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- VP — AV —(VVB B) —t(x,B) =0,
VA(T, x) = g(x).
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Policy Gradient Descent

Policy Gradient Descent in Stochastic Control

Policy evaluation: linear HJB (heat) equation
—0: VP —LAVP —(VVP B) —t(x,8) =0,
VAT, x) = g(x).

Let the control evolves as 37. The calculus of variation gives

dsgT
dt.
dr

-
o,V = / e [(vxvﬁf(t,xt) + Vsl(Xe, B7(t, X))
0
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Policy Gradient Descent

Policy Gradient Descent in Stochastic Control

Policy evaluation: linear HJB (heat) equation

{—atvﬁ —1AVE —(VVE B) — ¢(x,B) =0,
VA(T, x) = g(x).

Let the control evolves as 37. The calculus of variation gives

T T
0-V7 = / E” [(vaﬁf(t,xt)+v5€(xt,57(t,xt)))-dﬁ ]dt-
0

dr
Therefore, it is natural to define the policy gradient flow:

0:B7(t,x) :=

(VY (t.x) + Vallx, 57(£,)))
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Policy Gradient Descent

Policy Gradient Descent in Stochastic Control

Policy evaluation: linear HJB (heat) equation

{—atvﬁ —1AVE —(VVE B) — ¢(x,B) =0,
VA(T, x) = g(x).

Let the control evolves as 37. The calculus of variation gives

T T
0-V8" :/ E [(VXVﬁT(t,Xt)+Vﬁf(Xt,BT(t,Xt))) ‘ ddﬂT ] ar
0

Therefore, it is natural to define the policy gradient flow:

0-57(t, x) = —(vx VA (t,x) + Vl(x, BT(t,x)))

Value dissipation along the PGD flow
o, V8 = — [TEF [\vx VB (£, X:) + Vab(Xe, B7(t, Xt))ﬂ dt < 0.

T i = = APANE
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Policy Gradient Descent

Convergence rate?

Global convergence and rate (Zhou-Lu, SICON '25)

Under uniform strong concavity of the Hamiltonian in 3, and additional
assumptions, the value converges exponentially quickly along the PGD:

VAT VBT < e (v ),

v

The rate proof relies on a uniform-in-7 regularity assumption along the flow:

B” remains smooth and |37 c2a(jo, 7jxa) < K forall 7.

Together with Schauder-type PDE estimates, this provides the regularity

needed in the convergence proof. The final convergence rate x depends on
the regularity estimates.
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@ Policy Gradient Descent

© Normal Policy Gradient Flow and Mirror Flow

© Mirror Flow on Wiener Space
@ Bregman divergence for stochastic control
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Normal Policy Gradient Flow and Mirror Flow

Normal gradient flow in Euclidean space

We will study the PGD through the lens of mirror flow.

Why are GD and MF connected?
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Normal Policy Gradient Flow and Mirror Flow

Normal gradient flow in Euclidean space

We will study the PGD through the lens of mirror flow.

Why are GD and MF connected?

For an objective F(6), the usual gradient flow is

Ht — —VF(Ht),

the steepest descent dynamics when distance is measured by ||0 — 0;||
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Normal Policy Gradient Flow and Mirror Flow

Normal gradient flow in Euclidean space

We will study the PGD through the lens of mirror flow.
Why are GD and MF connected?

For an objective F(6), the usual gradient flow is

Ht = —VF(Ht),
the steepest descent dynamics when distance is measured by ||0 — 6;]|.
Normal/preconditioned gradient flow |
Choose a strictly convex potential ®. The preconditioned gradient flow is

%W(at) = —VF(0:), equivalently  V2&(0,)8; = —VF(6;).
In particular, if ® := F, we call %VF(Gt) = —VF(6:) the normal gradient
flow.

Ty = = =t
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Normal Policy Gradient Flow and Mirror Flow

Comparison: GD and Normal GD

Ill-conditioning bends the geometry seen by gradient descent

Same quadratic f(x) = x T Hx, same start, 12 iterations + condition number k(H) =80 .
Gradient descent Hessian-preconditioned descent
The iterates zig-zag across the narrow valley H~1 rescales the curvature: a direct path
3 start xo 31 start xo

o

minimum x* minimum x*

parameter x,
o
parameter x;

|
"
|

i

eta = 2/(Amin + Amax) Xir1= X = 0.3H7Vflxy)
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
parameter x; parameter xj

For this quadratic, a full Newton step (1= 1) reaches x * in one iteration

[m] [l = =
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Normal Policy Gradient Flow and Mirror Flow

Preconditioned gradient flow = mirror flow

The Bregman divergence generated by a convex potential ® is
Do (0,0) = ®(0) — (0) — (Vo(0),0 — ).

