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Abstract

We prove a uniqueness theorem for an inverse boundary value problem for the
Maxwell system with boundary data assumed known only in part of the bound-
ary. We assume that the inaccessible part of the boundary is either part of a plane,
or part of a sphere. This work generalizes the results obtained by Isakov [I] for the
Schrédinger equation to Maxwell equations.

Introduction. Let Q C R3 be a bounded domain with C'Y! boundary, and let ¢, y, o be
C? functions in © (e is the permittivity, x4 the permeability, and o the conductivity). We
will assume that the coefficients satisfy the positivity conditions

y=¢e+io/w, €>0,u>0,0>0in . (0.1)

Let D = —iV, let v be the exterior unit normal to 9€2, and consider the time-harmonic
Maxwell equations for the electric field £ and magnetic field H in €2,

DANH+wyE =0,
{ DAE —wuH =0, (0.2)
with the boundary condition
v A H = aon 0. (0.3)

This is the magnetic boundary value problem for the Maxwell equations. Here we use ‘A’ to
denote the vector product in R?, and V A F is the curl of the vector field F. When posed
in correct function spaces this problem admits a unique solution (£, H) when the angular
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frequency w > 0 does not belong to a discrete set of resonant frequencies. The impedance
map A(7, p) is then defined by

Ay, p) o a— v A Elsg.

In analogue with the Calderén problem of electrostatics (see [C], [N] and [SU]), we consider
the inverse problem of determining the electromagnetic parameters v and p from the
boundary measurement A(~, ). Especially, in this work we assume that we can measure
the values of A(v, u)(a) only on a nonempty open subset I' of 92, and only for tangential
boundary fields a supported in I'. We further assume that the inaccessible part of the
boundary 'y = 92\ T is either part of a sphere, or part of a plane. Similar results were
proved by Isakov [I] for the inverse boundary value problem for the Schrédinger operator.
Our work extends this method to Maxwell equations.

Let us now formulate the main results of this paper in a precise way. Given €2 as above,
we define the spaces

HL (Q) = {F € H'(Q)? Div(v A F) € H/*(09)},
THY2(0Q) = {a € HY*(0Q)% v -a =0, Div(a) € HY/*(Q)},
where Div denotes the surface divergence on 0 (see for example [CP] and [OPS1] for more
information). Provided that u and 7 are coefficients in C?(2) which satisfy (0.1), then for
w outside a discrete set of resonant frequencies, the magnetic boundary value problem
(0.2) has a unique solution in HL. (Q) x Hi. (Q) for any a € THY2(99) (see [OPS1)).
The impedance map is well defined, and

Ay, 1) : TH2(09) — THE (D),

Our first main result is the following.

THEOREM 1. Assume that Q C {R3 z3 < 0} is a CY' domain. Let Ty = 002N
{3 = 0} and T' = 90\ Ty. Assume we have two pairs of electromagnetic parameters
(vj,15) € CHQ) x CXQ), j = 1,2, satisfying the positivity conditions (0.1) and the
following boundary conditions:

Y1 = Y2, M1 = H2 up to order one on I', and (0.4)

{ there exist C* extensions of v; and u; into R® which are (0.5)

invariant under reflection across the plane {x3 = 0}.

Suppose that w is not a resonant frequency for (v, u1) or (Y2, po). If the impedance maps
restricted to I' coincide,

Ay, 1) (a)|lr = A(y2, p2)(a)|r for all a € THé{g(@Q) with supp(a) C T,

then the electromagnetic parameters are equal, i.e. y1 = Yo and py = ps in 2.



Before formulating the second main theorem of our paper, we want to comment on the
assumptions in Theorem 1. The condition (0.4) is not important, and we expect that a
suitable boundary determination result would allow to remove this condition completely
(in the case of C'* coefficients such a result is given in [JM]). The condition (0.5) comes
from the method of proof, which requires that the Maxwell equations are invariant under
reflection across {x3 = 0}. The following is a necessary condition for (0.5) to hold:

2\ 9\ 0\ AN
($> o= (%) o =0, (5) Uy = (%) fto =0on Iy for Il =1,3. (0.6)

For the sake of definiteness, we have stated Theorem 1 in terms of the impedance map.
However, the proof of Theorem 1 extends to the case of restricted Cauchy data sets

Cr(v,p) ={(v A Elr,v AN H|p); (E,H) € H*(Q)? x H*(Q2)? solves (0.2)}.
In this setup €2 can be a Lipschitz domain and w > 0 any number, and the assumption

C'r(’h,lh) = Cr(’Y27M2)

for two pairs (v;, y;) satisfying the conditions in Theorem 1 will imply that 71 = 7,
and p; = pe in . This result allows domains with transversal intersections of 92 and
{z3 = 0}, in which case (0.6) is also sufficient for (0.5). It is well known (see for example
[MM], [S1] and [S2] and the references given in these articles) that Maxwell equations may
not admit H'-solutions even with boundary data in H'/2(9) if the domain is non convex:
the solution may have a finite dimensional singular part near the conical singularity, so the
image of the impedance map might be slightly larger than just 7' Héf(@Q). However, all
solutions needed in the proof are restrictions to Q of H?-solutions defined in a neighborhood
of 2 (actually they are defined in the whole R?), and hence it is enough to restrict only to
the part of the graph of A(v, 1) that is actually needed.

Let us now formulate our second main theorem:

THEOREM 2. Assume Q C By is a CY domain included in an open ball By of R?® of
positive radius, and let Ty = 02N OBy, T'g # 0By, I = 00\ Ty. Assume we have two
pairs of electromagnetic parameters (v;,p;) € CHQ) x CXQ), j = 1, 2, satisfying the
conditions of Theorem 1 but with respect to 0By instead of {x3 = 0}. Ifw is not a resonant
frequency and if the impedance maps restricted to I' coincide,

A1, p)(a)|r = A(ve, o) (a)|r for all a € TH%?(@Q) with supp(a) C T,

then the electromagnetic parameters are equal, i.e. v, = Yo and py = po in §Q.

The unique recovery of electromagnetic parameters from the scattering amplitude was
first proven in [CP] under the assumption that the magnetic permeability p is a constant.
The unique recovery of general C?-parameters v and g from full boundary data was then
proved in [OPS1], and later simplified in [OS], and the uniqueness for the inverse scattering



problem was proved in [Sa]. Boundary determination results were given in [McD1] and
[JM], and the more general chiral media was studied in [McD2|. For a slightly more general
approach and more background information, see also the review article [OPS2]. Note
that in this work we need, for technical reasons, two more derivatives of the parameters
compared to the full data problems.

Inverse problems with partial data for scalar elliptic equations have attracted consider-
able attention recently. There are two main approaches: the first uses Carleman estimates
[BUJ, [KSU] and the second uses reflection arguments [I]. In the first approach € can be
any domain but one needs to measure part of Cauchy data in a small set I' C 02 and the
other part in a neighborhood of 992 \ T'. In the second approach it is enough to measure
Cauchy data on a fixed small set I', but one has the restriction that 9Q \ T has to be part
of a plane or sphere.

In this paper, we apply Isakov’s reflection method [I] to the Maxwell system to prove
Theorems 1 and 2. As far as we know, these are the first partial data results for an elliptic
system which are analogous to [I] (an analog of [KSU] for a Dirac system was recently
proved in [ST]). The strategy of the proof is similar to [OPS1] and [OS]: we construct
special solutions to the Maxwell system, insert them in a suitable integral identity, and
recover the coefficients from an asymptotic limit.

