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Introduction : Mean Field Games

Stochastic control of interacting dynamics

Agentsi=1,...,N

Each agent i controls the state processes

Denote o= := (al,...,a/ L a1 .. a")

Nash Equilibrium

@ Agent i's individual optimization :

. . Toq BT .
Vi(a=)) = infﬂz[/o {E\Q;F_f(xg,NZaxg)}ng(x'T)}
j=1

(o3

— optimal response &'(a(=1)
@ A Nash equilibrium is (a*717._,,a*7'\/> such that o™ € &i(a*,(_;))

/\
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Introduction : Mean Field Games

Coupled system of HJB equations

Value function of Agent i characterized by means of HJB equation

Opv'! —|—2Av —|—Za’8 v' +|nf{a OV + = |a| } f(x', fin(x))

J#i
=—3105vi[?
vi(T,.) =
with optimal control &'(a{™)) = 9, v/, where v/ = vi(t, x; a{=7) )
Nash equilibrium : a* = (a*!,..., a*N) such that
ot =9 vi(t,x; D) forall i=1,...,N

£
AYU“'F(‘:HNIQUE
.. raises many technical difficulties!
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Introduction : Mean Field Games

SDE and Focker-Planck equation

To simplify, send N — oo = interaction through marginal distribution

An(Xe) =& S, 6y — Law of X

If X solution of SDE dX; = b(t, X;)dt + o(t, X¢)dW,, its marginal law
m(t,dx) :=Po X; ! characterized by the Fokker-Planck equation

. 1
O¢m + div[bm] — 5 Zai%j{(oaT)Um} =0, mle—o = d{xo}

]

SDE at Nash equilibrium is
dXt = —(9Xv(t,Xt, m(t7Xt))dt + th

and the corresponding density characterized by the FP equation

1
O¢m + div[—9,v m] — EAm =0, m’tzo = lo X
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Introduction : Mean Field Games

Mean Field Games

MFG, Huang, Malhamé & Caines '06 and Lasry & Lions '06

i 1 1
Lasry & Lions’ formulation 0;v + EAV - 5\Dv|2 = f(x.m), v| =g (HJB)

t=T

Orm — %Am—div[Dv m| =0, m’r:o =po (FP)

(HJB) : Representatlve agent optimization problem, parametrized by m

infE / { \at\z (t,Xt))}dt—i—g(Xr)}, dX; = a.dt + dW,

Hamiltonian H(z) = inf, {az - %} = ‘Z‘ = opt. cont. o = Dv(t, X;)

(FP) : m =marginal distribution of diffusion with transport coefficient
given by optimal control of the HIB : dX; = Dv(t, X;)dt + dW,
— Nash equilibrium e
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Introduction : Mean Field Games

P.L. Lions" Planning Problem

Planning P

Lo, /1T given probability measures on RY, solve

1 1
OV + EAV — E\Dv\z = f(x, m)

1 .
6‘tm—§Ame|v[Dvm] =0 m|t:O = po and m|t:7-:,UT

(in particular g = v‘t:T to be determined)

Figure 1: EU (55 p
101990 and climate neutrality in 2050)

Unique solution exists for any pair (mg, mr)...

Lions '10, Achdou, Camilli & Capuzzo Dolcetta '12
Porretta '14, Orrieri, Porretta & Savaré '18
Graber, Mészaros & Tonon '18, Benamou

Carlier, Di Marino & Nena '18

COLE
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Path-dependent version of the Lions Planning problem

Path-dependent stochastic control

Q = C%(R,,R9), canonical process X;(w) = w(t), t >0
Py : Wiener measure on Q

Croud of agents defined by probability distribution m

for fixed m, solve the representative Agent problem :
T
Va(m,€) i= sup E” [€(X) = [ ee(m(®), )]
PeP 0
where, for some control v valued in U, P € P is weak solution of

Po(Xo)™! = mo, and dX; = a+(X, v¢) [Ae(X, ve)dt+d W, ], P—a.s.

