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1. Problem

∂2u(t , x)

∂t2 = ∆u(t , x) + σ(t , x ,u(t , x))Ẇ , t > 0, x ∈ R .

∆ =
∂2

∂x2 is the Laplacian and σ : R→ R is a nice function
(Lipschitz).
initial condition u(0, x) = u0(x) and ∂

∂u(0, x) = v(x) are
nice.
Ẇ = ∂2W

∂t∂x is centered Gaussian field with covariance

E(Ẇ (s, x)Ẇ (t , y)) = δ(s − t) |x − y |2H−2 .

Here 1/4 < H < 1/2
The product σ(u)Ẇ is taken in Skorohod sense.



Stochastic integral

For a function φ : R+ × R→ R, the Marchaud fractional
derivative Dβ

− is defined as:

Dβ
−φ(t , x) = lim

ε↓0
Dβ
−,εφ(t , x)

= lim
ε↓0

β

Γ(1− β)

∫ ∞
ε

φ(t , x)− φ(t , x + y)

y1+β
dy .

The Riemann-Liouville fractional integral is defined by

Iβ−φ(t , x) =
1

Γ(β)

∫ ∞
x

φ(t , y)(y − x)β−1dy .



Set

H = {φ : R+×R→ R | ∃ψ ∈ L2(R+×R) s.t . φ(t , x) = I
1
2−H
− ψ(t , x)}.

Proposition

H is a Hilbert space equipped with the scalar product

〈φ, ψ〉H = c1,H

∫
R+×R

Fφ(s, ξ)Fψ(s, ξ)|ξ|1−2Hdξds

= c2,H

∫
R+×R

D
1
2−H
− φ(t , x)D

1
2−H
− ψ(t , x)dxdt

= c2
3,β

∫
R2

[φ(x + y)− φ(x)][ψ(x + y)− ψ(x)]|y |2H−2dxdy ,



where

c1,H =
1

2π
Γ(2H + 1) sin(πH) ;

c2,H =

[
Γ

(
H +

1
2

)]2(∫ ∞
0

[
(1 + t)H− 1

2 − tH− 1
2

]2
dt +

1
2H

)−1

;

c2
3,β = (

1
2
− β)βc−1

2, 1
2−β

.

The space D(R+ × R) is dense in H.



Definition
An elementary process g is a process of the following form

g(t , x) =
n∑

i=1

m∑
j=1

Xi,j1(ai ,bi ](t)1(hj ,lj ](x),

where n and m are finite positive integers,
−∞ < a1 < b1 < · · · < an < bn <∞, hj < lj and Xi,j are
Fai -measurable random variables for i = 1, . . . ,n. The
stochastic integral of such an elementary process with respect
to W is defined as∫
R+

∫
R

g(t , x)W (dx ,dt) =
n∑

i=1

m∑
j=1

Xi,jW (1(ai ,bi ] ⊗ 1(hj ,lj ])

=
n∑

i=1

m∑
j=1

Xi,j
[
W (bi , lj)−W (ai , lj)−W (bi ,hj) + W (ai ,hj)

]
.



Definition
Let ΛH be the space of predictable processes g defined on
R+ × R such that almost surely g ∈ H and E[‖g‖2H] <∞. Then,
the space of elementary processes defined as above is dense
in ΛH .

For g ∈ ΛH , the stochastic integral
∫
R+×R g(t , x)W (dx ,dt) is

defined as the L2(Ω)-limit of stochastic integrals of the
elementary processes approximating g(t , x) in ΛH , and we
have the following isometry equality

E

([∫
R+×R

g(t , x)W (dx ,dt)
]2
)

= E
(
‖g‖2H

)
= c2

3,H

∫ ∞
0

∫
R2

E|g(t , x + y)− g(t , x)|2|y |2H−2dxdydt .



