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Aim: Numerical solution (Y, Z,\) of the Ergodic Backward Stochastic
Differential Equation (EBSDE)

T T
Yt = YT +/ (f(stzs) - )‘) ds — / stWs’ 0st< T’ (1)
¢ t

1) (Y, Z) take values in some appropriate LL, space,
2) X is a scalar (called ergodic cost),
3) X is the solution of an ergodic forward SDE.

Literature:

i) introduced first by [Fuhrman et al., 2009]: efficient tool to analyse
optimal control problems with ergodic cost functionals.

ii) Alternatively, Hamilton-Jacobi-Bellman equation, see
[Arisawa and Lions, 1998] and [Bensoussan and Frehse, 2002].
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BSDE with large time-horizon

Consider the BSDE-solution (Y7, ZT) parameterized by T > 0:

T T
VIr=g0) ¢ [ F0g.ZT s [ 2Tam, o< T,
t

t

Adjoint problems for stochastic control problems: [Peng, 1993],
[Ma and Yong, 1999], [Zhang, 2017].

Theorem 1

Under suitable assumptions [Hu et al., 2015], the following asymptotic
expansion result holds: for some constants L € R and C > 0,

‘YOT’X AT - Y - L‘ < C(1+|xP)eT/C 2)

where Yg is the solution of (1) for Xy = x.

< Solving EBSDE for any x gives explicit approximation of YOT’X as
T — +o00.
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i) Theoretical properties of EBSDEs: [Fuhrman et al., 2009],
[Richou, 2009], [Debussche et al., 2011], [Cohen and Hu, 2013],
[Madec, 2015], [Guatteri and Tessitore, 2020]

ii) Numerical approximation: [Broux-Quemerais et al., 2024] using

random horizon time approximation and a neural network space
approximation

Our contributions: our aim is to provide an alternative fully
implementable scheme and to study the approximation error.

i) Markov representation of the value function and its gradient
) fixed point equation to which the gradient is (the unique) solution
iii) contraction properties of this fixed point equation
)

full error controls (w.r.t. the number of Picard iterations, the
number of Monte-Carlo samples using subGamma
concentration-of-inequalities, the grid mesh)

v) numerical experiments to illustrate theoretical findings
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Simplified setting

Forward d-dimensional SDE: X; = x + fot b(Xs)ds + X W,, 0<t.

Assumption 2.1

There exist constants s.t., Vx,x' € RY, z, z/ € R'¥9,
(A-1) [f(x,2) = F(X',2')| < Krx X = X'| + Kr ||z = 2|,
(A-2) [b(x) — b(x")| < Kpx |x = X[,

(A-3) (b(x) — b(x"),x —x") < —n|x — x’|2 or b(x) = —Ax with
SpAC {z € CI|R(z) > a> 0},

(A-4) X is invertible.

Unique strong solution X, with unique invariant measure v.

The hypothesis of Hurwitz matrix (b(x) = —Ax with
SpA C {z € C|R(z) > a > 0}) does not imply the dissipativity
assumption: take for instance A = (1) 13).
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Proposition 1

Let us assume that Assumptions 2.1 are in force. Then the ergodic BSDE
(1) has a solution (Y, Z,\) such that

Yt = U(Xt), Zt = E(Xt) (3)
for two measurable functions satisfying the growth
lu(x)] < C(1+ |x]), la(x)] < C, Vx € RY.

Moreover, the solution (Y, Z, ) is unique (up to a constant for Y) in
the class of Markovian solutions with previous growth.

Later, we will also justify u € C! and that i(.) = V,u(.)Z.
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Under assumptions of Proposition 1, u given by (3) is a viscosity solution
of the following elliptic PDE

Lu(x) + f(x, Vxu(x)X) = A,

where L denotes the generator of the semi-group associated to the SDE
for X.
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Informal derivation: start with

u(x) = E | u(XZ) + /0 (f(XSX,E(XsX))—A)ds].

Differentiate the above with respect to x and use the Malliavin calculus
integration by parts formula [Nualart, 2006]: write & = V,uX

.
V(x) = Vi(x) = B | v(X2)VXE + / USF(XE, Vour(X5))ds
0

where UZ is the (raw vector valued) Malliavin weight given by

1/ (¢ T
Ur == (/ (Z‘lvarx)TdW,) .
0

S
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Informal derivation: start with

.
u(x) =E |u(X5) + /0 (f(XSX,E(XSX))—A)ds].

Differentiate the above with respect to x and use the Malliavin calculus
integration by parts formula [Nualart, 2006]: write & = V,uX

i
V(x) = Vu(x) = E | v(X2)V X5 + / UXF(XC, Vus(X2))ds
0

where UZ is the (raw vector valued) Malliavin weight given by
1/ [* "
U: = < </ (Z_lvaf)TdWr> :
0

i) At first sight, v(.) solves a nice fixed-point equation
ii) But the terms inside the above expectation have exploding
polynomial moments as T goes to +oo !!
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Take dimension d = 1, with ¥ =1 and b(x) = —ax for a scalar
parameter a > 0: then V, XX = e~ and

T

1 s 1 s 1— —2as
U: = — (/ (ZIVXX,X)TdWr> = —/ eiardWr g N (0) ;2> .
s \Jo s Jo 2as
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Take dimension d = 1, with ¥ =1 and b(x) = —ax for a scalar
parameter a > 0: then V, XX = e~ and

Ux = ! (/ (Zlva,X)TdW,>
s \Jo

Take a bounded driver f:

/ USF(X, a(XX))ds

i) Convergence at s =0
ii) Divergence at s = +o0!

