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Continuous time and space Reinforcement Learning

To understand RL in continuous time and space setting we need to answer the
following questions:

» How to strike optimal trade-off between model based and model free
approaches?

» How to strike the optimal balance between exploration (learning) and
exploitation (optimal control) ?

» Why entropy regularised policy gradient algorithms work so well?

In this talk I'll discuss 3rd and 2nd questions through the lens of stochastic
control theory.



Gradient Flows for Regularised stochastic Control

joint work with David Siska (Edinburgh)
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For £ € RY and p € VY, consider the controlled process

x(w =+ [ 00 (X (1), ) dr + / X (), 1) W, te [0, T],

where

,
vy = {V QY 5 M, IEW//\a|ql/t(da, dt) < oo and vy € FY, Vt € [0, T]}
0

Example 1

Relaxed Control

cbf(xa m):/¢t(X73)m(da)’ and rf(X7 m)(rf(xv m))T :/'Yt(xva)'yt(x7 a)Tm(da)

Building on [Hu et al., 2021, Hu et al., 2019, Jabir et al., 2019].
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Given F and g we define the objective functional

S (v,€) == EY VOT [Ft(Xt(V),l/t) —Ent(l/t)} dt + g(Xr(v ‘xo g} :

Ent(m) == {fRd m(x) log (:((i))) dx if misa.c. w.r.t. Lebesgue measure

0o otherwise

and Gibbs measure ~:
v(x) = e Y™ with U st. / e Ydx=1.
Rd
Why regularise with Entropy?

» Bridging the gap between stochastic control and entropy regularised
Reinforcement Learning (MaxEntRL), [Wang et al., 2020]

» Regularity of Markovian controls [Reisinger and Zhang, 2020]
» Useful when studying inverse RL problems [Cao et al., 2021]
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» Consider a SC problem with the space of actions A C R? given by
dX = b(X, i) dt + o(X o) dW,, t€[0, T], Xo=x

and the objective

S, x) =BV UOT FXE, ) dt + g(XE)

> Aim is to minimize J over all Markov controls a: = a(t, Xt).

> Take a(t, x) ~ [ ¢(x; 0) p:(df) with ¢ being the activation function and
e € Pq(RP) the law of the parameters at time t € [0, T].

» Take
() = b (x, [ i) e(dd) ) . T i=a (x. [ o0 (o))

Fx) = (x, [ oloio)uan) )
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Fix m* € P([0, T] x R?) to be a target distribution. (e.g Q-measure
induced by liquid derivatives)

The aim of the generative model is to map some basic distribution, in our
case m’ := L(£) ® L(W), into m*.

The solution to the SDE is given by a measurable map

G* :R? x C[0, T]? — C[0, T]? such that X:(u) := G/'(&, (Wene)sepo, 7))

0

One then seeks u* such that G;*m is a good approximation of m*

optimisation problem on the space of measures: for some
D : P(RY) x P(R?) — R,

J(v,€) :=EY MT (D(L(Xt(z/)), mp) + %2Ent(ut)> dt’Xo(u) = .g] .

See related work on neural SDEs [Cuchiero et al., 2020],
[Gierjatowicz et al., 2020],[Cohen et al., 2021] and casual optimal
transport [Acciaio et al., 2020, Backhoff-Veraguas et al., 2020]
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Stochastic Control

Xe(p) =&+ /OtCDr(Xr(u),ur) dr + /Ot C (X (1), ) dW,, t €0, T],

S (v,€) :=EY VOT [Ft(Xt(y),yt) —Ent(l/t)} dt + g(Xr(v ‘xo g} :

Hamiltonian:

2
H{ (x,y, 2,m) = ®e(x, m)y + tr(T{ (x, m)z) + Fi(x, m) + Z-Ent(m).

Adjoint process with control u

dYe(u) = ~(VxH:)(Xe(w), Ye(i), Ze(n), pe) dt + Ze(n) dWe, t € [0, T,
Y7 (1) = (Vxg)(X7 (1))



