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CHAPTER 1

Introduction

Electrical Impedance Tomography (EIT) is an imaging method with
potential applications in medical imaging and nondestructive testing.
The method is based on the following important inverse problem.

Calderon problem: Is it possible to determine the
electrical conductivity of a medium by making voltage
and current measurements on its boundary?

In this course we will prove a fundamental uniqueness result due
to Sylvester and Uhlmann, which states that the conductivity is de-
termined by the boundary measurements. We will also consider stable
dependence of the conductivity on boundary measurements, and the
case where measurements are only made on part of the boundary. In
addition, we will discuss useful techniques in partial differential equa-
tions, Fourier analysis, and inverse problems.

Let us begin by recalling the mathematical model of EIT, see [5] for
details. The purpose is to determine the electrical conductivity v(z) at
each point x € €2, where 2 C R" represents the body which is imaged
(in practice n = 3). We assume that (2 is a bounded open subset of R"
with C™ boundary, and that « is a positive C? function in €.

Under the assumption of no sources or sinks of current in €2, a
voltage potential f at the boundary 02 induces a voltage potential u
in 2, which solves the Dirichlet problem for the conductivity equation,

(11) { V-4Vu=0 inQ,

u=f on 0f2.

Since v is positive, there is a unique weak solution v € H'(Q) for
any boundary value f € H'Y?(9€). One can define the Dirichlet to
Neumann map (DN map) formally as
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This is the current flowing through the boundary. More precisely, the
DN map is defined weakly as

(Amﬂgba—l/vV%-Vvd% f.g € H'?(09),
Q

where u is the solution of (1.1), and v is any function in H'(€) with
v|sqa = g. The pairing on the boundary is integration with respect to
the surface measure,

(f.9)on = /8 fads.

With this definition A, is a bounded linear map from H'/2(9) into
H=12(0Q).

The Calderén problem (also called the inverse conductivity prob-
lem) is to determine the conductivity function v from the knowledge
of the map A,. That is, if the measured current A, f is known for all
boundary voltages f € H'/?(92), one would like to determine the con-
ductivity v. There are several aspects of this inverse problem which are
interesting both for mathematical theory and practical applications.

1. Uniqueness. If A,, = A,,, show that 7, = 7,.

2. Reconstruction. Given the boundary measurements A, find
a procedure to reconstruct the conductivity ~.

3. Stability. If A,, is close to A,,, show that 7; and 7, are close
(in a suitable sense).

4. Partial data. If I' is a subset of 02 and if A, f|r = A, f|r
for all boundary voltages f, show that v; = ~s.

Starting from the work of Calderén in 1980, the inverse conductivity
problem has been studied intensively. In the case where n > 3 and
all conductivities are in C?(Q), the following positive results are an
example of what can be proved.

THEOREM. (Sylvester-Uhlmann 1987) If A, = A,,, then 71 = 7,
in Q.

THEOREM. (Nachman 1988) There is a convergent algorithm for
reconstructing -y from A,.

THEOREM. (Alessandrini 1988) Let v; € H*(Q) for s > 5 +2, and
assume that ||v;l|ms) < M and 1/M <~v; <M (j=1,2). Then

7 — 72||L°°(Q) < W(HA% - A72||H1/2(8Q)—>H—1/2(8Q))
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where w(t) = Cllog t|=7 for small t > 0, with C' = C(Q, M,n,s) > 0,
o=o(n,s) € (0,1).

THEOREM. (Kenig-Sjdstrand-Uhlmann 2007) Assume that Q is con-
vex and I' is any open subset of 0. If Ay, flr = A, flr for all
f e HY209), and if vi|aa = V2|oa, then v = Yo in €.

During this course we will discuss the methods involved in these re-
sults. The main tool will be the construction of special solutions, called
complex geometrical optics solutions, to the conductivity equation and
related equations. This will involve Fourier analysis, and we will begin
the course with a discussion of n-dimensional Fourier series.

References. This course a continuation of the class ”Impedanssi-
tomografian perusteet” (Principles of EIT) given by Petri Ola [5]. From
[5] we will mainly use the solvability of the Dirichlet problem for el-
liptic equations, the definition of the DN map, and results which state
that the boundary values of the conductivity can be recovered from the
DN map. Chapter 2 on multiple Fourier series is classical, an excellent
reference is Zygmund [8]. In Chapter 3 we prove the uniqueness result
of Sylvester-Uhlmann [6]. The proof of the main estimate, Theorem
3.7, follows Hahner [4]. The stability question is taken up in Chapter 4,
where the main results are due to Alessandrini [1]. The treatment also
benefited from Feldman-Uhlmann [3]. In the final Chapter 5 we intro-
duce Carleman estimates and prove the result in Bukhgeim-Uhlmann
(2], which states that it is enough to measure currents on roughly half
of the boundary to determine the conductivity.






CHAPTER 2

Multiple Fourier series

2.1. Fourier series in L?

Joseph Fourier laid the foundations of the mathematical field now
known as Fourier analysis in his 1822 treatise on heat flow. The basic
question is to represent periodic functions as sums of elementary pieces.
If the period of f is 27 and the elementary pieces are sine and cosine
functions, then the desired representation would be

f(z) = Z(ak cos(kx) + by sin(kx)).
k=0
Since e™** = cos(kx)+isin(kx), we may alternatively consider the series
(2.1) flo) =Y e
k=—00

We will need to represent functions of n variables as Fourier series. If f
is a function in R™ which is 27-periodic in each variable, then a natural
analog of (2.1) would be

This is the form of Fourier series which we will study. Note that the
terms on the right-hand side are 27-periodic in each variable.

There are many subtle issues related to various modes of conver-
gence for the series above. However, we will mostly just need the case
of convergence in L? norm for Fourier series of L? functions, and in this
case no problems arise. Consider the cube ) = [—7, 7]", and define an
inner product on L?(Q) by

(f.9) = (2m)" /Q fadr, fge L(Q).

With this inner product, L*(Q) is a separable infinite-dimensional Hilbert
space. The space of functions which are locally square integrable and

5
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27m-periodic in each variable may be identified with L?(Q). Therefore,
we will consider Fourier series of functions in L?(Q).

LEMMA 2.1. The set {e**} is an orthonormal subset of L*(Q).

Proor. A direct computation: if k,1 € Z" then
(eik-a: eil-:v) _ (271_)—71/ 6i(k—l)-a: dr
Q

= (27‘(’)”/ ce / ei(klfll)xl N ei(knfln)x” d.an N dxl
(1 k=1,
o0 k4L

We recall a Hilbert space fact: if {e;}32, is an orthonormal subset
of a separable Hilbert space H, then the following are equivalent:

O

(1) {e;j}32, is an orthonormal basis, in the sense that any f € H
may be written as the series

f = Z(fa ej)ej
j=1

with convergence in H,
(2) for any f € H one has

IFIP =D (el
j=1

(3) if f € H and (f,e;) =0 for all j, then f =0.
If the condition (3) is satisfied, the orthonormal system {e;} is called

complete. The main point is that {e®*%},czn is complete in L?(Q).

LEMMA 2.2. If f € L*(Q) satisfies (f,e*®) = 0 for all k € Z",
then f =0.

The proof is given below. The main result on Fourier series of L?
functions is now immediate. Below we denote by *(Z") the space of
complex sequences ¢ = (¢g)pezr With norm

1/2
lelleary = (D leel?)

keZm
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THEOREM 2.3. If f € L*(Q), then one has the Fourier series
fla)="Y" fk)e™
kezn

with convergence in L*(Q), where the Fourier coefficients are given by
fk) = (f,e**) = (2m)™ /Q flx)e ™* da.
One has the Plancherel formula
1£1172@) = D_ (k)
keZn

Conversely, if ¢ = (c;) € (*(Z"), then the series

converges in L*(Q) to a function f satisfying f(k) = Cp.

PROOF. The facts on the Fourier series of f € L?(Q) follow directly
from the discussion above, since {e**}cz» is a complete orthonormal
system in L?(Q). For the converse, if (c;) € (2(Z™), then

| Z ™22 g = Z x|

kezn kezn
M<Jkl<N M<[k|<N
by orthogonality. Since the right hand side can be made arbitrarily
small by choosing M and N large, we see that fy = Zkezn,|k|§N cpetk®
is a Cauchy sequence in L*(Q), and converges to f € L*(Q). One
obtains f(k) = (f, e*®) = ¢, again by orthogonality. O

It remains to prove Lemma 2.2. We begin with the most familiar
case, n = 1. The partial sums of the Fourier series of a function
f € L*(|—m,7]), extended as a 27-periodic function into R, are given

by

m

S f(x) = ﬁ: f(k)ers = Z (% /_: fy)e ™ dy> etk

— k=—m

-/ " Dol — o) f () dy
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where D,,(x) is the Dirichlet kernel

1 . 1 4 ‘
Dm = — ikx _ _— —imz 1 1T o i2max
(@) 2wk§;;e o€ LT )
R elemtle 1 gilm+g)r _ o=i(m+3)z 1 sin((m + %)20)
o e —1 2 ei3® —e~i3  2m sin(dm)

Thus, definining the convolution of two 2m-periodic locally integrable
functions by

frg(x) = _W flxz —y)g(y)dy,

we see that S, f(x) = (D, * f)(x). The Dirichlet kernel acts in a
similar way as an approximate identity, but is problematic because it
takes both positive and negative values.

DEFINITION. A sequence (Ky(z))%¥_; of 2m-periodic continuous
functions on the real line is called an approximate identity if

(1) Ky >0 for all N,
(2) J" Ky(x)de =1 for all N, and
(3) for all § > 0 one has

lim sup Ky(x)— 0.

N=00 5<|z|<nr

Thus, an approximate identity (K ) for large N resembles a Dirac
delta at 0, extended in a 27-periodic way. It is possible to approximate
L? functions by convolving them against an approximate identity.

LEMMA 2.4. Let (Ky) be an approzimate identity. If f € LP([—m, 7))
where 1 < p < oo, or if f is a continuous 2mw-periodic function and
p = 00, then

| Kn* f— fHLP([—Tmr]) —0 as N — oo.