Mirror descent uses it as the local distance to define the JKO variation:

1
Ok1 = argmin {F(Q) + ;]D(D(Q, Qk)} .
0
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Normal Policy Gradient Flow and Mirror Flow

Preconditioned gradient flow = mirror flow

The Bregman divergence generated by a convex potential @ is
Do (0,0) = ®(0) — (0) — (VP(0),0 — ).

Mirror descent uses it as the local distance to define the JKO variation:

1
Ok+1 = argmin {F(H) + an,(H,Hk)} .
o

For a small displacement v, Taylor expansion gives

1
Do (0 + v, 6) = 5 (v V20(0)v) + o([[v]]).
So Bregman geometry is locally the Hessian metric V2®. Therefore,

1
01 ~ argmin {(VF(Hk), 0 — 0k) + o (0 — Ok, V20(0,)(0 — Hk)>} .
0

- = — - = e
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Normal Policy Gradient Flow and Mirror Flow

Preconditioned gradient flow = mirror flow
The Bregman divergence generated by a convex potential @ is
Do (0,0) = ®(0) — (0) — (VP (0),0 — ).

Mirror descent uses it as the local distance to define the JKO variation:

1
Oxy1 = argmin {F(@) + an)(O,Qk)} .
9

For a small displacement v, Taylor expansion gives

Do (0k + v, 0k) = % (v, V208 )v) + o(||v]]*).

So Bregman geometry is locally the Hessian metric V2®. Therefore,

Okr1 ~ Ok — nV2O(0x) 1V F(6y), (Preconditioned Gradient Flow).

- = = = ot
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Mirror Flow on Wiener Space

Table of Contents

© Mirror Flow on Wiener Space
@ Bregman divergence for stochastic control
@ Mirror flow and its dual
@ Trinity: PGD, Mirror Flow, Dual Coordinate Flow
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control
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© Mirror Flow on Wiener Space
@ Bregman divergence for stochastic control
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control
Our main contributions
Study a simple controlled diffusion:

dX; = Brdt +dW,, te[0,T], QP-as.

with non-Markovian cost functional

;
VA =FE° [ /O U(Xen., Be) dt + &(XTa.)| with V3 > clg, £ >0, & bounded.

Main contributions
@ Study the PGD for non-Markovian, drift control, MFC;
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control

Our main contributions
Study a simple controlled diffusion:
dX; = B;dt +dW,, te[0,T], Q°-as.
with non-Markovian cost functional
T
VT [ / ((Xen, Be) At + €(Xra) | with V30> cly, £> 0, ¢ bounded.
0

Main contributions

@ Study the PGD for non-Markovian, drift control, MFC;

@ Construct a Bregman divergence on Wiener space such that

o Discrete Mirror descent converges to continuous-time Mirror flow;
o Preconditioned PGD = Continuous-time Mirrow flow;
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control

Our main contributions
Study a simple controlled diffusion:

dX; = Brdt +dW,, te[0,T], QP-as.

with non-Markovian cost functional

T
VT [ / ((Xen, Be) At + €(Xra) | with V30> cly, £> 0, ¢ bounded.
0

Main contributions

@ Study the PGD for non-Markovian, drift control, MFC;

@ Construct a Bregman divergence on Wiener space such that

o Discrete Mirror descent converges to continuous-time Mirror flow;
o Preconditioned PGD = Continuous-time Mirrow flow;

@ Using the Mirrow flow to obtain the long-time convergence rate of
Preconditioned PGD, with an intrinsic rate.

16,/10/2026 12 /29
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control

Entropy and relative entropy on the Wiener space

Let P be the Wiener measure, and Q7 such that
Q° ~ P, dX; = B;dt + dW,, QP-as.

By the Girsanov theorem, we have

dQ? T 1T
d]P’_eXp(/o 5tht2/0 | Bt| dt)-

Define the entropy:

H(QP) = /In (d@ﬁ/dﬂb) dQ° = E° [;/OT]Btht] .

