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x1, ..., xn � ���������! !"$#&%���#�'!()�+*,�-"$#.�
p /10 �2�435�����6��(5(53)'7��3)89�2(2 !35%:���43 �!; �435"$�=<>3)�4?�� !���!%43@�BAC* ; �!8��435"$�

det(Σ)−1/2g
(
‖Σ−1/2(x− θ)‖

)
<>?!���4�

θ
35%	�4?!��%:AD#�#E���4�-AF8G���H�4�4�I"2*7��?!�J 735%-�4�43 �!; ��3)"$�K�2�! Σ
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p × p

%-89���-�����K#������-3@QR'O�2����#������G��S�T1*�%-AD#E#������-AU8��G�V���-�
θ = 0
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Σ ∝ Ip W �4?!�G�X�4?!�Y !35%:���43 �!; �435"$�Z"2* xi
3)%[%4'7?!�G�-3589��(5()AZ%-AD#E#������-358��2�-" ; �! �4?!�>"$�43)\$35�]S�^��HAY�4�2�! !"2# 0 ��8���"2� x

89�2� � �_ 7�G8G"2#�'M"$%4�� �3)�V��"`�B<�"F'O�2�:��% W x = ru W<>?!���4�
r = ‖x‖ 35%>��?!�F#E"P ; ( ; %_�2�! u = r−1x
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rp−1g(r)
S
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Σ
 !�G%-8G�-3 � 3)�!\K�4?!�L8�" 0 �2�-3d���435"$�Y"2*e��?!� p 0 �2�-3d� � (5�G%68G�2�

� ��* ; �:��?!���	 73 0 35 !�� �3)�H�4"��B<�"[8G"2#�'M"$�!���H�4%f�2% Σ = σ ·Λ <>?!�G�-�
σ = σ(Σ)

3)%g�L%-89�2()�
'O�����2#E���4�G�+�2�! 

Λ = σ−1Σ
3)%��F%4?O��'��_#h�c���43iQ�SgbI?!�_%48G�2(5�_'O�2�4�2#���������3)%���%4% ; #��� �4"h%��c��35%:*jA

σ(Ip) = 1
�2�! 

σ(aΣ) = aσ(Σ)
*,"$���2(5(

a > 0
S�TB�Z��?!�K(53)�4�G�4��� ; �-� W ��?7�%-89�2()��'O�����2#E���4�G�

σ(Σ)
?O��% � �G���k !��N!�!�G ���% Σ11
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1

p
tr(Σ)

�2�7 
det(Σ)1/p,
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σ = det(Σ)1/p �2�! 
Λ = det(Σ)−1/pΣ
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Σ = σΛ
S6T1*

"$�7�[<>35%4?7�G%J��"k�4�G%:�I��?!�`?VAD'�"���?!��%435%
H0 : Λ = V W "2�!�`89�2� ; %-�[��?!�`%:�{�2�7 O�2�4 735�G�� " � %4�G� 0 ����3)"$�!% V −1/2xi
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S
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S
�2�7 Z3)%I\$3 0 �G� � A

L =

{
det(S)1/p

p−1tr(S)

}n/(2p)

,

� �����435"
"2*J�B<�"R%48G�2(5�Y* ; �!8���3)"$�O�2()%=�4"Z�4?!�h'M"�<���� n/(2p)
o�� � ; 8{?7()A W õ���� r$t�S���� / !���f��?!�>� ; ()(!?VAP'M"2�4?!�G%-�G% W ��?7�_()35#E3)�435�!\> !3)%-���-3 �!; ��35"2�k"2* −2 log(L)

35%
χ2

(p+2)(p−1)/2

S
� ; 35�4?7�9�2 Y�2�7 
	}���4�G�4�!� ; Q o õ���� r$tl(d�c���G�	%4?!"�<��G E��?O���g��?!�I�� �
 ; %-�4�G Y����%-�6%-������3)%-�4358
−2 log(L)/(1 + κ) W <>?!�G�-� κ

35%_�Yz ; �-�4"$%43)%�'O�����2#E���4�G� W #��9A � � ; %-�G �4"E�4�G%-�_*,"$�%-'!?!�G�-358�3)�BA ; �7 !�G�_�2�VA
�G()(53)'7��3)89�2(  !3)%-���-3 �!; ��35"2�v<>3)��?CNO�73)���`*," ; �-��?
"$�- !�G�>#E"$#E�G�V��%oj<>3)��?Y��?7�L%���#��>(53)#�3@��3)�!\[� ; (5(  !3)%-�4�43 �7; ��3)"$�Y�2%�3)�E�4?!�_# ; ()�43 0 �2�-3d���4�J�!"$�-#h�2(O8G�2%4�9t�SbI?!�L�4�G\ ; (d�2�+8G" 0 �2�-3d�2�!8��L#������-3@QY8G�2� � ��* ; �:��?!�����4��'!(d��8G�G � Ah�2�VA�"2��?!���`o,�4" �!; %-�mt%-89���-���G�_#������-3@QC* ; �78���3)"$�O�2(�� ; �! !���_<��9��zZ��%4% ; #�'7�435"$�7%_�4?!�K()35#E3)�435�!\k 735%-�4�43 �!; ��3)"$�"2*]'!�4"$'M�G�-()AE�2 �
 ; %-�4�G −2 log(L)/b
<>35()( �2\V�23)� � � χ2

(p+2)(p−1)/2

S � ���[b6AP()�G�[o õ���� p Wõ������ t�SY^�(5%4"��2"$?7� o õ�� s õ W õ�� s2p$t�8G"2�!%43) !�G�-�G ��4?!������%-��3)�!\ '!�4" � (5�G# 35�X��?!�Y# ; ()��3 /0 �2�-3d���4�[�!"$�-#h�2(e !35%:���43 �!; �435"$�v8G�2%4��S��_�=%4?!"�<��G Z�4?O���I�4?!�`���G%:�

QJ =
n

2

∥∥∥∥
S

tr(S)/p
− Ip

∥∥∥∥
2

,
o õ t

<>?!���4�
S
35%_�2\V��35�C��?!�K%��2#E'!()�`8G" 0 �2�435�2�!8G�F#������-3@Q W 35%>��?7�K()"P8G�2(5(@Ah#E"$%-�_'M"�<����-* ; (3)� 0 �2�-3d�2�V�I�4�G%-��*,"$�>%4'!?7�G�43)8G3@�BA$S>��"����K�4?O���>��?7�K����%-��%-������3)%-��3)8=�!"�< ; %4��%L��?!�F%4?!�2'��#������-3@Q

pS/tr(S)
SLbI?!�k(53)#�3@��3)�!\k !3)%-���-3 �!; ��35"2� "2* QJ

35%[��\V�235�
χ2

(p+2)(p−1)/2

S � �G�
�2()%4" � ; \$3 ; ���Ko õ�� s$p$t��2�! ��L�2\$�2"ko õ�� s � t�S��L�2()(53)�=�2�! kn	�235�7 O� 0 �G3)�!�`o p2r$r��$t�%-?!"�<��� �4?O�����K#E"P !3@NO�G 0 �G�4%-35"$� QJ ′ = QJ/(1+κ)

35%��2%-AD#E'7��"���358G�2(5(@Ak��� ; 3 0 �2(5���V�+�4"K�4?!��2 �
 ; %-�4�G �� � ; 8{?!()A
�4�G%-�[�2�! ��?!���4��*,"2�4��?!�2%_�4?!��%4�2#E�K()35#E3)��3)�!\k� ; ()(l 735%-�4�43 �!; ��3)"$�
; �7 !�G�_�2�VAC��(5(53)'7��3)8L !3)%-�4�43 �7; ��3)"$�v<>3)�4?
N!�!3)�4�[*," ; �-�4?
"$�4 !���>#�"$#E�G�V�4%GS�L��(5(53)�`�2�! Fn	�235�! !� 0 �G3)�!�_oqp2r2r��Vt�'!�-"$'M"$%4�� ��J* �2#E35(@A�"�*P%-35\$�7�G =���2�7zL����%-��%-������3)% /�4358G%	<>?!358{?Y�2�-� � �2%-�G Y"$�k��?7�J%4'O�c��3d��(7%43)\$� 0 �G8��4"$�4% ui

�2�! Y�����!zH%
Ri

"2* ��?7�J#�"D ; ()3
ri W i = 1, ..., n

S�TB� o õ t W �4?!�k%���#�'!()�K8�" 0 ���43d���!8G�F#h�c���43iQ 35%_�4��'!(d�28��G � A �h%43)\$�!�� �4�2�!z
8G" 0 �2�435�2�!8���#������-3@Q SK =
� 0 � {K(Ri/(n + 1))uiu

T
i }

<>3)�4?X��8{?!"2%4�G�U%-8G"$�-�
* ; �78���3)"$� K

SFbI?!�k����%-�4%F"�*��L�2()(535� �2�! Un	�235�! !� 0 �G3)�!� oqp2r2r��Vt���'!'��G�2�L�4" � � 0 �2()35 <>3@��?!" ; �l�2�VA`#�"2#����H���2%4% ; #�'P��35"2�!%��2�! F89�2� � �6#h�2 7�6�2%-AD#E'7��"2�4358G�2(5(@A�"2'7��3)#h�2(����\$3 0 ��� ���2�4\$���_ !�G�!%-3)�435�G% g
S��L�2()(535�h�����2(qSLoqp�r$r��Vt�'!�-"$'M"$%4�� Z"2'7��3)#h�2(�� / �G%:��35#����4"$�4%*,"$�J�4?!�=%4?O��'��="2*g�2�
�G()(535'P��358G�2(M'�"$' ; (d���435"$�eSTB�K�4?!35%l'O�2'M�G����?7������%-�4%f�2�! K�G%:��35#����4�G% � �2%4�� k"$�F��?!�+%4'O�c��3d��(V%435\2�!%g���! �%-'O����35�2(�4�2�!zH%+�2�4�I8�"$�!%43) !�G�-�G ]S�bI?7�_%-'O���43d�2(P%435\2�����! ��4�2�!z 0 �G8���"$�-%�?!� 0 � � �G����'7�4� 0 3)" ; %4(@A

; %-�G �*,"$�K# ; (@��3 0 �2�-3d���4��"$�!� / %���#�'!()�h���! %4� 0 �G�4�2(J%4�2#�'7(5�G%K(5"D89���435"$�a'!�-" � (5��#�%F35��� ��4�! 2�!�G�~�2�7 #"�
4�yo õ����%$ t W �� 2�4�& $�!���y���C��(qS o p2r$r � tE�2�7 '"�
4���2�! #�_�2�! !()�G%
�
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3)%L !"$�7��<>3)�4? ��?!�� !���4�G�4#E35�!�2�V�mtI?O�2%L�4?!�k%���#��K(535#E3)�435�!\� 735%-�4�43 �!; ��3)"$�]SL����� X =
(x1 ... xn) � �Y�v�����! !"$# %��2#E'!()��*,"$�4# �C%4'!?7�G�43)89�2(	 !35%:���-3 �!; �435"$�eSK�_"�< W  ; �k��"���E�!�Y��� ; 3 0 �2�435�2�!8��E"�* V̂1 W 3)�X��?!�E�G()(535'P��358G�2(l89�2%-� V 1/2X

<>3@��?
det(V ) = 1

�2�! 
�4� ; �=%4?!�2'�� V W

√
n vec(V̂1(V

1/2X)− V )) =
√

n vec (V 1/2V̂1(X)V 1/2 − V )

= (V 1/2 ⊗ V 1/2)
√

n vec(V̂1(X)− Ip)
.

�_%435�7\Co � t+�2�7 ���?7�L'!�-"$'����-�435�G%+"2* 0 �G8 / "$'M�G�4����"$���2�! ��=�-"$�!��8{z2�G��'!�4"D ; 8��J\$3 0 ���h35�� ��\$� ; %I�2�! v��� ;  !�G8{z��G�Ko õ�� s � t W ��?7�L(53)#�3@��3)�!\ 0 �2�435�2�!8G�_"2* √n vec(V̂1(V
1/2X)−

V ))
�4�� ; 8��G%>��"

(p + 2)2γ1(V
1/2 ⊗ V 1/2)

(
1

2
(Ip2 + Kp,p)−

1

p
vec(Ip)vecT (Ip)

)
(V 1/2 ⊗ V 1/2)

= (p + 2)2γ1

(
1

2
(Ip2 + Kp,p)(V ⊗ V )− 1

p
vec(V )vec(V )T

)
.

bl"Y'!�4" 0 �FbI?!��"$�4��# � W <��K�!���G 
��?!�`*,"$()(5"�<>35�7\k�4��% ; (@�9S
� � � � 2 � 
 -*=���4 $ ��� - ��) )5� �� �03$ ���1��&<�

√
n
2%�1.
(

S2 −
1

p
Ip

)
→d Np2 (0, γ2Cp,p) .