PROOF. Since Ky has integral 1, we have

(K # £)(x) — f(z) = / K@) —y) — @) dy
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Let first f be continuous and p = oco. To estimate the L* norm of
Ky f— f, we fix ¢ > 0 and compute

(K f)(a |</ Kn(y)lf(z —y) — f()] dy
< | Enx@)\fe—y)— (@) dy+ / o W)=

ly|<d

Here 6 > 0 is chosen so that

|flz—y) = f(2)] < g whenever z € R and |y| < 4.

This is possible because f is uniformly continuous. Further, we use the
definition of an approximate identity and choose Ny so that

sup Ky(x) < , for N > Nj.
6<|z|<m 47T||f||L°°
With these choices, we obtain
€
Ky * f)z) = fla)] < 5 Kn(y) dy + 47| fllL sup Ky(z) <e
ly|<é 6<|a|<m

whenever N > Ny. The result is proved in the case p = oco.
Let now f € LP([—m,7]) and 1 < p < co. We need the integral
form of Minkowski’s inequality,

F(a.y)dv(y)| du(z) |F(,y)[” dp(z) v dv(y),
(L1, YAV )

which is valid on o-finite measure spaces (X, u) and (Y,v), cf. the
usual Minkowski inequality [[>-, F(-,y)llr» < 32 [[F(+,y)|[rs. Using
this, we obtain

| KN * f = flloe(=nm) S/ KnWIfC- =) = flleeerm dy

= /5<| § KnIf(-—y)— fller dy+ Ex)f(- —y) = fllie dy

ly|<o

<4r||fllze sup Kn(z)+supllf(- —y) = fllL-

6<|z|<m lyl<é

Now, for any € > 0, there is § > 0 such that
€
1 =) = fllee(ernm) < 3 whenever |y| < 0.

Thus the second term can be made arbitrarily small by choosing o
sufficiently small, and then the first term is also small if N is large.
This shows the result. U
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Now, if the Dirichlet kernels (D,,) were an approximate identity, by
Lemma 2.4 one would have S,, f — f in L? for any f € L% This would
in particular imply that any f € L? which satisfies (f, e?**) = f (k)=10
for all £ € Z", would be the zero function.

However, D,, is not an approximate identity because it takes nega-
tive values. One does get an approximate identity if a different summa-
tion method used: instead of the partial sums S, f consider the Cesaro

sums

onf(a N+1ZSmf

This can be written in convolution form as

1 N

onf(z) = o1

(D f)(x) = (Fy + f)()

where Fly is the Fejér kernel,

N o i(m+2 )z _—i(m+3)z
(& € 2
Fy(z) = N +1) Z _ oie
b
(N + 1) I

1 ei(N—i—l);r — 14+ e—i(N-l—l):v -1
— 27-[-(N T 1) <€z%$ o e—Z%LE)Z
B 1 sin® (85 x)

1

2n(N + 1) 51n2(§x)

Clearly this is nonnegative, and in fact Fyy is an approximate identity
(exercise). It follows from Lemma 2.4 that Cesaro sums of the Fourier
series an LP function always converge in the LP norm if 1 < p < oo.

LEMMA 2.5. If f € LP([—m,7]) where 1 < p < oo, or if f is a
continuous 2m-periodic function and p = oo, then

lonf = flleeqera) = 0 as N — oo.

PrROOF OF LEMMA 2.2. We begin with the case n = 1. If f €
L*([—m,7]) and (f,e™**) = 0 for all k € Z, then S,,f = 0 and also
onf =0 for all N. By Lemma 2.5 it follows that f = 0.



2.2. SOBOLEV SPACES 11

Now let n > 2, and assume that f € L?(Q) and (f,e**) = 0 for all
k € Z". Since e*® = eth171 ... ¢ikn®n e have

/ h(l‘l; ]{?2, ceey k’n)e_iklxl dl‘l =0

—T

for all ky € Z, where
h(wis ke, .oy k) =/ f(xy, 2, . .., ay e Rm2tedhn®n) o) oy
[—m,m]n—1

Now h(-;ks,..., k) is in L?([—m, 7]) by the Cauchy-Schwarz inequal-
ity. By the completeness of the system {e®*1*1} in one dimension, we
obtain that h(-;ks, ..., k,) = 0 for all ko, ..., k, € Z. Applying the
same argument in the other variables shows that f = 0. U

We have now proved the main facts on Fourier series of L? functions.

2.2. Sobolev spaces

In this section we wish to consider Sobolev spaces of periodic func-
tions. In fact, most of the results given here will not be used in their
present form, but they provide good motivation for the developments
in Chapter 3.

Let T" = R"/27Z" be the n-dimensional torus. Note that L*(Q)
above may be identified with L*(7™). However, C(Q) is different from
C(T™); in fact C(T™) (resp. C*°(T™)) can be identified with the con-
tinuous (resp. C*°) 27m-periodic functions in R™.

First we need to define weak derivatives of periodic functions. This
is similar to the nonperiodic case, except that here the test function
space will be C*°(T™). We use the notation

10
I 1 835]-’
DEFINITION. Let f € L*(T™). We say that D*f € L*(T") if there
is a function v € L?(T™) which satisfies

fD%dx = (—1)'0‘/ v dx

n

DO( — Di‘él Dgn

Tn
for all ¢ € C°°(T™). In this case we define D*f = v.

As in the nonperiodic case, weak derivatives are unique, and for
smooth functions the definition coincides with the usual derivative.
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This uses the fact that there are no boundary terms arising from inte-
gration by parts, because of periodicity.

DEFINITION. If m > 0 is an integer, we denote by H™(T™) the
space of functions f € L?(T™) such that D*f € L*(T™) for all « € N"
satisfying |a] < m.

We equip H™(T") with the inner product
(f? g)Hm(T") = Z (Dafa Dag)'

|laj<m

Then H™(T™) is a Hilbert space.
If f and D*f are in L*(T"), one may compute the Fourier coeffi-
cients of D*f to be

(D2 f) (k) = (2m) ™ / DO f(z)e ™ du

n

= @0 () [ fa)Dr(e ) da

=k f(k)
by the definition of weak derivative, since e?** € C°°(T™). This mo-

tivates the following characterization of H™(T™) in terms of Fourier
coefficients.

LEMMA 2.6. Let f € L3(T™). Then f € H™(T™) if and only if
(kY™ f € (2(Z"), where (k) = (1 + k2 4+ ...+ k,)Y2

PROOF. One has
feH™T") < D*f € L*(T") for |a] <m
& ko f(k) e (Z") for |a| <m
o (k2. k)Y f(k)> e 4(Z") for |a| < m.
If the last condition is satisfied, then

RPN =D colkt,. . k)OI (R) € (27,

|Bl<m
consequently (k)™ f(k) € (2(Z"). Conversely, if (k)™f(k) € (2(Z"),
then k*f(k) € (*(Z") for |a| < m because |k;| < (k). O

It is now easy to prove a version of the Sobolev embedding theorem.

THEOREM 2.7. If m > n/2 then H™(T™) C C(T™).
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PROOF. Let f € H™(T™), so that (k)™ f € (*(Z") and
@)= f(k)e™.

keZm
Let My = |f(k)ei*®| = (k)™ ((k)™ f(k)). We have
D My < B ez | {B)™ F (R |2z < o0,
kezZn

by Lemma 2.6 and since m > n/2. Since the terms in the Fourier series
of f are continuous functions, this Fourier series converges absolutely
and uniformly into a continuous function in 7™ by the Weierstrass M-
test. 0

The final result in this section will be elliptic regularity in the pe-
riodic case. Consider a second order differential operator P(D) acting
on 27-periodic functions in R”,

P(D) =Y a,D",
o] <2
where a, are complex constants. The principal part of P(D) is
Py(D) =) anD".
|a|=2
We say that P(D) is elliptic if P,(D) has real coefficients, and
}E(k) >0
whenever k € Z" ~\ {0}. The following proof also indicates how Fourier

series are used in the solution of partial differential equations.

THEOREM 2.8. Let P(D) be an elliptic second order differential
operator with constant coefficients, and assume that u € L*(T™) solves
the equation

PDju=f inT",
for some f € L*(T"). Then u € H*(T™).

PrOOF. Taking the Fourier coefficients on both sides of P(D)u = f
gives
(2.2) P(kyu(k) = f(k), keZ"
We have
Py(k) = |k[* Py (k/|k]) > c[k|?



14 2. MULTIPLE FOURIER SERIES

for some ¢ > 0, by ellipticity. Then for k # 0,

|P(k)| = [P(k +Z%k + aol

n

> |Pa(k)| = (Zlajl)lkl — laol

> c|k|* — Clk|.
If ¢’ > 0 is sufficiently large, it follows that
1
|P(k)| > Ec]ldz, for |k| > C".

From (2.2) we obtain

a( |—\P \_|k|2|f<>| eyl

Since f(k) € (2(Z") this shows that (k)2a(k) € (2(Z"), which implies
u € H?*(T™) as required. O



CHAPTER 3

Uniqueness

In this chapter, we will discuss the proof of the following uniqueness
result of Sylvester and Uhlmann.

THEOREM 3.1. Let Q C R™ be a bounded open set with smooth

boundary, where n > 3, and let v, and o be two positive functions in
C%(Q). If Ay, = A, then v, = 7, in Q.

In fact, this theorem will be reduced to a uniqueness result for the
Schrodinger equation (also due to Sylvester and Uhlmann).

THEOREM 3.2. Let Q C R™ be a bounded open set with smooth
boundary, where n > 3, and let ¢ and g be two functions in L*°(Q)
such that the Dirichlet problems for —A+q, and —A+qs in Q0 are well
posed. If Ny, = A,,, then ¢ = g2 in Q.

The reduction of Theorem 3.1 to Theorem 3.2 is presented in Sec-
tion 3.1 along with the relevant definitions. The proof of the uniqueness
results relies on complex geometrical optics (CGO) solutions, which
are constructed in Section 3.2 for the Schrodinger equation by Fourier
analysis and perturbation arguments. Section 3.3 includes an integral
identity relating boundary measurements to interior information about
the coefficients, and this identity is used to prove Theorem 3.2 by taking
an asymptotic limit with suitable CGO solutions.