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026

13 /29



Mirror Flow on Wiener Space  Bregman divergence for stochastic control

Entropy and relative entropy on the Wiener space

Let P be the Wiener measure, and Q7 such that
Q° ~ P, dX; = B;dt + dW,, QP-as.
Define the entropy:

1 T
By ._ 8 B _ b
H(Q ).—/In<dQ /dIP’) dQ° =E [2/0 ]ﬁt|2dt].
Define the first variation

SH(QP,X) = lim (M@ + =) — H@?))

—In (d@ﬁ/dp) - /OTﬁtht - ;/OT |8, |2dt.
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control

Entropy and relative entropy on the Wiener space

Let P be the Wiener measure, and Q7 such that
QP ~ P, dX; = B dt + dW,, Q-ass.
Define the entropy:

H(QP) = /In (d@ﬁ/dp) dQ° = EP [;/OT|ﬁt|2dt] .

Define the first variation

T 1 T
SH(Q’, X) :—/0 5tht—2/O |B¢)?dt.
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control

Entropy and relative entropy on the Wiener space

Let P be the Wiener measure, and Q7 such that
QP ~ P, dX; = B dt + dW,, Q-ass.
Define the entropy:

T
H@Q") = [ dﬁdeB:Eﬁ[l ﬂd].
@)= [ (a0 /ap)aQ? = |3 [ jaipae
Define the first variation
T 1 T
SH(QP, X) = fdXe — = ¢|2dt.
@)= [ sax—3 [l
Finally, the relative entropy is a Bregman divergence:
HIQ 0°) ==H(Q) ~ H(©%) - [ (@7, (@7 - @)
=E” Ew; - ﬁt|2dt] .
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control
(-entropy and (-divergence for stochastic control

Let P be the Wiener measure. Consider the set of pairs

A= {(QB7IB) : QB ~ P, dXt = ﬂt dt + th, Qﬁ—a.s.}.

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control
(-entropy and (-divergence for stochastic control

Let P be the Wiener measure. Consider the set of pairs

A= {(QB7IB) : QB ~ P, dXt = ﬂt dt + th, Qﬁ—a.s.}.

For (Q7, B) € A, we define the (-entropy:
H(QPF) := EF [ i €(Xsn., Bs)ds .

On A, Q% — Hy(QP) is strictly flat-convex and weakly |.s.c..

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control

(-entropy and (-divergence for stochastic control

Let P be the Wiener measure. Consider the set of pairs
A:={(Q%8): Q° ~P, dX, = B dt + dW;, Q%-as.}.
For (Q°, 3) € A, we define the (-entropy:

F@®) = B[ JiT 60X, B:)ds].
On A, Q% — Hy(QP) is strictly flat-convex and weakly |.s.c.. Define
o1
SHAQ") = lim = (H(Q + &) — Hi(Q?))

_ / (B)de + / VOB (AX; — Brdt).

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 14 /29



Mirror Flow on Wiener Space  Bregman divergence for stochastic control

(-entropy and (-divergence for stochastic control

Let P be the Wiener measure. Consider the set of pairs
A:={(Q% B): Q° ~P, dX; = B;dt + dW,;, QP-as.}.
For (Q7, 3) € A, we define the (-entropy:

F@) = B[ f;T X, B:)ds].
On A, Q7 — H,(QP) is strictly flat-convex and weakly |.s.c.. Define

SHAQ@) = [ B0t + [ VU(B)(ax: — fede).
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Mirror Flow on Wiener Space  Bregman divergence for stochastic control

(-entropy and (-divergence for stochastic control

Let P be the Wiener measure. Consider the set of pairs
A:={(Q% B): Q° ~P, dX; = B;dt + dW,;, QP-as.}.
For (Q7, 3) € A, we define the (-entropy:

F@) = B[ f;T X, B:)ds].
On A, Q7 — H,(QP) is strictly flat-convex and weakly |.s.c.. Define

SHAQ@) = [ B0t + [ VU(B)(ax: — fede).

Finally define the /-divergence:

HAQ” 1) =Hi(@) — (@) - [ 5H(@%,0)(@ - @)(dw)

=4 (180 — 80) = V(3B - )] =0,
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© Mirror Flow on Wiener Space
@ Bregman divergence for stochastic control
@ Mirror flow and its dual

@ Trinity: PGD, Mirror Flow, Dual Coordinate Flow
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Mirror Flow on Wiener Space Mirror flow and its dual

Discrete mirror descent and its dual

Recall that

VP = E° I:/OTE(Xt/\';ﬂt)dt + f(XT/\-):| = Hy(Q%) + E[¢].