However, several issues arise when trying to combine this strategy with the reflection
method. The integral identities in [OPS1] and [OS] do not seem to go well together with
partial data, and the final identity which we use for recovering the coefficients is new.
In this identity, many terms survive in the asymptotic limit, and one needs to carefully
manipulate these terms to determine the coefficients. Also, there are cross terms involving
products of the original and reflected solutions. In [I] these cross terms were handled by
the Riemann-Lebesgue lemma. In our case we need to prove a substitute for the Riemann-
Lebesgue lemma, and here the C*-regularity of the coefficients is used.

The structure of the paper is as follows. In the first section we augment the Maxwell
equations into a Dirac type elliptic system and prove a crucial factorization result for
a second order matrix Schrédinger operator. This follows in principle [OS], but with
somewhat different notations and some simplifications. In order to keep the article self-
contained, we have included complete proofs. In the second section we construct the
complex geometric optics solutions (CGO solutions for short) needed in the proof. In this
section, following Isakov [I], we also perform the reflection across {x3 = 0} and analyze
the behavior of CGO solutions for Maxwell equations under this operation. In the third
section we prove the integration by parts formula needed in our argument, and in the
fourth section we perform the asymptotical computations needed in our proof. Theorem 1
is then proved in section five, and finally using the Kelvin transform, the proof of Theorem
2 is reduced to Theorem 1 in the last section. Note that with the exception of the last
section, we use the vector field formulation for our equations. Only when analyzing the
behavior of Maxwell equations under the Kelvin transform does it become useful to revert
to a formulation using differential forms. However, we feel that the major part of this work
is easier to read when written in vector field notation.
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1. Augmented Maxwell system and reduction to Schrodinger equation. In
this section we recall an argument used in [OS]. Roughly, the idea is to augment Maxwell
equations in such a way that, with a suitable rescaling of the fields, the system can be
transformed into a Schrodinger equation. This argument can be written in a slightly more
general setting than the one described above, see [OPS2]. Let U C R3 be an an open set
along this section. Consider the time-harmonic Maxwell system in U given by

{D/\H+w’yE:O (1.7)

—DANE+wpH =0
where w > 0 is a fixed angular frequency, v = € +ic/w and u,e,0 € C?(U) satisfy
pw,e>0, ¢>0inU.
Taking the divergence of both equations in (1.7) we obtain the additional equations

{D-(VE):O
D-(pH)=0.

These will be useful in writing the Maxwell equations as an elliptic system. Namely,
denoting v = log v and # = log 1 we may combine these into four equations

D-E+Da-E=0
—DANE+wuH =0
D-H+Dp-H=0
DANH+wyE = 0.

This gives rise to the 8 X 8 system

* 0 x D- * 0 x Da- 0
x* 0 x —DA n x* wpls 0 H | 0
x D- % 0 x DB % 0 0 ’
x DA x 0 x 0 % wyls E

Here * means that in these positions we may insert anything and would still get the same
equations.

We wish to consider 8-vectors X' = ( & H'| ¥ E'), where ¥ and ® are additional
scalar fields. We also want the system to be elliptic, in fact, we want the principal part to
be a Dirac-type operator. To this end, consider two 4 x 4 operators (acting on 4-vectors

(& H )t for instance)

v (3 8) (5 )

bt



These operators satisfy
P.(D)P_(D) = P_(D)P:(D) = —AlL,
P.(D)" = P.(D), P-(D)" = P,(D).

Motivated by the Pauli-Dirac operator in R?, we choose the principal part to have the

block form 0 P.(D)
PF(D) — ( pio )

Observe that PT(D)P¥(D) = —Alg and PT(D)* = P¥(D). The following notations will
also be used in the rest of the work. Let us denote

where a,b € C3; and
ding(4, B) = (%H) ,

where A and B are 4 x 4 diagonal C-matrices. When A = M\ Iy and B = )\, with
A1, Ag € C let us write

. My | O
dlag()‘la)\Q) = ( 104 )\2[4 ) :

Note that PF(a,b)P¥(b,a) = diag(b-b,a-a) and P*(a,b)P%(b,a) = diag(b-b,a-a) for any
a,b € C*. We shall write for short P¥(a) and P*(a) when b = a, hence P¥(a)P¥(a) =
(a-a)ly and P*(a)P*(a) = (a - a)lg for any a € C?. From these last equalities follow the
anticommutation formulas
PT(a)PT(b) = =PT(b)PT(a) + 2(a-b)I3 (1.9)
P*(a)PE(b) = —PE(b)P*(a) + 2(a - b)Is, (1.10)

for a,b € C3. Moreover, the commutation formula
P*(a)PF(b) = PT(b)P*(a) (1.11)

holds for a,b € C?. This formula follows easily from P, (a)P.(b) = (Py(a)P, (b))t =
P_(b)P_(a). More generally

P*(a,b)PT(c) = PF(c)P%(b,a), (1.12)
for a,b,c € C3.

For the potential there is seemingly considerable freedom in the choice of the entries
marked with x. However, we later wish to reduce the Maxwell equations into a matrix



Schrodinger equation with no first order term so a proper choice of the extra entries will
be crucial. We will take

wp 0 0 Do
0 wupls Da 0
0 DB wy 0

DG 0 0 wyls

Vury =

The augmented Maxwell system is then
(PT(D)+V,,)X =0 inU.

The solutions of this system for which ® = ¥ = 0 correspond to the solutions of the
original Maxwell system in U.
We may write the potential V), ., above in the form

1
Viy = wiiag(p,7) + 5(P(DS, Da) + P*(DG, Da). (1.13)
Next we rescale the X as follows. Let
Yt — ( YnI) (YH>t ‘ Y\Il (YE)t )

be defined by
Y = diag(p'/?, 7'/ X.

Then
(PT(D) + V,,)X = diag(y™"/2, p= /) (PT(D) + W,,,)Y
where ‘ b, (Da) |
_ K1y ;P (Da _ n
W, = ( 5 D) | —/i]s—i‘zp (DS, Da)
and k = w(yp)/2. Here we used that

PT(D)(diag(u~"/?,77?)Y) = diag(y~"/?, u=/*)[PT(D) — %PJF(D@ Da)lY.
Hence
(PF(D)+V,,) X =0 <« (PT(D)+W,,)Y =0

when X and Y are related as above. This scaling is motivated by the following result.

LEMMA 1.1. One has
(PF(D) + W, )(PT(D) = W!_) = —ALs + Qu,

(PF(D) = W! )(PF(D)+W,,) = AL+ Q.

284



where the matriz potentials are given by

Ao 0 0
@ 1 0 2V2a — Aals
BY 9 0 Af3 0
0 2V?25 — ABI;
0 2Dk-
(H2 + }L(Da>2)[4 2Dk OR
B 0 2Dk
oo 205 G2 D,
and
A3 0 0
g — 1| 0 2v*B-ABIL
wY 9 0 Ao 0
0 2V%a — Aals
0 0
(& + 3Dl 9pn

0 0
0 —2DkrA

(52 + %(DO{)Q)LL

with V2 f = (0%, ., )31
Proof: We have
(PT(D)+ W, )(PT(D) — wa) =—-AIi+ W, ,PT(D)— PﬂD)Wﬁﬁ — W#,WWﬁﬁ.
We claim that
W,,PT(D) — PJF(D)I/Vfw =
Ao 0
0 2V2a— Aals

0

0

AB 0
0 2V23— ABIL

— P¥(Dk).

