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Motivation and longterm programme

0. Motivation and longterm programme: Recall classical case (linear!)
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Core example: Heat equation on RY:
1o}
57U(8:%y) = Bau(t,x,y), (£ %) € (0,00) x R,

u(0,x,y) = 8,(x) (= Dirac measure in y € RY).

Solution: Classical heat kernel

u(t,x,y) = r
(4rt)2

Wiener measure W, on C([0, 00); RY), [Wiener 1923]
For W(t) : C([0,0); RY), — RY,
W(t)(w) := w(t), t >0,

(W(t))«(Wy)(dx) = u(t,x,y)dx, t >0,

“push forward”

(W(0))«(Wy) =4y

(W(t))e>0. Wy),cpa “Brownian motion”

Markov process!

p—Brownian motion and the p-Laplacian

e~ # P (£,x) € (0, 00) x RY.
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Motivation and longterm programme

0. Motivation and longterm programme: Nonlinear case

Core example: parabolic p—Laplace equation on R? with p > 2:

n=-—un<lrrerzr

2 u(txy) = AV(VuP 2Vt x, ), (85) € (0,00) x B,

u(0, x,y) = 8,(x) (= Dirac measure in y € RY).
Solution: Barenblatt solution

kp p P1
T

u(t,x,y) =t (G — gt~ W=D |x — y|p-1)

p—2
+ b

(t,x) € (0,00) x RY, where k := (p—2+ 5)_1,
p—2

_1
q:= (§> =1 and C; > 0 s.th. Jra u(t, x,y)dx = 1.

<4 TW>PWOXT

Our result: 3 prob. measure P, on C([0,00); R9), s. th.
(X())«(Py)(dx) = u(t,x,y)dx, t >0, (McKean!)

“push forward”

where X = (X(t)),,, is the solution of
dX(t) = V(|Vu(t, X(t), y)|P~?)dt

+1Vu(t, X(8), y)| T dW(t), t > 0, (X(0)).(P,) = .

((X(£))t>0, Py)yepa  “p~Brownian motion”
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Nonlinear Markov process!

p—Brownian motion and the p-Laplacian
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Introduction

1. Introduction

Since fundamental work by Einstein [Einstein: Ann.Phys.1905], [von Smoluchowski:
Ann.Phys.1906], and [Wiener: J.Math.Phys.1923] the close relationship between Brownian
motion and the Laplace operator, more precisely the classical heat equation,

%u(t,x) = Au(t,x), (t,x)e (0,00) xRY, (HE)

with
Au:=divVu

is well known.
Open: |s the same true for the p—Laplace operator
Apu =div (|VulP72Vu) ?
More precisely, is there a ” p-Brownian motion” related to the parabolic p-Laplace equation

Ou(t
% = Apu(t,x), (t,x)€ (0,00) x R (p-LE)
in an analogous way (at least if p > 2)?

Here, A, div, V are spatial differential operators in x € R and |- | := | - |gd.
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Introduction

A, extensively studied e.g. in

PDE, see e.g. monographs (and papers): [Ladyzhenskaya/Sollonikov/Uralceva 1988],
[Kamin/Vézquez 1991], [DiBenedetto 1993], [Lindqvist 2006], [Lindqvist 2019], ... and the
references therein.

Nonlinear Funct. Analysis, see e.g. monographs: [J.L. Lions 1969], [Brezis 1983], ...

Nonlinear Potential Theory, see e.g. monographs: [Adams/Hedberg 1996],
[Heinonen/Kilpeldinen/Martio 1993], [Mingione 2018], ... and the
references therein

Applications (Physics, Cimatology), see e.g. [Ladyzhenskaya 1967], [Pelissier 1975], etc. ...