3.1. Reduction to Schrodinger equation

The first step in the proof is the reduction of the conductivity equa-
tion to a Schrodinger equation,

(A +qu=0 inQ,

where ¢ is a function in L>(€2). This equation turns out to be easier
to handle, since the principal part is the Laplacian —A.

15



16 3. UNIQUENESS

LEMMA 3.3. If v € C*(Q) and u € H*(QQ) then
(3.1) —V V(T u) = A=A+ g)u

in the weak sense, where
_ A
val

PrOOF. This is a direct computation: if u € C?(Q) then

q

— 0;(70i(—=u)) = —0;(\/795u) + 0;(9;(\/7)u)

= —07u — 9;(v/7)05u + 0;(\/7)05u + 03 (V/7)u.

The claim follows by taking the sum over j. The case where u € H*(2)
can be proved by approximation®. O

1
—U
Nai

If ¢ € L>(Q2), we consider the Dirichlet problem for the Schrédinger
equation,

(3.2) { (—A+q@u=0 inQ,

u=f on 0f),

where f € HY?(09Q). We say that v € H'(Q) is a weak solution of
(3.2) if ulpq = f, and if for all ¢ € H}(Q) one has

/(Vu-Vgo—i—qugo) dx = 0.
Q

'Let (ux) € C?(Q) be a sequence with u, — u in H'(2). We have
—V AV Pug) = 4P (-A + g
If a € C1(Q) then u — au is a continuous map on H(f2), since
lau|l g ) = llaull L2+ (Va)u+aVu| 20y < 2(]|all Lo @)+ Vall L @)l ull g @)

Using that v is in C?(Q) and that V : H™(Q) — H™~1(Q) is a continuous map,
we have

Up — U in H'(Q)
= V2 — 42y in H'(Q)
= V(v 2uy) — V(v Y2u) in L?(Q)
- WO Pu) — V(v ) in L*(Q)
— V-V ?u) - -V -4V(y Y2u) in H Q).

Similarly, y'/2(=A + q)up — v/?(=A + q)u in H~*(Q), which shows that (3.1)
holds in the sense of H ().
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The problem (3.2) is said to be well-posed if the following three condi-
tions hold:
1. (existence) there is a weak solution u in H*(£2) for any bound-
ary value f in H'/2(0%2),
2. (uniqueness) the solution w is unique,

3. (stability) the solution operator f +— w is continuous from
HY2(0Q) — H'(Q), that is,

ull g @) < Cllfllarzon)-

If the problem is well-posed, we can define a DN map formally by
ou

. 171/2 -1/2 —_
Ay HV/#(0Q2) — H™/#(092), 55 o

This is analogous to the conductivity equation, and also here the precise
definition of the DN map is given by the weak formulation

(Agfs9)on = /(Vu Vv +quv)dz, f,g¢€ Hl/Q((?Q),
Q

where u solves (3.2) and v is any function in H*(Q) with v|sq = ¢g. The
next proof shows that this is a valid definition and A, is a bounded
linear map.

LEMMA 3.4. If ¢ € L*™(R2) is such that the problem (3.2) is well-
posed, then A, is a bounded linear map from HY2(0Q) to HY/2(09),
and satisfies

(Aqf7 g)@ﬂ = (fv Aqg)('?ﬂa fag € Hl/z(aQ)

ProOF. Fix f € H'?(09), and define a map T : H'/?(992) — C
by

T(g) = /Q(Vu - Vv + quv) dz,

where u solves (3.2) and v is any function in H'(Q) with v|gq = g
Since u is a solution, we have

/(Vu -V + quy) dx
Q

for any ¢ € H}(Q). Therefore we may replace v by v + ¢ in the
definition of T'(g). If v,o € H'(Q) and v|sq = Vsq = g, then v —
v € H}(Q), so indeed the definition does not depend on the particular
choice of v (as long as v € H'(Q2) and v|sq = g).
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Now, for ¢ € HY2(09), use the one-sided inverse to the trace op-
erator to obtain vy, € H'(2) with [Jvgllm1 ) < Cllgllg/2aq). Then by
Cauchy-Schwarz

T(g)] < / V- Vo, + quuy| dz < C'llull oy 1oy s
Q

< O f iz o) 19N 1200 -

Thus T : HY?(9§)) — C is a continuous map, and there is an element
A f € H7Y2(09) satisfying (A,f,g) = T(g). Consequently, the map
Ay : f = A,f is a bounded linear map H'/2(9Q) — H~/2(09).

To show the last identity, let f, g € HY2(€2), and let u, v be solutions
of (3.2) with boundary values ulgsq = f, v|sq = g. Then

(Ayf,9)oa = /Q(Vu -V + quv) de = /Q(Vv -Vu+ quu)dr = (Mg, f)

by the definition of A,. O

The problem (3.2) is not always well-posed, consider for instance
the case ¢ = —\ where A > 0 is an eigenvalue of the Laplacian in €2
(then there exists a nonzero u € H'(Q) with —Au = Au in Q and
u|go = 0). However, for potentials ¢ coming from conductivities, the
Dirichlet problem is always well-posed, and there is a relation between
the DN maps A, and A,.

LEMMA 3.5. If v € C?*(Q) and g = A\/y/\/7, then the Dirichlet
problem (3.2) is well-posed and
1 0y

Aof = 2N, (2 F) + 57

PrOOF. Fix f € HY2(0Q). We need to show that there is u in
H'(Q) which solves (3.2). Motivated by Lemma 3.3, we take v be the
solution of V - yVov = 0 in Q with v|sgq = 7 V2f. Then u = y"/%v
is a function in H'(Q) which solves (—A + ¢)u = 0 with the right
boundary values. The same argument with f = 0 shows that the
solution is unique. Further, since v € C?(€2), we have the estimate

lullm@) < Cllvllm@) < Cly 2 Fllmroa) < Il

If u solves (3.2), then v = y~/2y solves the conductivity equation
and

fe H2(Q).

_ v ou 1 1,0y
Ay (v mf):’Y%: 1/25—5 1/25]”-
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Since A,f = 0u/0v, we obtain the relation between A, and A,. O

We may now show that uniqueness in the inverse conductivity prob-
lem can be deduced from the corresponding result for the Schrodinger
equation.

PROOF THAT THEOREM 3.2 IMPLIES THEOREM 3.1. Let vy, v, be
positive functions in C*(Q2), and assume that A, = A,,. If ¢; =
A7/, then g € L>(€2) and by Theorem 3.5 the Dirichlet prob-
lems for —A 4 g; are well posed. Also, the boundary reconstruction
result ([5], Theorem 6.6.1) implies that v; = v9 and 07y, /0v = 0y, /0v
on 9. Thus, for any f in H'/?(99) one has

_ _ 1 .
AQlf =N 1/2A~/1 (’71 I/Qf) + 3 1 ik f‘

~1/2 ~1/2
=2 / Ay, (72 / f)+357
=Ag f-
Theorem 3.2 gives that ¢ = ¢o in 2. Therefore,

A A
(3.3) VAT VAFR
Van V2
We would like to conclude from (3.3) that v; = 7. Let ¢ =
v Y ZA% =, Y 2A72, and consider the equation

(—-A+qu=0 in .

Both /91 and /73 solve this equation, and \/71]sq = \/72]aq by bound-
ary determination. Since the Schrodinger equation with potential ¢
coming from a conductivity is well-posed, we obtain v; = 75 by unique-
ness of solutions. O

REMARK 3.6. We record for later use another argument showing
that (3.3) implies 74 = 2. The equation (3.3) looks like a nonlinear
PDE involving v, and 7,. To simplify the equation, we note that

A(log/7) = Z(‘? = A—\/? — |V(log 7)|*.

The equation becomes

A(log /A1 — log \/72) + [V (log 1) [* — |V (log v32)|* =
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Rewriting slightly, we get

VI L Yo Vlog Y =
A(log\/%)+v V(lgﬁ) 0,

where a = log \/7172. This is a linear equation for the C? function
. Nan . . .
v = log N Further, noting the identity
V- (e"Vv) = e*(Av+ Va - Vo),

and using the fact that v, = 5 on 0€2, we see that v solves the Dirichlet
problem

v=20 on 0f).
This problem is well-posed, and we get v = 0 and v; = 7».

{ V- ((”yl”)/g)l/QVU) =0 n Q,

3.2. Complex geometrical optics

In this section, we will construct complez geometrical optics (CGO)
solutions to the Schrodinger equation

(A +qu=0 in Q.

The potential ¢ is assumed to be in L>(£2).

MoOTIVATION. First let ¢ = 0. We try as a solution to the equation
—Awu = 0 the complex exponential at frequency ¢ € C",

u(z) = e”.
This satisfies
Du(x) = (6%, D2u(z) = (¢ - ()¢,
Thus, if ¢ € C™ satisfies ¢ - ¢ = 0, then u(x) = €* solves —Au = 0.
Writing ¢ = Re( + ¢Im ¢, we see that
(-¢(=0 <= |Re(|=|Im(|, Re¢-Im¢=0.

Now suppose ¢ is nonzero. The function u = €% is not an exact

solution of (—A + ¢)u = 0 anymore, but we can find solutions which

resemble complex exponentials. These are the CGO solutions, which
have the form

(3.4) u(z) = e“*(1 +r(z)).

Here r is a correction term which is needed to convert the approximate
solution e® to an exact solution.
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In fact, we are interested in solutions in the asymptotic limit as
|| — oo. This follows the principle that it is usually not possible
to obtain explicit formulas for solutions to general equations, but in
suitable asymptotic limits explicit expressions for solutions may exist.

We note that (3.4) is a solution of (—A + q)u = 0 iff
(3.5) eI (=A+ q)e T (1 +7) = 0.

It will be convenient to conjugate the exponentials e** into the Lapla-
cian. By this we mean that

e Dj(e ) = (Dj + G,
e~ T D2(e %) = (D + ¢)?v = (D? + 2¢ - D).
We can rewrite (3.5) as
(D*+2¢-D+q)(1+r)=0.
This implies the following equation for r:
(3.6) (D*+2¢-D+q)r =—q.