NO| —

This can be proved by a direct calculation. However, we will use symbol calculus which
gives a slightly more elegant proof. In standard (left) quantization, since the symbol of
P¥(D) is P¥(§) and since 0 P¥(§) = 0g,W,,, = 0 for j = 1,2,3, we have

3
WurPT(D) = PT(D)W,. | = Op(W,,PT(&) = PT(OW, = > 6, PT(€) Dy, W)
m=1

3
= —0p()_ 0, PT(€)Da,, W, ) = —Op(PF(D)W}, ).

m=1



The second equality holds because

Wi PR(E) — PFEW,, = £ PH(DB, Da) PF(€) — £ P(€)P*(Dat, DB) =0,

which is true by (1.12). Consequently

W PT(D) = PF(D)W, , = —Op(PT(D)W, )

Y

On the other hand

241 2
—WM,VW,ZV:—((“ +HiDL|_ Pel(Dr) )

since

1
§(Da + D) = Dlog(yy)"? = k™' Dk.
This shows the desired form of Qv,m.

It remains to prove that Q;W has the expression given. We have

(PT(D) — Wﬁﬁ)(PﬂD) +W,,) =—Als — WL,YP]F(D) + PT (D)W, — WfWWMW.
Note that W/i,y = W, 4. Hence, changing the role of u and v we obtain

~W!_PT(D) + PT(D)W,, = —W, . P¥(D) + PT(D)W!,

! (P—(D)g—(Dﬁ)P+(D)?D+ (Da)> + PR(Dr).
" t (R4 DEAL] DR
Wi W = W, = = (O G e )
This shows the desired form of élw O

The crucial point in the above lemma is of course the vanishing of the first order terms.
Also, it is worth pointing out that we will need both second order operators given in Lemma
1.1 in our work.

2. Construction of CGO solutions. In this section we construct CGO solutions for
the rescaled Maxwell system and then we produce solutions for the original Maxwell sys-
tem. In order to get such solutions we apply the Sylvester-Uhlmann method (given in [SUJ)
to the matrix Schrédinger equation obtained in Lemma 1.1. This argument was introduced
in [OS].



For the sake of completeness we recall the Sylvester-Uhlmann estimate whose proof can
be found in [SU], [S]. Let ¢ € L>®(R3; C) with compact support and —1 < § < 0. If { € C3
such that ¢ - ¢ = k* with |(| large enough, then for any f € L3, there exists a unique
u € H} solving

(A+2¢(-D+q)u=f.

Moreover

||U| H; S C’|§|S_1 ||f||L2 )

5+1
for 0 < s <2 with C' a constant independent of ( and f. The norms are given by

115 = [ 1+ laPP1se) da

and
lull s = {11+ |2[2)"2u]

Hs(R3) *

Assume that we can extend p and v to the whole space so that for some positive
constants €y and pp we have v —eg, u— o € C5(R?), and let Q. , = w?eopols + Q. which
is thus compactly supported. Denoting k = w(egpg)'/? we are thus led to the equation

(—(A+ k) +Q,,) Z =0 (2.14)
Let 6 € R3 any non-zero vector. Consider ¢ € C3 such that ¢ - ¢ = k? and

C=1C+ 50+ 00 =0+ 6(r),

where 7 > 1 is a free parameter controlling the size of (, and E =y +iny with ny,mp € R3,
m -1 =0 and |m| = |ne] = 1. Let Zy = Zy(() be a vector which does not depend on x
and which is bounded with respect to the parameter 7.

PROPOSITION 2.1. Assume that —1 < § < 0, and consider € > 0 such that —1 < d+¢ < 0.
There exists a CGO solution of the form

Z=d"(Zo+ Z1+ 7,)
for the equation (2.14) in R®, such that
||DaZ—1||L§ = 0(7_1)7 ||DaZr||L§ = O(Tlo“_(1+a)),

for 0 < |a| < 2. Moreover, if we denote

~ —

R= lim 77, M= lim %,

T—-+00 T—-+00

then R R .
Z(C ’ D)]BR = _Qun/M (2'15)

in R3.

10



Proof: Let ¢ € C3 be as above, note that

e (—(A+ K s+ Quy) € (Zo+ Za + Z,) =
= QMKYZO + (<_A +2¢- D)IS + Qlw)<271 + Zr)

in R3. Let x be a cut-off function which is identically 1 on a neighborhood of {z € R3 :
|z| < p} where p is so large that Q C {|z| < p}, and define

Y B 1 ei&x.]/f\
.D)'f = .
C0)'s =g L T e

For 7 > 0 let x.(z) = x(z/7) and

1 -
Z_ = ZXT(C - D) H(=QpuyZ0).

It is well known that (- D)~' : L2,, — L2 is bounded with norm of order ||~ ([SU]),
hence

C _
174152 < S 1@uaZoll s, = OG).
Moreover, differentiating we get
|D°Z] = O,

for all 1 < |a| < 2. Here we need the C*-regularity of the coefficients. On the other hand,
let Z, be the solution of

—((—A+2¢-D) s+ Q) Zr = ((=A+0(1)- D) s+ Q) Z_1+ (C- DX )(C- D) (= Qpur Zo),
satisfying

1D°Z] 2 < LS (A +0(7) - D)Is + Qua)Z1 + (C - Dx:)(C - D) (= Qs Zo)

)
2
L5+1

for 0 < |a] < 2. We then have the estimates

2 _
HQM#Z—IHL§H =O(7 2),

2 2

| D)@ D) Q) <0 |[(C D) Q)|
and
) C I~ 2 C ~ 2
I(=A+0)- DILZlEy < || D) (=Qua)|| , + 5 ||PC D) (= Qua o),
0772 |(—a+0(r) - D)C - D) Q)

11



Let us explain the second inequality in more detail: consider € > 0 such that —1 < d+¢ < 0.
Then

|€ DX D) (- Qun )

2

2
L5+1

< s {11y DR [ e C D) - Qun 2 d

x€supp(xr+)

= [ @+ 1Py IE DXIE D) Qo Zo)f da

< 07_2(1—6)7_—2 2

(- D) (= QunZ0)]

2
L6+5

Therefore
|D*2, 5 = O+,

for 0 < |a| < 2. Finally, R satisfies the equation (2.15) by the definition of Z_; and the
continuity of (¢ - D). O

Considering Z as in Proposition 2.1 we have, by Lemma 1.1, that
Y = (PT(D) — leﬁ)Z
is a solution of the rescaled system
(PTD)+W,,)Y =0.

Note that this solution can be written as

Y =" (Vi + Yo+ V) (2.16)
where
Y1 = PT(¢) 2,
= PT(Q)Z =W} _Z, (2.17)
Y, =(PT(D) =W, )Z_+ (PY(D+¢) - W, )Z,
and

Yill oy = O@), Dol oy = O), DYl oy = O(71°79) (2.18)

for 0 < |a] <1 and U any bounded open subset of R3. Recall that our aim is to construct
CGO solutions for the original Maxwell system. As we mentioned above, Y will produce
a solution of the original Maxwell system if Y® = Y¥ = 0. In order to get this condition
we choose Zj in a special way.

LEMMA 2.2. If
(PT(C) = k) Z0)* = (PT(¢) = k) Zo)* =0
then we have
yt — ( 0 (YH) ‘ 0 (YE) )

for T large enough.