Note: Linear Potential Theory has played a crucial role in developing and exploiting the relation
between the (2-) Laplacian and Brownian motion and, more generally, between large
classes of linear partial (and pseudo) differential operators and their associated Markov
processes for more than 60 years, see e.g. monographs:

[Dynkin 1965], [Stroock/Varadhan 1967], [Blumenthal/Getoor 1968], [Bliedtner/Hansen
1986], [Ethier/Kurtz 1986], [Sharpe 1988], [Freidlin 1996], [Rogers/Williams 2000], [Doob
2001], [Liggett 2010], [Fukushima/Oshima/Takeda 2011], [Kolokoltsov 2011],

[Stroock 2014], etc...
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Introduction

So, non-linear Potential Theory should play a key réle to find the p-Brownian motion. First
approach in this direction in fundamental papers:

[Peres/Sheffield 2008],
[Peres/Schramm /Sheffield /Wilson 2009],

where a deep relation of a stochastic game, the “tug-of-war” game with noise, was exploited to
find a beautiful probabilistic description of the p—harmonic function solving the Dirichlet problem
for the p—Laplacian on a bounded domain in R9.

In arXiv: 2409.18744v1 we propose a different approach, namely to construct the desired
probabilistic counterpart to the p—Laplacian as a Markov process which is related to the parabolic
p—Laplace equation (p—LE) in the same way as Brownian motion is to the classical heat equation
(HE), and which then may be called a “p—Brownian motion”.
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differential equations (SDE)

2. Nonlinear Fokker—Planck equations (FPE) and McKean-Vlasov
stochastic differential equations (SDE)

Let ’P(Rd) denote the space of all Borel probability measures on R, and for 1 < i,j < d consider
measurable maps

bi, aj : [0,00) x R? x P(RY) — R

such that the matrix (a;); ; is pointwise symmetric and nonnegative definite. Then, a nonlinear
FPE is an equation of type

o 0
i Z  Ox 8x- (aij(t, x, pt)pue) — Z

5J

Yut), (t,x) € (0,00) x RY, (FPE)

where the solution [0,00) 3 t ~ p; is a weakly continuous curve in P(R?) with some specified
initial condition pg.
(FPE) is meant in the weak sense of Schwartz distributions. More precisely,
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differential equations (SDE)

Definition 1

A distributional solution to (FPE) with initial condition v is a weakly continuous curve (fit)¢>0
of signed Borel measures on RY of bounded variation such that (t,x) — a;(t, x, ut) and
(t,x) = bi(t, x, ut) are measurable on (0, 00) x RY,

-
L[ (1asteoxomol + e e(amyate < o, vT > 0,
o Jr
andVt >0
/ d / d // aji(s, x, )8 x)+Zb(s>< 9 (x) (dx)ds
- v = <
® ape ® o = ij Hs ox; (9 s bhs) XI_‘P Hs )

for all p € C(S’O(Rd) and it is called probability solution, if, in addition, v and each u:, t > 0, are
in P(RY).

V.
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differential equations (SDE)

The (in space) dual operator to the operator on the right hand side of (FPE) is called the
corresponding Kolmogorov operator L, i.e. its action on test functions p e COO(R") is given as

d
0
Lucp(t,x) = Z aj(t, x Nt)af 6780 x), (K)
ij=1
where (t,x) € (0,00) x RY,
In turn, this operator determines the corresponding McKean—Vlasov SDE
dX(t) = b(t, X(t), pe)dt + o(t, X(t), pe)dW(t), t >0, (MVSDEa)
Lxy =pt, t 20, (MVSDEDb)

where o = (o) with oo T = (a;);;, b= (b1, ..., bg), W(t), t >0, is a d-dimensional Brownian
motion on some probability space (Q, F,P), and the maps X(t) : Q — R?, t > 0, form the
continuous in t solution process to (MVSDEa) such that its one-dimensional time marginals

Lx(r) := (X(£))«P, t >0,

i.e. the push forward or image measures of P under X(t), satisfy (MVSDED).
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differential equations (SDE)