Using the /-divergence, we can define the discrete mirror descent by the
JKO variational formula:

Qs = argmin { H(Q) + EXYE] + FHAQIQA) |-

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 16 /29



Mirror Flow on Wiener Space Mirror flow and its dual

Discrete mirror descent and its dual

Recall that

VP = E° [/OTE(Xt/\w/Bt)dt + S(XTA-)] = Hi(Q%) + E[¢].

Using the ¢-divergence, we can define the discrete mirror descent by the
JKO variational formula:

Q1 = argmin { H(Q) + EYE] + FHAQQA) |-

The first order condition (under technical conditions) reads

SHAQa) + €+ 7 (FHAQ ) — SHA@D) =0,

which gives the discrete dynamics of the dual coordinate p := dHy(Q).
Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 16 /29



Mirror Flow on Wiener Space Mirror flow and its dual

Discrete mirror descent and its dual

Recall that

VP = E° [/OTE(Xt/\w/Bt)dt + S(XTA-)] = Hi(Q%) + E[¢].

Using the ¢-divergence, we can define the discrete mirror descent by the
JKO variational formula:

Q1 = argmin { H(Q) + EYE] + FHAQQA) |-

The first order condition (under technical conditions) reads

1
Pha+ &+ 7 (Phar — pk) =0,

which gives the discrete dynamics of the dual coordinate p := dHy(Q).
Zhenjie Ren (LaMME) PGD for MFC 16/10/2026
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Mirror Flow on Wiener Space Mirror flow and its dual
Link to discrete Normal Policy Gradient descent

Recall the discrete mirror descent:
h . Q 1 h
Oz = argmin { H(Q) + E%¢] + H(QIQL) |-

The minimization problem can be viewed as a stochastic control problem,

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 17 /29



Mirror Flow on Wiener Space Mirror flow and its dual

Link to discrete Normal Policy Gradient descent

Recall the discrete mirror descent:
h . Q 1 h
Oz = argmin { H(Q) + E%¢] + H(QIQL) |-

The minimization problem can be viewed as a stochastic control problem,
which can be characterized by a backward SDE (BSDE):

dyt == —G(Zt)dt + thWt7 YT - g,

6(2) = inf {52+ 0(6) + 1 (5) — €30) — V(B3 — ) }

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 17 /29



Mirror Flow on Wiener Space Mirror flow and its dual

Link to discrete Normal Policy Gradient descent

Recall the discrete mirror descent:
h : Q 1 h
Oy = argrmin | H(@) + E%Ie] +  H(QITD) |

The minimization problem can be viewed as a stochastic control problem,
which can be characterized by a backward SDE (BSDE):

dY, = —G(Z))dt + ZedWs, Y7 =¢€,
6(z) = inf {2+ £05) + 1 (108) — BE) ~ VBB — 50) }-

The optimal control satisfies

VUBL) — VUBE) = (Zk+1 + V{/(/jkﬂ))

Note that in Markovian case Z] ; ~ VVﬁZH(X).

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 17 /29



Mirror Flow on Wiener Space Mirror flow and its dual

Link to discrete Normal Policy Gradient descent

Recall the discrete mirror descent:
h . Q 1 h
@k+1 = arg@mln He(Q) + E¥[¢] + EHE(Q‘Q/() .

The minimization problem can be viewed as a stochastic control problem,
which can be characterized by a backward SDE (BSDE):

dY; = —G(Z,)dt + ZdW,, Yy =¢,
6(2) = inf {52+ 0(6) + 3 (5) — €30) — Va3 — ) }

The optimal control satisfies

Vg(ﬁligﬂ) \WICHES (Zk+1 + VI 3k+1))

It coincides with implicit Euler scheme for Normal_Policy Gradient Flow.
Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 17 /29



Mirror Flow on Wiener Space Trinity: PGD, Mirror Flow, Dual Coordinate Flow

Table of Contents

© Mirror Flow on Wiener Space

@ Trinity: PGD, Mirror Flow, Dual Coordinate Flow
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Mirror Flow on Wiener Space Trinity: PGD, Mirror Flow, Dual Coordinate Flow

Continuous-time limit

As the time step h — 0, we prove that all three flows converge towards
their unique continuous-time limits:

