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1. Motivation and setting of the switching problem

» B:= (B¢)i<T a Brownian motion on a probability space
(Q, F, P) whose completed natural filtration is (F¢)¢<T.

> C is a power plant.



1.1. Features of the power plant

» The power plant C has m > 3 modes of production (if e.g.
m = 3, "1=no production”, "2=normal mode” and
"3=intensive one"). The case of m = 2 is dual.

» Electricity cannot be stored, when produced it should be sold
and consumed. The manager of C will put it dynamically in

the most profitable mode.
» If Cisin mode i€ J :={1,...,m}, the yield per dt is
Yi(t,w)dt.
» Switching C from mode i to mode j # i at t induces a payoff
which equals to
é;j(t, w)

an adapted continuous stochastic process.



1.2. Switching strategies

A management strategy of C has two components § and &

» (i) 6 = (7n)n>0 a sequence of stopping times such that
Tn < Tpy1 and 7, — T. At 7, the manager switches the
production from the current mode to another one.

» (i) £ = (£n)n>0 a sequence of r.v.s such that:
éo=1landVn>1,¢,€ J and &, is F, — meas..

&, is the new working mode chosen at time 7,,.

» The pair (§,&) is called a switching strategy of management
of the power plant. [J



1.3. The payoff

Let (u¢)¢<7 be the process indicator of the production mode at t of
C:
up =1 and uy =&, if t €]y, Thy1] (n > 0).

When a strategy (0,£) is implemented the yield is given by:

)
6,€) == E| /0 bu()d5— S be, () + Gurl

n>1

Gy, is the terminal payoff at time T.

Remark

(i) u= (u¢)e<T is in a one-to-one correspondence with (9, &).

(ii) When 0(1) > 0 (resp. < 0), the switching from i to j at T
incures a cost (rep. a subsidy or profit) for the decision maker. []



1.4. Problems

1) The wellposedness of the problem if we do not have £;; >0 .

2) Existence of an optimal strategy (6*,£*), i.e.,

J(0%,€7) = sup J(6,£).
(3)

3) What can be said about

sup J(9,¢)
(5.€)

in terms of characterization, properties, simulation, etc. ?

Remark : The quantity

= :=sup J(6,&)
(6,6

is the price of the power plant in the energy market.



The model fits also for:

(i) a change of technology of a corporate;

(ii) the management of a portfolio (allocation) of life insurances
(pensions, etc.) in a financial market;

(iii) the management of a cluster in cyber-security, etc. O

NB : There are several papers on this subject. Mainly in the case
when the switching payoffs are non-negative + appropriate
assumptions.



2. The framework of signed switching payoffs

Assumptions:
i) For any i, j € J, the stochastic process t € [0, T] — £;i(t) is
increasing (resp. decreasing).

ii) £;(.) satisfy the triangle inequality, i.e., for any i,j, k € J,
Vi< T,

f,j(t) < f,’k(t) + fkj(t).
li=0; ¢ € S? (cont. uniformly square integrable processes).

iii) Consistency condition: The terminal payoffs G; are Fr-r.v. and
verify: For any i € 7,

E[(G;)?] < d G > Gi— (T,
[(G)] < ooand G = max {G;—£i(T)}



Remark

» The triangle inequality implies the non free loop property ,
i.e., for any sequence of indices iy, ..., ik € J such that
i1 = ix and card{i, ..., ik} = k— 1 we have:

Ciyip(8) + Liis () + - + iy 43 (B) + Cii (£) > 0
because
giliz(t) + £i2i3(t) +... Eik—lik(t) + eikil(t)
> €i1i3(t) + €i3i4(t) +.o+ gikqik(t) + eikil(t)
> E,‘l,'l(t) =0.

» Example: m=2, /1o = —1 and {1 = 2.



Admissiblility: A switching strategy (9,&) := (7n, {n)n>0 is called
admissible if:
() Th < Tht1 and
Plr, < T,¥n>0] =0.
(i) &n is a J-valued F, -r.v. such that for any n:
o Pléy = Enp17a < T] = 0.
e the n-partial payoff (payoff after n switchs):

(:(,5175 = Z gﬁm—lfm(Tm)l[Tm<T]

m=1
verifies:
%] < o0.

