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1. (From last week:) Let all paths of X be LCRL. For a fixed t0 > 0,
define

At0 := {ω ∈ Ω: t 7→ Xt(ω) is continuous at each t ∈ (0, t0]

and right-continuous at 0} .

Assuming that X is adapted to a right-continuous filtration (Ft)t≥0,
show that At0 ∈ Ft0 .

2. Let A := σ(A1×A2× · · · ×An×R×R× · · · ), where n ∈ N and Ak ∈
B(R) for all k = 1, . . . , n. Moreover, let X = (Xt)t≥0 be a stochastic
process. Show that C ∈ σ(Xs : s ∈ [0, t]) if and only if there exist
t1, t2, . . . ∈ [0, t] and A ∈ A with

C = {ω ∈ Ω: (Xt1(ω), Xt2(ω), . . .) ∈ A}.

3. Let (Ω,F ,P, (Ft)t≥0) be a stochastic basis. Define

F+
t :=

⋂
ε>0

Ft+ε.

Show that (F+
t )t≥0 is a filtration and that Ft ⊂ F+

t for all t ≥ 0.

4. Let (Ω,F ,P, (Ft)t≥0) be a stochastic basis, and let X be an adapted
process with continuous paths. For t0 > 0, define

At0 := {ω ∈ Ω: sup
|t−t0|<εω

Xt(ω) ≤ Xt0(ω) for some εω > 0}

Do we have
At0 ∈

⋂
ε>0

Ft0+ε ?

5. Let σ > 0, m ∈ R and X : Ω→ R a random variable with

P(X ∈ A) =
1√
2πσ

∫
A

e−
(x−m)2

2σ2 dx,

where A ∈ B(R). Show that EX = m and E[(X −m)2] = σ2.

6. Let W = (Wt)t≥0 be a Gaussian process with

EWt = 0 and EWsWt = min(s, t).

Show that E[(Wd −Wc)(Wb −Wa)] = 0 for all 0 ≤ a ≤ b ≤ c ≤ d. Are
the increments (Wd −Wc) and (Wb −Wa) independent?