T

1

S

/ UEFOG 06 ds

S
/ e dW, L N (o,
0

1— 67225

2as?

/ \/7 ]| ds.

< one has to find better Malliavin weights. ..
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Let x be given and let U the class of Malliavin weights U such that
VAE[p(X)] = E[p(X) Us]

for any square integrable .

The weights must have the same conditional expectation: E [UF | XZ]
does not depend on U}. The element with minimal Ly-norm is

E[Us | X = 05
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Let x be given and let U the class of Malliavin weights U such that
VAE[p(X)] = E[p(X) Us]

for any square integrable .

The weights must have the same conditional expectation: E [UF | XZ]
does not depend on U}. The element with minimal Ly-norm is

E[Us | X = 05

When X has a density: the minimal Ly-norm solution is
VAE[OG)] = [ ol)p(0.5 5,6 )X = E [(X0) 0]
]Rd

where UX = V,(log(p(0, x; 5, %))

I—Xx"*
x'=X

% Find a good Malliavin weight without knowing the density?
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Restricted framework

Assumption 2.2

Let b(x) = —Ax, and for some constants such that
(A1) [f(x,2) = F(X', 2)| < Krx|x = X| + Kr 2|z = 2],
(A-2’) SpAcC {ze C|R(z) > a> 0},

(A-3’) X is invertible.

e

t
X = e Mxte M / PrdW,, e < Cae™, Vi
0

A

hence X is Gaussian, with mean e”"**x and covariance

t
Y, = / e Aryy Te ATy,
0

Then USX = (X - e*ASX)T):_;le*AS = e >0,
with |02 < C(1VvsY/?), v¥s>o.
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Feynman-Kac representation

Let us assume that Assumptions 2.2 are in force. Then
i) ue CY{RY),
i) Zy = v(Xe)X with v := V,u, ||v]e < 00,
iii) the gradient v is solution of the four following equations

:
v(x) =E |v(X3)e AT + / e‘aSUSf(XSX,v(sz)Z)ds]
0

oo :
=E / e~ #Usf(XZ, v(sz)Z)ds] (take T = +00)
Lo

=E |v(X5)e AT + 1G§ngx/6e—<%—1>60% f ( £ v(XE)T

| S|

_ g]E [VGe 4180 f (X3, v(X5)T)|  (take T = +o0)

where 6 € (0,a) and G 4 G(1/2,1) is independent of W.
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A BSDE with driver independent of Y can be well approximated, as the
horizon T is large, by an EBSDE

Y AT+ Y+ L

with the error bound (2).
i) Yg is defined up to a constant: L depends on this choice.
ii) Once v is obtained, we get A = [, f(x, v(x)X)r(dx).
i) u is the antiderivative of v up to constant

1
5 =u(x)= / v(tx)xdt, Vx e R
0

iv) The tuning of L is delicate. Since Y= =0, we have

. T,x=0
L= lim (Y, "~ —AT
T~>+oo( 0 )’
with an exponential convergence.
< Naive approach: estimate YOT’X:O for a few T, and then get an

estimation of L. ..
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For all T € RT U {+00}, define a map

O7:w e Lo(RY,R*Y) — Lo(RY, RY*9)

given by, for all x € RY,
Or(w)(x) = E|w(X§)e A7 so0
m —(5— b X X
+ 16§T6§\/Ee (3 1)GU%f ( < w( g)z)]
We seek the solution v such that

or(v)=v, VTeR"U{+oo}.

In the paper, we have studied the contraction properties for any fixed
T < +oo and for T = +o0o: properties are better for T = +oco0.
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Define weighted norm |[|v||, = sup,cps % with

Ppola.(x) = (14alx|)? (with 8= 1and @ >0) o  pexpa(x) = e (with a > 0)

Theorem 4

Assume

IZ7HY2 < ey + \/‘_) Vs > 0. (4)

oo(W1) = Poo(W2)||, < Koo [Wa — w2l , with

i) If Ca=1 and p = pexp.o . then

o?|Ex T T2\ ¥/
< Kr 2lIZIVd <2e N(allzz ” )) IO TORY
’ a a Va

fi) IfCa>1 andp = Ppol,a, B then

==Y NP (aw  VAew
< CaKsL||IZ|VAE | | Ca+ aCa (7) Y| —_
’ 2a a VE)

where Y ~ N (0, l4).
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v(x) = \/T?E [e(e_a)G\/EUGf(Xé, v(Xé)Z)}

i) Picard scheme:

v (x) = gﬂﬂ [e(e"’)G\/Eﬁgf(Xé, v"(xg)z)]
ii) space discretization: x € [,

v (x) = g]E {6(9—8)G\/E(_76f(Xé7 Pv"(Xé)Z)}

iii) Monte-Carlo estimation.
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QOur fully implementable numerical scheme