Theorem 2 (Necessary condition for optimality)

Fixoc > 0. Fixq > 2. Ifv e VW is (locally) optimal for J° (-, &), X(v) and Y (v), Z(v) are the
associated o M})tlmally controlled state and adjoint processes respectively, then for a.a.
(w,t) €Q

ve locally minimizes  H? (X¢(v), Y:(v), Z:(v), V).
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Gradient flow
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» For each t € [0, T] and w" € Q" consider

2
8sl/s,t' =V, (bs,tl’s,t aF %val/s,t) , SE [07 00)7 Vot € 732(Rp)

> 'Stochastic gradient flow’ X s.t £(X;,:) = vs,¢ for all s is given

dXe s = besds + odWs, s € [0,00).

» Aim: Find b such that J(vs,., &) \
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> For e, A > 0 let 1" := v; + A(Vere — v¢) we have

05 (vs,.) = I|me 1(J (Vste,.) — I (vs,.))

:ellno6 (/ /(UG Y)(Vste, — Vs, )(dy)d/\)

Lemma 3

» Hence, formally differentiating entropy,

057 (vs,.)

o [few [T [HT s
= lime (/ E / {/ (e y) Wsret — us‘t)(dy)} dtdA)
=0 . 0 ov
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GF derivation in the spirit of Otto calculus

» Assuming continuity of the hamiltonian and noting that z/t)"E — Uy as
e—0

- [ [oH .
0sJ% (vs,.) = EW/ [/ o (ys,.,y)dsusﬂt(dy)] dt
)

T H° 2
= EW/ [/ 65—(1/5,-7}/) Va . (bs,tVsﬁt aF %vays,t) (dy):| dt.
0 v

» Integration by parts yield

oH?

95J° (vs,) = —E" /OT [/(Vay)(l/s,.,y)(b&wﬁ o+ ";vaus,t) (dy)] dt.

» Hence take
SHO

bee = (Va5 ) (e, ¥) + 5 (VaU) (@)
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Energy dissipation

Theorem 4

Assume that X;,., Ys,., Zs,. are the forward and backward processes arising from
control vs. € VYV and data £ € RY. Then

9 = 8 [ [ (@) o) st

» Proof relies on I1t6 formula for measures and PDE estimates
> See related work [Karatzas et al., 2018]



SDE / BSDE System Representation for Gradient Flow
Consider with ;o = 6% and s > 0:

SH?
das,f: 7((v E )(Xs ty Ys t,Zs t,l/s ty st)+ (V U)(es t)) dS+O'st,
(1)
coupled with

Vst = E(es t|ftW) )

XS,f _§+f(] Xs ryVs,r dr+f0 Xs ,ry Vs, y(da)) C”/Vr7 t e [0 T]

dYs,t = (vat )(Xs,h Ys,t7 Zs,ta Vs,t) dt + Zs,t dW; >

Yer = (Vxg)(X7).
(2)

14 /30



SDE / BSDE System Representation for Gradient Flow
Consider with ;o = 6% and s > 0:

SH?
das,f: 7((v E )(Xs ty Ys t,Zs t,l/s ty st)+ (V U)(es t)) dS+O'st,
(1)
coupled with
Vst = E(es t|ftW) )
Xs,t —§+fo r(Xs,ry Us,r) dr—l—fo (Xs,r,vs,r(da)) dW,., t €0, T],
dYs,t = (vat )(Xs,h Ys,t7 Zs,ta Vs,t) dt + Zs,t dW; >
Yor = (Veg)(X7).
)
» After discretising time take a step of gradient descent Gékvt for
i=1,...,N and compute v/ , = £ 5" 502”

14 /30



SDE / BSDE System Representation for Gradient Flow
Consider with ;o = 6% and s > 0:

SH?
das,f: 7((v E )(Xs ty Ys t,Zs t,l/s ty st)+ (V U)(es t)) dS+O'st,
(1)
coupled with
Vst = E(es t|ftW) )
Xs,t —§+fo r(Xs,ry Us,r) dr—l—fo (Xs,r,vs,r(da)) dW,., t €0, T],
dYs,t = (vat )(Xs,h Ys,t7 Zs,ta Vs,t) dt + Zs,t dW; >
Yor = (Veg)(X7).
)
» After discretising time take a step of gradient descent Gékvt for
i=1,...,N and compute v/ , = L 3" 502”

> Solve forward process X, (vl ;) on [0, T]

14 /30



SDE / BSDE System Representation for Gradient Flow
Consider with ;o = 6% and s > 0:

SH?
das,f: 7((v E )(Xs ty Ys t,Zs t,l/s ty st)+ (V U)(es t)) dS+O'st,
(1)
coupled with
Vst = E(es t|ftW) )
Xs,t —§+fo r(Xs,ry Us,r) dr—l—fo (Xs,r,vs,r(da)) dW,., t €0, T],
dYs,t = (vat )(Xs,h Ys,t7 Zs,ta Vs,t) dt + Zs,t dW; >
Yor = (Veg)(X7).
)
» After discretising time take a step of gradient descent Gékvt for
i=1,...,N and compute v/ , = L 3" 502”

> Solve forward process X, (vl ;) on [0, T]
> 'Back-propagate’ (Ys,.¢(V2) ;). Zs,.«(Vl) ;) on [0, T]

14 /30



SDE / BSDE System Representation for Gradient Flow
Consider with ;o = 6% and s > 0:

SH?
das,f: 7((v E )(Xs ty Ys t,Zs t,l/s ty st)+ (V U)(es t)) dS+O'st,
(1)
coupled with
Vst = E(es t|ftW) )
Xs,t —§+fo r(Xs,ry Us,r) dr—l—fo (Xs,r,vs,r(da)) dW,., t €0, T],
dYs,t = (vat )(Xs,h Ys,t7 Zs,ta Vs,t) dt + Zs,t dW; >
Yor = (Veg)(X7).
)
» After discretising time take a step of gradient descent Gékvt for
i=1,...,N and compute v/ , = L 3" 502”

> Solve forward process X, (vl ;) on [0, T]
'Back-propagate’ (Ysk_,t(us'\k’,t),Zsk,t( vg.¢)) on [0, T]
> Update the 'gradient’ and produce the next step 0!

\4

Sk+1,t

14 /30



SDE / BSDE System Representation for Gradient Flow
Consider with 6; 0 = 6% and s > 0:

SH?
das,f: 7((v E )(Xs ty Ys t,Zs t,l/s ty st)+ (V U)(Qs t)) dS‘i’O'st7
(1)
coupled with
Vst = E(es t|ftW) )
Xs,t —§+fo r(Xs,ry Us,r) dr—l—fo (Xs,r,vs,r(da)) dW,., t €0, T],
dYs,t = (vat )(Xs,h Ys,t7 Zs,ta Vs,t) dt + Zs,t dW; >
Yor = (Veg)(X7).
)
» After discretising time take a step of gradient descent Qék‘t for
i=1,...,N and compute v/ , = L 3" 502”

Solve forward process X, (v ;) on [0, T]
'Back-propagate’ (Ysk_t(us'\k’,t),Zsk,t( Vg.¢)) on [0, T]
Update the 'gradient’ and produce the next step GSHM
Probabilistic numerical analysis plus propagation of chaos reuslts yield
precise error rates in terms of N, learning rate etc.

vVyvyyvyy
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Define a set of local minimisers

o

oH
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Theorem 5 (Siska, Szpruch 2020)

Assume that for any 1° € V(‘,/V the MFLD xhas unique solution Psu° and that it
admits unique invariant measure p* € V);V such that for any u° € V:V,
lims_s o0 /)q(Ps‘LLO,M*) = 0. Then

Z° = {u*}. In other words, u* is the only control which satisfies the first
order condition.

®

The unique minimizer of J° is p*.

From the first order condition we have that for a.a. (w",t) € QY x (0, T)
5H? - 5 *
pi(a) = 27l F )y (a), 2, = / e oz )y (a)da.