The solvability of (3.6) is the most important step in the construction
of CGO solutions. We proceed in several steps.

3.2.1. Basic estimate. We first consider the free case in which
there is no potential on the left hand side of (3.6).

THEOREM 3.7. There is a constant Cy depending only on € and n,
such that for any ¢ € C™ satisfying ¢ - ( =0 and |¢| > 1, and for any
f € L*(Q), the equation
(3.7) (D> +2¢-D)r=f inQ
has a solution r € H*(Q) satisfying

Co
7] z20) < ml!fHLQ(ma

V72 < Coll fllz2@)-

The idea of the proof is that (3.7) is a linear equation with constant
coefficients, so one can try to solve it by the Fourier transform. Since
(Dju) (&) = &u(€), the Fourier transformed equation is

(€2 +2¢- Oi() = f(8).
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We would like to divide by &2 + 2¢ - € and use the inverse Fourier
transform to get a solution 7. However, the symbol £2 4 2( - € vanishes
for some £ € R", and the division cannot be done directly.

It turns out that we can divide by the symbol if we use Fourier
series in a large cube instead of the Fourier transform, and moreover
take the Fourier coefficients in a shifted lattice instead of the usual
integer coordinate lattice.

PROOF OF THEOREM 3.7. Write ¢ = s(w; +iw,) where s = |¢|/v/2
and w; and wy are orthogonal unit vectors in R". By rotating coor-
dinates in a suitable way, we can assume that w; = e; and wy = ey
(the first and second coordinate vectors). Thus we need to solve the
equation

(D? +2s(Dy +iDy))r = f.
We assume for simplicity that €2 is contained in the cube Q) =

[—7, m]". Extend f by zero outside 2 into ), which gives a function in
L?(Q) also denoted by f. We need to solve

(3.8) (D* 4 2s(Dy +iDy))r = f in Q.

Let wy(x) = ¢/+2¢2)% for k € Z". That is, we consider Fourier series
in the lattice Z" + Je,. Writing

(u,v) = (2%)‘”/@1@ dr, wu,ve L*(Q),

we see that (wg,w;) = 0 if k # | and (wg,wx) = 1, so {wg} is an
orthonormal set in L*(Q). It is also complete: if v € L*Q) and
(v,wp) = 0 for all k € Z" then (ve 22 %) = 0 for all k € Z",
which implies v = 0.

Hilbert space theory gives that f can be written as the series f =

> ez Jowe, where fr = (f,wg) and || |72y = Dopeznlful®. Seeking
Q)
also r in the form r = Zkezn Wi, and using that

1
Dwk = (k’ + éeg)wk,

the equation (3.8) results in
PiTr = fk) ke Zna

where

1 1
Pk ‘= (k + 562)2 + 28(k‘1 + Z(kg + 5))
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Note that Imp, = 2s(ko + %) is never zero, which was the reason for
considering the shifted lattice. We define

1
e = — [k
Pk

and

ri= E TLWy.

keZn

The last series converges in L*(Q) to a function r € L?(Q) since

1 1

el < el < 1
125(k2 + 3)]

1
| fr] < =il
|Pk| S

and then
12 1 2z 1
Il = (3omP) " <= (IAE) T = <l
k k

This shows the desired estimate in L*(Q).
It remains to show that Dr € L*(Q) with correct bounds. We have

1
Dr = Z (k? + §€Q)T’kwk.
keZn

The derivative is justified since this is a convergent series in L*(Q): we
claim

1
(39) |(]{7 + 562)7"k| < 4|fk|; ke Zn,

which implies that || Dr||r2q) < 4| f]lz2(). To show (3.9) we consider
two cases: if [k + Les| < 4s we have

4s

1
k+ = <

2
and if [k + 1es| > 4s then

1 1 1 1 1
||k + §€2|2+28k1| > |k + §€2|2 — 28|k + §€2| > §|k‘+ §€2|2

which implies
|]€ + %€2|

2k + gl

il < il

1
k+ - <
(k+ gea)nu] < <5

2
The statement is proved. U
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3.2.2. Basic estimate with potential. Now we consider the so-
lution of (3.6) in the presence of a nonzero potential. It will be conve-
nient to give a name to the solution operator in the free case.

NOTATION. Let ¢ € C" satisfy ¢ - ( = 0 and |(] sufficiently large.
We denote by G, the solution operator

Ge: LQ(Q) — Hl(Q), [,
where r is the solution to (D?+2¢ - D)r = f provided by Theorem 3.7.

THEOREM 3.8. Let ¢ € L>=(2). There is a constant Cy depending
only on Q and n, such that for any ¢ € C" satisfying ¢ - ¢ = 0 and
¢ > max(Co||qll =), 1), and for any f € L*(2), the equation

(3.10) (D*+2(-D+q)r=f nQ
has a solution r € H'(Q) satisfying
Co
7]l L2 () < meHL?(Q),

V7|2 < Coll fllz2@)-

Proor. If one has ¢ = 0, a solution would be given by r = G¢f.
Here ¢ may be nonzero, so we try a solution of the form

(3.11) ri=G¢f,

where f € L*(Q) is a function to be determined. Inserting (3.11) in
the equation (3.10), and using that (D*+2( - D)G, = I, we see that f
should satisfy

(3.12) (I+qG)f=f inQ.
We have the norm estimate

Collgll Lo (e
laGell 2 —r2) < M

If |¢| > max(2C||¢|| L), 1) then

19G ¢ L2 (@)—r2(0) <

It follows that I + ¢G¢ is an invertible operator on L?*(f2), and the
equation (3.12) has a solution

fi=U+4qG)7'f
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The definition (3.11) for r implies
(D*+2¢C-D+q)r = f +4Gef = (I +4G)f = f.

and r indeed solves the equation (3.10). Since ||(I4+¢G¢) || 2@)—r2) <
2, we have || f|lz2@) < 2[|f|lz2(). The norm estimates in Theorem 3.7
imply the desired estimates for r, if we replace Cy by 2C). U

3.2.3. Construction of CGO solutions. It is now easy to give
the main result on the existence of CGO solutions. Note that the
constant function a = 1 always satisfies ( - Va = 0, so as a special case
one obtains the solutions u = €*(1 +r) in (3.4).

THEOREM 3.9. Let ¢ € L*(2). There is a constant Cy depending
only on Q and n, such that for any ¢ € C" satisfying ¢ - ¢ = 0 and
¢ > max(Co||q|l =), 1), and for any function a € H*(Q) satisfying

(-Va=0 1w,
the equation (—A + q)u =0 in Q has a solution
(3.13) u(x) = e“*(a+r),
where r € HY(Q) satisfies

Co
[rllz2(0) < m”(—A + q)al 12,

VT2 < Coll(=A + g)al 2y
ProoOF. The function (3.13) is a solution of (—A + q)u = 0 iff
(3.14) e T~ A+ q)e““(a+ 1) =0.

As in the beginning of this section, we conjugate the exponentials into
the derivatives and rewrite (3.5) as

(D*+2¢-D+q)(a+r)=0.
Since ¢ - Da = 0, this implies the following equation for r:
(D*+2¢- D+ q)r = —(D* + q)a.

Theorem 3.8 guarantees the existence of a solution r satisfying the norm
estimates above. Then (3.13) is the required solution to (—A+q)u = 0
in (). U
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3.3. Uniqueness proof

In this section we prove the Sylvester-Uhlmann uniqueness results.
As shown in Section 3.1, uniqueness in the inverse conductivity problem
(Theorem 3.1) follows from the uniqueness result for the Schrédinger
equation, which we now recall.

THEOREM 3.2. Let Q C R™ be a bounded open set with smooth
boundary, where n > 3, and let ¢ and g be two functions in L*>°(Q)
such that the Dirichlet problems for —A+q, and —A+qs in Q) are well
posed. If Ny, = Ay, then ¢ = g2 in Q.

The starting point is an integral identity which relates the differ-
ence of the boundary measurements A, — A, to the difference of the
potentials.

LEMMA 3.8. Let ¢ and g2 be two functions in L>(§2) such that the

Dirichlet problems for —A+q; and —A+ qo in Q are well-posed. Then
for any f1, f» € HY?(0Q) one has

(Agy = M) oo o) = / (@1 — go)urua d,

0
where u; € H'(2) is the solution of (—A+q;)u; = 0 in Q with boundary
values ujloq = fj, 7 =1,2.

PROOF. By the weak definition of the DN map, we have

(Mg f1, fo) = /(VU1 -Vus + qrugug) dz
Q

since wu is a solution with boundary values fi, and uy has boundary
values fy. Also, since the DN map is self-adjoint,

<Aq2f17f2> = <f17Aq2f2> = (qufQ,fﬁ = /(Vuz - Vug + CJ2U2U1) dx.

Q
The claim follows. O

PrOOF OF THEOREM 3.2. Since A, = A,,, we know from Lemma
3.8 that

(3.15) /(q1 — @)uiugdr =0
Q

for any H' solutions u; to the equations (—A + ¢;)u; = 0, j = 1,2.
Thus, to prove that ¢ = g9, it is enough to establish that products
uyuy of such solutions are dense in L'().
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Fix £ € R". We would like to choose the solutions in such a way
that ujus is close to ¢, since the functions €™ form a dense set. We
begin by taking unit vectors w; and ws in R™ such that {wy,ws, &} is
an orthogonal set (here we need that n > 3). Let

¢ = s(wy + iwy),

so that ¢ - ( = 0. By Theorem 3.9, if s is sufficiently large there exist
H* solutions u; and up which satisfy (—A + ¢;)u; = 0, and which are
of the form

Uy = ez{-x(eimf + 7”1),
Uy = 6_(%(1 + TQ),
where ||7;]|12@) < C/s for j = 1,2. For the first solution we chose
a = ¢ which satisfies ¢ - Va = (- £)e™®* = 0 by orthogonality, and
for the second solution we chose a to be constant.
Inserting these solutions in (3.15), we obtain

(3.16) /Q (g1 — g) (€™ £ 1)(1+ 1) d = 0.

