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(1) Let Ω := [0, 1) and let (hn)∞n=0, be the sequence of Haar-functions defined
by h0 ≡ 1 and
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for k = 0, ..., 2n−1−1 (draw pictures of the first functions) if n ≥ 1. Define
Fn := σ(h0, ..., hn) for n = 0, 1, ... Describe Fn as easy as possible.

(2) In Problem 1, is (Mn)∞n=0 with Mn := h0 + · · · + hn a martingale (with
P = λ, the Lebesgue measure)?

(3) Let ε1, ε2, ε3 : Ω → {−1, 1} be independent random variables such that
IP(εn = 1) = IP(εn = −1) = 1/2. Let f : R

3 → R be a (Borel measur-
able) function. Prove that

E (f(ε1, ε2, ε3)|σ(ε1, ε2)) = g(ε1, ε2)

where g(ε1, ε2) := 1
2
[f(ε1, ε2,−1) + f(ε1, ε2, 1)].

(4) Let 0 < p < 1 and c ∈ R, and let ε
(p)
1 , ε

(p)
2 , . . . : Ω → {−1, 1} be

independent random variables with P

(

ε
(p)
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= p for all n = 1, 2, . . .

Define M0 := 1 and Mn := e
Pn

i=1 ε
(p)
n +cn for n = 1, 2, . . .. Find a condition

on c so that M = (Mn)∞n=0 is a martingale w.r.t. the filtration (Fn)
∞

n=0,

where F0 := {∅, Ω} and Fn := σ(ε
(p)
1 , . . . , ε

(p)
n ).

(Exponential random walk; for help, see p. 48 of the lecture notes of S.
Geiss)

(5) Assume that ε1, ..., εn : Ω → R are independent random variables such
that IP(εi = 1) = p and IP(εi = −1) = q for some p, q ∈ (0, 1) with
p + q = 1. Define the stochastic process Xk := ea(ε1+...+εk)+bk for k =
1, ...., n and X0 := 1 with a > 0 and b ∈ R and the filtration (Fk)

n
k=0

with F0 := {∅, Ω} and Fk := σ(ε1, ..., εk). Assume that −a+b > 0. Why
there cannot exist random variables ε1, ..., εn : Ω → {−1, 1} such that
(Xk)

n
k=0 is a martingale? (i.e. we cannot find p, q as above)

(6) Let 0 < p < ∞, Ω = [0, 1), and Fn := σ
( [
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2n , k

2n

)

: k = 1, ..., 2n
)

and λ the Lebesgue measure. Define Mn(t) := 2
n
p for t ∈ [0, 2−n) and

Mn(t) := 0 for t ∈ [2−n, 1) for n = 0, 1, ...

(a) Show that (Mn)∞n=0 is a martingale for p = 1.

(b) Is (Mn)∞n=0 a super- or sub-martingale for p 6= 1?