° QZ - Q"
d Pk+1 +&+ 4 (,Ok+1 p',l) = 0 converges to p = —(p +&);
o VU(B] 1) — VUBE) = —h(Z + V(B],,)) converges to

AVL(BT) = —(Z7 + Ve(B7)). (NPGD)
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Mirror Flow on Wiener Space Trinity: PGD, Mirror Flow, Dual Coordinate Flow

Continuous-time limit

As the time step h — 0, we prove that all three flows converge towards
their unique continuous-time limits:

° QZ - Q"
d Pk+1 +&+ 4 (,Ok+1 p',l) = 0 converges to p = —(p +&);
o VU(B] 1) — VUBE) = —h(Z + V(B],,)) converges to

AVL(BT) = —(Z7 + Ve(B7)). (NPGD)

Furthermore, the trinity of the triple (Q", 8", p") is preserved in the limit:

o dX; =pl{dt+dW;, QT-as;
e 0H,(Q") = pr.

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026
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Mirror Flow on Wiener Space Trinity: PGD, Mirror Flow, Dual Coordinate Flow

Analog from Euclidean to Wiener Space

Table: Notions involved in GD and MF

(P)GD X = —VF(x) B =—(VVP+VeB))
Bregman F H,

Dual flow  dVF(x;) = =VF(x)dt  p:=H,(Q?), p=—(p+¢)
N(P)GD dVF(x:) = =VF(x)dt  dV{(BT) = —(Z7 + V(B7))dT

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 20/29



PGD for Mean-Field Stochastic Control

Table of Contents

@ PGD for Mean-Field Stochastic Control
@ Extension to MFC
@ Long-time behavior
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PGD for Mean-Field Stochastic Control  Extension to MFC

Table of Contents

@ PGD for Mean-Field Stochastic Control
@ Extension to MFC
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PGD for Mean-Field Stochastic Control  Extension to MFC

Mirror descent for Mean-field Control

Again, study a simple controlled diffusion:
dX; = Bedt +dW,, t€[0,T], Q°-as.

with flat-convex mean-field cost functional

;
vh =F° [/0 E(Xm.,ﬁt)dt] + F(QP) with cly < V3 < Cly, £>0.

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 23/29



PGD for Mean-Field Stochastic Control  Extension to MFC

Mirror descent for Mean-field Control

Again, study a simple controlled diffusion:
dX; = Bedt +dW,, te[0,T], Q°-as.

with flat-convex mean-field cost functional
T
VA =P [/ E(XM.,ﬂt)dt] + F(QP) with cly < V3¢ < Cly, £>0.
0

Then the mirror descent reads

Qs = g min { H(Q) + F(Q)+ LH(QICH) |

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 23/29



PGD for Mean-Field Stochastic Control  Extension to MFC

Mirror descent for Mean-field Control

Again, study a simple controlled diffusion:
dX; = Bedt +dW,, te[0,T], Q°-as.

with flat-convex mean-field cost functional
T
VP =EP [/ E(XtA.,ﬂt)dt] + F(QP) with cly < V3 < Cly, £>0.
0
Then the mirror descent reads

Q1 = argmin { H(Q) + ESF(QL )] + L HA(QID) |
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PGD for Mean-Field Stochastic Control  Extension to MFC

Mirror descent for Mean-field Control

Again, study a simple controlled diffusion:
dX; = Bedt +dW,, te[0,T], Q°-as.

with flat-convex mean-field cost functional
VA =P [/OTE(XM.,ﬁt)dt] + F(QP) with cly < V3¢ < Cly, £>0.
Then the mirror descent reads
Q1 = argmin { H(Q) + ESF(QL )] + L HA(QID) |

characterized by the fixed point of the mean-field BSDE:
dY: = —G(Z)dt + Z;dW,, YT =56F(QL.1),

6(2) = inf {5+ 0(6) + 3 (5) — €30) — VB3 — ) }

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 23/29



PGD for Mean-Field Stochastic Control  Extension to MFC

Normal Policy Gradient Descent for MFC

Following from the mean-field BSDE, the normal PGD is naturally defined
as

i) =~ (z7+ V)

where Z7 is a part of the fixed point solution to the linear BSDE:

dYy = —(B7 Z; + U(B7))dt + Z;dW,, YT =F(Q").