12



Proof: This proof was given in [OS]. Here it is included for the sake of completeness.
As we mentioned above Y is solution of

(PT(D)+W,,)Y =0,
so it is also solution of
(PT(D) - W, )(PT(D)+W,,)Y =0.
From Lemma 1.1 we know that Y® and Y'Y are solutions of

{-{A+k%Y@+%Y¢:O

—(A+RE)YY + Y7 =0, (2.19)

where the potentials
1

1 1 1
45 =—5A0 =K+ K = (DB, da=—z0a— KR~

(Da)?

are compactly supported.
Adding +klIg one gets o
Y ="M+ Yo +Y,)

where Y, = (PT(¢) — kls)Zy and Yy = PT(¢)Z_y + (kI — W' _)Z. This shows that

{(—A+%<D+%ﬂ%+gﬁ””©i% (2:20)

(—A+2¢C-D+q,)(Y1 + Yo+ Y)Y

It is known that these equations have unique solutions in L? for |(| large enough (see [SUJ).
Since neither Y;* nor Y;¥ belong to L2 unless Y;* = Y;¥ = 0, we choose Z, such that

Y = ((PF(Q) = k) Z0)* =0, Y" = (PF(Q) — kls)Zo)" = 0.

In this way we have (Y; + Yy +Y,)®, (Y1 + Yo+ Y;)¥ € L2. Then, the unique solvability for
¢| large implies that Y® = Y¥ = 0 for || large enough. O

An explicit choice of Zj verifying the condition of last lemma may be done as follows.
Let

C-a
1 kb 1 1
Z=21cw |77 =7
ka
= 2 (ko4 550 + PO ) m (2:21)

where we denoted m' = (0 b'|0 a') for any a,b € C*. The same choice was done in [OS].

13



Next we perform the reflection argument given by Isakov in [I]. As in the statement of
Theorem 1, let Q C {x3 < 0} be a CY! domain. With respect to the standard Cartesian
basis e = {ey, €3, e3}, we introduce the reflection

r = (21,22, x3) — (21, T2, —x3) =: T(x)
and the reflected domain Q = {#(z) € R?: z € Q}. Consider
O = QUint(Ty) UQ.

By the assumption (0.5), we can extend the coefficients p1; and ; into R? as C* functions
which are even with respect to z3 for j = 1,2. We still denote the extended coefficients
by p; and 7;. Note that these functions have the proper regularity to construct the CGO
solutions as above.

For the pairs (u1,71) and (ug2,%,), and for a given vector £ = (¢,&3) € R3 satisfying
|€'] > 0, we construct CGO solutions Z, Yy, X1 and Z, Yy, X5 in R? with complex vectors
(1 and (s, respectively. We choose

1 . 2 ‘fP V2 2 2\1/2

1 . 2 ‘SP 2 2 2\1/2
C2:—§§—z T +T n1—|—(7' —I—k‘) M2, (2.23)

with 7 > 1 a free parameter controlling the size of |(;| and |(s|, where 1y, 7y € R? verify
Im| = 1In2[ =1, m-n2=0andn;-§=0forj=1,2 More precisely, for { = (£,&2, &) =
(&', &3) we choose

1 &1 ,
m ==&, —61,0), m=mA === (=&, =68, [E]7).
I &l 1€l
Note (; - ¢; = k* for j = 1,2. Let us denote
~ G G
¢= lm - = lim %=1+ in

and

~

G(r) =2(G—71¢)  &(1) =2(G—70).
Observe that & (7) =&+ O(771) and &(7) = =€ 4+ O(771). Furthermore, if we denote

Ry = lim 72%, Ry= lim 722,

T—+00 T—+00
M, = lim Z,  M,= lim Z}
T——400 T—+400

14



then the equations

2(C- D)IsRy = —Quy oy Mo (2.24)
2(C- D)IsRy = —Qyszz (2.25)

hold in R3.

We now fix another orthonormal basis f = {f1, f2, f3} with

_ 1
€]

With respect to the basis f one has

fo (€1,62,0),  f3=1(0,0,1)=e3, fi=faA [ (2.26)

g = (07 ’£/|7£3>f7

= (17070)f = fla
N2 = |£’71(07 _537 ‘gll)f

Therefore,

Cl — <i(7’2 4 @)1/2, @ . (TQ + k2>1/2§ 5_3 + (7_2 + kz)l/zﬁ)
!

4 2 €] 2 €]
(. €7\ [€] p& & s21¢']
G = (—z(72 + T) T T (7> + k) 2@, -5t (7? + k%)! 2@),0'

It is obvious that for any z,y € R3

3 3
_ _ I f
Ty =D Y=Y vy
i=1 j=1

where x = (x1, 29, 23) = ( {,:cg,:cg)f and y = (y1,y2,Y3) = (y{,yg,y?{)f with 23 = #J and

f
Y3 = Y3
We next show that the reflection argument allows to construct CGO solutions whose
tangential magnetic fields v A H on 02 have support contained in I'. To this end we
introduce

Xj(x) = diag(—14, 1) X;(2(7))
for j = 1,2, where
100 0
010 0
001 0
000 -1

i =
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It is an easy matter to check that X 1 and Xg are solutions of

(PT(D) + Vi) X1 =0

(PT(D) + Vip 5,) X2 = 0

in  (but also in ). Therefore, for 7 large enough,

0 0
g())l :%1:X1+X1, 5?)2 :%2:X2+X2
61 e2

are solutions of the same equations and v A $;|r, = 0 for j = 1,2. Let us state the result
obtained as the following proposition.

PROPOSITION 2.3. Corresponding to pairs (p1,7v1) and (p2,75,), and for a given vector
¢ € R? satisfying |'] > 0, there are CGO solutions X1 and X5 of the augmented Mazwell
equations in ) such that

(PT(D) + Viu ) X1 =0
(PT(D) 4+ V,y5,)% =0
where the terms X; satisfy
X, = diag(u; %, 47 ') (Vi + diag(— 1y, [)Yi(i))

Xy = diag(p, *, 7, %) (Ve + diag(—14, 1) Ya())

and the rescaled fields Y; are given by (2.16) and (2.17) for complex vectors (; as in (2.22)
and (2.23), with £ = (1 — (. Moreover, for T large enough the fields X; will solve Mazwell
equations in ) and the tangential components of their magnetic fields will vanish on T'y.

3. The orthogonality identity. We assume that w is not a resonant frequency, so the
Maxwell equations (0.2) have a unique solution (F, H) for any prescribed value of v A H
on 0f) as discussed in the introduction. Our uniqueness proofs are based on the following
orthogonality relation involving solutions in €2 and impedance maps on 0f2.

PROPOSITION 3.1. Let (u1,71) and (po,v2) be two pairs of coefficients such that w is not a

resonant frequency for either. Let Ay and Ay be the corresponding impedance maps. Then,
for any X! = (0 H;‘O E') satisfying

(PJF(D) + me)Xl =0
(PT(D) + Vip7,) X2 =0

i Q one has

| Xy = Vi) Xodo =i [ (2= Mo A H) - TS,
Q o0
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Proof: If
(ulv) = / viudr and  (u|v)ag = / viudS
Q o9
the integration by parts identity
(PH(D)X[X") = —i(PT () X[X")oq + (X|PT(D)X')

holds.
Since U; = ®; = 0 for j = 1,2 one has that (X;|V

((me - Vuzﬁz)X1|X2) = (Vul ’71X1|X2) (X1| Iy 72X2)
= (Vi X1l Xa) = (X1 |V 5, Xs)
= —(PT(D)X1]X3) + (X4 PT(D)Xs)
= i(PT(v)X1|X2)s0

:Z/ EQ(V/\Hl)_EQ(V/\El)dS
N

Let )~(§ = (O ]:15‘0 E;) be the solution of the boundary value problem

(PT(D) + Viip ) X2 = 0 in O
v A\ Hy=vAH; on 0.