� G D D > D > � � � � 2 � 
>u	35�4%:�>�!"2�4�[��?O��� 0 �G8 (S2)
35%>�
� / %-�{�c��35%:��3)8

0 ��8 (S2) = 0 �G8
( � 0 �

i<j
{uijuij

T}
)

=

(
n

2

)−1∑∑

1≤i<j≤n

h(xi, xj),

<>?!���4�
h(x1, x2) = 0 ��8

(
(x1 − x2)(x1 − x2)

T

‖x1 − x2‖2
)

3)%�%-AD#�#E���4�43)8I35�E3)��%6���4\ ; #E�G�V�4%GSfbI?!�_(53)#�3@��3)�!\� 735%-�4�43 �!; ��3)"$��"2*e% ; 8{?h� � / %-������3)%-�43583)%Fo %4���=�2S \!S���?!�=^L'7'����! !3@QC35� ���G?!#��2�!��o õ������ t�*,"$�J�4?!� ; �!3 0 ���43d�c���L�-�G% ; ()�{t
√

n(U − θ)→d N(0, 4E[h2(x2)h2(x2)
T ]),

p �



<>?!���4�
θ = E[h(x1, x2)]

�2�! 
h2(x) = Ex1

[h(x1, x)]− θ
S

���7 !�G�[�4?!��� ; (5(f?VAD'M"2��?!��%43)%[��?!���mQ7'M�G8��{���435"$� θ
35%L� � ; �2(g�4" p−1 0 ��8 (Ip)

S 	}�
�!�mQD�kNO�! � *,"$�4# ; (d�C*,"$�F�4?!�v()35#E3)��3)�!\v8�" 0 �2�-3d�2�78G�h#����4�43@Q�S uO"$�=��?!�v8�" 0 ���43d���!8G�#������-3@Q ; �! 7�G�[��?7�Y�2%4% ; #�'P��35"2�X"2*+%4'!?!���43)8G3)�BA�o ���4" ; �7 a"2�435\235� W *,"$�[�G�2%4��"2*+�!"��{� /�435"$� t�<>�-3)�4�

z1

�2�! 
z2

35�7%-���G�2 }"�*
x1

�2�7 
x2

*,"2�K8�(d�2�-3)�BA W �2�7 }8G"2�!%43) !�G�=NO�4%:�k�8G�2%4�`<>?!���4�
z2 = re1 = (r, 0, . . . , 0)T �

Ez1

[
(z1 − re1)(z1 − re1)

T

‖z1 − re1‖2
]

= Ez1

[
((z1)1 − r)2

‖z1 − re1‖2

]
e1e

T
1 + Ez1

[
(z1)

2
2

‖z1 − re1‖2
]

(Ip − e1e
T
1 )

=

(
1− pEz1

[
(z1)

2
2

‖z1 − re1‖2
])

e1e
T
1 + Ez1

[
(z1)

2
2

‖z1 − re1‖2
]

Ip.

�_�G�4�E��?!��NO�4%:�k� � ; �c��35"2��*,"$()(5"�<>%F*,�-"$# ��?!��%4'!?7�G�43)8G3@�BA�"�*
z1 W 3)#�'!(@AD35�!\C��?!�����2()(" � /  73d�2\$"2�O�2(��G()�G#E�G�V��%k�2�4��� � ; �2(+��"X�G���4" W �2�! ���?7�v%4��8G"$�! *,�-"$# ��?!�h* ��8����4?O���

�4?!�k���4�28G�k"�*+�4?!��#������-3@QZ35� � ; ��%-��3)"$�U35%["2�!�2SFTB�X��?!�k*,"$()(5"�<>35�7\v�2�U�2� � 3)�4���2�:A z23)%L !��8G"$#E'�"2%4�G a�2%
ru

<>?!�G�-�
r = ‖z2‖

�2�! 
u = r−1z2

S=��"�< W �4?!�G�-����QP35%:��%=�2�"$�:��?!"2\$"$�O�2(e#h���4�43iQ
A
% ; 8{?Z��?O��� Ae1 = u

S�^�\V�235� � �G89� ; %4�F"2*g�4?!�F%4'!?!���43)8G3)�BAv"2*
z1

3)�>?7"$(5 !%J�4?O���

Ez1

[
(z1 − z2)(z1 − z2)

T

‖z1 − z2‖2
]

= Ez1

[
A(z1 − re1)(A(z1 − re1))

T

‖A(z1 − re1)‖2
]

=

(
1− pEz1

[
(z1)

2
2

‖z1 − re1‖2
])

uuT + Ez1

[
(z1)

2
2

‖z1 − re1‖2
]

Ip.

bI?!�_8G" 0 �2�-3d�2�!8��>#h���4�43iQk8G�2���7" < � �I*," ; �7 ; %-35�!\=��?7�_#����4�43@Qk !�G�-3 0 �G v� � " 0 ���2�! �4?!�=8G" 0 �2�435�2�!8G�`#����4�43@Qh"2* 0 ��8 (uuT )
S 	��=" � �{��35�

Cov(vec(S2)) =
γ2

n
Cp,p + o(

1

n
),

<>?!���4�
γ2 = 4E[h2

2(r)]
<>3)��?