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 24 /29



PGD for Mean-Field Stochastic Control  Extension to MFC

Normal Policy Gradient Descent for MFC

Following from the mean-field BSDE, the normal PGD is naturally defined
as

d

dr

where Z7 is a part of the fixed point solution to the linear BSDE:

VUBT) = —(Z7 + V(7))

dYe = — (B[ Ze + ((B]))dt + ZedW,, Y7 =0F(Q7).

On the other hand, the mirror descent

Qs = argmin { H(Q) + EXBF(QL, )] + Q)

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026 24 /29



PGD for Mean-Field Stochastic Control  Extension to MFC

Normal Policy Gradient Descent for MFC

Following from the mean-field BSDE, the normal PGD is naturally defined
as

%W(/BT) = —(27+VU(pT)

where Z7 is a part of the fixed point solution to the linear BSDE:
dYe = —(B{ Zy + U(B7))dt + ZdW,, Y7 = 0F(Q7).

On the other hand, the mirror descent gives the dual coordinate flow

SH( Q1) + SF (@) + + (FH(Q) — SH(Q)) = 0.
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Normal Policy Gradient Descent for MFC

Following from the mean-field BSDE, the normal PGD is naturally defined
as

Lvur) = (27 + V")

where Z7 is a part of the fixed point solution to the linear BSDE:
dYe = —(B{ Zy + U(B7))dt + ZdW,, Y7 = 0F(Q7).

On the other hand, the mirror descent gives the dual coordinate flow

SH( Q1) + SF (@) + + (FH(Q) — SH(Q)) = 0.

As before, we can prove that the continuous-time limit of the Mirror flow,
the dual coordinate flow and the normal PGD all coincide.
Zhenjie Ren (LaMME)
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Magic of Mirror flow: Energy dissipation

Denote by p; := dHy(Q-). The continuous-time dual coordinate flow

reads: pr = —(p- + 6F(Q;)) = —6V(Q-), where the value of the control
problem V := H; + F. Recall that

HA(Q'|Q) = H(Q) — H(Q) - / SH(Q)(@ — Q).
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Magic of Mirror flow: Energy dissipation

Denote by p; := 0Hy(Q;). The continuous-time dual coordinate flow

reads: p, = —(pT + (5F(Q7)) = —0V(Q,), where the value of the control
problem V := H; + F. Recall that

HI(Q'|Q) = Hi(Q') — Hy(Q) - / SH(Q)(@ — Q).
Then,
%HE(Q*‘QT) = _/PTQT - /PT(Q* _Q’T) + /pTQT

— /5V(QT)(Q* -Qr)
= / (OV(Q-) = 6V(Q.))(Q« — Q)

< / (0H(Qy) — 6HY(Q2))(Q- — Q)
= _(HZ(Q*|QT) + HZ(QT|Q*))
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Magic of Mirror flow: Energy dissipation

Denote by p; := dHy(Q,). The continuous-time dual coordinate flow

reads: pr = —(p- + 6F(Q;)) = —6V(Q;), where the value of the control
problem V := H; + F. Recall that

HA(Q'|Q) = H(Q') — Hi(Q) - / SHI(Q)(@ — Q).
Then,

C%HZ(QAQT) _ / SV(Q:)(Qs — Qr) < —H(Q.|Q)
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Magic of Mirror flow: Energy dissipation

Denote by p; := dHy(Q,). The continuous-time dual coordinate flow

reads: pr = —(p- + 6F(Q;)) = —6V(Q;), where the value of the control
problem V := H; + F. Recall that

HA(Q'|Q) = H(Q') — Hi(Q) - / SHI(Q)(@ — Q).
Then,

C%HZ(QAQT) _ / SV(Q:)(Qs — Qr) < —H(Q.|Q)

To obtain convergence of the value, we first note that

V(Q) - V(Q) 2 6V(Q)(Q' - Q) + H(Q'Q).
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Magic of Mirror flow: Energy dissipation

Denote by p; := 0Hy(Q;). The continuous-time dual coordinate flow

reads: p, = —(pT + 5F(Q7)) = —0V(Q,), where the value of the control
problem V := H; + F. Recall that

HI(@'|Q) = H(@') — Hi(Q) - / 5HI(Q)(Q — Q).
Then,

in(QH@T) = /5V(@T)(Q* - Qr) £ —H(Q.|Q)