Efsup | )¢
n>1
In this case, the sequence (C‘,;,’g),,zl converges in L?(dP) to

o€ — Z Ce m(Tm) L < ]-

m>1



Proposition: Assume that the triangle inequality holds. Then for all
N > 1 and any (7n, &n)n<n (an N-truncated strategy) we have:

i) If the switching costs are increasing in time, then :

N
> g aei( < < max|feox(m)| (1)
j=1

*C/sv’&

(i) If the switching costs are decreasing in time, then:

—Cy = Z Lo sef(en < max((le(T)]- - (2)

j=1



Proof: By induction. We focus on ().
(1) obviously holds for N= 1. Suppose it holds up to N — 1. Let

D = {w € Q such that l¢, ,¢,(7n) <0 },

then:

N
o D e e ()1

j=1
N N
- Z lej16(7i) <1 1pe — Z le (7)< 1p-
=1 j=1
(3)
For the first term,
N N—1
- Z gfj—lgj(Tj)l[Tj<T]1DC < - Z gfjflgj(TJ')l[Tj<T]1DC

j=1 j=1

< maXke 7 |£§Ok(7'1|1]D)c



For the other term in (3), since [ty < T] C [ry—1 < T] and
Cen ren(Tn-1) < ley_14(Tn), then (on D)

N
= L (e n

j=1

N—2

= |: - Z eéj—l,fj(ﬁ)]‘[ﬂ<7—]
=1

_£5N72§N71(TN*1)1[TN71<T] - €£N715N(TN)1[TN< T]:| 1p.

N—-2

< [ - Z ££j71,§j(7—.i)1[77<7]
=1

—(Len_nen_s (Tn-1) + egngN(Twl))l[mm} 1p.



By the triangle inequality we get,

<

N
> e ()< ln
=1
N—-2
- Zj:l e&j—lgj(Tj)l[Tj<T] - €§N2§N(TN—1)1[TN1<T]:| 1p
- N—2

Z - Z eEf 1§ 7—1')1[Tj<71 - €§N—ZI(TN1)1[7'N1<T]:|1[§N—IJ:| Ip

-leJg =1
r N 1

DDt T e gn= 4]11[» < max|fsok(71)|1m>,
-ledg Jj=1

where EJ =¢forj=1,..,N-2, and £N_1 = [. Thus the desired result.



Point (ii) is obtained in the same way. First

N N
_Zggj—lfj(rj)l[ﬁ'<7-] < _ngjflfj(T)l[Tj<T]‘ P—as.

=1 =1
Then by considering the set

Dy = {w € Q such that 4, ,¢,(T) <0},

we show by induction that for any N and (75, &n)n<n,

N
_ngj—lﬁj(T)l[Tj<T] < Té}(wﬁok(Tﬂ
=1

since ¢;i(T), i,j € J, verify the triangle inequality.



3. Verification Theorem and its solution

We assume that m=3; 7 ={1,2,3} and J =7 — {i}.

Theorem: There exist continuous processes (W, Z, K");:1,2,3
(Yi S 82) such that: fori=1,2,3 and t< T,

T T
Yl = G,-+/ w,-(u)du—/ Z\dB, + K — Ki;
t t

Y > maxc 7-i{ —{(t) + Vt} (5)

/T( Yi, — max {—{;(u) + Y.,})dK], = 0
0 j

jeJg—



Idea of the proof: recursive approximations.
Forie J:={1,2,3}

Y;r = F| Yi(s)ds + Gi| F]
t

and, for n > 1, (Y1, Zi" K" verifies: for i=1,2,3 and t< T,

, T T , .
Y;" =G+ / i(u)du — / Z;"dB, + K5 — K"
t t

Y > maxie 7o {—05(8) + Vi,

T
/ (Yi" — max {—C5(u) + Yi" 1 })dKi" = 0
0 jeg—!



(i) Note that

. t T
Yin 4 / i(s)ds —ess sup,~E / Vi(s)ds+
: >
max {—Li(r) + V2" g en + Gli—m |

The process ( Y' —|—f0 1i(s)ds) <1 is a Snell envelope of the process

t
(/0 Wi(s)ds + k@;’f;{_gik(t) + Yﬁ’nil}]l[td] + Gili=1y)e<T-



— u
T AN(R)




- U
- SN ()




(i) Let
D" = {u= (Tny€n)n>1 admissible, up =i, 71 >t and 7,41 = T}.