γ2 =
8

p(p + 2)
Er

[(
1− pEz1

[
(z1)

2
2

‖z1 − re1‖2
])2

]
,

o õ rVt

<>?!���4�
r = ‖z‖ ���! z

�2�! 
z1

�2�4�k3)�! !��'����! !�G�V�=" � %4�G� 0 ����3)"$�!%[*,�4"2# �v� ; ()(g !3)% /�4�43 �7; ��3)"$�v<>3)�4? %:AD#�#E���4�-Av8��G�V���-� 0
S

p $



� G D D=> D > 
 � � D G � � � 
�^L%>35� ���G#E#h� õ "$�7�F8G�2�
NO�4%:��%-?!"�< ��?!���
√

n 0 �G8
( � 0 �

i<j
{uiju

T
ij} −

1

p
Ip

)
→d N

(
1

p + 2
vec(D), γ2Cp,p

)
.

o õ}õ t

bI?!�='!�-"P"�*g3)%J��?!���Z%-35#E35(d���+�4"E�4?O���>"2*	bI?!�G"2�4�G# õ S
� G D D > D > 
 � � D G � � � 
�bI?7�C�4�G% ; ()�4%�35� �
�7# � \$��� o õ������ tF35#E'!(@Aa�4?O��� W 3)* V̂2%4����3)%-NO��%

tr(V̂2) = p
�4?!�G� W 3)�C��?!�=%4'7?!�G�-3589��(�89�2%-� W
√

n 0 �G8 (V̂2 − Ip)→d N(0, (p + 2)2γ2Cp,p),

<>3@��?
γ2

35%I�2%I3)�CbI?!�G"2�4�G# � S�TB�C��?!�`\2�G�!�����2(]��(5()35'7�4358_89�2%-�=<>3@��?C%-?O�2'M�`#h���4�43iQ
V�4?!�[(53)#�3@��3)�!\` !35%:���-3 �!; �435"$��"2* V̂2

%����435%-*jAD3)�!\
det(V̂ )2) = 1

#h�9A � ��" � �{��35�!�� C�2%J3)��4?!�='!�4"D"2*l"2*	bI?!�G"$�-�G# pPS
bl"Y'!�4" 0 �FbI?!��"$�4��# $ W <�� ; %-�`��?!�`*,"$()(5"�<>35�!\K�B<�"E(5��#�#��2%GS
� � � � 2 � 
 -*=���4 $ ��� - ��) )5� �� �03$ ���1��&<�

√
nCp,p

2%�1.
(S3)→d Np2 (0, γ3Cp,p) .

� � � � 2 � 
 -*=���4 $ ���>"%) $!��4�-*"%$(& 2%� � ��������-5.1�

√
nCp,p

2%�1.
(S3)→d Np2

(
c2
F

p + 2

2%�1.
(D), γ3Cp,p

)
.

� G D D >&D > � � � � 2 � 
_bI?!�K'7�4"D"2*g3)%>%435#E35(5�2�6��"Y��?O���_"2*f���G#E#h�YpPS+bl"h%4���F�4?O���
0 �G8 (S3)

3)%>�2%-AD#E'7��"���358G�2(5(@Ah��� ; 3 0 �2()�G�V��o ; '
��"��E8�"$�!%:�{�2�V�mtJ��"�� � / %:�{���435%:��358L�!"2���NO�-%-�>��?!���

0 �G8 (S3) = 0 ��8
(

1

n3

∑

i

∑

j

∑

k

uiju
T
ik

)

= 0 ��8
(

1

n3

(∑

i

∑

j 6=i

∑

k 6=i,j

uiju
T
ik

))
+ 0 �G8

(
1

n3

(∑

i

∑

j 6=i

uiju
T
ij

))
.

p��



o ��"2�4�>�4?O���
2n(n−1)+n

�����4#E%�"�*��4?!�_* ; (5(!% ; # �2�4�>35��* �28��+� � ; �2(O��"F�G���4"!S tkbI?!�%-�G8G"2�! Z�4�G�4# 35%
oP (n−1)

S�bI?!�=NO�-%-�>�����4# 8G�2�
35�C� ; �-� � �`<>�43@�4����� �2%
(

n
3

)

n3

((
n

3

)−1 ∑

i<j<k

h(xi, xj, xk)

)
=

(
n
3

)

n3
U

<>?!���4�

h(x1, x2, x3) = 0 ��8 (u12u
T
13 + u13u

T
12 + u21u

T
23 + . . . + u32u

T
31

)

^ \$���!�G�4�2(53)�9���435"$�h"2*g�4?!�=�4�G% ; ()� ; %4�G Z35�v�4?!�='!�4"D"2*	"2*f����#�#��YpY%:�{���4�G%I��?!���
√

n(U − θ)→d N(0, 9E[h3(x)h3(x)T ]),

<>?!���4�
θ = E[h(x1, x2, x3)]

���! 
h3(x) = Ex2,x3

[h(x, x2, x3)]− θ
SJbl"�NO�! 

θ

; �7 !�G�[�4?!�k� ; (5(	?VAP'M"2�4?!�G%-35%�o �2\$�235� �2%4% ; #�3)�!\v��?!���[��?7��%-AD#�#E���4�-AZ8G���H�4�G�`3)%L��?!�"$�-35\$3)� t W �!"2���Y��?!���F ; �Y��"C��?!�E%4'7?!�G�-3589��(+%:AD#�#E���4�-A E[u12u
T
13]

35%`'7�4"$'M"$�-�435"$�!�2(
�4"

Ip
�2�! E3)�4%�������8G�_35%6� � ; �2(O�4" E

[
uT

12u13

]
= c2

F

SfbI?7��%4�2#��>?!"2(5 !%�*,"$�6"2�4?!�G��N 0 �'M�G�-# ; �{�c��35"2�!%I�2%I<��G(5(����! 
%4" θ = p−16c2
Fvec(Ip)

S
	��[��?!��� NO�7 Z�k*,"$�-# ; (5�K*,"$���4?!�=8G" 0 �2�435�2�!8G�L#h���4�43iQ ; �7 !�G�J�4?!�=� ; (5(e?VAD'M"2��? /��%435%�S�	��43@�����2\V�23)�

z W z2

�2�! 
z3

3)�!%-�4�9�2 }"2*
x W x2

�2�! 
x3

�2%�3)�}��?!��'!�4"D"2*I"�*
bI?!��"$�4��# p W �2�7 Z !���!"2�4�=N!�4%-�

G1(z) = Ez2,z3

[
(z − z2)(z − z3)

T

‖z − z2‖‖z − z3‖

]

�2�7 
G2(z) = Ez2,z3

[
(z2 − z)(z2 − z3)

T

‖z2 − z‖‖z2 − z3‖

]
.