Definition (Strong solution)
u(t , x) is a strong (mild random field) solution if for all t ∈ [0,T ]
and x ∈ R the process {Gt−s(x − y)σ(u(s, y))1[0,t](s)} is
integrable with respect to W , where Gt (x) := 1

2 I{|x |<t} is heat
kernel, and

u(t , x) = I0(t , x) +

∫ t

0

∫
Rd

Gt−s(x − y)σ(s, y ,u(s, y))W (dy ,ds)

(1)
almost surely, where

I0(t , x) :=
∂

∂t
Gt ∗ u0(x) + Gt ∗ v0(x)

=
1
2

∫ x+t

x−t
v0(y)dy +

1
2

[u0(x + t) + u0(x − t)] .



Definition (Weak solution)
We say the spde has a weak solution if there exists a
probability space with a filtration (Ω̃, F̃ , P̃, F̃t ), a Gaussian noise
W̃ identical to W in law, and an adapted stochastic process
{u(t , x) , t ≥ 0 , x ∈ R} on this probability space (Ω̃, F̃ , P̃, F̃t )
such that u(t , x) is a strong (mild) solution with respect to
(Ω̃, F̃ , P̃, F̃t ) and W̃ .



Want to study the existence and uniqueness of the solution
(strong or weak).



2. Main results

Solution space

Let (B, ‖ · ‖B) be a Banach space with the norm ‖ · ‖B (we take
β = 1

2 − H). Let β ∈ (0,1) be a fixed number. For any function
f : R→ B denote

N B
β f (x) :=

(∫
R
‖f (x + h)− f (x)‖2B|h|−1−2βdh

) 1
2

, (2)

if the above quantity is finite. When B = R, we abbreviate the
notation as Nβf . With this notation, the norm of the
homogeneous Sobolev space Ḣβ can be given by using Nβf :
‖f‖Ḣβ

= ‖Nβf‖L2(R).



We are particularly interested in the case B = Lp(Ω).

Nβ,pf (x) :=

(∫
R
‖f (x + h)− f (x)‖2Lp(Ω)|h|

−1−2βdh
) 1

2

.

Definition of the solution space Zp(T ).

It consists of all continuous functions f from [0,T ]× R to Lp(Ω)
such hat the following norm is finite:

‖f‖Zp(T ) = ‖f‖Zp
1 (T ) + ‖f‖Zp

2 (T ) (3)

:= sup
t∈[0,T ]

∥∥f (t , ·)
∥∥

Lp
λ(Ω×R)

+ sup
t∈[0,T ]

N ∗1
2−H f (t) ,

where
∥∥f (t , ·)

∥∥
Lp
λ(Ω×R)

=
[∫

R E[|f (t , x)|p]dx
]1/p and

N ∗1
2−H f (t) :=

[∫
R

∥∥f (t , ·+ h)− f (t , ·)
∥∥2

Lp(Ω×R)
|h|2H−2dh

] 1
2

.

It is proved that Zp(T ) is a Banach space.



(1). σ(t , x ,u) is jointly continuous over [0,T ]× R2,
σ(t , x ,0) = 0.

(2). Assume

sup
t∈[0,T ],x∈R,u∈R

∣∣∣∣ ∂∂u
σ(t , x ,u)

∣∣∣∣ ≤ C ;

sup
t∈[0,T ],x∈R,u∈R

∣∣∣∣ ∂2

∂x∂u
σ(t , x ,u)

∣∣∣∣ ≤ C ;

sup
t∈[0,T ],x∈R

∣∣∣∣ ∂∂u
σ(t , x ,u1)− ∂

∂u
σ(t , x ,u2)

∣∣∣∣ ≤ C|u1 − u2|



Theorem
Assume that σ(t , x ,u) satisfies the above hypothesis and that
I0(t , x) is in Zp(T ) for some p > 2

4H−1 . Then the nonlinear SWE
has a unique strong solution with sample paths in C([0,T ]× R)
almost surely. Moreover, for any γ < H − 1

p , the process u(t , x)
is almost surely Hölder continuous of exponent γ with respect
to t and x on any compact sets in [0,T ]× R.