Then

. T
" — esssup, ok /t (05— 3 be, () e + Gurl Fl
j=1

T n
— esssup, o] /t Gu()ds— 3 b6 (1) ey + Gurl Fil-
=1



Since D" € D™, we then have:
. i,n i,n+1

)Y <Y

i)

V" <E

§
/ S lin(s)ds-+ Y Gl + Y sup ()1

keJ keJ keJ =




Thus the processes Y"" are uniformly bounded. We set:
Y = lim Y*".
n

(i) Y'is cadlag (or rcll).

Yi" —ess supTZtE[/ i(s)ds+
t

[max (—Li(T) + Y ) e + Gl—ny|Fi)-
cJ—i

Then Y’ + fo Vi(s)ds)i< T is a supermartingale and Y’ is cadlag
as a I|m|t of the increasing sequence.



(i) Y verifies:
Yi —ess supT>tIE[ w,(s )ds+

max (—¢ (T) + YOI + Gli—ny|F]

keg—i
by continuity of the Snell envelope operator through increasing rcll
processes, i.e., if U, and U are rcll processes and U, ~ U then

SN(U,) /7 SN(U).



(i) Y'is continuous: Thanks to the non free loop property.

If for some tg, A, Y := Y} — Y} _ < 0 then there exists j # i such
that '
Atow <0 and YQO* = —ﬁ;j(to) + th .

Repeat the procedure to obtain a loop ji, .., jp—1 such that
EJ'U'z (tO) +oot ij—l.l'l (tO) =0.
This is contradictory and then Y’ is continuous. By Dini's theorem

Yir -, Yiin S2.



We set:
Z'=limZ" K = lim K"
n n

we obtain that (Y, Z', K');—1 2 3 verify the above system of
reflected BSDEs with inter-connected obstacles (6).



3.1 Existence of an optimal strategy

Theorem: There is an optimal strategy v* = (7,1, &) n>1-

Hint for the proof:

a) lts definition:

71 =the first time that Y’ reaches the obstacle
(maxje 7-i{ —€y(t) + V;})th-

&] is the optimal index at 75"

75=the first time that Y& reaches the obstacle after 7.
&5 is the optimal index at 75 and so on.

b) Part i) of admissibility stems from the NFLP implied by the
triangle inequality.



c) Part ii) is due to (i = 1):
1
Yo = G lpm—nlp: <n
k=

‘—E:fqlg (T + Vo2 1o

k=1
UT*
+§: ww m—gl/ Z, “'dB,.
k=1" Tk-1 k=1" Tk—1

=[77 Z:dB,
Thus
Efsup |Gy |*] < o0
n>1
and the strategy v* is admissible. Take the limit wrt n to obtain
Y = J(u).
d) For any other admissible strategy u we have:

Y > Nu). O



4. The Markov framework

Let X®* be the solution of the following SDE:
dX5 = b(s, Xt*) ds+o (s, Xb*) dBs for t <s< Tand X = xfor s<t.

Next assume that :

a) 1i(s) = vi(s, X)

b) £;i(s) does not depend on x

9 G = G(Xy)

d) They satisfy the other properties (triangle inequality, etc.).

where v(t, x), £;(t) and Gj(x) are continuous and of polynomial
growth.



Then there exist deterministic functions v/, i =1, ..., m, of
polynomial growth such that

YL’LX = \/(S, X?X)a s€ [t» T]

Moreover:



Theorem:

The functions (v')i=1,m are continuous of polynomial growth and
unique viscosity solution of: Vi=1,...,m,

min {v,-(t, x) — max {—£;(t) + vj(t,x)}, —0vi(t, x) — Av(t, x) — (e, x)}

jeg—!

vi( T, x) = Gi(x).
(7)

Remark

(i) The definition of sub- and super-solutions is standard and based on
the Isc and usc enveloppes.

(ii) The NFLP insures comparison of sub- and supersolutions.

(iii) Existence stems from the recursive scheme and the triangle
inequality. O



Example

> m=3,T=1,0=15,b=1, 12{1,2,3}.
> 1 = (—x% +5x) = 10, 1 =0, b3 = (> — 5x) + 10,
> flg(t) =t+ 1.5, f13(t) =t+2, le(t) =t—0.4, 223(t) =

t+ 1.5, l31(t) =t—1, l3(t) =t—0.1.
> G =0.



Figure: Value functions.



5. Extension

» The switching payoffs can be monotonic on [0, t;] and on
[t1, T] with different monotonicities.

» We can do the same if similar phenomenon happens on [0, t1],
[tl, tz], ...,[tk, T]
P t; can be a stopping time. O
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Thanks for your attention.