Two additional features :
e control affects both drift (transport) and diffusion
o all coefficients are possibly path dependent ><;gg¢;ww
e path dependence of £ = ¢(X,71) is crucial !
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Path-dependent version of the Lions Planning problem

Agents in (Path-dependent) mean field Nash equilibrium

Denote P(m,¢) == {solutions of Vo(m,&)}

Definition (Mean field game equilibrium)

m is a MFG equilibrium if there exists
B e P(m €) suchthat Po(X:)™t = m(t), forall t<T

Denote MFG(&)={solutions of MFG equilibrium}

EcoLE
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Path-dependent version of the Lions Planning problem

Path-dependent formulation of the Planning Problem

Path-dependent Planning Problem

Given g, 17 probability measures on RY,

find € € L°(F7) and rir € MFG(€) such that M(0) = po, M(T) = p

@ £ may be interpreted as the incentive regulation so as to
optimally move the population from pg to put

@ More freedom than the original Lions' planning problem where
§(X) = g(X7)
@ Multiple solutions, in general...

@ Relation with contract theory : 1 Principal facing a crowd of
Agents in Nash equilibrium ><;gg¢;mm
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Path-dependent version of the Lions Planning problem

Forward description of MFG equilibria

Hamiltonian of the representative agent problem (with b:= o)) :

He(z, v, p) == sup {bf(U) ‘z+ %Ut(u)2 Y = celps U)}

Proposition (Ren, Tan & NT '21)

Let p > 1 and & € LP(P) be such that MFG(&) # (). Then, we may find
Yo € R, Z € HP(P), and F—prog.meas. [ such that

MFG(¢) = MFG(Y#"), where
o YET = [TZ-dX; + LTe:d(X): — He(Z:, T+, u(t)) dt, P—qs.

o 1(t) = Po X; ' is defined by the McKean-Vlasov controlled dynamics
dX: = VL H:(Z:, T+, p(t))dt + \/2v7Ht(Zt7 Ceypu(t)) dWe, Xo ~ pio

<

2nd order backward SDEs : Soner, NT & Zhang, Possamai, Tan & Zhou
Principal-Agent problem : Cvitani¢, Passamai & NT and Elie & Possamai X&g{m g
/)X poLvTECHNIQUE

Here, we extend to the quadratic setting
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Path-dependent version of the Lions Planning problem

Intuitions

e Uncontrolled diffusion case : solve the representative Agent problem

T
Va(m. €)= sup B [60X) ~ [ ce(m(), )]
PeP 0
where, for some control v valued in U, P € P is weak solution of

Po(Xo) " = mo, and dX; = o¢(X)[Ae(X,11)dt + dW], P —as.

Then the dynamic version of the problems satisfies the BSDE with final
Y+ = & (El Karoui, Peng & Quenez '97). Notice m is fixed !

o With diffusion control

@ same type of representation for all fixed diffusion, martingale
optimality principle induces an non-decreasing process A

@ A vanishes on the support of optimal measure

@ our representation follows by approximating A by an appropriate ><;%%;mw
sequence of a.c. nondecreasing processes h
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Path-dependent version of the Lions Planning problem

Implication for the Lions planning problem

Given pg, 1, Plan(uo, 1) is the set of all processes Z, T such that

@ There is a solution to the McKean-Vlasov SDE

dX, = VHo(Ze, T (1))t + 2V, He(Ze, T u(2) dWe, X~ ()

® u(0) = po and u(T) = pr

¢ is a solution of the Lions' (path dependent) planning problem Iff
zZr T I
5 = Y—,—’ = / Zt'dXt + Ertd<X>t — Ht(Zt7 rt7/L(t))dt
0

for some (Z,T) € Plan(uo, pt7) fromioue
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Path-dependent version of the Lions Planning problem

Extensions

e Multi-marginal planning problem

e Discount factor in the control problem — H depends on Y — Solve
a McKean-Vlasov SDE for (X, Y)

o Elliptic setting = random horizon backward SDEs

Optimal planning

Select a solution of the planning problem

-
sup EP”[/ o(Xe, P o X7 V) dt + L(X7,Po X7, YT)]
(z,n)ePlan(uo,pr) g

e OLE
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Entropic optimal planning

