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Couplings
Definition
P a Markov kernel on (E , E). Px law of chain starting at x ∈ E .

C(Px ,Py ) := {ξ ∈ M1(EN0 × EN0) : ξ1 = Px , ξ2 = Py}

is the set of couplings of Px and Py .

Proposition
If P admits an ipm µ and, for each x , y ∈ E there is some
ξ ∈ C(Px ,Py ) s.t. ξ

(
(ζ, η) : ζi = ηi

)
→ 1, then µ is unique and

Pn(x , .) → µ in TV.

Problems
Sometimes, such couplings don’t exist even if µ is unique.
Then try to find asymptotic coupling.
Even asymptotic couplings are often hard to find. Try
generalized (as.) couplings.
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Generalized couplings
Definition

Ĉ(Px ,Py ) := {ξ ∈ M1(EN0 × EN0) : ξ1 ≪ Px , ξ2 ≪ Py}

is the set of generalized couplings of Px and Py .

Example: SFDE

dX (t) = f (Xt) dt + g(Xt) dW (t), X0 = x ∈ C = C([−1,0],Rd),

Xt(s) := X (t + s), s ∈ [−1,0].
W is m-dim. BM

Consider

dX (t) = f (Xt) dt + g(Xt) dW (t), X0 = x ,
dY (t) = f (Yt) dt + g(Yt) dW (t) + λ(X (t)− Y (t))dt , Y0 = y

Under suitable conditions, for λ large, this defines a gen.
coupling and |X (t)− Y (t)| → 0 a.s. and uniqueness of an ipm
follows from next theorem.
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Main result

Theorem (S. 2020)

Let (E ,d) be a metric space and P a Markov kernel on E .
Assume that for every x , y ∈ E there exists αx ,y > 0 s.t. for
every ε > 0 there exists some ξεx ,y ∈ Ĉ(Px ,Py ) s.t.

ξεx ,y

(
(ζ, η) ∈ EN0×EN0 : lim sup

n→∞

1
n

n−1∑
i=0

1[0,ε]
(
ρ(ζi , ηi)

)
≥ αx ,y

)
> 0,

where either ρ = d , or ρ is lsc and positive definite and E is
Polish. Then P admits at most one ipm.

NB: This generalizes results in Hairer, Mattingly, S. (2011) and
Kulik, S. (2017).

Example
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Idea of proof when (E ,d) is Polish

Assume there exist at least two different ipm
Then, by ergodic decomposition theorem, there are two
different ergodic ipm. These are mutually singular.

Let µ, ν be mutually singular ipm concentrated on A and Ac

respectively. By inner regularity, for ε > 0 there exist
compact sets K ⊂ A and L ⊂ Ac s.t. µ(K c) < ε, ν(Lc) < ε.
Then d(K ,L) > 0.
Apply Birkhoff’s ergodic theorem to get a contradiction.
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General case

NB:
The assumption that (E ,d) is Polish is used twice:

Ergodic decomposition theorem
Inner regularity of every prob. measure

Proposition (Replacement for ergodic decomposition theorem)

If the Markov kernel P on (E , E) admits at least two ipm. Then
there exist two mutually singular ipm.
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Replacement for ergodic decomposition theorem
Proposition (Replacement for ergodic decomposition theorem)

If the Markov kernel P on (E , E) admits at least two ipm. Then
there exist two mutually singular ipm.

Part of the proof
Assume that µ, ν are different ipm. Assume they are equivalent
and f = dµ

dν .

∫
A

P(y ,Ac)dν(y) =
∫

Ac
P(y ,A)dν(y)∫

A
P(y ,Ac)f (y)dν(y) =

∫
Ac

P(y ,A)f (y)dν(y),

hence P(y ,Ac) = 0 for µ-a.a. y ∈ A and vice versa, so 1
µ(A)µ|A

and 1
µ(Ac)µ|Ac are mutually singular ipm.
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General case

Proposition (Replacement for inner regularity)

Let µ ⊥ ν be pm on (E ,d) and A ∈ B(E) s.t. µ(A) = 1,
ν(A) = 0. For ε > 0 there exist closed sets K ⊂ A and L ⊂ Ac

s.t. µ(K ) > 1 − ε and ν(L) > 1 − ε and d(K ,L) > 0.

Idea of proof

Fix ε > 0. Pick closed sets K ⊂ A, B ⊂ Ac

s.t. µ(K ), ν(B) > 1 − ε. Note:

B ∩
(
K1/n

)c ↑ B.

Then, for n large and L := B ∩
(
K1/n

)c the claim holds.
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A counterexample
If P is a Markov kernel on a separable metric space (E ,d),
ρ : E × E → [0,∞) is continuous and pos. definite such that for
every pair x , y ∈ E there exists a coupling of Px and Py s.t.
ρ(Xn,Yn) → 0 a.s., then uniqueness of an ipm does not follow.

Example

Let I ⊂ [0,1] s.t. λ∗(I) = 1 and λ∗(I) = 0 and J := [0,1]\I.

E1 := {(z,1) : z ∈ I}, E2 := {(z,2) : z ∈ J}, E := E1 ∪ E2.

d(x , y) =

{
|x − y |, if (x , y) ∈ E1 × E1 or (x , y) ∈ E2 × E2,

1 if (x , y) ∈ E1 × E2 or (x , y) ∈ E2 × E1.

(E ,d) is separable metric. ρ
(
(v , i), (w , j)

)
:= |v − w | is

continuous and pos. definite.
We construct a Markov kernel P with at least 2 ipm and, for
each x , y ∈ E , a coupling s.t. ρ(Xn,Yn) → 0 a.s.
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A counterexample

E

E1

E2

Construction of P

π1(A) : = {z ∈ I : (z,1) ∈ A},
π2(A) : = {z ∈ J : (z,2) ∈ A}, A ⊂ E .

µ(A) = λ∗(π1(A)), ν(A) = λ∗(π2(A)), A ∈ B(E)

P(x , .) =

{
µ, x ∈ E1,

ν, x ∈ E2.

NB: µ and ν are mutually singular ipm. For x , y ∈ E there is a
coupling such that ρ(Xn,Yn) → 0.
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Construction of the coupling

First case: x , y ∈ E1

E1

E2

n = 0 n = 1 n = 2

a ax y a a

Second case: x ∈ E1, y ∈ E2

E1

E2

n = 0 n = 1 n = 2

a
a

x

y

a a
a a
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Uniqueness of weak solution via generalized couplings

Show uniqueness of weak solution of

dX (t) = f (Xt) dt + g(Xt) dW (t),

X0 = x ∈ C = C([−1,0],Rd)

with Hölder cont. f ,g and nondegenerate g. Let

dY ε(t) = f ε(Y ε
t )dt + gε(Y ε

t )dW (t), Y ε
0 = x

dZ ε(t) = f ε(Z ε
t )dt + gε(Z ε

t )dW (t) + κε
(
X (t)− Z ε(t)

)
dt , Z ε

0 = x .

Then show for T > 0
sup0≤t≤T |X (t)− Z ε(t)| → 0 in probability,
dTV

(
L
(
Z ε

)
,L

(
Y ε)

)
→ 0.

This implies weak uniqueness.
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