	~3@��?
��?!3)%��!"��{���435"$�
h3(z) = 2 0 �G8 (G1(z) + 2G2(z))− θ

S>��3)z2�F35�
��?!�F'!�4"D"2*g"2*
���G#E#��Yp�8�"$�!%-35 !���>N!�4%-�>�4?!�=89�2%-�F"�*

z1 = re1

���! Z 7�G�!"2�4�

g1(r) = Ez2,z3

[
(r − (z2)1)(r − (z3)1)

‖re1 − z2‖‖re1 − z3‖

]
+ 2Ez2,z3

[
((z2)1 − r)(z2 − z3)1

‖z2 − re1‖‖z2 − z3‖

]
,

g2(r) = Ez2,z3

[
(z2)2(z3)2

‖z2 − re1‖‖re1 − z3‖

]
+ 2Ez2,z3

[
(z2)2(z2 − z3)2

‖z2 − re1‖‖z2 − z3‖

]
.

�_" <
G1(re1) + 2G2(re1) = g1(r)e1e

T
1 + g2(r)(Ip − e1e

T
1 )

p$s



<>?!3)8{?h�-�G ; 8��G%+��" (g1(r)−g2(r))(e1e
T
1 +g2(r)Ip)

Sg^�%�3)�E�4?!�_'!�4"D"2*�"2*����G#E#��Kp

G1(z) + 2G2(z)) = (g1(r)− g2(r))uuT + g2(r)Ip

*,"$�>��� � 3@�������-A z = ru
S�bI?!35%>(5�G�2 !%J�4"

E
[
h3(z)h3(z)T

]
=

8

p(p + 2)
E[(g1(r)− g2(r))

2]Cp,p

�2�7 
N!�O�2(5(@A W %-35�!8�� (n3
)
/n3 → 1

6 W �2% n→∞ W 3@�>?!"$() !%J��?O�c�

√
n ( 0 �G8 (S3)− θ)→d Np2

(
0,

2

p(p + 2)
E[(g1(r)− g2(r))

2]Cp,p

)

�2�7 
* ; �-��?7�G�
√

nCp,p 0 �G8 (S3)→d Np2

(
0,

2

p(p + 2)
E[(g1(r)− g2(r))

2]Cp,p

)

� G D D > D > � � � � 2 ��
>n��-"P8��G�G 735�!\��2%I35�C�4?!�='!�4"D"2*	"2*f����#�#�� õ "$�!�=?O�2%I��?!���

√
n 0 ��8

( � 0 �
i,j,k

{
xijx

T
ik

‖xij‖‖xik‖
−

xT
ijxik

‖xij‖‖xik‖
1

p
Ip

})

=
√

n 0 �G8
( � 0 �

i,j,k

{
uiju

T
ik − uT

ijuik
1

p
Ip

})
+

1

2
0 �G8
( � 0 �

i,j,k

{
uiju

T
ikD + Duiju

T
ik

− uiju
T
ik · uT

ikDuik − uiju
T
ik · uT

ijDuij − p−1(2uT
ijDuik + uT

ijuik · uT
ikDuik

+ uT
ijuik · uT

ijDuij)Ip

})
+ op(1)

<>?!���4�
uij = U(zi−zj)

�2�7 
xij = σΛ(zi−zj) W <>3)�4? zi � �G35�7\`%4'!?!���43)89�2( Sf��"�< W*,"$�>���HAv%-AD#�#E���4�43)8

D W 3)�J?!"$(5 7%>�4?O���

E
[
uiju

T
ik · uT

ikDuik

]
=

c2
F

p(p + 2)
(2D + tr(D)Ip)

o õ p$t

�2�7 

E
[
uT

ijuik · uT
ikDuik

]
=

c2
F

p
tr(D).

o õ�� t

p �



bI?!��%4�F89�2� � �F'7�4" 0 �� ; %-35�!\

E

[
z1 − z2

‖z1 − z2‖

∣∣∣∣
z1 − z3

‖z1 − z3‖

]
= c2

F

z1 − z3

‖z1 − z3‖
,

<>?!3)8{?Z3)�C� ; �-� 8G�2� � �='!�-" 0 �G �2%I*,"$(5()" <>%�SfbI?!�`* �28��_�4?O���
E [u|v] = cv

<>?!���4�
u = U(z1 − z2)

�2�! 
v = U(z1 − z3) W *,"$�
%-"$#�� c W *,"$(5()"�<>%
*,�-"$#%-'!?!�G�-358G�2(g%:AP#E#E�����:A � A N!�4%-�=8�"$�!%-35 !���435�7\v��?!�k8G�2%4� v = e1

�2�7 U�v#h���4�43iQ
D =

diag(1,±1, . . . ,±1)
S�T1�>��?7�G� ?!"$(5 7%J��?O���

E[u|v = e1] = E[Du|Dv = e1] = E[Du|v = e1] = D E[u|v = e1]�2�7 �%-"
E[u|v = e1] = ce1

*,"$�`%-"$#E�
c
SEbI?!�Y89�2%-��"�*J�
\$�G�7�G����(

v
35%`" � �{�23)�!�G 

� AR8�"$�!%-35 !���435�7\C�2�X"$�:��?!"$\2"$�O�2(	#h���4�43iQ A
% ; 8{?U��?!��� Av = e1

���! X�!"2�435�!\h�4?O���
Au ∼ u

S6^_*j���G�J�4?!35%I�4?!�`* �28��I�4?O���
c = c2

F

3)%I" � �{��35�!�� � A
c2
F

p
Ip = E(uvT ) = E

[
E
[
uvT |v

]]
= cE

[
vvT

]
=

c

p
Ip.

� G D D >�D > 
 � � D G � � � 
�bI?!3)%J#���A � �['!�4" 0 �G ; %43)�!\Y���G#E#h� � �2�! C'!�-"P8��G�� !35�!\�2% � ��*,"$�-�2S
� G D D >�D > 
�� � D G � � � 
JTB�h�4?!�L� ; ()(�?VAD'�"���?!��%435%�89�2%-� W ��?!�[()35#E3)�435�!\[ 735%-�4�43 �!; ��3)"$�"2*