In this identity, only r; and 75 depend on s. Since the L? norms of r;
and 7y are bounded by C/s, it is possible to take the limit as s — oo
in (3.15), and then the terms involving r, and 7 will vanish. Taking
this limit in (3.16), we get

/(q1 — g)e  dx = 0.
Q

This holds for every ¢ € R™. If G is the function in L*(R") which is
equal to ¢ — g2 in  and vanishes outside €2, the last identity implies
that the Fourier transform of ¢ vanishes for every frequency £ € R".
Consequently ¢ = 0, and ¢; = ¢o in €2. O






CHAPTER 4
Stability

In the preceding chapter, we proved that if v, v, are two conduc-
tivities in C2(Q) such that A, is equal to A.,, then v, = 7. Here we
address the stability question: if 7, 75 are two conductivities such that
A, is close to A,,, does this imply that v, is close to v2?

More precisely, we are looking for an estimate of the form

(4.1) 71 =2l @) < WAy, = Ay lls),

where |- [l = || | 1/290)—n-1/2(90) 13 the natural operator norm for

the DN maps, and w : [0,00) — [0, 00) is a modulus of continuity, that

is, a continuous nondecreasing function satisfying w(t) — 0 as t — 0.
We begin with an example due to Alessandrini.

EXAMPLE. Let D be the unit disc in R?, and let 71,72 € L®(D) be
two conductivities such that vy =1 in D, and

(z) = 1+ A, || < ro,
)= 1, ro < |x| <1,

where A is a positive constant and ro € (0,1). If f € HY/?(0D), then
f may be written as Fourier series

= 3 Jket.

It can be shown (exercise) that

€9> _ i ’k’f(k)@lke,

k=—o00

2|1<;\)

2|k|) f(k:)eika.

2—|—A

k=—00

29
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Then
N 2+A(1+r2|k|)2 ?
Al_A2f2—12: 1+l{32 125211 _ 0 fk‘ 2
(i) = 3 (47 S |
2
S k? QAT(Q)W A
N 1+ k2)Y2| f (k)2
k:z_:oo1+k2<2+A(1_T§|kl) ( )L (R

The sum is actually over k # 0, and then the expression in parentheses
is < Ar? since it attains its maximum value when |k| = 1. Tt follows
that

1Ay = Aplle= sup [[(Ay = Ay fllgre < Arg.

1£1,1/2=1
Now ||A,, — Al — 0 as rg — 0, but

I = elle@ = A.
Thus, an estimate of the form (4.1) can not be valid if one only assumes

that vy,v2 € L.

It turns out that under certain a prior: assumptions on ~; and s,
it is possible to prove a stability estimate with logarithmic modulus of
continuity.

THEOREM 4.1. Let Q C R™ be a bounded open set with smooth

boundary, where n > 3, and let v;, j = 1,2, be two positive functions
in HT2(Q) with s > n/2, satisfying
(4.2 L<y <,

There are constants C = C(Q,n,M,s) > 0 and 0 = o(n,s) € (0,1)
such that

17 =2l oo (@) < WAy = Ass 1)
where w is a modulus of continuity satisfying

w(t) < Cllog t|™7, 0<t<1/e.

Note that v; € H*"2(Q) with s > n/2 implies that v; € C?(Q2) by
Sobolev embedding. The logarithmic modulus of continuity is rather
weak, in the sense that even small changes in v can result in large
changes in A,. However, it has been proved that the logarithmic mod-
ulus is optimal, and for instance Hélder type stability can not hold for
conductivities of general form.
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4.1. Schrodinger equation

As in the uniqueness proof, we will use the inverse problem for the
Schrédinger equation to study the stability question. In the following,
2 C R" is a bounded open set with C"* boundary, and n > 3.

THEOREM 4.2. Let q; € L*(Q) be two potentials such that the
Dirichlet problems for —A + q; are well-posed. Further, assume that

1951l e () < M.
There is a constant C = C(2,n, M) such that
lor — @llr-1@) < w(l[Ag — Mg ls)
where w is a modulus of continuity satisfying
w(t) < Cllog t| 72, 0<t<1/e.

PRrROOF. Let £ € R". We start from the identity in Lemma 3.8,
which states that

(4.4) /Q (@1 — aa)urtis d = ((Agy — Agy)(t]oc), uslion)ocrs

for any u; € H*(Q) which solve (—A +¢;)u; = 0 in 2. As in the proof
of Theorem 3.2, let w; and wsy be unit vectors such that {wy,ws, &} is
an orthogonal set. The choice of complex vectors is slightly different
(we make this choice to obtain better constants), we take

_ s S 1 :
Ci—ﬁ( 1 282W1+\/§Sf+@w2),
§[? :
CQ:_\%( 1_’212”1_ AR

These satisfy ¢; - ¢ = 0 and |(3| = [(2] = s. Theorem 3.9 ensures
the existence of solutions w; to (—A + ¢;)u; = 0, provided that s >
max(CyM, 1), of the form

up = (1 + 1),
Uy = €27 (1 + 1y),

with [[r;]| 2 < C4l "and Gy = Co(Q, n).
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Inserting u; and uy in (4.4) and using that e'(G+e2)? = @€ e

obtain

| [ = e do] < g = Ml lflleop

+ ‘ /(Ch — q2)€”"(ry 4 1o + 1i12) d
Q
< Ag — Ao llellua |l Juzl| e + C(l|7al[z2 + [Irallzz + lrallz2 {72l z2)

with C' = C(Q,n, M). If Q C B(0, R) then

gl < €14 ) e + Y _lOk(€ )1+ r5) + €9 0ry | 12
k=1
< Csel®s.

We assume that s is so large that s < ef**, and have

(45) @~ @) (@ < O™ 1A ~ Al +2),

where ¢; is the extension of ¢; to R™ by zero (thus ¢; € L*(R™)).

So far, we have proved that there are constants C' and C”’, depending
on Q, n, and M, such that (4.5) holds whenever s > C". It is possible
to obtain a bound for ¢; — gy in H~! by using (4.5) and the L> bounds
for ¢;. If p > 0 is a constant which will be determined later, we have

(1 — @) ()]
b=y < Il = ([ +[ ) )
H-1(Q) H-1(R") el<p €l 1+|£|2

7 S 1 -
< Cp (eSR Mg — Ay ll? + ?) + (140 M — @2ll72@n
Cpn  C
2 -
5 P

< CpnegRsHAfh - Alp”i +

To make the last two terms of equal size, we choose
2
Then
__4_
lar = @2l -1 (0) < Ce™F Ay — A |12+ Cs ™72
for s > C'(Q,n, M). We make the final choice

1

"7 16R

log|[Ag, = Ag,l+]
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where we assume that
0 < [[Ag — Agll« < (2,n, M)
with ¢’ chosen so that s > C’. With this assumption, it follows that
lar = @[30y < CUIAG = Aglls + logl|Ag — Agy [l 72).

The claim is an easy consequence. 0

4.2. More facts on Sobolev spaces

To reduce the stability result for the conductivity equation to The-
orem 4.2, we will need more properties of Sobolev spaces. There
are three settings to consider: Sobolev spaces in R", Sobolev spaces
in bounded C* domains @ C R"™, and Sobolev spaces on (n — 1)-
dimensional boundaries 0€). Further, we want to consider the case
where s may not be an integer.

The philosophy is that H*(R") may be defined via the Fourier trans-
form, H*(2) is the restriction of H*(R") to 2, and H*(0f2) can be
defined by locally flattening the boundary and reducing matters to
H*(R"!). We now give some specifics, see 7] for more details.

DEFINITION. If s > 0, let
H*(R") = {u € L*(R"); (¢)*u(¢) € L*(R™)},

with norm

[l sy = [1€€)" bl L2y -

Here (£) = (14 [£]*)"/? for £ € R™
The space H*(R") is in fact a Hilbert space, with inner product

(w,v)gs = [(§)*u(£)0(§). Recall from [5] that if & > 0 is an integer,
there is the equivalent norm

(4.6) lullwee g = > 10%ull 2@y ~ el s,

laf <k

where A ~ B means that ¢ 'B < A < ¢B for some constant ¢ > 0
(independent of w).

The following properties of Sobolev spaces are the main point in
this section. Recall that C*(R") is the space of k times continuously
differentiable functions on R", such that all partial derivatives up to
order k are bounded. The norm is [Jul[gr@n) = 32 4 <kl 07Ul Lo mr).-
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THEOREM 4.3.
e (Sobolev embedding theorem) If u € H**k(R"™) where s > n/2
and k is a nonnegative integer, then u € C*(R") and
[ullex@ny < Cllull gerrmn)-
o (Multiplication by functions) If w € H*(R"™) and s > 0, and if
f € C*(R™) where k is an integer > s, then fu € H*(R") and

[1ful

e (Logarithmic convexity of Sobolev norms) If 0 < a < (3 and
0<t<1, then

ms®n) < | fllor@m) llull ms @n)-

lull vy < Mull e g [lligo ey, v € HP(R),
(R™)
where v = (1 — t)a + 1.

PROOF. The first statement was proved in [5]. The second fact
follows, if s is an integer, by using the equivalent norm (4.6) and the
Leibniz rule. If s is not an integer, the most convenient way to prove
the result is by interpolation: if s = [ — ¢ where [ is an integer and
0 < e < 1, the claim is true if s is replaced by [ — 1 or [, and the claim
follows for s by interpolation between these two cases.

We now prove the third statement. The claim is trivial if ¢ = 0 or
t =1, so assume that 0 <t < 1. Then

B = [0+ () dg
= [ermate)r el Py de
< (Jtereiards) ([P )’ = ullftin ulscme,

by using Hélder’s inequality with p = & and p’ = 1. O

We would like to use similar results for Sobolev spaces in bounded
domains. In the following, let 2 C R™ be a bounded open set with
C* boundary. In [5] one has the Sobolev spaces in 2, denoted here by
WH2(Q), consisting of the functions in L?(Q2) whose all weak partial
derivatives up to order k are in L?(2). The norm is

[ullweao) = Z 10%ul| L2 (-

|| <k
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We wish to relate these to Sobolev spaces in R™. The main tool for
doing this is the extension operator.