Since X, on the boundary verifies
Ey-(vAH) =E,y- (vAH,)
we have
(Vi — Vi) X1 Xa) = z/m By (v A Hy) — Hy- (v A Ey)dS.
Finally, note that
—i(PT(1)Xa|X2)a0 = (PT(D)X5|X3) — (Xa| PF(D)Xs) = —(Viiy 1, Xa| X) +
= — (Voo Xo| Xa) + (X|VE . X0) = (Vg y — Viga) Xo

[12,72 X5) = (X1|Vyy5,X2), hence

(X2| Vi, Xo)
X,) = 0.

Here we used again that ¥y = &5 = \112 <b2 = 0. From the last identity one gets

onN o0

Therefore
(Vi = Via o) X1 X2) = / (VA Ey) —Hy- (v A Ey)dS

A)(v A Hy)dS,



which is the desired integral formula. U

We next plug the solutions constructed in Proposition 2.3 into the integral formula given
in Proposition 3.1. Since Aja = Asa on I for a € TH'Y?(09) with supp(a) C T, we have

/ ‘%;(Vul,’h — VM27’72)‘%1 dl’ = Z/ (Ag — Al)(V A\ f:)l) . 52 dS
Q

o0

= ’l/ (AQ — Al)(V/\fjl) ‘52 dsS.
To

Note that v A $s|r, = 0 means that the tangential components of )2 on I'g vanish. On the
other hand, (Ay — Ay)(v A $1) only has tangential components. Hence

(Ae —A)(vA$H1)-H2=0

on I'y. Since the boundary term in the integral formula vanishes we get the relation

/Q%Z(me — Vi) X1 dz = 0.
Following the same notation we write
Yj(z) = diag(—Ly, [,)Y; (@ ())
and we thus have
X=X +X = diag(ﬂfl/za%_lﬂ)(yl + Yl)
Xo=Xo+ Xy = diag(#;ﬂﬁ;lm)(}@ +Y5).

Since for 7 large enough the scalar components vanish, i.e. %;I’ = %;I’ =0for j =12,
writing Vi, 4 — Vys 4, as in (1.13) gives

x;(vlllﬂl - Vu2772)x1 = :{;diag(w(ﬂl - M2)7W(71 - 72»'%1
= (Y2 + Y3)"diag(i1, 7) (Y1 + Y1)
where
M1 — 2 ~:w71—72'
(1)’ (M72)/?
If now we go back to the integral relation, we get

i=w

0= / X(Virn = Vig) X1 dw = /(Y2 + %)*diag(ﬁﬁ)(Yl + Yl) dx
Q Q
- / Yy diag(f, 7)) dr + / Yy diag (7, 3)Y dz + / Yy diag(fi, 5)V; da
Q Q Q
+ / Yy diag(fi, 7)Y da.
0
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We gather the first two terms and the last two terms (cross terms) in different expressions.
Observe that

Uéwm%@ﬁﬁum:Kpa@ﬁwwenimmam%m%vﬂJnm@Mx
- / (Ya(#))*diag(,7)Y3 (&) da
— [ Yiding(7. )i do

hence
Vi ding( A)Vido -+ [ ¥ diag(, )V de = [ ¥y diag(i )Y da
Q Q O

With a similar argument the cross terms become
[ idiog( Ao+ [ ¥y ding(i )Y de = [ ¥y ding(7i )Y da
Q Q o
Therefore,

0= [ 25Vins = Vino) e ds = [ Yydiag(r 7)o+ [ ¥yding( 7)o (320
Q O (@)

Below we will integrate by parts in O many times. Even though O may not be a
Lipshitz domain, this procedure is easily justified by integrating by parts separately in the
C"! domains Q and  and by noting that the contribution from {z3 = 0} vanishes. Now,
the terms on the right hand side of (3.27) may be simplified by writing

/%wn%mm%mmaﬂw+ﬁwmmWﬁww%@wam (3.28)
O O

Note now that
PF(D)(diag(3, i) Z1) = diag(ji, 7)P¥(D)Z1 + (PT(D)diag(¥, 1)) 71
and
KF?+WWWM@%@maMW:

z/WWMOMWmeﬁﬂMMw4/(ﬁ+@%ﬂﬂ®@%@%w
(0] 00

integrating by parts. We know by (0.4) that p; = pg and 71 = 42 on I, and this is valid
on 00 as well. Since Y5 + Y5 is solution for the rescaled system

(PT(D) + Wyag,) (Yo +Y2) = 0

19



in O, we have
[0 4 V5P D) e, 1) 20) o = = [ (Wi (Va4 Vo)) ding(5,70) 21
From (3.28) and the above observations we get
05 Vi ing( 3 d = (3.29)
== [ (0 V)0V, v, + (P(D)ing(7,79) + diog (. 7)W, ) d

It is a straightforward computation to check

Wy, -, diag(3, 7i) + (P7 (D)diag(¥, ) + diag (7, )W, ,, =

12,72 M1,71

radiag(F. i) + radiag(7i,5) + P*(D7, D) + P¥(D7, Dfi),

where

~ p1 + e ~ Y1+ 2
= W = W

) Y VRS
(1 p2)'/? (m1772)Y/2
From now on we denote for short

U := rydiag(7, i) + mudiag(%.7) + P*(D3, DR) + P¥(D7, D).

Observe that these computations could be written separately for Y5 and Ya, giving

[ Yiding(@A)ide =~ [ ¥;UZido, [ Viding(rA)Yide =~ [ ¥5UZsdo.
O o o (@)

Recall that solutions of the rescaled Maxwell system and the Schrédinger system look
respectively like

Yo = (YE VP4V, 2= 2y + 2L+ Z)).

Using the estimates in Proposition 2.1 and in 2.18, we have

lim [ Yydiag(ii,3)Vide = — lim [ @)=V Uzl da
o

T—+00 7=+ Jo

= dm SO OG) U L da

=i [ Oy U2, do
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Noting that ¢; — ¢, = £ and taking the limit in (3.27), we obtain

0= — lim (Y2 U Zy dx (3.30)
T—T00 O

— lim [ e**(YR)'UZ; dw (3.31)
T—+ Jo

— lim [ 4*(Y2)*UZ dx (3.32)
T—+400 o)

— lim | Y;UZ dx. (3.33)
T+ Jo

4. Some technical computations. In this technical section we compute the limit of
the terms given in (3.30), (3.31), (3.32) and (3.33).

LEMMA 4.1. The limit in (3.30) is given by

lim [ e**(Y2)'UZ; do =
T—+00 10

— K(CB)C b)) + @) (€ an) / €% (1) + 1) (i + ) dt

o
+w(2-52)(6-b1)/Oeig'x(—ﬁ)<&>l/2dx+w(g'52)(2'al)/eig'x(_A)<ﬂ>l/2d$

M2 o) Y2

iex | (P TN po\Y2 s~ 12\
+2kw/065 [—(C'b2)<CAa1)'D<E> +(C'a2)(C/\bl)'D(a) ]dl’

e | _(Z b VAT N2 s 71\ 2
+2k:w/oef [—(C-bﬁ((/\@)-D(E) +(C-a1)(§/\bg)-D<—) }dl«. (4.34)
Proof: Remember that

7 =

A=

(kh+ P50 + PG )
with
mi = (0b1|0al),

and
Ve = PF(G)ZE.