Cp,pvec(S4)
3)%k" � ���235�!�� w�2%�35� �4?!�C'!�4"D"2*_"2*����G#E#h� � S�bI?!�Cz��G�4�7�G(>"2*>��?!���� ; 3 0 �2(5���V� � / %:�{���435%-�4358`3)%�#E"$�4�=8�"$#�'7(5358G������ �2%>3)�_35�!8�( ;  7�G%>���G�-#�%I<>3@��? %435\2�!%�"�*'O��35�-<>3)%4�_% ; #E%J��%�<��G(5(e�2�! C��(5%4"F��?!��"$�!��%�35�78G( ;  !35�!\ � "2��?v% ; #E%J�2�! h !3 ���G�-�G�!8��G%GS�_" <�� 0 �G� W  ; �=�4"Y%-AD#�#E���4�-A W ��?!�`8�"$�! !3@��35"2�O�2(e�mQP'���8��{�c��35"2�Z"2*l��?!���>z2���4�!��(l3)%J��?!�%4�2#��R�2%h*,"$�E��?!� � '��G�2�4#��2� � %v�4?7" 8G" 0 �2�435�2�!8G� #h���4�43iQ W ��?!���4��*,"2�4�R��?7�R(53)#�3@��35�7\ !3)%-�4�43 �7; ��3)"$� 35%v�4?!�U%��2#E�2S bI?7�a()35#E3)�435�!\a !35%:���-3 �!; �435"$� ; �! !��� �4?!�a�2()�4�G�4�!����3 0 �%-� � ; �G�78G�=�2%+<���(5(��2%��4?!���4?!�L !3)%-�4�43 �7; ��3)"$��"�*]��?!�_����%-�I%:�{���435%-�4358>��?!���4��*,"$�4�_*,"$(5()" <>%�S

� � � �>� 
C�1� � ��� ����� 	 �`�����K� � �
γ2

�F�


γ3

bI?!�68�"P� ��8�35���H�
γ2
8G�2� � �6��%-��3)#h�c���G `*,�-"$# ��?7�+ !���{�I35�F�>%-�4���23)\$?V�4*,"$�:<J�2�- =#h�2�7�!�G�

� Av���2zH35�!\���?7�F 7��NO�!3)�!\�*,"$�4# ; (d���2�7 Z�-�G'!(5�28G3)�!\k��?!�=�mQ7'M�G8��{���435"$�7% � A
� 0 �G����\$�G% �

γ̂2 =
8

p(p + 2)

1

n

∑

i

(
1− p

n− 1

∑

j 6=i

(
(xj)

2
2

‖xj − ‖xi‖e1‖2
))2

.

p �



�_" <�� 0 �G� W ��?!3)%E�-� � ; 3)�4�G%Y��?7�Z()"P8G����3)"$� "2* xi
� %���" � � �4?!�Z"2�435\235��<>?!3)(5�v��?7� �4�G%-�%:�{���435%-�4358>3)�4%4��()*] 7"P��%��!"2�GS�^L()%4"F3)��35%+�!"2�����E�!�L3)� 0 �2�-3d�2�V���2�! h35% 0 ��(535 E"$�!(@A�35�E��?!���(5(53)'7��3)8�8G�2%4��S

"L��?!���='�"$%-%43 � 35()3)�BA 35%[�4" ; %4�Y��?!�Y8G" 0 �2�-3d�2�!8���#h�c���43iQR��%-�435#�����"$�L\$3 0 �G� � Awoqs$t�2�7 
�4?!�F�2'!'!�-"9Q73)#h�c��35"2�
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�2�7 � !3 0 35 !3)�!\ � A p(p−1) W ��?!�_% ; #"2*	�G()�G#E�G�V��%>"2*
Cp,p

S6bI?!3)%I�4�G% ; ()�>�4?!�G� %4��� 0 ��%[�2% γ̂2

S
uO"$�

γ3

��?!�=35 7�9��35%J�4?!�=%��2#E�2S6bI?!�=�G%:��3)#h���4� � A
� 0 �G�4�2\$3)�!\Y35%

γ̂3 =
2

p(p + 2)

1

n

∑

i

[(
1

n2

∑

j,k

[
(ri − (xj)1)(ri − (xk)1)− (xj)2(xk)2

‖rie1 − xj‖‖rie1 − xk‖

+ 2
((xj)1 − ri)(xj − xk)1 − (xj)2(xj − xk)2

‖xj − rie1‖‖xj − xk‖

])2]
,

<>?!���4�
ri
%-���2�! !%J*,"$� ‖xi‖

S�bI?7�[�G%:��35#����435"$� � A�8G" 0 �2�-3d�2�!8��[#������-3@QE35%��2%�<>3@��? γ2
S

� � � �J� �>�
��� �

���-" ; Q W �LS W "[(5()35(5� W EIS!�2�7 �"�
4� W �FS]o p2r$rVp2t�S � 3)\$�v���! v�����!zY8G" 0 �2�435�2�!8G��#h�c���43)8G��% �� ������3)%-�43589��(J'!�4"2'����-��3)�G%E�2�! x�2'!'7(5358G����3)"$�}�4"�'!�-35�!8�35'O��(J8G"$#E'M"$�!�G�V�h�2�O�2(@AD%435%�SwTB�
� $ "%$'&<��$(& .B"%) � "%$ " � -*"%) � ��&<� � "3� �B= 03- $ ���

L1 �
034�6 "%-*=�� ��),"%$ �B=�� ��$ ��0 =3� W p $ s �p�� � S

�
�7# � \$��� W ��S�o õ������ t W "[�Rb6AD(5�G��� % � / * ; �!8���3)"$�O�2(l"2*6%48G���4�4�G�`3)�R?!35\2?R !35#E�G�7%435"2� W� -�-*"%) � 0
	���-#��$(& $ ��$ � � $ "%$(&<��$'& .B"%)	� "%$@����68"%$(& .1� W � � W � s õ � �%�¦õ S
�
�7# � \$��� W ��S����! �b6AD(5��� W ��S+oqp2r2r $ t W "[�U��?!�E���-�9�2zH !"�<>�}n6�-"$'M�G�-�435��%F"�* � "2#��� ; ()��3 0 �2�435������� / u ; �!8��435"$�!�2(5% W � .B"%-*=%& -*"%2 &("%- ��0 ��4�-*"%) 0
	 � $ "%$(&<��$'& .1� W � � W p � s �7p�� � S
���2(5()35� W ��SJ���! yng��35�! O� 0 �G35�7� W ��SLoqp2r$r��Vt W � �G#E35'O�2�4�2#E�����-358G�2(5(@A}� ��8�35���H�v���2�!z /
� ��%4�G 
3)�7*,�G�-�G�!8��L*,"$��%-?O�2'M�2S6T{S "['7�435#��2( ���2�7z / � �2%-�G C����%-��%J*,"2��%4'7?!�G�-358G3@�BA W � -�-*"%) �0
	 � $ "%$(&<��$'& .1� W � � W p$s2rVs �7p$s $ �PS
���2(5()35� W ��S "�
4� W �KS W �2�! n	�235�! !� 0 �G3)�!� W ��S�oqp2r$r��Vt W � �G#E35'!�2���2#E���4�43)89�2()()A�� ��8�35���H��4�2�!z / � ��%4�G �35�7*,���4���!8G�Y*,"$�=%4?O��'���ShT4T{S "['7�435#��2( � / �G%:��3)#h���435"$� "2*J%-?O�2'M� W � -�-*"%) �0
	 � $ "%$(&<��$'& .1� W � � W p$s $ s �7p$s ��� S