THEOREM 4.4. (Eztension operator) If k is a nonnegative integer,
there is a bounded linear operator E : W*2(Q) — H*(R™) satisfying

PROOF. See the exercises. ]

DEFINITION. If s > 0, let H*(Q) be the set of those u € L*(Q) such
that u = v|q for some v € H*(R"). The norm is the quotient norm

lul

Hs(Q) = 1nf ||U|

HS R”L .
veHs(R"),v|g=u (B")

The space H*(Q2) is a Hilbert space. The definition is justified by
the fact that

H*(Q) = WH2(9),
with equivalent norms, if £ > 0 is an integer. To see this, note that
[ull zr) < [[Bullmr@ny < Cllullwesq)-

Further, if v € W"2(Q) and if v € H¥R") with v|q = wu, then
ullwr2) < [Jv|lwre2@n). Therefore

[ullwrai@) < Cllullmeg)-
On domains, the following results correspond to the ones above.

THEOREM 4.5.

e (Sobolev embedding theorem) If u € H*™*(Q) where s > n/2
and k is a nonnegative integer, then u € C*(Q) and

[ullor@ < Cllulls+rg)-

o (Multiplication by functions) If w € H*(Q2) and s > 0, and if
f € C*(Q) where k is an integer > s, then fu € H*(Q) and

I.ful

e (Logarithmic convexity of Sobolev norms) If 0 < o < (3 and
0<t<1, then

H3 () < ||f“ck(§)||u| H*(Q)-

lull ra-vasengay < ooy llullfoy, v € HP(Q).
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PROOF. The first item follows from the corresponding result on R"
by using the extension operator: if u € H¥**(Q), there is v € H*T*(R")
with v|q = u and |[v|| gs+x@ny < C|lu|| gstrq). Sobolev embedding in
R" implies v € C*(R™) with ||v|crgn) < Clv]

Hs+k (Rn) . Then

[uller@ < lvller@ny < Cllv]

Hs+k(R™) < C||u| Hs+k(Q)-

The second item is again a direct computation for integer s and in
general can be proved by interpolation, and this is also true for the
third item. O

Next consider the spaces H*(0€2), where 0f2 is the boundary of a
bounded C*° domain 2. As described in [5], one can define H*(0%2) via
the spaces H*(R™™1), by using a partition of unity and diffeomorphisms
which locally flatten the boundary. The above properties carry over to
the spaces H*(0€2). Note that in the Sobolev embedding theorem, the
condition is s > "T_l since 0f) is an (n — 1)-dimensional manifold.

THEOREM 4.6.

e (Sobolev embedding theorem) If u € H(9Q) where s > "1
and k is a nonnegative integer, then u € C*(09Q) and

[ulloraa) < Cllull gs+raa)-

o (Multiplication by functions) If u € H*(0R2) and s > 0, and if
[ € C*(09) where k is an integer > s, then fu € H*(0) and

| full s o) < (1 flloroo)llullms60)-

e (Logarithmic convexity of Sobolev norms) If 0 < a < (3 and
0<t<1, then

[ull go-nasesa0) < HUH}{Et(aQ)HUH%ﬁ(aQ)a u € H(99).

Finally, a remark about negative index Sobolev spaces H*(R"),
H*(2), H*(09), where s < 0. These spaces contain elements which are
no longer L? functions, and in fact are not functions at all. The most
convenient definition uses the space of tempered distributions .’(R"),
which contains for instance all LP functions and polynomially bounded
measures, and which is closed under the Fourier transform. Then, if
s € R, one defines

H*(R") = {u € &' (R"); (§)*u(§) € L*(R")},
me®n) = ()W) L2mn)-

lul
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Further, H*(2) can be defined via restriction as above, and H*(0S2) by
reducing to H*(R"1). We will use the fact that multiplication by C*
functions is bounded on H*® for |s| < k, which can be proved by duality
arguments.

4.3. Conductivity equation

We proceed to prove the main result on stability for the conductivity
equation, which we recall here.

THEOREM 4.1. Let Q C R™ be a bounded open set with smooth
boundary, where n > 3, and let v;, j = 1,2, be two positive functions
in HT2(Q) with s > n/2, satisfying
(4.7) 3 < <M,

(4.8) [

Hs+2(Q) < M.
There are constants C = C(Q,n,M,s) > 0 and 0 = o(n,s) € (0,1)
such that

I = ellze@ < w(llAy, = Aapll)
where w is a modulus of continuity satisfying

w(t) < Cllog t|™7, 0<t<1/e.

The proof will involve a stability result at the boundary. This is an
easier problem, and in fact one has stability with a Lipschitz modulus
of continuity:.

THEOREM 4.7. (Boundary stability) Under the assumptions in The-
orem 4.1, one has
I = ellze@a) < CllAy, = Ayl
where C' = C(Q,n, M, s).

PRroor. Follows by using the same method as in the proof of the
boundary determination result in [5], see the exercises. U

We need to relate the difference of DN maps for the conductivity
equation to a corresponding quantity in the Schrodinger case.

LEMMA 4.8. Under the assumptions in Theorem 4.1, if

AT
q; = ——

Vi
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we have

2
2s+3
=),

HAtn - AQ2H* < C(HAM - A'YQH* + ||A'Yl —A
with C = C(Q,n, M, s).

2

PrROOF. We use the identity in Lemma 3.5,

_ _ 1 ., 0v;
A f =5 WA%’ (v 0+ 2 i la_fzyjf o0’

If f € HY?(0R), we obtain

(Mg — M) f = (12 = YA, (0 2 1)
s P A = A )+ P AL (= ) 1)

Lot nyOme 1 aom  0n
+2(71 72 )ayf+2r>/2 <ay ay)f

We estimate the H~1/2 norm of this expression by the triangle inequal-
ity. For the first three terms we use the estimate

||CW||H—1/2(8§2) < Ha”Cl(aQ)HUHH—1/2(89)7
and for the last two terms we use that

laull g-12000) < llallzee@o) |l gr2@0)-
The a priori estimates for «; imply

77 = Y llcron) < Clln = 72ller o),

[V lero) <O, 1Al < C,
where C' = C(2,n, M'). Consequently
Mg = Agolls < CUIA = Al + I = 22llcr00)-

We would like to use Lemma 4.7 to estimate the last term. By Sobolev
embedding, logarithmic convexity of Sobolev norms, the trace theorem,
and the a priori estimates for v;, we have

171 = v2llero0) < Clly — 72| ¥ (o0
< Clln =l By I =l
< Cllm = ll B30I — 2l 3
< Cllm =7 23%‘;9)-
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Now [[71 — 72ll200) < Cllv1 — 72llz=(0q), and the claim follows by
Lemma 4.7. l

We can now give the proof of the main stability result. It will be
convenient to use the approach in Remark 3.6 to reduce matters to the
Schrédinger equation.

PROOF OF THEOREM 4.1. As in Remark 3.6, we introduce the

function
Vo _
V2

This is a C? function in €, and satisfies

V- (7172)1/2VU = (7172)1/2(% — ) in €2,
v =1(logy; —logye)  on 09,

1
v = log 5(logm —log ).

where q; = A, /7;//7;. Therefore
1
5 llog —logallmia) = |[vllm @)

1
<N (@ — @)l + —Hlog% —log |l 5172 (a0)
< Cllg1 = @2lla-10) + Clllog 11 — log Y2 g1/2(a0) -

By Theorem 4.2 and Lemma 4.8, if ||A,, — A, ||« is small we have

_ 2
||Q1 - Q2||H 1) < Cllog ||Aq1 - qu” | 2

2
25+3 | ;)

< C|10g ||A“/1 - ’Yz

< Cllog || Ay, — Ay |77,
We obtain

2
|log v1 — log Y2l sy < Cllog [[Ay, — Ay, ||| 72
+ Clllog v — log Yall g1/2a0)-

We would like to change the norms of log v, —log 2 on both sides to L
norms. As before, this can be done by Sobolev embedding, logarithmic
convexity of Sobolev norms, and the a priori bounds on ~;:

[log v1 — log Yol o) < Clllogy1 — log | #s(e)

a 1

Fe2 ()

2
s+1

o) [log 1 — log 7|l 1

< Clllogy1 — log 72

a+1
H(Q)

< Clllogy1 — log s
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and

29+3

L2(9) ||10g 7 — logys

2543 §+3
3 ()

[log 11 — log va|[ y1/2(90) < C|llog 11 — log

25+3
Lo (89)"

< C|log v — log s
It follows that

=41 2
log v —log | %) < Cllog [[Ay, = Agy [l

25+3 §+3
L (99)°

+ Clllog 11 — log 72

Finally, we obtain bounds in terms of y; — v by using that

1
d
logy1 —logye = / i log ((1 = t)y2 +ty) dt
0

= (/0 (l—t)ig—i—t%)(%_%)'

The a priori bounds on ~; imply that

71— 72llz= () < Clllog 11 — log Vel Lo (e,
llog v1 — log Y2z (a0) < Cll71 — Y2 L= (a0)-
This shows that

stl 2
[y — 72HLc2>o(Q) < Cllog [[Ay, = Ay x| 7772 + Clln — 72||Loo COX
The result follows by Theorem 4.7. U



CHAPTER 5

Partial data

In Chapter 3, we showed that if the boundary measurements for
two C? conductivities coincide on the whole boundary, then the con-
ductivities are equal. Here we consider the case where measurements
are made only on part of the boundary.

The first result in this direction was proved by Bukhgeim and
Uhlmann. It involves a unit vector o in R™ and the subset of the
boundary

0N_.={re€d;a v(r)<el

The theorem is as follows.

THEOREM b5.1. Let Q C R™ be a bounded open set with smooth
boundary, where n > 3, and let ; and o be two positive functions in
C%*(Q). If « € R™ is a unit vector, if v1|oa = V2|aq, and if for some
€ >0 one has

Ay floa . =My floa_.  for all f € H'*(09),
then v = v in €.

The proof is based on complex geometrical optics solutions, but
requires new elements since we need some control of the solutions on
parts of the boundary. The main tool is a weighted norm estimate
known as a Carleman estimate. This estimate also gives rise to a new
construction of complex geometrical optics solutions, which does not
involve Fourier analysis.