> uf
SHO

(a) is related to Boltzmann exploration it entropy regularised RL with
5= (-,v) in place of Q-function
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Theorem 6 (Exponential convergence to invariant measure)

Assume that A = ¢ (© k+m —m2) > 0. Then there is u* € V3" such that for
any s > 0 we have Psu* = p* and p* is unique. For any 1i° € V¥ we have that

* -4 *
pa(Pspi®, 1) < €7 ™ pg(u®, ).

where for p, ¢/ : Q" — V3V we have
T 1/q
W Ga) = ([ Wl )" )
0

1/q

pali ') = (B [0 (1))
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route)
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Extensions

» Reproduce all the results for Feedback Markov Controls (possibly via HJB
route)

» Study the setting from the perspective of the agent that 'samples’ optimal
control

» Study the regret in the setting when the coefficients are unknown.

17 /30



Linear-Convex RL problems

joint work with Tanut (Nash) Treetanthiploet (Turing)
and Yufei Zhang (LSE)
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Linear-convex control problem with known parameter
Fix 8 = (A, B) € R?*? x R?*P and consider

.
V)= inf  J(a0), J(a;e):EV f(t, X2 ap) dt + g(X2)|,
aGH%(Q;]RP) 0

where X% € §2(Q;RY) is the strong solution to the following dynamics:

dX; = (AX;: + Bay)dt +dW;, te€ [0, T], Xo= xo,



Linear-convex control problem with known parameter
Fix 8 = (A, B) € R?*? x R?*P and consider

.
V)= inf  J(a;0), J(a;e):EV f(t, X2 ap) dt + g(X2)|,
aeH%(Q;]RP) 0

where X% € SZ(; RY) is the strong solution to the following dynamics:

dX; = (AX;: + Bay)dt +dW;, te€ [0, T], Xo= xo,

Assumption 1

There exist measurable functions fy and h such that

f(t,x,a) = fo(t,x,a) + h(a), Y(t,x,a) € [0, T] x R? x RP.

Furthermore fy(t, x, -) is convex, fo(t,-,-) has Lipschitz continuous
derivative and h is lower semicontinuous and convex.
There exists A > 0 s.t for all t, (x,a),(x’,a’), and n € [0,1],

nf(t,x,a)+ (1 —n)f(t,x",a") > f(t,nx+ (1 —n)x",na+(1—n)a’)+n(1— 77)%|a—a’|2.

g is convex and differentiable with a Lipschitz continuous derivative.
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Feedback controls

Proposition 2 (M Basei, X Guo, A Hu, Y Zhang, 2021)

For any given 8 = (A, B) the LC control admits a unique optimal control af
which satisfies

of = ¢o(t,X!), dP®dta.e.

Furthermore ¥ (t,x) € [0, T] x R? and 0,6’ € ©,

[0(t, x) — por (,x)] < C(1+ [x])|0 — O]
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Feedback controls

Proposition 2 (M Basei, X Guo, A Hu, Y Zhang, 2021)

For any given 8 = (A, B) the LC control admits a unique optimal control af
which satisfies

of = ¢o(t,X!), dP®dta.e.

Furthermore ¥ (t,x) € [0, T] x R? and 0,6’ € ©,

[0(t, x) — por (,x)] < C(1+ [x])|0 — O]

» When 6 is known, this is the classical LC stochastic control problem.