Theorem
If the hyperbolic Anderson model has a solution in Zp(T ) for
some p ≥ 2 and for some T ≥ 0, then the Hurst parameter H
must satisfy H > 1/4.



3. Difficulty
Naive application of Picard iteration (v = un+1 and u = un):

v(t , x) = I0(t , x)) +

∫ t

0

∫
Rd

Gt−s(x − y)σ(s, y ,u(s, y))W (dy ,ds)

Then following isometry equality

E
(

v2(t , x)
)

= ξ2
t (x)

+c2
3,H

∫ t

0

∫
R2

E|Gt−s(x − y − z)σ(s, y + z,u(s, y + z))

−Gt−s(x − y)σ(s, y ,u(s, y))|2|z|2H−2dydzds
≤ · · ·+

c2
3,H

∫ t

0

∫
R2

EG2
t−s(x − y)|u(s, y + z)− u(s, y)|2|z|2H−2dydzds



This means that to make the Picard iteration work we need to
bound∫ t

0

∫
R2

EG2
t−s(x − y)|u(s, y + z)− u(s, y)|2|z|2H−2dydzds

as well.



If σ(t , x ,u) = σ(u), then we may bound E
(
|v(t , x + h)− v(x)|2

)
by

σ(v(s, y + h + z))− σ(v(s, y + h))− σ(v(s, y + z)) + σ(v(s, y))

If we want to consider
E
(
|v1(t , x + h)− v1(x)− v2(t , x + h) + v2(x)|2

)
then we need

to consider

the difference of

σ(v1(s, y +h+z))−σ(v1(s, y +h))−σ(v1(s, y +z))+σ(v1(s, y))

and

σ(v2(s, y +h+z))−σ(v2(s, y +h))−σ(v2(s, y +z))+σ(v2(s, y))

One difficulty is that we cannot no longer bound
|σ(x1)− σ(x2)− σ(y1) + σ(y2)| by a multiple of
|x1 − x2 − y1 + y2| (which is possible only in the affine case).



4. Background

When H > 1/2 or when the noise is more regular, the equation
was studied by many researchers.

R. Dalang, M. Sanz, C. Mueller, D. Nualart,

σ(u) = au + b: H > 1/4.

Balan, R.; Jolis, M. and Quer-Sardanyons, L.

SPDEs with affine multiplicative fractional noise in space with
index 1

4 < H < 1
2 .

Electronic Journal of Probability 20 (2015).

Jian Song, Xiaoming Song, and Fangjun Xu

Fractional stochastic wave equation driven by a Gaussian noise
rough in space.



∂u(t , x)

∂t
= ∆u(t , x) + σ(t , x ,u(t , x))Ẇ , t > 0, x ∈ R .

General σ(u) but with σ(0) = 0.

Hu, Yaozhong; Huang, Jingyu; Le, Khoa; Nualart, David;
Tindel, Samy

Stochastic heat equation with rough dependence in space.

Ann. Probab. 45 (2017), 4561-4616.



The condition σ(t , x ,0) = 0 is removed for the stochastic heat
equation in

Hu, Y. and Wang, X.

Stochastic heat equation with general rough noise.

Ann. Inst. Henri Poincaré Probab. Stat. 58 (2022), no. 1,
379-423.

Let uaff(t , x) be the solution to the stochastic heat equation with
σ(t , x ,u) = 1 and u0(x) = 0:

∂u(t , x)

∂t
=

1
2

∆u(t , x) + Ẇ , t > 0, x ∈ R .



Then, there are two positive constants cH and CH , independent
of T and L, such that

cH ρ(T ,L) ≤ E

 sup
0≤t≤T
−L≤x≤L

uaff(t , x)


≤ E

 sup
0≤t≤T
−L≤x≤L

|uaff(t , x)|

 ≤ CH ρ(T ,L) ,

where

ρ(T ,L) =

T
H
2 + T

H
2

√
log2

[
L√
T

]
if L2 > T ,

T
H
2 if L2 ≤ T .