Obviously, the special case of the classical heat equation and classical Brownian motion is the
case where aj(t, x, u) = dj; (= Kronecker delta), bi(t,x,u) =0, i.e. (FPE) turns into

3¢ He = Bae, (t,x) € (0,00) x RY, (HE)

and (MVSDEa,b) into
dX(t) = dW(t), t >0, (BMa)
Lx(t)y = Lw() = pt, t 20, (BMb)

where, of course, each pu; is absolutely continuous with respect to Lebesgue measure dx on R
with density u(t, x), so (HE’) is really (HE).
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differential equations (SDE)

Correspondence: McKean—Vlasov SDE <— nonlinear FPE

a) McKean—Vlasov SDE — nonlinear FPE:
Consider (MVSDEa,b) and assume there exists a solution. Let ¢ € C§°(R9). Then by Itd's

formula, since pr = (X(t))«P, t >0,
[ etone(@n = [ p(x(e)w) aw)
R Q
= [ex@@r@n + [ [ e elx(s)w) aseias)

1té

= [Lem@+ [ [ tuetsxnsanas

Hence (iut)>0 is a distributional solution of (FPE), more precisely a probability solution.
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differential equations (SDE)

b) Nonlinear FPE — McKean—Vlasov SDE:

Theorem 0 ([Barbu/R: SIAM 2018, AOP 2020])
Assume there exists a probability solution [0,00) 3 t +— u: € P(RY) of (FPE) such that:

(i) Forall T>0and1<i,j<d
o aj, by € LY([0, T] x U, udt) for every ball U C RY,

T ag(t, x, pe)l + [(x, bi(t, x, pe))|
o i\t X, s BT, X, dx) dt
/0 /Rd 1+ =P pe(dx)dt < oo

(i) [0,00) > t — p; is weakly continuous.

Then there exists a d-dimensional (Ft)-Brownian motion W(t), t > 0, on a stochastic basis
(Q, F, (Ft)e>0,P) and a continuous (Ft)-progressively measurable map X : [0, 00) x Q — RY
satisfying (MVSDEa,b).

Remark

b, o assumed to be only measurable in measure variable !

M. Réckner (Bielefeld) p—Brownian motion and the p-Laplacian
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differential equations (SDE)

Literature on MVSDEs: Huge! See e.g. [Carmona/Delarue: Vol. | + II, Springer 2018] and the
reference therein. Mostly, b, o assumed to be weakly continuous in the measure variable p. And:
[Barbu/R: Springer LN 2024].

Literature on FPEs: Huge! See e.g. [Bogachev/Krylov/R/Shaposhnikov: AMS Monograph
2015], [Barbu/R: Springer LN 2024] and the references therein..
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Key Step 1: Identifying the parabolic p-Laplace equation as a nonlinear FPE

3. Key Step 1: Identifying the parabolic p—Laplace equation as a nonlinear
FPE

Recall: Coefficients in FPE only need to be measurable in p. So, if for the solutions u¢, t > 0, we
have p:(dx) = u(t, x)dx, t > 0, we can allow dependencies as

ajj(t, x, ue) = d;(t, x, F1(u)(t, x)),

bi(t %, j12) = Bi(t, x, Ta(u)(£, %)), ()

where B;, jj : [0,00) x RY x R — R are measurable and each I; is a functional on the space of
distributional solutions whose values are again measurable functions of t and x. Noting that

div(|VulP2Vu) = div(V(|VulP"2u) — V(| Vu|P~2)u),

we can rewrite (p—LE) as

% u(t, x) = A(|Vu(t, x)[P~2u(t, x))—div(V (| Vu(t, x) [P~ u(t, x)), (t,x) € (0, 00) xR,

(p-LE")
Hence we see that (p-LE), respectively (p-LE’), is of type (FPE) with aj;, b; as in (), where

aj(t,x, T1(u)(t,x)) = 65| Vu(t,x)|P~2,

B(t, % Ta(u)(£,x)) = V(| Vu(t,x)[P~2). ¢)
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4. Key Step 2: Solving the corresponding McKean—Vlasov SDE

