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4. Let P0 = −h2∆ and P0,ϕ = eϕ/hP0e
−ϕ/h = (hD)2 − 1 + 2iα · hD, and let

u ∈ C∞c (Ω). Theorem 5.3 in the lectures states that

h‖u‖ ≤ C‖P0,ϕu‖. (1)

To have a bound for ‖Du‖ we compute

‖hDu‖2 = (hDu|hDu) = ((hD)2u|u) = (P0,ϕu|u) + ‖u‖2 − 2i(α · hDu|u),

which implies upon using the inequality |ab| ≤ δa2 + 1
4δ
b2 that

‖hDu‖2 ≤ 1

2
‖P0,ϕu‖2 +

1

2
‖hDu‖2 + C‖u‖2.

Moving one term one the other side, we have

‖hDu‖2 ≤ ‖P0,ϕu‖2 + C‖u‖2.

This and the original Carleman estimate (1) imply

h2‖hDu‖2 ≤ h2‖P0,ϕu‖2 + C‖P0,ϕu‖2 ≤ C‖P0,ϕu‖2,

and we obtain the required estimate in the case q = 0,

h‖u‖+ h‖hDu‖ ≤ C‖P0,ϕu‖.

If q is nonzero one may proceed as in the proof of Theorem 5.3 to add a
potential if h is small enough.

5. Let Pϕ = eϕ/hh2(−∆ + q)e−ϕ/h, so that P ∗ϕ = P0,−ϕ + h2q̄. Applying
Theorem 5.6 to P ∗ϕ, we have the Carleman estimate

h3((α · ν)∂νv|∂νv)∂Ω+ + h2‖v‖2 ≤ C‖P ∗ϕv‖2 − Ch3((α · ν)∂νv|∂νv)∂Ω− ,

which is valid for v ∈ C∞(Ω) satisfying v|∂Ω = 0. Define

M = {v ∈ C∞(Ω) ; v|∂Ω = 0, ∂νv|∂Ω− = 0}.

Let D = P ∗ϕM be a subspace of L2(Ω), and consider the linear functional

L : D → C, L(P ∗ϕv) = (v|f), for v ∈M.



This is well defined by the Carleman estimate, which also implies

|L(P ∗ϕv)| ≤ ‖v‖‖f‖ ≤ C

h
‖f‖‖P ∗ϕv‖.

Thus L is a bounded linear functional on D.

The Hahn-Banach theorem ensures that there is a bounded linear func-
tional L̂ : L2(Ω) → C satisfying L̂|D = L and ‖L̂‖ ≤ Ch−1‖f‖. By the
Riesz representation theorem, there is r̃ ∈ L2(Ω) such that

L̂(w) = (w|r̃), w ∈ L2(Ω),

and ‖r̃‖ ≤ Ch−1‖f‖. Then, for w ∈ C∞c (Ω), by the definition of weak
derivatives we have

(w|Pϕr̃) = (P ∗ϕw|r̃) = L̂(P ∗ϕw) = L(P ∗ϕw) = (w|f),

which shows that Pϕr̃ = f in the weak sense. The function r = h2r̃
satisfies eϕ/h(−∆ + q)e−ϕ/hr = f in Ω, and ‖r‖ ≤ Ch‖f‖.
It remains to show that r̃|∂Ω+ = 0. For this we use the fact (stated in the
lectures) that r̃ is in the space H∆(Ω) = {u ∈ L2(Ω) ; ∆u ∈ L2(Ω)}, and
that there is a well defined bounded trace operator H∆(Ω) 7→ H−1/2(∂Ω).
An integration by parts (which can be justified by using properties of
H∆(Ω)) gives for v ∈M that

(v|Pϕr̃)− (P ∗ϕv|r̃) = h2(∂νv|r̃)∂Ω.

The left hand side is (v|f)− (v|f) = 0 and ∂νv|∂Ω− = 0, which implies

(∂νv|r̃)∂Ω+ = 0, v ∈M.

Since we may choose ∂νv to be any smooth function in a slightly smaller
set than ∂Ω+, we obtain r̃|∂Ω+ = 0 as required.

6. Let P0 = P0(hD) = (hD)2 and ϕ(x) = α · x, and consider the convexified

weight ϕε(x) = ϕ(x) + h
ε
ϕ2

2
. We first prove a Carleman estimate for the

operator

P0,ϕε = P0,ϕε(hD) = eϕε/hP0(hD)e−ϕε/h = P0(hD + i∇ϕε).

As in the proof of Theorem 5.3, we decompose P0,ϕε = Aε + iBε where
Aε = (hD)2 − (∇ϕε)2 and Bε = ∇ϕε ◦ hD + hD ◦ ∇ϕε are self-adjoint.
Also, since ∇ϕε = (1 + h

ε
ϕ)α, we have

Aε = (hD)2 − (1 +
h

ε
ϕ)2, Bε = 2(1 +

h

ε
ϕ)α · hD +

h2

iε
.



If u ∈ C∞c (Ω), we compute

‖P0,ϕεu‖2 = ‖Aεu‖2 + ‖Bεu‖2 + (i[Aε, Bε]u|u).

Now Aε and Bε have variable coefficients and [Aε, Bε] does not vanish. A
direct computation shows that

i[Aε, Bε] =
4h2

ε

( n∑
j,k=1

αjαkhDjhDk + (1 +
h

ε
ϕ)2
)
.

The inner product becomes

(i[Aε, Bε]u|u) =
4h2

ε
‖α · hDu‖2 +

4h2

ε
‖(1 +

h

ε
ϕ)u‖2.

Note that this expression is positive instead of zero. If ε is fixed and h is
so small that 1 + h

ε
ϕ ≥ 1/2 for x ∈ Ω, we obtain

‖P0,ϕεu‖2 ≥ h2

ε
‖u‖2.

This is in a sense stronger than the result in Theorem 5.3, since we may
choose ε to be very small (but fixed).

If A ∈ L∞(Ω)n is a vector field and if q ∈ L∞(Ω), consider the operator

Pϕε := eϕε/hh2(−∆ +A ·D+ q)e−ϕε/h = P0,ϕε +hA ·hD+ ihA ·∇ϕε +h2q.

We have
h√
ε
‖u‖ ≤ ‖P0,ϕεu‖ ≤ ‖Pϕεu‖+ Ch‖hDu‖+ Ch‖u‖.

On the other hand, the argument in Exercise 4 gives

‖hDu‖ ≤ ‖P0,ϕεu‖+ C‖u‖ ≤ ‖Pϕεu‖+ Ch‖hDu‖+ C‖u‖,
which implies for h small that

‖hDu‖ ≤ C‖Pϕεu‖+ C‖u‖.
If h� ε� 1, combining these estimates gives

h√
ε

(‖u‖+ ‖hDu‖) ≤ C‖Pϕεu‖.

It remains to prove an estimate for Pϕ instead of Pϕε . But

Pϕε = eϕ
2/2εPϕe

−ϕ2/2ε

where e±ϕ
2/2ε is uniformly bounded in Ω together with its derivatives.

Thus the last Carleman estimate easily implies

h(‖u‖+ ‖hDu‖) ≤ C‖Pϕu‖.