5. Some ideas

We need to to use localization argument.

τk = inf

{
t ∈ [0,T ] ; sup

0≤s≤t ,x∈R

∣∣∣N 1
2−H,pu(s, x)

∣∣∣ ≥ k

}
.

We need τk ↑ T as k →∞. This imposes σ(t , x ,0) = 0.



To show this we need to bound

E

[
sup

0≤t≤T ,x∈R
|N 1

2−H,pu(s, x |p
]
.

Because the equation satisfied by the mild solution u, we need
to bound

E

[
sup

0≤t≤T ,x∈R
|
∫ s

0
Gs−r (x − y)σ(r , y ,u(r , y))W (dr ,dy)|p

]
.

But

Φ(s, x) =

∫ s

0
Gs−r (x − y)σ(r , y ,u(r , y))W (dr ,dy)

is not a martingale. We cannot use the
Burkholder-Davis-Gundy inequality.



In the case of heat equation one can use the semigroup
property of the heat kernel.

Φ(t , x) =
sin(πα)

π

∫ t

0

∫
R

(t − r)α−1Gt−r (x − z)Y (r , z)dzdr ,

with

Y (r , z) =

∫ r

0

∫
R

(r − s)−αGr−s(z − y)v(s, y)W (ds,dy) ,

Then

|Φ(t , x)| ≤C
(∫ t

0

(∫
R

(t − r)p(α−1)Gp
t−r (x − z)dz

)
dr
)1/p

(∫ t

0

∫
R
|Y (s, z)|qdzdr

)1/q

.



Of course we need to bound something like

|Φ(t , x + h)− Φ(t , x)|



The wave kernel Gt (x) = 1
21{|x |<t} can be expressed as

Gt−s(x − y) =

∫
R
Cβ(t − r , x − z)S1−β(r − s, z − y)dz

+

∫
R
Sα(t − r , x − z)C1−α(r − s, z − y)dz

+

∫
R
S(t − r , x − z)E(r − s, z − y)dz

+

∫
R
E(t − r , x − z)S(r − s, z − y)dz ,

(4)



where α, β ∈ (0,1), S(t , x) = S1(t , x) = Gt (x) = 1
21{|x |<t} and

E(t , x) :=
1
π

t
t2 + x2 ,

Sα(t , x) :=
Γ(1− α)

2π
cos
[απ

2

](
(t + |x |)α−1

+ sgn(t − |x |)
∣∣t − |x |∣∣α−1

)
,

C1−α(t , x) :=
Γ(α)

2π

[
cos
[απ

2

] [∣∣t + |x |
∣∣−α +

∣∣t − |x |∣∣−α]
− 2 cos

[
α tan−1

[
|x |
t

]]
[t2 + x2]−

α
2

]
. (5)



For any θ ∈ (0,1) and i = 1,2,3,4, set

JKi
θ (r , z) :=

∫ r

0

∫
R

(r − s)−θKi(r − s, z − y)v(s, y)W (dy ,ds) ,

(6)

where
K1 = Cα, K2 = Sα, K3 = S, and K4 = E .

And we define K̄i to be the complements of Ki according to (4),
namely,

K̄1 = S1−α, K̄2 = C1−α, K̄3 = E , and K̄4 = S.



Φ(t , x) =

∫ t

0

∫
R

Gt−s(x − y)v(s, y)W (ds,dy)

=
sin(θπ)

π

∫ t

0

∫
R

∫ t

s
(t − r)θ−1(r − s)−θdr (7)

×Gt−s(x − y)v(s, y)W (dy ,ds)

=
4∑

i=1

sin(θπ)

π

∫ t

0

∫
R

∫ t

s

∫
R

(t − r)θ−1(r − s)−θK̄i(t − r , x − z)

×Ki(r − s, z − y)dzdr × v(s, y)W (dy ,ds)

=
4∑

i=1

sin(θπ)

π

∫ t

0

∫
R

(t − r)θ−1K̄i(t − r , x − z)JKi
θ (r , z)dzdr

=
4∑

i=1

Φi(t , x) , (8)



where we have applied the identity∫ t

s
(t − r)θ−1(r − s)−θdr =

π

sin(θπ)
, θ ∈ (0,1) ,0 ≤ s ≤ t .