To obtain convergence of the value, we first note that

V(Q) - V(Q) > sV(Q)(Q — Q) + H(Q'|Q).
Therefore,
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Magic of Mirror flow: Energy dissipation

Denote by p; := 0Hy(Q;). The continuous-time dual coordinate flow
reads: p, = —(pT + 5F(Q7)) = —0V(Q,), where the value of the control

problem V := H; + F. Recall that
HA(Q'1) = (@) ~ H(©) — [ SH(Q)(@ - Q).
Then,

(%HZ(Q*]QT) _ / SV(Q)(Q. — Q) < —Hi(Q.|Q))

To obtain convergence of the value, we first note that

V(Q') - V(Q) > sV(Q)(Q - Q) + H,(Q'|Q).
Therefore, 1
EeTHZ(Q*‘@T) < eT(V(@*) - V(@T))
Zhenjie Ren (LaMME)
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Magic of Mirror flow: Energy dissipation

Denote by p; := 0Hy(Q;). The continuous-time dual coordinate flow

reads: p, = —(pT + 5F(Q7)) = —0V(Q,), where the value of the control
problem V := H; + F. Recall that

HA(Q'IR) = (@) — H(©) — [ SH(Q)(@ - Q).
Then,

%HK(Q*“@T) = /5\/(@7)(@* - QT) < _HK(Q*|QT)

To obtain convergence of the value, we first note that

V(Q) - V(Q) > iV(Q)(Q - Q) + H(Q'|Q).
Therefore,

(e — 1)(V(Q)) - V(Q) < /O " S (V(Qs) — V(QW))ds < Hy(Q.]Qo).
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Particle system of MFC
Recall the MFC:
-
i%f E° U K(XM.,ﬁt)dt} + F(QP).
0
Now introduce the N-particel control problem:

T N ) _
i%fEﬁl/ > UXin Br)dt
0 =1

N
+EP[NF()], p _NZ
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Particle system of MFC

Recall the MFC:

-
i%f E° U K(XM.,ﬁt)dt} + F(QP).
0
Now introduce the N-particel control problem:
T N ) _

i%f E” l/ > UXin Br)dt

0 =1

For the N-particle control, the dual coordinate flow reads:

d
dr

N
+EP[NF()], p _NZ

——0H) (QF) = —0H{ (QY) — NF ().

Zhenjie Ren (LaMME) PGD for MFC 16/10/2026
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Long time behavior

We study the defective energy dissipation:

d d
SH@eMal) = - [ @t - o)

= [ (M (@) + NF() (@27 - o).
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Long time behavior

We study the defective energy dissipation:

d : .
EH,!V(@ffw\@;\') :/(5H,§V(Q’T") + NF ()0 H; M () foF(@ﬁz))
@ -@?).
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Long time behavior

We study the defective energy dissipation:

%HM@?N\@% = / (5HM (@) — SHZM(Q.) + NF(n) - 6FM(@.))
@ -@Q7)
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Long time behavior

We study the defective energy dissipation:

SHI@EMIQN) = [ (sHY (@) - SHEV(Q.) + NE() - SFN(@.))

dr
(Q¢N — QM)
= —HY @2V |QY) — HY' (@Y QM)

+ [ (NEG - sFoM@) ) (@2 - o).
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Long time behavior

We study the defective energy dissipation:

4

N @MQY) = —HY(@PYQY) - HY(@Y]QY)

+ / (NF(w) = 5FM(@.) ) (@Y -~ @)
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Long time behavior

We study the defective energy dissipation:

d
—HY(@Q2VQY) = —HM Q2N |QY) — HYM (@Y |Q2N)

dr
+ [ (NEG - M@ ) (@2 - o)
< —HX(@QEMIQY) - HY(@YQ2M)
+ [ NEG@EY - Q)+ [ NFGQY - NF(@.)
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Long time behavior

We study the defective energy dissipation:

LHr@2el) < —HY@EMaY) - M@ EY)

+ [ NFGQE - NF(@.)
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Long time behavior

We study the defective energy dissipation:

d

S HQ2MIQY) < —HY(@PMIQF) - HY (@Y 1QY™) + 0(1).
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Long time behavior

We study the defective energy dissipation:

d

S HQ2MIQY) < —HY(@PMIQF) - HY (@Y 1QY™) + 0(1).

Therefore, we obtain the long time error of the particle system:

HY(QPMIQY) < e HY (@MY + O(1).
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Thank you for your attention!
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