A simple commutation in the middle term after writing the definion of U, gives

/ (YU ZY do = K / e (PF(() 22 Um,y do (4.35)

o T Jo

+3m [ 2 PGP+ PG (rading(77) + madiog (G, )y d (430

b [ @) PRC)(PH(DA, DR) + PR(DF, D)(PH(G) + PF(G)midr. (437)
O
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Before computing the limit of (4.35) let us write

kG - as
LI (G2 b2)Go — kG A ay
2 F 2 __
Yi =P (CZ)ZO - T kCQ . bg (438)
(Co - az)Ca + kCa A by
It follows from this expression that
k[ e .
lim — [ e*%(PT(()Z;)" Umydx =
T—=+00 T Jo
0
o (0 (2 Al by
=k [ e (O (C-b2)C ‘O (¢ -as)Ct ) (kodiag(¥, ) + ridiag(p, 7)) T dx
o)
0
: ~ ~ b
+k / e (0 (C- D)0 (C- @) ) (P*(D7, D) + PT(D7, Dfy)) Tl dz
o)
= k/ 6145% |:(E BQ)(E b]_)(KJQ;\}// + /421/7) + (2 E /QQ,U + /‘il Clﬂ?
o)

1/2

T [—@ B)(CAa)-D(2)

M1

+(Ca@)(CAb)- @j) /} dr.  (4.39)

To compute the limit of the term in (4.36) observe that one has the relation

1

5 (Z5) PT(C)(P*(G) + PT(G)) =

2T 2 52 P¥(<2)( i(<1)+P¥(C1))

+%m2(Pi(<2) + PT((,))PT(C) (PE(C) + PT(G)). (4.40)

Using the commutation formulas (1.9), (1.10) and (1.11), and the fact that (; — (, = £, we
can see that

(PE(Co) + PT(C))PT(C)(PH(G) + PT(¢ )) =

= (G- QPT(Co) = PHEPE(C)PT(Co) + (G- CPE(CR) = PT(EPE(C)PT ()
+(Co - G)(PF(G) + PF(G))
= —PHOPH(Q)PT(Cy) = PT(OPH(C,) PT(G) + O(7). (4.41)
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Having in mind formulas (4.40) and (4.41), we compute the limit of (4.36):

lim - /O 67 (22) PF(C)(PE(G) + PF(G)) (madiag(, 3) + rrding (3, 7)) dar =

T—+00 4T

_ g/ Eemr PF(O)(P(C) 4+ PT(C)) (rediag(fi, ¥) + ridiag(¥, fi))my dz
)

=~ =

~1 | S miPH©) + PP QP Q) rating(7) + macling(7, ) d
=5 | EmPTQPQ) (rading (7. 7) + rading(F, )
(@]

—k /O o< [ B)(C- ) safi + wr ) + (€ @) ) (wF + ma)] da. (442)

Here we used PF(()PF(()=(-( =0,

PE(QPT(C) = PF(OPE(C) =2

and R R
(PE(&) + PT(£)PE(C)PT(C) = 0.
Finally we study the limit of (4.37). Let us write

PF(C,) = 7PF(Q) + 5P (&)

where .
PT(&(1)) = —P7(§) as 7 — +o0.

We have

1

o [ €ST(Z5) PT(C)(PE(DT, D) + PF(DF, D) (PH(G) + PF(G))m da =

T Jo
= | @y PREE) (P (D7, D) + PHDA.DR)(PEG) + P da

+5 | S PROPH (D, D) + PF(DT.DR)(PH(G) + P () d

We split Z2 into pieces depending of order of T,

Co - as 0
1 0 1| kb 1 1
Z2 == S ALC R S VeV 4.4
O | &by +T 0 T 1+7‘ 0 (4.43)
0 ka2
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and we set

C-ay

M, = lim Z2 0
T—+00 ¢ by

0

It follows that

lin o= | €S2 PFCPH(DA. DR) + P (DT, DR))(PH) + PG do =

T—+00 LT

- / ¢“*M; P¥(§)(P* (D7, D) + P¥(D7, DI))(P*(O) + P¥(Q))m dx

" /O e (Mg) PT(Q)(P*(D7, D) + PT(DF, D)) (P*(C) + P (C))my da

+ lim - / ¢S (M2)* PF () (P*(DA, DR) + P¥(DF, DR))(P*(Q1) + P¥(G1))m do.

T—+00 AT

Observe that for any a € C? the formula

/\

P¥(a)(P*(D7, Dfi) + P¥(D7, Dfi)) (P*(C) + P¥( C

a-D(y/v2)"? 0
—a A D(y1/72)"/* 0

0

= 4w
a- D(pr/p2) 1/2

a N D(p1/p2)? 0

holds. Using that ¢, = ¢ — 3£+ O(771), the limit is

i 5 /o ¢*(Z3)" P¥(Co)(PH(D7, D) + PT(D7, D)) (P*(C1) + PT(Cr))ma du =

T—+o0 2T

- / e [(4 )C-b)E- D) (M) 4 € a)Cae D>(”)W} da

125) 2
it ~ -~ p\Y2 o~ T 7\Y?
sk [ oo |- @a@am) - D(2)" 4 C o€ty D(2)"] as

2 1/2

+ lim _W/Oeis.a: |:(€2 Do) (¢ - bl)(f D)(Z;)

T—+00 T

(CQ as)(C1 - al)(C D)(::;>1/2] dx

In the first term on the right, integration by parts gives

-~

_w/oeiﬁ'ac [(C Bo)(C - by) (€ - D)(Z;>1/2+(C 2)(Can)(€- D)@:)lm] dx

—o [ (@B mEn) (B CaC o) (Z) ]
e /80 o [(Z 52)(2. bu)(v- D)(Z;>1/2 + (E 52)(2' ay)(v - D)(ZDUT ds.
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Since 0’y = 0Ly and d'y; = 0Ly, for [ = 0,1 on T, the boundary term vanishes. On the
other hand, for the last term on the right we integrate by parts to obtain

[ @ (1) te = [ oo () ]
= /O e (C- ) [(Z;)1/2_1] dz =0
and
/O e (C . D)Q:)de = /Oeis-x(g,D) [(%)1/2—1} e
= —/Oeif“(f 3 {(1;)1/2—1} dz = 0.

We introduced —1 in order to get rid of the boundary terms in the integrations by parts.
Eventually one has

T—+o0 2T

—o [ | € BT - (L) 4 Ca @ an-a)(2) ]

i 5 /o ¢*7(Z5)" PT(Co)(PH(D7, D) + PT(D7, DIi))(P*(Cy) + PT(C1))ma du =

H2 V2
, ~ ~ /2 ~ _ 1/2
—|—2k:w/ ¢t {—(g-bl)(m@)-p(ﬂ) +(g-a1)(gAb2)-D(ﬂ) } dr.  (4.44)
o H2 V2
Putting (4.39), (4.42) and (4.44) together we get the final result. O

LEMMA 4.2. The limit in (3.31) is given by
lim [ e**(YP)'UZ; do =

T—+00 |5
= _/06%.152 [(E 52)(2' ay) (KoY + Kift) + (Z 52)(2‘ b1)(kept + /1177)} dx
v [ e | @ )@ a2 D(2) " C R 22 (1) o
+ [ e (€ ROC ama+ ) + - RC- b+ 7)) do
+2(U/Oei§~x [(g bl)(R2 Ag) (Z:) (g )(ﬁgAZ)-D(%Y/Q} .
—w(E-bl)/O e“2(C- D)R { i ]

(i
_w(f.al)/o ¢629(C. D)R® {@_)1/2 } (4.45)

\/
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where

Ry = (RY (REYV|RY (RE)) = Rs
with .
Ry = lim 727%,.