» When 6 is unknown, one needs to balance exploitation (optimal control),
and exploration (learning via interactions with the random environment).
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Exploration-Exploitation tradeoff in Episodic Learning

> After (m — 1) learning episodes, let 6"~V be the estimated value of an
unknown parameter
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Exploration-Exploitation tradeoff in Episodic Learning

> After (m — 1) learning episodes, let 6"~V be the estimated value of an
unknown parameter

> Given §(m—1) agent exercises a feedback control ™ (which may depend
on 6™ or not) and observes

dX™ = (AX{" + By (t, X{"))dt + AW, t€][0,T], Xo= xo, -

» The expected cost for each episode is

7

m (m) i (m) )

J(! >;e)=E[/ F(E X0V (e, X0V de + g (XY
0

> Using (X')I"; agent constructs §(™

> How to design optimal algorithm W = (v®) ... (™) that strikes optimal
balance between exploration and exploitation ?
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Regret Analysis

> Let W = (@, ..., ™) be a learning algorithm
» The expected regret of learning with N € N episodes is

R(N, W) = 3~ (J(w'™;6) - J(v:6))

m=1

where
> J(1);0) is the optimal cost as if the parameters were known
> J(p(™; 0) is the cost for the m-th episode
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Regret Analysis

> Let W = (@, ..., ™) be a learning algorithm
» The expected regret of learning with N € N episodes is

R(N, W) = 3~ (J(w'™;6) - J(v:6))

m=1

WHEE

> J(1);0) is the optimal cost as if the parameters were known
> J(p(™; 0) is the cost for the m-th episode

Optimal results from literature:

» For LQ-RL with self-exploration property one can construct W s.t
R(N, W) = O((In N)(InIn N)), [Basei et al., 2020].

» For LC-RL with irregular cost function and with self-exploration property
one can construct W s.t R(N, W)= O(vVNInN), [Guo et al., 2021].
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» Consider the 1d controlled SDE
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Do we need to explore?

» Consider the 1d controlled SDE
dX: = (BIOél,t aF 52042,1:)dt + dW;

with (Bi, Bz) # (0,0) and the cost
T
Je;0) =E U (of ¢ +03,)dt + X7 | ,
0

> The optimal policy is given by ¥s(t,x) = —p:B ' x, where (p;): satisfies
corresponding Riccati equation.

> Assume agent learns by only executing optimal (greedy) policy

> Assume that after the first episode we have (BP,O), Bl(l) # 0 and
consequently agent executes (a1,:,0) and only learns about Bj in the next
episode

> and if it happens that for all m € N, (B{™,0), B™ + 0, the optimal
model and the optimal policy will never be learned.



Bayesian Perspective

» One should view the unknown parameter as a (hidden or unobserved)
random variable 8 = (A, B).
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Bayesian Perspective

» One should view the unknown parameter as a (hidden or unobserved)
random variable 8 = (A, B).

> Given fixed policy our aim is to estimate 6 = (A, B) where

dX, = 0Z7dt + dW,

> Given prior mo(8) = N(fo, vo) the posterior is given by

oy _dPs o
m(017%) = —p (£, X™)mo(6)

o< exp ( — %O(VJI +/ (Zsa)(Zsa)Tds)E’T + O(V(flé\oT 4F /Ot(Zsa)dXs>)~
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0
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Bayesian Perspective

» One should view the unknown parameter as a (hidden or unobserved)
random variable 8 = (A, B).

> Given fixed policy our aim is to estimate 6 = (A, B) where

dX, = 0Z7dt + dW,

> Given prior mo(8) = N(fo, vo) the posterior is given by

oy _dPs o
m(017%) = —p (£, X™)mo(6)

o< exp ( — %O(VJI +/ (Zsa)(Zsa)Tds)E’T + O(V(flé\oT 4F /Ot(Zsa)dXs>)~

t
0
> We see that the posterior distribution 7 (8|F%) = N(0:, V;) where
t t
0. = E[0|F ] = (v 00 +/ (z;")dxs)T(vgl+/ (Z2)(z2) T ds)
0 0

t
Vi = Var[9|FX°] = (vo—1+/ (Z2)(22)Tds) .
0
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Phased Exploration with Greedy Exploitation
Algorithm 1: PEGE Algorithm

Input: m:N — N.

