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For questions 1 and 2:
Let (Ω,F , IP, (Fn)∞n=0) be a stochastic basis, F∞ := σ(

⋃∞
n=0 Fn), and

Z ∈ L1. What can we say about the almost sure and L1-convergence of

1. IE(Z|Fn) →n IE(Z|F∞),

2. IE(Z|Fn) →n Z?

(Proofs/counterexamples)

For questions 3-7:
Let f : [0, 1] → IR be a Lipschitz function, i.e. |f(x) − f(y)| ≤ L|x − y|.
Let

ξn(t) :=
2n∑

k=1

k − 1
2n

χ[ k−1
2n , k

2n )(t),

Ω := [0, 1), Fn := σ(ξn), and

Mn(t) :=
f(ξn(t) + 2−n)− f(ξn(t))

2−n
.

3. Prove that (Fn)∞n=0 is a filtration and that B([0, 1)) = σ(
⋃∞

n=0 Fn).

4. Prove that (Mn)∞n=0 is a martingale with |Mn(t)| ≤ L.

5. Prove that there is an integrable function g : [0, 1) → IR such that Mn =
IE(g|Fn) a.s.

6. Prove that f( k
2n ) = f(0) +

∫ k
2n

0
g(t)dt for k = 0, ..., .2n − 1.

7. Prove that f(x) = f(0) +
∫ x

0
g(t)dt for x ∈ [0, 1], i.e. g is the generalized

derivative of f .