5.1. Carleman estimates

Again, we first consider the Schrédinger equation, (—A+¢)u = 0 in
2, where ¢ € L>*(Q2) and 2 C R" is a bounded open set with smooth
boundary.

MoOTIVATION. Recall from Theorem 3.8 that in the construction of
complex geometrical optics solutions, which depend on a large vector

41
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¢ € C" satisfying ¢ - ¢ = 0, we needed to solve equations of the form
(D*+2(-D+q)r=f inQ,

or written in another way,
(A +q)eSTr = f in Q.

In particular, Theorem 3.8 shows the existence of a solution and implies
the estimate
Co
17l L2(0) < meHLZ(Q)-
We write
1 .
(= E(ﬁ + za),

where « and [ are orthogonal unit vectors in R", and h > 0 is a small
parameter. The estimate for r may be written as

1,. Y
||THL2(Q) S CohHeham(—A + Q)e ha$7’||L2(Q).

It is possible to view this as a uniqueness result: if the right hand side
is zero, then the solution r also vanishes. It turns out that such a
uniqueness result can be proved directly without Fourier analysis, and
this is sufficient to imply also existence of a solution.

REMARK 5.2. We will systematically use a small parameter h in-
stead of a large parameter || (these are related by h = %) This is
of course just a matter of convention, but has the benefit of being con-
sistent with semiclassical calculus which is a well-developed theory for
the analysis of certain asymptotic limits. We will also arrange so that

our basic partial derivatives will be hD; instead of 5-~. The usefulness

d
9z,
of these choices will hopefully be evident below. ’

5.1.1. Carleman estimates for test functions. We begin with
the simplest Carleman estimate, which is valid for test functions and
does not involve boundary terms.

THEOREM 5.3. (Carleman estimate) Let g € L>®()), let o be a unit
vector in R", and let o(x) = - x. There ezist constants C > 0 and
ho > 0 such that whenever 0 < h < hg, we have

HUHLQ(Q) § Ch”esé)/h(—A + q)e_“"/huHLz(Q), u € OCOO(Q)
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We introduce some notation which will be used in the proof and
also later. If u,v € L*(Q)) we write

(ulv) = [, uvde,
lull = (uu)'/? = [[ullz2(0)-
Consider the semiclassical Laplacian
Py = —h*A = (hD)?,

and the corresponding Schrodinger operator

P =h(-A+q) =P+ h%q.
The operators conjugated with exponential weights will be denoted by

Py, = e“"/the_“p/h,
P, = e?/hpe=¢/h — Py, + h3q.

We will also need the concept of adjoints of differential operators. If
L= Z aq(z)D”
la]<m

is a differential operator in €, with a, € W1e>°(Q) (that is, all partial
derivatives up to order || are in L>(£2)), then L* is the differential
operator which satisfies

(Lu|v) = (u|L™v), u,v € CF().
For L of the above form, an integration by parts shows that
Lv= ) D*(aa(z)v).
lo]<m

ProOOF OF THEOREM 5.3. Using the notation above, the desired
estimate can be written as

hllul < CllPoull,  ue CF(Q).
First consider the case ¢ = 0, that is, the estimate
hllull < CllBopull,  we CZ(Q).

We need an explicit expression for P ,. On the level of operators, one
has

e‘p/thje_‘P/h = hD; +1i0j¢p.
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Since ¢(x) = a - x where « is a unit vector, we obtain
Py, = Z(e‘p/thje_‘P/h)(e‘p/thje_‘p/h) = Z(hDj +ia;)?
=1 j=1

= (hD)* — 1+ 2ia - hD.
The objective is to prove a positive lower bound for
||P0,¢u\|2 = (PopulPopu).

To this end, we decompose Py, in a way which is useful for determin-
ing which parts in the inner product are positive and which may be
negative. Write

PRy, =A+iB

where A* = A and B* = B. Here, A and iB are the self-adjoint and
skew-adjoint parts of Fy . Since

P(;k,go = (GL'O/hP()ei(p/h)* = €7¢/hP0€¢/h = P(),,(p
= (hD)* =1 — 2ia - hD,
we obtain A and B from the formulas (cf. the real and imaginary parts
of a complex number)

Py + By,
2

A= = (hD)* — 1,

Now we have
| Pooull® = (Popul Pogu) = (A +iB)ul(A+iB)u)
= (Au|Au) + (Bu|Bu) + i(Bu|Au) — i(Au|Bu)
= [[Aull* + || Bull® + (i[A, Blulu),

where [A, B] = AB—BA is the commutator of A and B. This argument
used integration by parts and the fact that A* = A and B* = B. There
are no boundary terms since u € C2°(2).

The terms ||Aul||* and ||Bu||?* are nonnegative, so the only nega-
tive contributions could come from the commutator term. But in our
case A and B are constant coefficient differential operators, and these
operators always satisfy

[A,B] =0.
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Therefore
[ Poull® = [[Aull* + || Bul|*.
By the Poincaré inequality (see [5]) !,
|Bull = 2hlja - Dul| = chlluf,
where ¢ depends on 2. This shows that for any h > 0, one has
hllull < Cl[Pogull,  ue CZ(Q).
Finally, consider the case where ¢ may be nonzero. The last esti-
mate implies that for u € C2°(£2), one has
hllul| < CllPogull < Cl[(Pog + h*q)ull + C|h*qul|
< Cl|Pyull + Ch2|lq| oe(o [lull.
Choose hg so that C/|q||(ho = 3, that is,
1
hy = ———.
2C1 gl o= (e
Then, if 0 < h < hy,
1
hllull < CllPoull + Shul.

The last term may be absorbed in the left hand side, which completes
the proof. O

5.1.2. Complex geometrical optics solutions. Here, we show
how the Carleman estimate gives a new method for constructing com-
plex geometrical optics solutions. We first establish an existence result
for an inhomogeneous equation, analogous to Theorem 3.8.

THEOREM 5.4. Let g € L™(Q), let a be a unit vector in R", and
let p(x) = a-x. There exist constants C > 0 and hy > 0 such that
whenever 0 < h < hg, the equation

e!M—A+q)ehr=f inQ
has a solution r € L*(Q) for any f € L*(Q), satisfying
17l z20) < CR|f([L2(0)-

'In fact, if &« € R™ is a unit vector, then the proof given in [5] implies the
following Poincaré inequality in the unbounded strip S = {r € R"; a < - a < b}:

b—a
llullz2(s) < —=lla - Dul|L2(sy, u€ CZ(S).

V2
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REMARK 5.5. With some knowledge of unbounded operators on
Hilbert space, the proof is immediate. Consider P} : L*(Q) — L*(Q)
with domain C2°(Q). It is a general fact that

T injective « .
—> 1" surjective.

range of T" closed
Since the Carleman estimate is valid for P} one obtains injectivity and
closed range for P}, and thus solvability for P,. Below we give a direct

proof based on duality and the Hahn-Banach theorem, and also obtain
the norm bound.

PROOF OF THEOREM 5.4. Note that P; = Py, + h*q. If h is as
in Theorem 5.3, for h < hg we have

C * 00
lull < lIPgull,  u € C(Q).

Let D = P:C°(Q) be a subspace of L*(Q2), and consider the linear
functional

L:D—C, L(Pv)=(v|f), forveCxr(Q).

This is well defined since any element of D has a unique representation
as Pyv with v € C2°(Q2), by the Carleman estimate. Also, the Carleman
estimate implies

* C *
[L(PZo) | < ol Al < (LIPSl

Thus L is a bounded linear functional on D.

The Hahn-Banach theorem ensures that there is a bounded linear
functional L : L*(2) — C satisfying L|p = L and ||L|| < Ch7|f]|.
By the Riesz representation theorem, there is 7 € L*(2) such that
Lw) = (w|f), w e LX),
and ||7]] < Ch7Y|f|]. Then, for v € C(£2), by the definition of weak
derivatives we have

(0| Ppr) = (Poulr) = L(Pyv) = L(Pyv) = (vlf),

which shows that P,7 = f in the weak sense.
Finally, set © = h?7. This satisfies e?/"(—A + ¢)e™#/"r = f in Q,
and | < Ch|f]]. N
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We now give a construction of complex geometrical optics solutions
to the equation (—A + ¢)u = 0 in 2, based on Theorem 5.4. This is
slightly more general than the discussion in Chapter 3, and is analogous
to the WKB construction used in finding geometrical optics solutions
for the wave equation.

Our solutions are of the form

(5.1) w=e " (g 4 7).

Here h > 0 is small and ¢(z) = - as before, 1 is a real valued phase
function, a is a complex amplitude, and r is a correction term which is
small when £ is small.

Writing p = ¢ + 19 for the complex phase, using the formula

ep/thje_p/h = hDJ + Za]p

which is valid for operators, and inserting (5.1) in the equation, we
have

(—-A+qu=0
& e?/"((hD)? + h%q)e~""(a+1) =0
& e’/M(hD)? 4 h?q)e=?/"r = —((hD +iVp)? + h%q)a
The last equation may be written as
e?M(—A + q)e (e W) = f
where
f=—eWM=hT2(Vp) + hT2Vp -V + Apl + (—A + g))a.

Now, Theorem 5.4 ensures that one can find a correction term r sat-
isfying ||r|| < Ch, thus showing the existence of complex geometrical
optics solutions, provided that

Ifl<c

with C' independent of h. Looking at the expression for f, we see that
it is enough to choose ¥ and a in such a way that

(Vp)? =0,
2Vp-Va+ (Ap)a = 0.

Since ¢(x) = a - x with « a unit vector, expanding the square in
(Vp)? = 0 gives the following equations for 1):

IVy|? =1, a- Vi =0.
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This is an eikonal equation (a certain nonlinear first order PDE) for
1. We obtain one solution by choosing ¢(z) = 3 - z where g € R" is
a unit vector satisfying a - # = 0. It would be possible to use other
solutions 1/, but this choice is close to the discussion in Chapter 3.

If (x) = B - x, then the second equation becomes

(a+1i0)-Va=0.

This is a complex transport equation (a first order linear equation) for
a, analogous to the equation for a in Theorem 3.9. One solution is
given by a = 1. Again, other choices would be possible.

