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Theorem 0.1 Let M = (Mn)∞n=0 be a martingale with respect to the
filtration (Fn)∞n=0, where Fn := σ(M0, ...,Mn). Assume a stopping time
τ ≥ 1 with IEτ < ∞ and that

χ{τ≥n}IE(|Mn+1 −Mn||Fn) ≤ c a.s.

for some c > 0 and all n = 0, 1, 2, ... Then

IE|Mτ | < ∞ and IEMτ = IEM0.

1. Wald’s Identity: Assume iid random variables ξ1, ξ2, .... : Ω → IR with
IE|ξ1| < ∞, F0 := {∅,Ω}, Fn := σ(ξ1, ..., ξn) for n ≥ 1, and let τ ≥ 1 be a
stopping time with IEτ < ∞. Prove that

IE(ξ1 + · · ·+ ξτ ) = IEξ1IEτ. (1)

Hint: Use Mn := ξ1 + · · ·+ ξn − nIEξ1 and Theorem 0.1.

2. Prove the Wald identity (1) if τ and ξ1, ξ2, ... are independent.

Hint: See the proof of Proposition 3.2.8.

3. Let Mn := ε1 + · · · + εn and M0 := 0, where ε1, ε2, ... : Ω → IR are iid
with IP(εk = ±1) = 1/2. Let

τ(ω) := inf{n ≥ 0 : Mn(ω) = −10}.

Prove that IEτ = ∞.

Hint: Assume that IEτ < ∞ and use Wald’s identity.

For questions 4-7:
Assume a stochastic basis (Ω,F , IP, (Fk)n

k=0) with Ω = {ω1, ..., ωN}, IP({ωi}) >
0, and a process (Zk)n

k=0 such that Zk is Fk-measurable. Define

Un := Zn

and, backwards,
Uk := max {Zk, IE(Uk+1|Fk)}

for k = 0, ..., n− 1.

4. Show that (Uk)n
k=0 is a super-martingale.

5. Show that (Uk)n
k=0 is the smallest super-martingale which dominates (Zk)n

k=0:
if (Vk)n

k=0 is a super-martingale with Zk ≤ Vk, then Uk ≤ Vk a.s.

6. Show that τ(ω) := inf {k = 0, ..., n : Zk(ω) = Uk(ω)} (with inf ∅ := n) is a
stopping time.

The process (Uk)n
k=0 is called Snell-envelop of (Zk)n

k=0.