� r



�_���4�4#h���!%4'M�G�-\$�G� W b`S nlS �2�! �_�2�! !()�G% W �FS �KS�o p2r$rVp2t W ^ '7���28���358G�2(����E�!�`��� ; 3 0 �2�-3 /�2�V�># ; ()��3 0 �2�435������#��� !3d�2� W�� & 036;��$(4�& �%" W � � W �%$|õ � � �$r7S
�2"$?7� W � S�o õ�� s õ t W � "$#E�`"$'7�435#��2(e# ; ()�43 0 �2�435�����>����%-�4% W�� & 036;��$(4�& �%" W � � W õ p � � õ p2sPS
�2"$?7� W � Sfo õ�� s$p2t W bI?!�K !35%:���43 �!; �435"$�
"2*f��%-������3)%-�4358 ; %4�� *,"$�I����%-�435�!\�%4'!?!���43)8G3)�BA
"�*�!"2�4#��2(e !3)%-�4�43 �7; ��3)"$�!% W�� & 036;��$(4�& �%" W � � W õ � � � õ s � S���G?7#h�2�7� W EIS ��Sfo õ������ t W � 03-% #"%4 "%6;��$(4�& .1��� � $ "%$(&<��$(& .B"%) 6;��$ ��0 =3� � "3� �B= 03- 4 "%-�� � Wn��4���V��358�� / �L�2()( W �_��< �2�G�4%-��A2S
��3 ;eW �7S��2�! ����A W �YS ��S!oqp2r$r � t � z2��< / �G()(53)'7��3)89�2(V !3)%-�4�43 �7; ��3)"$�!%GS�TB�
� � ��� � ��� ) ) &  *$'& .B"%)�7&<��$(4�& � � $(& 03-#��"%-*= $ ����& 4 �  � *) & .B"%$'& 03-#��� � ��0 � 4�-5� � � � ��03-*=

�
034�68"%) & $ � W �%� � � � W�� ]S � A	�=���H�4"$� W ��S W ��?O�2'7#h�2� �2�7 ���2(5( W ����<�
+"$�-z S

��"D89�2�V��"2�4� W �KS W � �2�-�4"$� W �7S � S W � 3)#�'7%4"$� W ��S���S W b	�-35'M"$(53 W �KS W�
 ?O�2�!\ W �7S b`S W �2�! ��"$?7�G� W ��S �6Slo õ������ t W �>" �!; %-�_'!�43)�!8G3)'O�2(�8G"$#E'�"2�!�G�V��%I*,"$�J* ; �!8��435"$�O��(e O�����7S � �1��$ W
� W õ �Ps � S
� ��\$� ; % W �7S �FS��2�! |��� ;  !�G8{z��G� W �FS[o õ�� s � t W bI?!�Z8G"$#E# ; ������3)"$�w#h�c���43iQ � %4"2#��'!�-"$'M�G�-�435��%>�2�! Z�2'!'!()3589�c��35"2�!%GS � -�-*"%) � 0
	 � $ "%$'&<��$(& .1� W � ���¦õ � ����� S
� ���4 !��� W �7S T{Slo õ������ t W � "$#��`�-" �!; %:�_�G%-�435#�������%I"2*	'!�43)�!8G3)'O�2(]8�"$#�'M"$�!���V��% W � $ "%$(&<� �$(& .1�>"%-*=�� 4 0 � " � & ) & $ ��� ��$'$!��4 � W � � W � �%� � �%$ � S
� � ; 8{?!()A W �7S 	&S�o õ���� rVt W � 3)\$�!3)N!89�2�!8��K�4�G%-�`*,"2�L%4'7?!�G�-358G3@�BA "�*����!"$�4#��2( n /q0 ���43d�c��� !3)%-�4�43 �7; ��3)"$� W � -�-*"%) � 0
	 � "%$ ����68"%$(& .B"%) � $ "%$(&<��$(& .1� W �*� W p�r � �7p2r � S
� ; 35�4?7�9�2 W �=S �7S6�2�7 	}���4�G�4�!� ; Q W �LS ��S�o õ���� rVt W ^�%-AD#�'P��"2�4358C !3)%-���-3 �!; ��35"2�!%k35�8G�2�!"$�!3)89�2(�8G"$�-�4��(d���435"$�C���O�2()AD%-35%I�2�7 "���?!���J# ; (@��3 0 �2�-3d���4��'7�4"D8G�G ; �4��%>*,"2�J�!"$�!�7"$� /#��2(e'M"$' ; (d���435"$�!% W�� & 036;��$(4�& �%" W � � W �¦õ � ��� S
�� ��4�! 2�!�G� W �7S��2�7 "�
4� W �KSDo õ����%$ t�S � ; (@��3 0 �2�-3d���4�g%-'O����35�2(2%-35\$�F�2�7 K�4�2�!z[#E���4?!"P 7% W��0 ��4�-*"%) 0
	