This ends the construction of complex geometrical optics solutions
based on Carleman estimates. There is one additional difference with
the analogous result in Theorem 3.9: the correction term r given by
this argument is only in L*(Q2), not in H'(2). The same is true for
the solution u. Onme can in fact obtain r and u in H'(Q) (and even
in H?(2)), but this requires a slightly stronger Carleman estimate and
some additional work. Some details for this were given in the exercises
and lectures.

5.1.3. Carleman estimates with boundary terms. We will
continue by deriving a Carleman estimate for functions which vanish
at the boundary but are not compactly supported. The estimate will
include terms involving the normal derivative. We will use the notation

(u|v)sq = faQ uv dS,
dyu = Vu - v|gg
and

00y =00 (a) = {x € 0Q; a - v(z) > 0}.

THEOREM 5.6. (Carleman estimate with boundary terms) Let q €
L>(2), let a be a unit vector in R™, and let ¢(z) = a - x. There exist
constants C' > 0 and hg > 0 such that whenever 0 < h < hg, we have

—h((a-v)duldu)oa + ull7zq
< CR?||e?/"(—=A + q)e M ul[72(q) + Ch((a - v)Dyuldu)aq,

for any u € C*°(Q) with ulsq = 0.

Note that the sign of a - v on 021 ensures that all terms in the
Carleman estimate are nonnegative.
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PROOF. We first claim that
(5.2) ch2||u||2 — 2h3((a V)0, ul0,u) a0 < ||P0#,u||2

for u € C*°(Q2) with ulgq = 0. It is easy to see that this implies the
desired estimate in the case ¢ = 0.
As in the proof of Theorem 5.3, we decompose

PO,(,& == A + ’LB
where A = (hD)? — 1 and B = 2a - hD, and A* = A, B* = B. Then
|Poptll® = (Popul Por) = (A -+ iB)ul(A + iB)u)
= ||Au||® + || Bul|* + i(Bu|Au) — i( Au|Bu).

We wish to integrate by parts to obtain the commutator term in-
volving i[A, B], but this time boundary terms will arise. We have

i(Bu|(hD)*u) = Zz’(Bu|(hDj)2u)
= zn: [i(Bu|%thDjU)8Q + i(hDjBu|hDju)}

J=1

" h
— —28%(a - Vuld,u)on + 3 [i(hDjBu\;yju)aQ + @'((hDj)zBu|u)].

=1

But ulsq = 0, so the boundary term involving %uju is zero. For the
first boundary term we use the decomposition

Vulaa = (,u)v + (Vt)san

where (V) an := Vu— (Vu-1v)v|gq is the tangential part of Vu, which
vanishes since u|pq = 0. By these facts, we obtain

i(Bu|Au) = i(ABulu) — 213 ((a - v)0,u|0,u)aq.
Similarly, using that u|gq = 0,
i(Au|Bu) = i(Au|2« - %Vu)ag + i(BAu|u)
= i(BAuu).
We have proved that
1Popull* = [ Aull* + | Bull* + (i[A, Blulu) — 21°((a - v)Dyul 0, u)on.
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Again, since A and B are constant coefficient operators, we have [A, B] =
AB — BA = 0. The Poincaré¢ inequality gives ||Bul|| > chljul|, which
proves (5.2).
Writing (5.2) in a different form, we have
— 2h(( - v)D,ul0,u)an_ + cflull?
< h2||e?M(=A)e " u||? + 2h((a - V)0, u|0,u)aq., -

Adding a potential, it follows that

= 2h((a - v)dyu|0,u)oq_ + cl|ul|”
< W2[|e?" (—A + q)e ul|? + 12 [lql e o llull?
+ 2h((a - v)0yu|0,u)aq, -
Choosing h small enough (depending on ||¢[|=(q)), the term involving

|u]|? on the right can be absorbed to the left hand side. This concludes
the proof. O

5.2. Uniqueness with partial data

Let © be a bounded open set in R"™ with smooth boundary, where
n > 3. If a € R", recall the subsets of the boundary
00y ={z €0Q; £a - v(x) > 0},
0N_.={r€d; a v(x)<e}

Also, let 092 . = {x € 002; a - v(x) > €}. We first consider a partial
data uniqueness result for the Schrodinger equation.

THEOREM 5.7. Let q; and gy be two functions in L>(Y) such that
the Dirichlet problems for —A + q1 and —A + g5 are well-posed. If «
is a unit vector in R™, and if

Ag floa_. = Mg, floa_ . for all f € H'?(09),
then q1 = qo in ).

Given this result, it is easy to prove the corresponding theorem for
the conductivity equation.

PROOF THAT THEOREM 5.7 IMPLIES THEOREM 5.1. Define ¢; =
A7/ By Lemma 3.5 we have the relation

_ _ 1 _,0
A‘]jf = ’YJ 1/2A’7j(7' 1/2f) + 2 j ! 8,.)1;3

J

f
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Since Ay, flaa_. = Ay, floa_ . for all f, boundary determination results
(see [5]) imply that

ilse. . =l ony _9n
1109 . 2109 s o oN_ ¢ o IN_ -

Thus Ag, flaa_. = Ay, floa_. for all f € HY2(0S2). Theorem 5.7 then
implies ¢; = ¢», or

AVIL_AVIE g
Vi VR '

Now also 71|sq = 72leq, so the arguments in Section 3.1 imply that
Y1 = Yo in €. 0

We proceed to the proof of Theorem 5.7. The main tool is the
Carleman estimate in Theorem 5.6, which will be applied with the
weight — instead of ¢. The estimate then has the form

h((a- v)Byuldyu)oq, + [lullZa )
< Ch*|le ?/M(—A + q)e‘p/huH%z(m — Ch((a - v)0,u|0,u) a0

with u € C®(Q) and u|gg = 0. Choosing v = e*/"u and noting that
v|oq = 0, this may be written as

(5.3) h((a- V)e’“"/hG,,v|e"P/h8,,v)aQ+ + He""/th%g(Q)
< Ch*|le ?/M(—A + 90|72y — Ch((a - v)e ", ule " 0,0)aq. .

This last estimate is valid for all v € H? N H}(Q), which follows by an
approximation argument (or can be proved directly).

PROOF OF THEOREM 5.7. Recall from Lemma 3.8 that
64 [ (@ - ausds = (A~ Ap)wtlon). welon)n
0

whenever u; € H'(Q) are solutions of (—A + ¢;)u; = 0 in Q. By the
assumption on the DN maps, the boundary integral is really over 0€2 ..
If further u; € H?*(2), then

Aq1 (Ul |aQ) = auu1|8Q

since Vu; € HY(Q) and 0,uy|aq = (tr Vuy) - v]aq € HY2(0Q). Also,

qu (U1|8Q) = 61/@2’8(2’
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where 19 solves

{ (A +qa)iiy =0 in Q,

ﬂg = Uux on 0.

We have i, € H?(Q) since uy|gq € H*?(0S2). Therefore, (5.4) implies

/(91 — @2)urug dx = / 0y (U1 — tg)ug dS
Q

0y e
for any u; € H?*(2) which solve (—A + ¢;)u; = 0 in Q.
Given the unit vector a € R", let £ € R" be a vector orthogonal to
a, and let # € R"™ be a unit vector such that {«, 3,£} is an orthogonal
triplet. Write ¢(2) = -z and ¢(z) = - 2. Theorem 3.9 ensures that
there exist CGO solutions to (—A + ¢;)u; = 0 of the form

U = @%(S"‘Fiw)eim'f(l + T1)7
Uy = 67%(9‘””@)(1 + TQ),
where ||r;]| < Ch, ||Vrj|| < C, and u; € H*(Q) (the part that r; €
H?(Q) was in the exercises). Then, writing u := u; — s € H>NH(Q),
we have
(5.5) / e”é(ql — @)L +7r +re+rire)de = / (Oyu)ug dS.
Q Gl

By the estimates for r;, the limit as h — 0 of the left hand side is
Jo, €74 (q1 — g2) dz. We wish to show that the right hand side converges
to zero as h — 0.

By Cauchy-Schwarz, one has

(5.6) ] /8 _ @uads

< ( /8 . le=9/% 9, ul? dS> ( /8 . |e#/ "y |? ds).

To use the Carleman estimate, we note that ¢ < o - v on 0, ., By
(5.3) applied to u and with potential ¢y, and using that d,ulsn_. = 0
by the assumption on DN maps, we obtain for small h that

1
/ le=?/hgul? < —/ (o~ v)|e#"D,ul? dS
Oy € Joa, .

2 2
= ‘/ e (9, u)e? My dS‘
004

1
< gChHe_“D/h(—A + go)ul|72(q)-
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The reason for choosing the potential ¢, is that

(A +@)u=(—A+@)u = (2 — q1)u1.

Thus, the solution iy goes away, and we are left with an expression
involving only u; for which we know exact asymptotics. We have

1 . ,
/89 le=?/hd,ul? < gChH(QQ — qp eV e (1 + 7“1)||%2(Q) < Ch.
+,€

This takes care of the first term on the right hand side of (5.6). For
the other term we compute

/ |e‘p/hu2|2dS:/ 11+ 7, dS
6Q+75 BQ+,E

1
+,e

=2
By the trace theorem, ||72][z2(a0) < Cl|ra2||a1 ) < C. Combining these
estimates, we have for small A that

’/ (O, u)us dS‘ < CVh.
00«
Taking the limit as h — 0 in (5.5), we are left with

(5.7) /Qe”'g(ql — @) dz = 0.

This is true for all £ € R™ orthogonal to a. However, since the DN
maps agree on J€)_ .(«a) for a fixed constant € > 0, they also agree on
0 _ (') for o sufficiently close to a on the unit sphere and for some
smaller constant ¢’. Thus, in particular, (5.7) holds for £ in an open
cone in R". Writing ¢ for the function which is equal to ¢; — g2 in 2
and which is zero outside of €2, this implies that the Fourier transform
of ¢ vanishes in an open set. But since ¢ is compactly supported, the
Fourier transform is analytic by the Paley-Wiener theorem, and this
implies that ¢ = 0. We have proved that ¢; = ¢». O
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