We construct a sequence of random functions vg, : Q x 1 — RIxd
n € N such that v,?,, =0and, forall neN, z e,

M
1
vi(z) = MZRﬁHJ(Pv,'\’,,) ,

J=1 B
where B > ||v||o, for any ¢ : RY — R1X9, (R5 j(#))n.jen~ zen are

independent random variables and for any z € I1, (R} ;(#))n jen- have
the same distribution as

RE(6) 1= YTV/Ge =05 U (X2, 6(XE)E).

recalling that 6 € (0,a) and G 4 G(1/2,0) is independent of W.

Note that the random variables to sample have sub-Gamma tails.
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Concentration-inequalities of sub-Gamma tails

Orlicz function: W :=exp(.) — 1.
Orlicz norm: | Y|y := inf {c >0,E [\IJ (m)] < 1}.

], [ ])

i) [Talagrand inequality] There exists a universal constant Cy such
that, for all sequence (Yi)1<k<k of independent, mean zero,
random variables satifying |Yi|w < +oo for all 0 < k < K, we have

<Gy (E .
v v

ii) [Maximal inequality] There exists a universal constant Cy such
that, for all sequence (Yk)1<k<k of random variables satisfying
|Yilw < 400 for all 0 < k < K, we have

Proposition 3 ([

K

>v

k=1

K

Sv

k=1

~|—’ max | Y]
1<k<K

max | Y|
1<k<K

< C\V\U_l(K) max |Yk|\|/.
o 1<k<K
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A convergence result

We assume that our grid I is centered in 0, and is given by
{(ild,...,idé) lix € {=N,..,N}, k € {1, ...,d}}
for a given N € N.
Proposition 4
Take M, = M(1 + |2])?p2(2).
i) If Ca=1 and p = pexp . then we have

([P — v
" |:x€]I§d p(X) M

i) If Ca > 1 and p = ppol,a,3, then we have

Pvi(x) — v(x)
p(x)

E [ sup
x€R

=

In N N
]:0(62+—+e—""’5+n" :
\/_N o0

H :O(éz+ n ¥ +(1+a/\75)—ﬁ+/-cgo>.
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o=1,  f(x,z) =1+sin(3(]x| + |2])) +7|z| — sin(v(]x| + 2|x|e" "))
— (29|x| + 2|x]> = d + 2a|x[*)e~ .

Solution of the EBSDE: u(x) = e, v(x) = —2xT e~ and A = 1.

1.00 X x

0.751
0.50 1
0.251 §

0.004 x

v(x)

—0.251

—0.50 4

-0.75 4

—1.00 1

Picard iteration 1
Picard iteration 2
Picard iteration 3
Picard iteration 4
Picard iteration 5

X X X X X

-20 -15 -10 -05 0.0

Figure: Solution v at different iterations. Parameters: d =1, vy =1, a =2,

§=18, N=10,6 =02, M = 105.
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edr =sup {|vi(x) — v(x)| : x = (i0, ..., isd),
i € {=(N=r),..(N—r)} kel ...,d}} :

g &
o0
< 51 oooé'%ﬁlj

§es=’

01040609111416192224272932353.74042454750
v

Figure: Box plots of log-sup errors QSgg),, (with d =1, r = 1) for different n, as
a function of . Parameters: a=2, 6 =1.8, N =10, § = 0.2, M = 105.
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Recall that theoretically 6 < a.

20}

) forn e {5, ...,
!

1,1
0o,n

' il

1.0 20 3.0 4.0 5.0 6.0 7.0 8.0 9.0 100

log(€L:
L

Figure: Box plots of log-sup errors €2/, (with d = 1, r = 1) for different n, as
a function of . Parameters: a=2, y =1, N =10, § = 0.2, M = 10°.
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Dimension d 1 2 3 4 5
Sup Error €71, [/ 54941072 | 5.69% 1072 | 7.69% 1072 | 11.9% 1072 | 11.3% 102
Mean Error 231%1072 [ 1.94% 1072 | 2.16 %1072 | 2.76 «10~2 | 3.49% 102
Time (s) 4 18 217 4155 86639

Table: Comparison of sup errors and computational times as a function of the
dimension d. Parameters: a=2,v=160=1.8 N=5,8§ =04, M =10*

Remark. The scheme can be "easily" parallelized. L. Facq and P.
Depouilly (Math Institute Bordeaux) used a GPU card with 40Go RAM
to do same computations: for d = 5, they obtained the result in 90s.
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i) Replacement of the grid approximation by a NN.

ii) Removing Picard iteration:

XO __Z\/_ (60— a)G\/_UG (XXO

%o nN(XX0)x)

— Ongoing numerical experiments done by S. Chardul for solving (non
ergodic) infinite horizon BSDE.
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