1 Initialize m = 0.

2 for k=1,2,... do

3 Execute the exploration policy %° for one episode, and m < m + 1.
4 Update the estimate 0., and set 6 = O,

5 for =1,2,...,m(k) do

6 ‘ Execute the greedy policy 15 for one episode, and m <— m + 1.
7 end

8 end

» Here greedy policy is given by
Wn(w,£,%) = Um(8"" (), VU (W), £,%)

» Sufficient statistics are updates as at the episodes j =n+1,..., m:

1

m

T -1
> [ zevizeeiyTas)
0

Jj=n+1

VG,W,m — ((VB,‘U,n)—l +

AW m AW n i v P g T
6" = (9“" (2 Y (/ z2I(axe)") )v"v"‘vm.

Jj=n+1 0
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Regret Analysis
Let £Y = {m € N|V,,, = ¢} and consider

R(N,.0) = 3 ('™ 0) — S(u:0))

= Y (@0 —Jwed)+ Y (I, 0~ J(ei6))

me[L,NJNEY me[1,N]N(EY)®
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Regret Analysis
Let £Y = {m € N|V,,, = ¢} and consider

R(N,W,0) = 3 (J(™;6) — J(vs;6))

m=1
N
= 3 w0 - Jweid)+ > (U, ,.0) — J(¥e:0))
me[L,N]NEY me[1,N]N(EY)®

Assumption 3 (Performance Gap)

There exist constants Le, 3 > 0, r € (0,1] such that for all 6y € ©,

| J(t0: 60) — J(tay: 0)| < Lo|6 — 6|, V6 € Bs(6o),

where g is an optimal feedback control with parameter 6.
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Regret Analysis
Let £Y = {m € N|V,,, = ¢} and consider

R(N,W,0) = 3 (J(™;6) — J(vs;6))

m=1
N
= 3 w0 - Jweid)+ > (U, ,.0) — J(¥e:0))
me[L,N]NEY me[1,N]N(EY)®

Assumption 3 (Performance Gap)

There exist constants Le, 3 > 0, r € (0,1] such that for all 6y € ©,

| J(t0: 60) — J(tay: 0)| < Lo|6 — 6|, V6 € Bs(6o),

where g is an optimal feedback control with parameter 6.

We then have

N
R(N,W,0) < (J(°,0) + V(0)s*(N)+ > Lolbm1—6*
me[1,N]nEMW)®
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Performance Gap analysis
Theorem 7

Let h=0. Then for any B > 0, there exists Lg > 0 such that performance gap

assumption holds with r = 1.
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Performance Gap analysis
Theorem 7

Let h=0. Then for any B > 0, there exists Lg > 0 such that performance gap

assumption holds with r = 1.

> First show J(-;00) : HA(; RP) — R U {oo} is convex and has a Lipschitz
continuous derivative

> Conclude that J(a; o) — J(a®; 00) < Clla — a®]|)3, for all a € HE(Q;RP)

Theorem 8

Let the cost function be given form

f(t,x,a) = fo(t,x)"a+ hen(a), hen(a) = Za, In(aj),

i=1

Assume further that fo(t,-) € Co(RY) and g € C4(R?) uniformly in t.
Then the performance gap assumption holds with r = 1.

» Expand cost function into 2nd order Taylor series around the minimiser.



Optimal Regret

Theorem 9
Consider PEGE algorithm. We have
For m(k) = |k"| for all k € N

R(N, WPESE )] < CNT7 (log N)' for all N € N [2,00).

Assume self-exploration property holds. Then for m(k) = 2k

CNI_’(Iog N)r, r e (0,1),
C(IogN)Q, r=1,

E]P‘[R(N’WPEGE’O)] S{




Optimal Regret

Theorem 9
Consider PEGE algorithm. We have
For m(k) = |k"| for all k € N

R(N, WPESE )] < CNT7 (log N)' for all N € N [2,00).
Assume self-exploration property holds. Then for m(k) = 2k

CNI_’(Iog N)r, r e (0,1),
C(IogN)Q, r=1,

E]P‘[R(N’WPEGE’O)] S{

» Proof requires concentration inequalities for conditional sub-exponential
random variables

» One can also obtain high probability bounds for pathwsie regret

» Easy extension to e-greedy algorithms.
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