The recipe to find the corresponding McKean—Vlasov SDE was already explained in Section 2,
namely consider the associated Kolmogorov operator

Lup(t,x) = [Vu(t, x) P72 Ap(x) + V(| Vu(t, x)P%) - Vep(x), (t,x) € (0,00) x R,

S Cé)o(Rd), and then the corresponding McKean—Vlasov SDE is given by

dX(t) = V(|Vu(t, X(t))|[P~2)dt + |Vu(t,X(t))\¥dW(t), t>0, (MVSDEa’)
Lx) = u(t,x)dx, t > 0. (MVSDEDb’)
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Key Step 2: Solving the corresponding McKean—Vlasov SDE

Theorem | (arXiv: 2409.18744v1)

Let u be a probability solution to (p-LE’) with initial condition v € P(R?) in the sense of
Definition 1 such that
[VulP~2 € L},((0, 00); WEHRT)).

loc loc

and

)
//(\Vu|p_2+|V(|Vu|p_2)|)udxdt<oo, VT > 0.
0o JRrd

Then there exists a (probabilistically weak) solution X = (X(t));>o to the McKean—Vlasov SDE
(MVSDEa',b’) such that (X(0)).P = v.

Proof. Apply [Trevisan: EJP 2016] in the same way as in the proof of Theorem 0 in
[Barbu/R: AOP 2020].

Remark

The already challenging so-called Nemytskii-case, where I';j(u)(t,x) = u(t, x) in (*) has received
more and more attention in the last years (see, for instance, [Barbu/R: Springer LN 2024] and the
references therein). The coefficients in (p-LE’), however, even depend on u via its first- and
second-order derivatives. To the best of our knowledge, the relation of such nonlinear FPEs to
McKean—Vlasov SDEs has not been studied before.

M. Réckner (Bielefeld) p—Brownian motion and the p-Laplacian 17 / 22




Key Step 3: The corresponding nonlinear Markov process: p-Brownian motion

5. Key Step 3: The corresponding nonlinear Markov process: p-Brownian
motion

To obtain the nonlinear Markov process from (MVSDEa',b’), we need to take into account initial
conditions, which we choose to be Dirac measures 6, y € RY. So, we impose in (p-LE’) that
u(0, x)dx = dy and in (MVSDEb') that Lx(g) = dy. In both cases p =2 and p > 2, for such
initial conditions the distributional solution to (HE) and (p-LE’) are explicitly known, namely in
case p =2, for y € RY it is given by the classical Gaussian heat kernel

1 1
w(t,x) = —— exp (——|x —y|2) , (t,x) € (0,00) x RY,
(47t)2 4t

and in case p > 2 by the famous Barenblatt solution (see [Kamin/Vazquez 1988])

—1

y _ —k _ —% _ %1 p=2 d
wY(t,x) =t C —qt =1 |x — y|p , (t,x) € (0,00) x R,
+

1
where k== (p—2+ 5)71 ,q = ijz (s) P=1 . C1 € (0,00) such that Jra WY (2, x)dx =1 for all
t >0, and f; := max(f,0). Then, we consider the path laws of the corresponding solutions

XY(t), t >0, of (BMa,b), respectively, (MVSDEa’,b") with w¥ replacing u, namely

Py = (X_V)*]P’ y S Rd7 (MP)
i.e. the push forward or image measure of P under the map X : Q — C([0, 00), R9) (= all
continuous paths in RY).
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Key Step 3: The corresponding nonlinear Markov process: p-Brownian motion

Classical case p = 2:

Py,ye RY, form a Markov process in the sense of e.g. [Dynkin 1965], also called Brownian
motion, which is uniquely determined by v¥(t), y € RY, t > 0.