T—+00

Proof: Since Y@ = P¥((3)Z?, — W' _ Z2 we have

H2,Y2

/ (V) UZY do = / ¢ (22)) PF(()U 2} do (4.46)
1) O

— / (28 Wy 7,UZ; da. (4.47)
(@]

We can write

—_ 1
WH?WQ = KQIg — _Pi(D/BQ, DO[Q)

2
and set . 5
g sy C * Q9
M= lim 7= | = My= lim 72= |-
AR T T T AR T T
0 0
Then the limit of (4.47) is
lim — / (23 Wy 7,UZy da =
T—+00 o
. ~ — 1 . ~ —
= —/ ko MyUM, dx + 5/ e’ My P*(Df,, Dag)U M, da
o )

- / €7 Ky M; (radiag (7, i) + radiag(fi, 7)) M, da
(0]

1 . ~ —~ —_~ —
+3 / e M; PE(D,y, Doy )(P*(D7, Dii) + P¥(D7, Dfi)) M, dx
o

= /O iy (€ 2)(C- ) (¥ + i) 4 (C-B2)(C- ) afi + 7)o

e | (7 = \(F Dy YNY2 o~ -, Dug fi1\ 1/2
+w / e {<<-a2><<-a1>7-0(g) HERIC = (1) ]dx. (4.48)

In the second equality we just wrote down U and we used
M3 (P*(D, Dfi) + P¥(D¥, Dji)) M, = 0
and

M PE(D s, Do) (radiag(3, i) + i diag(fi, 7)) My = 0.
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We now compute the limit of the right hand side of (4.46):

lim [ %*(Z%) PT((,)UZ dx =

T—=+00 Jo

= [ e (€ RENC - an) et + i)+ € RENC- )i+ )] i
v2o [ o @00 AD - D(2)" - Can @ 20 D(2)"] as

o 2
i€z Y2 PO (F RN
v2o [ e [CoRE@ D) ()" 4 € a)BEC ) (2)")

Integrating by parts one gets

1/2 1/2
e RY(C. D) (& dx:/ ¢S RY(C-D { a —1} dx
| R @ oy (2) [ ceRy(Cop) |(2)
1/2
= — [ (- D)RY { m 1] dz
- [ @ oy (&)
and
1/2 1/2
zfoq)g D M1 dZL':/ zfacRCDC D |: 71 _1:| dx
e o) [ s |(2)
1/2
= €&, D)RY { n 1} d.
- [ @ DR |(2)
Once again, we introduced —1 in order to get rid of the boundary terms. Finally
lim | e“%(Z%)*PF(C,)UZ dw =

T+ o

= [ e [ ROC et + ) + € REC-b1) i + 1) do

O
o [ BEAD) - DY~ (€. a) (B A D). (1)
—|—2w/oe [(g bi)(RY A Q) D(MQ) (- a)(RE A Q) D(w) de
~ o~ . 1/2
—2w((-b1)/ ¢€7(C. D)RY {(ﬂ) —1} dz
o) K2
—~ o~ ~ 1/2
—2uw(C - a1) / ¢se(C- D)RY [(ﬂ) —1} dz. (4.49)
o 72
Putting (4.48) and (4.49) together we get the final formula. O
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LEMMA 4.3. The limit in (3.32) is given by

lim [ **(Y2)'UZ dx =

T—=+00 Jo

e | (27 + i) Ba)(C - R + (mafi + 1 A)(C @) (- BE)| o

M{g a@)(C A RY). D(%)l —(A-Bz)(fAﬁf)-D(%)l/Q} de

1 1

g\o\

+2w

1/2
ﬂ) - 1} dz, (4.50)

where R R
Ry = (R (RIY|RY (RD))
with
R1 = lim TZ
T—+00

Proof: We use the computations done in (4.38) for Y2 = P¥({,)Z2 and look at the limit
lim [ **(Y2)'UZ' de = lim [ %(P¥(G)Z3)'UZ | do
T—=+00 Jo T—=+00 Jo
_ / e (0 €000 (€ a)lt ) Ui do. (4.51)
o)
We insert the definition of U in (4.51) and we compute
/ ¢ (0 €800 C-m)0 ) URy do =
o)
[ e [+ mi @ B)E- R + (o i) - 2 C- )]
+ [ @ (0€ 500 € @) ) (PH(DA.DR) + P7(DF. Dji) B o
| e [+ mam € B BE) + i+ D) C ) - BE)]

12w / M[R‘Pc w0y ()" - ¢ ~52><2Aﬁf>'D(@)”1 da

2 H1
it N2~ A Yo\ 1/2
—|—2w/0 3 [R‘I’C @)(C- D)(%> +(c-a2)(g/\R{f)-D(%) ]dx.
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Integrating by parts one gets

/O GETRY(C D)<u2)l/2d$_/o €T RY(C. D) KZ;)l/Q_l} dz

_ /O € (C. D)RY {(ZD/ 1] dz

and

/Oeig'xﬁ‘f(z-D)(%)mdx :/O ¢S R (C. D) {(72)1/2—1} dz

- - [ ¢ DRt m)/ 1} in.

This gives the final result. O

The last technical lemma shows that the cross terms do not contribute to the limit.

LEMMA 4.4. The limit in (3.33) satisfies

lim | Y;UZ dx=0. (4.52)

T—+00 Ie)

Proof: Recall that
V= e YRR V) 2= (G 4+ 2+ 2,

where sz = diag(—1I, [4)Y2( ) for j =1,0,7. Note that writing the dot product in terms
of the basis f in (2.26) one has

€1 s

Or(2) = G- w = Gy - () = [€foy 20 + K)o

Since we chose f;3 = e3 we have that x;f = x3, hence
/ Y;UZy do = / O (YE+YR+YA)U(ZL+ 22, + ZY) dx
o)

/
— (2( +/<;2)1/2|g /ng Y2+ YEH YD) U(ZE+ 24, + ZY) dx

ISI
/
(2 +WW§D(/M@MMMK%KWW%+Zﬁme
o
/
- (2( + k)12 E") / (VP + Y7 + Y2 U(Zy + ZL ) + Z)) da.
00
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The boundary term vanishes because we assumed that O py = Oy and 8Ly, = 0y, for
[=0,1o0nT. Since Y? and Z} are constant vectors with respect to x we have

D [(Y? + Y5 + Y2 U(Zy + 21y + 2] = Doy (Y5 + Y))'U(Zs + 21 + ;)
(Y2 YE YD) DL U(Zy + 22 + Z))
(Y2 YE YD) UD,, (2 + Z)).
Note that from the asymptotic behavior in (2.18) and in Proposition 2.1 one can see that
Dy, (Y5 + Y, U(Zy + 2L, + Z}) = Doy (Y2)'UZy + O(1),
(VP + Y7 +Y2) Do U(Zy + 21 + Z)) = (Y?)' D, UZg + O(1),
(V7 + Y5+ Y))UDs (2L + Zy) = (Y?)'UDs, Zy + O(1),

in L?(O); moreover,

|2y Uz; = o).