Back to the Lions purely quadratic setting

Representative agent problem :

.
[e3 1

infEF {/{§|at|2—f(Xt,m(t,Xt))}dt+£], dX; = a;dt + dW;, P*—a.sl

« 0

Let H(x, z,7, m) = H°(x, z, m) + 3 Tr[7], where
1 1
0 — 22 = _Zz2_
H*(x,z,m) = |r;f{az+ 52 f(x, m)} 57 f(x, m)
As V,H = —z and 2V, H = Iy (independent of m), we have
All solutions of the Lions planning problem are of the form
T
5::/ Z:dX;— H°(X, Z¢, m(t))dt
Jo

for some Z € Plan(uo, 17), i.e. Z € HY and

'ECHNIQUE

dX; = —Zidt + dW;, P~%—as. P~ o X; ! = o, and P~% o X7' = put
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Entropic optimal planning

Entropic optimal planning in the purely quadratic MFG

Q, R € Prob(f2), entropy of Q wrt R :

H(QIR) ::EQ[In %} :/In %dQ7 forall Q << R, (oo, otherwise)

For Z € Plan(ug, j+7), denote P the probability on Q defined by
dXt = —tht + th, Xo ~ o, and XT ~ UT

Minimum entropy optimal planning

Given fig, 17 probability measure on dbR9, solve

min  H(P?[PRo)
zePlan(uo.pur)

If Z* is a solution, then P* := PZ" is a minimum entropy optimal
planning from g to put

TECHNIQUE

v
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Entropic optimal planning

Explicit solution of the minimum entropy planning problem

Proposition

Denote my := 19 * N(0, Tly), and assume

pr ~ Lebgs, and [In (Zr’f;)fdmr+f (Zf;;fdmr < 00

Then the minimum entropy planning problem has a unique solution
Z* = —0 defined by

IAT, (o 7) = el o 0P py g
mt

Consequently, &* := [\ Zz dX,— H(X;, Z¢, m(t))dt is a
(path-dependent) solution of the Lions optimal planning problem

ECOLE
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Entropic optimal planning

Hamiltonian with superlinear growth in the gradient

Proposition

Assume that
VZH?(w,y,z, m)

F(lz])

for some continuous f with f(0) =0

=0(1) as |z| > 0

Then, under the conditions of the previous theorem, the minimum
entropy planning problem has a unique solution Z* defined by

VZH?(Yth*a/"t) — Ht, Po—a.s.

4
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Entropic optimal planning

Diffusion control, uncontrolled drift

for fixed m, solve the representative Agent problem :

Vo(m, €) := sup E [g(X) _ /OT c(m(t), l/t)dt}

PeP
where, for some control v valued in U, P € P is weak solution of

Po (X))t = mo, and dX; = o¢(X,v:)d W), P —as.

Marginal distributions are in convex order :
t—> /f(x)ut(dx) nondecreasing

Hamiltonian of the representative agent problem :

1
Hu(o ) = sup {3027~ aln v)}
u

EcoLE
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Entropic optimal planning

Hamiltonian with superlinear growth in the Hessian

Ongoing work...

Let u7 € Prob(R) with 1o < p7 in convex order, and assume that

@ V,H =0, i.e. uncontrolled drift
@ o(x,U) =S and ... as |y| = o©

Then, there exists an MFG equilibrium transporting o to pur

Idea of proof : Start from a solution of the Skorohod Embedding
problem — dX; = oo(X)dW,

@ d=1: 7 stopptimes.t. By~ pand B; ~ put, then
Xe=Xo+ B p; defines a continuous martingale that we may

represent as above by the Dubins-Schwarz theorem ><m
e d>2.. .
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Entropic optimal planning

Hamiltonian with superlinear growth in the Hessian

Denote p(t) := P o X; " and define '} by

\/2V7Ht(X,F§,u(t)) — 0(X)

A solution of the Lions’ (path dependent) planning problem is given by

£ = 2Texd(X)e — He(T, (e)) dt

for some (Z,T) € Plan(uo, pt7)

e Any solution of the Skorohod embedding problem induces a solution of
the optimal planning problem

e Optimality ?? X
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