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Introduction

Regularization by noise: adding noise to certain deterministic
systems makes them behave better.

Example: Let f : RY — RY, and consider the following differential
equation

dXt - f(Xt) dt, XO = X0-

» Cauchy-Lipschitz/Picard—Lindelof theorem: If f € C1, then
there exists a unique solution.

» For all @ € (0,1), there exists f € C% such that it has
infinitely many solutions.

Indeed: for f(x) = |x|%, xo = 0, all of the below are solutions

Wele o)/ e
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Introduction

xp = 0 and

» For a =0, it might even have a solution. For example, take

f(X):{l_l x>0

yo < 0k
Theorem (Zvonkin '74; Veretennikov '80)

equation

dXt - f(Xt) dt F O'(Xt) dBt,

Xo = Xo,
admits a unique strong solution.
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Let o be strongly elliptic +... . For all f € C0 and all xo € RY, the
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Introduction

Further works:

20-22],

> [Krylov & Rockner; 05]: f € LiLs, d/p+2/q <1, and
recently crititcal cases [Rockner & Zhao; 21], 19 x [Krylov;

>

[Flandoli, Russo, Wolf; 03, 04], [Flandoli, Issoglio, Russo; '14]

X /0 (F(Xe) — F(Ys)) ds + /0 (0(Xs) = o (Ys)) dW,s

Ortl + Lu® e o' (T 20

Ll ¢ # L 4
/ X)) da=u' (0, %) — v'(t, X¢) —|—/ uy (s, Xs) dBf
0 0

Key points:

» Markovianity

» |t0 calculus
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Introduction

>

[Davie '07]: path-by-path uniqueness for f € CO

t
Xt—x0+/ f(Xs)ds + B:
(0]

t
xr—>/ f(Bs+ x)ds
0

Figure: x — f(x)

Figure: x — j;)l f(Bs + x) ds
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[Catellier & Gubinelli '16]: f € C¢, a >1—1/2H

t
X: = %o +/ f(Xs)ds + B
0

[Harang, Perkowski; 20], f € &’

[Galeatti Gubinelli; 21], “noiseless” regularization by noise

[Galeatti & Gerencsér; 22|, f € L{C2, q € (1,2],

a>1-1/qg*H

[D. & Gerencsér; 22], multiplicative noise

ae(1-1/(2H))vO0, H>1/3
[Catellier, Duboscq; 22], multiplicative
a€(3/2—1/(2H)) V0, H € (1/4,1/2)

noise
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Equations with fractional noise

We are interested in the equation

dXe =.£(X) dtF a6 B,

Xo = x.0
B' is a fractional Brownian motion of Hurst parameter H € (0, 1)

E[B!! @ BY'] = Z(1t* — [sP" — |¢ — s
BH .= /_t |t alal? s |
Fi=o(W:,s <at), - B —BFIEE.
» P(Qy) =1, where Qp — Bl @it

» Young differential equation for H € (1/2,1)
» Rough DE for H € (1/3,1/2)
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The Young case H € (1/2,1)

Assumption

f € C% for some a > 1—1/(2H), 0 € C2, and oo™ = Al for some
A > 0.

Definition

Given w € Qy, and xg € RY, we say that a function

Y :[0,1] — R9 is a solution if Y € Ctﬁ for some 8 >1— H and it
satisfies the equation.

Definition
a stochastic process (Xt);c[s,,1] is @ Strong solution if it is adapted

and for almost all w € Qy, the function X(w) : [0,1] — R9 is a
solution.

Theorem

There exists a strong solution. Moreover, there exists an event

Q C Qu of full probability such that for any w € Q, xo € RY, any
two solutions coincide.
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The Young case H € (1/2,1)

5 t “ to— s .
xt_vt_/o F(Xe) f(Ys)ds+/0 (X.) — o(Y.) dB!

Strategy: We want to study the regularity of the map

7 /t (FOR L.2) = FC))or
(0]

Main tool: Stochastic Sewing Lemma and its modifications
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The Young case H € (1/2,1)

Theorem (K. L& ; 18)

Let p>2,0<85 < T andlet A. . € L(Sh)or S < s <t < T
with As+ € F¢. Suppose that for some €1, > 0 and G, G

1As el @) < Gilt = sf*/2F1
IE*(Ast = Asu — Aue) @) < Colt — 5|12
Then 3! adapted process (At)¢e[s, 1) such that As =0
e = As = Asell@) < Mot —s|/2¥e
IE=(Ae — As — Al () < Noft — s
Moreover, A satisfies the bounds

| As At”/_p(g) < NG|t — 5‘1/2_‘_61 + NG|t 5‘1+52
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Lemma