�
03-% #"%4 "%6;��$(4�& . � $ "%$(&<��$'& .1� W � W p�r õ �7p õ�� S

�� ��4�! 2�!�G� �7S W "�
4� W �KSP�2�! hbI3)�G�O���43 �7S�o õ���� s$t W "[�h�4?!��� �E8G35���!8�AE"2*]# ; ()�43 0 �2�-3d���4�%-'O����35�2(]%-35\$� �2�! 
�4�2�!zh�4�G%-�4% W � -�-*"%) � 0
	 � $ "%$(&<��$'& .1� W � � W $ � p � $�$ pPS
�� ��4�! 2�!�G� W �7S W � �!%4()�G� W �7SJ���! "�
4� W �FS`o p2r$r � t W � ; ()�43 0 �2�-3d���4�Z�!"2�!'O�2�4�2#������-358�4�G%-�4%�3)���4�2�! !"2#�3)�G�G Y8�"$#�'7(5���4� � (5"D8{zk !��%435\2� W � 0 ��4�-*"%)�0
	�� ��) $'& 23"%4�&("%$!� � -*"%) � ��&<� W
� � W õ r�� � õ p � S���2\V�2" W �KS�o õ�� s � t W "`�|%4"$#E� �4�G%:�v8G�-3)�4�G�435�U*,"2��8�" 0 �2�-3d�2�78G� #����4�43@Q W � -�-*"%) � 0
	� $ "%$'&<��$(& .1� W � W s2r$r �7s2r � S
"�
4� W �FSH�2�! ���2�7 !(5��% W �FSMo p2r$r � t W � ; (@��3 0 ���43d�c�����7"$�!'O�2�4�2#E�����-358J�4�G%-�4% W � $ "%$(&<��$(& .B"%)� .�& ��-5.1� W � � W $���� � �$r $ S

�¦õ



"�
4� W �FS W � 35�-zH3	� W � SH�2�! E��-35zH%4%-"$� W �7S�oqp2r$r��Vt W � 8G���4�4�G�6#������-358G��%6�2�! E35�! 7�G'M�G�! !���V�8�"$#�'M"$�!���V�_�2�O�2(@AP%-35% W � � ��$(4�&("%- ��0 � 4�-*"%) 0
	 � $ "%$'&<��$(& .1� W � � W õ s $ / õ���� Sn	�235�! !� 0 �G3)�!� W ��Seoqp2r$r$s$t W ^ 89�2�!"2�!358G�2(  !��NO�73)��3)"$�E"2*�%4?!�2'���S � $ "%$(&<��$(& .1�7"%-*= � 4 0 � �
" � & ) & $ ��� ��$($ ��4 � W 3)�C'!�4��%4% W � 0 �235(5� � ()�L"$�!()35�!��S
�_�2�! !()�G% W �=S �FSDoqp2r2r$rVt W ^�%43)#�'7(5�G� W ���E�!�6� � ; 3 0 ���43d���H��# ; ()�43 0 �2�435����� W  !3)%-���-3 �!; ��35"2� /*,�-�G�6%43)\$�F�4�G%:� W ��0 ��4�-*"%)�0
	 $ ��� � 6;��4�& .B"%- � $ "%$'&<��$(& .B"%)����1� 0 .�&("%$(& 03- W � � W õ p�� � � õ p�� � S
�_�2" W �LS �=S>o õ�� � $ t W � & -5�B"%4 � $ "%$(&<��$'& .B"%) ��- 	 ��4 ��-5.1� "%-*= ��$ � �  � *) & .B"%$'& 03-#� W 	~3)(5��A W�_��<�
+"2�4z S
� 3)�4zH3	� W � S W b	�2%4zH35�7�G� W � S_�2�7 "�
4� �KSFoqp�r$rVs$t � AD#E#������-35%4�� � / �G%:��3)#h���4"$�4%C"�*# ; ()��3 0 �2�435�����_%48G���4�4�G�GS ��0 ��4�-*"%) 0
	 � ��) $'& 23"%4�&("%$!� � -*"%) � ��&<� W � � W õ � õ}õ � õ �$p �� ; \$3 ; �4� W �KS�o õ�� s$p$t W ��"P8G�2(5(@A � �G%-��35� 0 �2�-3d�2�V������%-�+*,"$�6%4'!?7�G�43)8G3@�BAE�2�! Y��?!�_(53)#�3@��35�7\ !3)%-�4�43 �7; ��3)"$�!% W � -�-*"%) � 0
	 � "%$@����68"%$(& .B"%) � $ "%$'&<��$(& .1� W � � W õ��¦õ p � õ��¦õ �7Sb6AD(5�G� W ��S EISDo õ���� p$t W ���� !3d�2(c�G%:��3)#h���4�G%����! `��?!�f�4�G%-��*,"$����?!��%-'!?!�G�-358�3)�BA W � & 036;��$(4�& �%" W� � W � p � � �%� �7Sb6AD(5�G� W ��S E>Slo õ������ t W �>" �!; %-���7�G%4%��2�! 
� ��8�35���!8�AC'7�4"$'M�G�:��35��%I"2*	%489�c�4�����I#h�c���43)8G��% W
� & 036;��$(4�& �%" W � � W �¨õ}õ � � p2r7Sb6AD(5�G� W ��S EIS�o õ���� s2�Vt W ^  !3)%-�4�43 �7; ��3)"$� / *,�-�G� � / ��%-�435#�����"$��"2*l# ; (@��3 0 �2�-3d���4�>%489�c�4����� W� -�-*"%) � 0
	 � $ "%$(&<��$'& .1� W � � W p � � �7p $|õ Sb6AD(5�G� W �KS EISFo õ���� s � t W � �{���435%:��358G�2(��2�O�2(@AP%-35%h*,"2�h��?!�U���!\ ; (5�2�h8��G�V���4�2( �=� ; %4%-3d�2� !3)%-�4�43 �7; ��3)"$�v"$�
��?!�=%-'!?!�G�-� W�� & 036;��$(4�& �%" W � � W $ s � � $ ��� S
�L35% ; �43 W � S W "�
4� W �FSO�2�! �_"$3 0 ; �!��� W ��S�oqp2r2r$rVt W � 35\2�
�2�! C�����!zh8�" 0 �2�-3d�2�7�[#h�c���43 /8��G% W ��0 ��4�-*"%) 0
	 � $ "%$(&<��$'& .B"%)�� ),"%-�-�& -�+;"%-*= ��- 	 ��4 ��-5.1� W � � W $�$ s � $ s $ S
�L35% ; �43 W � S W "�
4� � �FS7�2�7 ��"$3 0 ; �!�G� W ��S]o p2r$r õ tmS � ;7� %4'O��8G� / � �2%-�G 
 !35�-�G8���35"2��"2*��2� /�-3 0 �2(V�G%:��3)#h���435"$� ; %-35�!\��!"$�!'!�2���2#E���4�43)8+%:�{���435%:��358�%GS � ����� �#4B"%-#� "�.�$(& 03-#� 03- � &,+%-*"%)
� 4 0 .1�1�1��& -�+ W � � W p2r��$r / p2rVs � S

� p