Our result in [arxiv:2409.18744v1]: Ford > 2, p > 2 (1 + %) :

Py,y € R?, form a nonlinear Markov process in the sense of McKean: [PNAS 1966], which is
uniquely determined by w¥(t,-),y € R?,t > 0, and (MVSDEa',b’), hence may be called
p—Brownian motion.

To state the latter more precisely in Theorem |l below, we define for 0 < r < t:
e C([r,00),R?) := space of all continuous paths in RY starting at r, equipped with its Borel
o-algebra B(C([r, 00), RY)).
o il : C([r,),RY) = RY, 7i(w) = w(t); Fr :=o({r?:0<s<r}).
o Prwy(r,) = (X"w (1)), P = path law of X"*' (") on C([r,0),RY), where X"W" (") for
r > 0 is the unique solution of the McKean—-Vlasov SDE

dX(t) = V(9w (£, X())P~2)dt + [Vw’ (£, X(£))| T dW(2), t>r,
LX(t) = W'V(I‘.',X)dx7 t>r.
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Key Step 3: The corresponding nonlinear Markov process: p-Brownian motion

Theorem Il (arXiv: 2409.18744v1)

Letd>2,p>2(1+ %) Then P,,y € R9, from (MP) above satisfy the nonlinear Markov
property of [McKean: PNAS 1966], i.e. for ally € R9,0 < r < t, A € B(RY)

Py [r € AlF:] (W) = by (s 50(w))[mt € Al for Py — a.e. w € C([0,00),RY),

where py (r.7), Z € R, is a regular conditional probability kernel from RY to B(C([r, 00),R9)) of

Prowy(r,) { -y = z:| , zeRY,

(i.e., in particular, p, (, ,) is a probability measure on C([r, o), R9) and
Py,(rz)[mf =2l =1 forall z € RY).

Definition 2

Letd >2, p>2(1+ %) We call the family (Py), cra of probability measures on C([0, 00), RY)
from (MP), which form a nonlinear Markov process in the sense of McKean, by analogy to the
case p = 2, a p-Brownian motion.

The main ingredient of the proof of Theorem II, which is quite involved, is a restricted linearized
uniqueness result presented in the next section.
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Restricted linearized uniqueness

6. Restricted linearized uniqueness

For 6 € (0, 00) set
ws(t,x) = wl(t+6,x), os5(t,x) := |[Vws(t)|P2(x), (t,x) € [0, 00) x RY,

and consider the linearized version of equation (FPE)

% u=A(gsu) —div(Vesu), t >0, (¢FPE)

which is a linear Fokker—Planck equation obtained by a priori fixing the coefficients o5 and Vg5 in
place of |[Vu|P~2 and V(|]Vu[P~2) in the nonlinear equation (FPE). Distributional and probability
solutions to (¢FPE) are defined analogously to Definition 1.

Remark 1

(i) ws is a probability solution to (¢FPE) with initial condition wy(d, x)dx and
ws € (L1N L) ((0, T) x RY) forall T > 0.

(i) Since ws(t,-) has support in a ball in R? and (¢FPE) is considered on all of RY, (¢FPE) is a
highly degenerate linear PDE. This makes the proof of Theorem Ill below complicated.
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Restricted linearized uniqueness

Theorem |1l (“restricted linearized uniqueness after time ¢ € (0, 00)")
Letd>2, p>2(1+ %), 5, T € (0,00). Let [0, T] > t +— vt € P(RY) be a probability solution
of (¢FPE) such that

(i) vo(dx) = ws(0,x)dx, ve(dx) = v(t,x)dx fora.e. t € (0, T),
(i) 3C € (0, 00) such that v < C ws dtdx-a.e. on (0, T) x RY.

Then v = ws dtdx-a.e. on (0, T) x R9. )

Proof.

By PDE-methods. (Hard!) The special form of wg, g5 and Vs is heavily used. D)
22/22
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