Let X be a strong solution. There exists N > 0 such that for all

adapted stochastic processes Z the following_ bound holds
H / FX iz

) e, g < NIFllcgliZliaglt — 5P/
NV Flleg (H (1+ [B”]CW)ZH%B + (2] 2 It - oI

Skech: The increments of the process that we want to study are

t
A — As :/ BB 1+ 2) =B G

we will study instead
t
Al / Es(f(BF +z) - f(Bf')) d
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The Young case H € (1/2,1)

t
acil < [ Eo(r 8t +2) - FEE)| o (81 = (B ~ o8t + Bo6Y)
S

t
= / Py (BB, + 2) — Py_yyon f(EB,)| dir

t fig
< \z[/ [Pir—spufler dr S |z|/ (r = s)7HRSER A dr

< l2||Iflleg (£ — s)**7=Y = Nz|||fllcg (£ = 5)M/2+¢
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1As ¢, < Niz|[[Fllca(t — s) D,
Also E*(Ast — Asy —

Aut) = 0. Moreover, Ag; is “close” to
As — At, so by SSL

H/ BH L 7} f(BH drHL < N|z|||f|lcata sy a1

g / F(B'42)dz = T(z), T :R— M0, 1] L(Q))
0
is “Lipschitz” continuous
For the real estimate we consider something like
t
Ay, = E° / . ) =
St

s,r & Xr

e X BB (e s) to)B
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The Young case H € (1/2,1)
Lemma

Let X and Y be strong solutions with initial conditions anf drifts
(x0, fX) and (yo, "), respectively. Then for all C > 1, we have

”X~/\T i Y/\’T

(gl}/z
2— 1/2
<N (o = 3ol + (PUB]en- o = €)Y + 17X = gy,
N and v € (0,2) depend only on structural constants.

Consequences:

1) stability with respect to the drift

2) Holder dependence on initial condition

4
5

3) 1) = existence of strong a solution
) 2)4... = existence of regular semiflow X

The existence of the regular semiflow implies path-by-path
uniqueness by an argument of [Shaposhnikov; 16]

«4O0>» «F>» «E» «=>»

DA



The rough case H € (1/3,1/2)

dXe = F(X;) dt + o(X,) dBF,

Xo = x.
Integral can not be defined as a Young integral. Rough path
setting.

Notation:

(Y, Y’) with

> RP denotes the collection of rough paths (Z,Z) € C? x v
» For v € (8,24], D} denotes the space of controlled paths

Yor=Y.Z. i+ RS

Yiecr iicC)
(Y, Y)py = [Yers + R ]z
If v+ 8 > 1, then

/
Jm D T,
[u,v]eP
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The rough case H € (1/3,1/2)

Assumption

f € C% for some a >0, 0 €C3, and oo " = Al for some A > 0.
BY, € 7, and P((B",B") e RP, VB < H) =1.

Definition

Given w € Qy and xg € RY, we say that a function Y : [0,1] — s
is a solution if (Y,a(Y)) € DgH(w)([O, 1]) for some v > 1— H and
it satisfies the equation.

Definition

a stochastic process (Xt)¢esy,1] IS @ Strong solution if it is adapted
and for almost all w € Qy, the function X(w) : [0,1] — R9 is a
solution.

Theorem

There exists a strong solution. Moreover, there exists an event

Q C Qu of full probability such that for any w € Q, xg € RY, any
two solutions coincide.
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The rough case H € (1/3,1/2)

> Lipschitz estimates for the drift as CH — C:Ha_l)H.

> Stability estimates in L,(Q; Dy, ) (buckling)

IIX — YHDlB;lW = Hdr/ft||D;Hf + HstochHDI;H,

< d.ft o — + X_Y sk e
S it gsco-n + X = ¥l
SIX = Yiien + X = ¥

SIX = Yl
B

1-H—
DBH

> Existence of strong solution and regular semi-flow
» Path-by-path uniqueness
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The rough case H € (1/3,1/2)

Why not 1 —1/(2H) < ae < 07

» for a < 0, f is not a function but a distribution, hence, (X;)
can not be defined.

» This is not really a problem. fot f(Xs) ds can be defined.

> Real problem: For o < 0 we do not have C1T(@—DH < D}B;H_
To buckle the equation, we need to find a space S, such that

\|drift(X) — drift(X + Z)||s S |1 Z]ls

u /O o(X) — o(¥) dB"|ls < X — Y]s

In particular [, VF(B}) dr € S. Next goal: Qive meaning to

t r
Qs,tZ/ / V(B dudB"r
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The rough case H € (1/3,1/2)

Theorem

Assume o > 1/2 — 1/(2H), f € C¢, o € C2, and x9 € RY. Then
there exists a (probabilistically) weak solution.

t
X; = xo + Dy +/ o(Xs)dBY,
0
surely

For any sequence (f")peny C Cg° with " — f in CZ one has almost

D = ln / F(Xs) ds.
n—o00 0
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Summary

» For H > 1/2: strong existence, path by path uniqueness
provided that o > 1 — 1/(2H).

» For H € (1/3,1/2): strong existence, path by path uniqueness
provided that o > 0. Existence of weak solutions for
1/2—-1/(2H) < a < 0.
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