By the Hölder inequality with 1/p + 1/q = 1

sup
0≤t≤T ,x∈R

|Φi(t , x)|

. sup
t ,x

∫ t

0
(t − r)θ−1

[∫
R
|K̄i(t − r , x − z)|qdz

] 1
q

× ‖JKi
θ (r , z)‖Lp(R)dr

.

[
sup

t

∫ t

0

∫
R

rq(θ−1)|K̄i(r , z)|qdzdr
] 1

q

×

[∫ T

0
‖JKi
θ (r , z)‖pLp(R)dr

] 1
p

=(I(1)
i )1/q × (I(2)

i )1/p , (9)



I(1)
1 = sup

t

∫ t

0

∫
R

rq(θ−1)|S1−α(r , z)|qdzdr

.

(
sup

t

∫ t

0
rq

[
θ−1−α+ 1

q

]
dr
)

×
∫ ∞

0

∣∣∣[1 + |z|]−α + sign(1− |z|)
∣∣1− |z|∣∣−α∣∣∣q dz .

In order to make sure the above integrals converge, we need

αq < 1 , (α + 1)q > 1 ⇔ 0 < α <
1
q

= 1− 1
p
, (10)

and also

q
[
θ − α− 1 +

1
q

]
> −1 ⇔ θ > 1− 2

q
+ α . (11)

Do the same for other ones.



Use notation DhΦ(t , x) := Φ(t , x + h)− Φ(t , x) and same
notations for DhK̄i(t − r , z), DhJKi

θ (r , z). Then

DhΦ(t , x) =
sin(θπ)

π

∑
i

∫ t

0

∫
R

(t − r)θ−1DhK̄i(t − r , x − z)

JKi
θ (r , z)dzdr

'
∑

i

∫ t

0

∫
R

(t − r)θ−1K̄i(t − r , x − z)DhJKi
θ (r , z)dzdr ,

(12)

By Minkowski’s inequality and then Hölder’s inequality we get

sup
t ,x

[∫
R
|DhΦ(t , x)|2|h|2H−2dh

] 1
2

. sup
t ,x

∑
i

(∫
R

∣∣∣∣ ∫ t

0

∫
R

(t − r)θ−1K̄i(t − r , x − z)

(13)



×DhJKi
θ (r , z)dzdr

∣∣∣∣2 · |h|2H−2dh
) 1

2

. sup
t ,x

∑
i

∫ t

0

∫
R

(t − r)θ−1|K̄i(t − r , x − z)|

×
[∫

R

∣∣∣DhJKi
θ (r , z)

∣∣∣2|h|2H−2dh
] 1

2

dzdr

.
∑

i

(
sup

t

∫ t

0

∫
R

rq(θ−1)
∣∣K̄i(r , z)

∣∣q dzdr
) 1

q

×

[∫ T

0

∫
R

(∫
R

∣∣∣DhJKi
θ (r , z)

∣∣∣2|h|2H−2dh
) p

2

dzdr

] 1
p

=: (J(1)
i )

1
q × (J(2)

i )
1
p .



The first factor (J(1)
i )

1
q is finite under some appropriate choice

of parameters.

The proof of the following is more involved:

E
∫
R

(∫
R

∣∣∣DhJKi
θ (r , z)

∣∣∣2|h|2H−2dh
) p

2

dzdr.‖v‖pZp(T ) ,

under the conditions

p >
1
H
, 1− 2/q + α < θ < 2H + α− 1,

3
2
− 2H < α < 1− 1

p
.



THANKS