L*(0)

_ 1—¢ VAL 1
oy =0T |0 UDLZ

On the other hand, we know by (4.38) and (4.43) that
() = (0 (G b0 (G- an)Gh) +O(1) = (L)' + O(1),
(G- 0]Gi-bi 0) +O() i= (M) + O™

S =

(Z5)" =

in L?(0). Therefore
) 2 k2 1/2 |§/| -1 1¢TD }72 *[le d
(J ) e 963( r ) 0 T

lim [ Y;UZ dx = — lim
r—to0 Jo 2T 700 €]
+ / e (Y3 D,,UZg da + / e (Y2)*UD,, Z} dx
O O
SN[ P
— _ lim (2(T2+k2)1/2—) / 7 (Y2(2))*diag(— Iy, [,) Dy, UZL da
T—rtoo I3 o)
. 1 2 2 1/2|§/| -1 ipr T2\ 1 P 1
— _ lim —2(2(T +E?) —) ¢ (L2)*diag(—1I4, I) Dy, UM} da.
Tt T €] o
Note that

(L2)*diag(—1Iy, 14) Dy, UM} =
M1>1/2

= 20(C, )G ) DD (2) = 2@, B 0 Gy - D)D (42

Since the Riemann-Lebesgue lemma implies that
, 1/2 . 1/2
lim €% D;D,, <&> dr = lim "’ D;D,, (ﬂ> dz =0,
T+ Jo M2 Y2

T—+00 o

we have proved the result.

30



5. Proof of Theorem 1. Assuming the conditions in Theorem 1, we have proved that
the identity in (3.30)—(3.33) holds and that the terms in that identity have the limits given
in Lemmas 4.1 to 4.4. In this section we show the equations verified by the coefficients and
then give a proof of Theorem 1.

PROPOSITION 5.1. Let £ € R3. With appropriate choices of the constant vectors a,, as,
by and by one has the following equations:

(a) If we choose by = by = and ay = @y :E

[ e 580 = )+ 0B — (D8 + k-] de 0. (559
(b) If we choose a; = @y = é and by = by = E

/O eits BA@@ —an) + i[(Dal)z — (Das))] + K2 — ﬁg] dr—0.  (5.50)

Proof: In order to get these equations from the previous lemmas we will need the equations
(2.24) and (2.25). Let us write these equations by components:

( 2(2’ D)Ef’ = —(%Aal — K+ k% — %(Da1)2> (E ap)
2C- D)RY = — (30 — i3 + k2 = £(DB)*) (- by)
2(C- D)I3RE = 2(C - a1) Dy,
(2(C- D)RE = —(%Aag - %(052)2) (¢ - as)
2C- D)RY = — (38 7+ k2 = H(D&)*) (- o)
k2(5 D)IgRQE :2(v CLQ)DHQ
We take complex conjugates in (5.56) in order to get the information required.
2(C-D)RY = (LAay — k2 + K2 — i(Da2)2> (- @)
2C- D)RY = (380 — m+ k= 1(D3)*) - bo)
2(C- D)I;RE = 2(C - @) Dk,

These equations are valid in R3. Multiplying the second and fourth equations of (5.55)
and (5.57) by (- one gets

CRE = (b)) — )
C'RJIE_ (C-a1)(k1 — k)
Cj' Ef = @' bo) (ko — k) (5.58)
¢ RzE - (C '52)(/12 — k’)

w
—



To see the last identities we used the decay of Ej for j = 1,2 at infinity, and the fact that
C-RE — (C-b)ky, C- RE — (C-a1)ky, C- RE — (C-by)ko and C - RE — (C - @)Ky are entire
functions in the variable C x.

Let us denote

(1) = St [ o2 DRY [ (2)" -1 a0
12) = ~oCran) [ oaC )R [(2)" - 1] as
(T3) = —w(C-B) /O 579 D)RY (%)1/ 2—1: do
(T4) = —W(E-EQ)/Oefﬁ-wz(Z-D)JTz? —(%)1/2—1: do

which are terms from (4.45) and (4.50). Then from the first and third equations in (5.55)
and (5.57) one gets

(T1)+ (T2) 4+ (T3) + (T4) =

o€ 0@ B [ e[ - 0 -+t - 102+ 0] [ (2) -1 o

—W(E' Gl)(Z' ) /o et [%A(O@ —ay) — Ky + K] — }l(DOéz)Q + %(D%y] [(%)1/2 - 1} dz.

Noting that

“A(By—B) =D (ZT)W.D(%)M_(ﬁ)l/zA(fTDl/Q

1 1/2 1/2 1/2 1/2
LAfas —an = p(22) p () - ()P a(2)”
2 M V2 M V2

one can write
(T'1) + (12) + (T3) 4 (T'4) = (T5) + (T°6)
~o(C-0)C-B) [ e [(2) D (22) T p (1) A (%)~ Sa@ - 6] e

_w(f.al)(f.@)/o [( )1/21)( )1/2 ( )1/2—A(ﬂ)1/2—%A(a2—a1)}da:,

(75) = (0 0)C-Ta) [ [ s a = j0m + 0] | ()" - 1] a
(T6) = —w(C - a1)(C 52)/062550[—@%1—%(0@2) +3(Da1)2} {(%)”2—1} dx



Note that
1/2 1/2 12 1 12 1 1/2
&) D(H2 -D<&> :—DﬁQ.D<—1) ——Dﬁl-D<&>
1

M2 H1 M2 2 K2 2 2
1/2 1/2 12 1 12 1 1/2
() () -p() =3Pee-D() " gD D()
V2 gl 72 2 72 2 72
Denoting

we get
(I'3)+ (T'4) = (T5) + (T6) + (T'7) + (T8)

s
EmCE [ [y () "~ on-o(32) o
) R R O T R T
o€ [ e -m)(2) "
—w(Cay)(C 52)/06@,0( A)<%)1/2

We consider the next terms from (4.34) and (4.45)

(19) =o€ B)(C-b) [ (-2 ()" e

H2
(110) = oS- m)C ) [ e -m)(2) " i

o 2

(Tn):w/oeiw {(g @)(C - a1)Das - D(zl) 4 (C- 1) (- b1)DBs - (Z;) /} dz,

hence

T3) 4+ (T4) 4+ (T9) + (T10) 4+ (T11) = (T5) + (T6) + (T'7) + (T8)
<E D@8 [ e [3os ()" 4 oo b (1) as
—l—w(C'al)(Z'@)/Oeig'x [%DQQ'D(%) v +§D&1-D<%>m} dzx.

We note that

(%)= 3(2) “on-pm. 0(2)""=(2)" 0w~

»—k[\;)lp—t I
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hence
(T1) + (T2) + (T3) + (T4) + (T9) + (T10)+(T11) (T5) + (T6) + (T7) + (T8)
+w(C-bi)(C- 52/ ( ) (DB1)* — (DB)?] du

+w(C-a)(C- / ( ) — (Da)? da. (5.59)

Considering the terms

~ ~

(T12) = /Z‘“[@-foc (a7 + kafi) + (C- REN(C- bo) (rafi + 117) | d

(T'13) / &

19) = K@ B)C- ) + (C-a)C- ) [ 2 + o) 4+ 7) da
(@]
(115) = - /O 05y (€ m)C - an) (57 + o)+ (C-Ba)(C o) i+ m7)]

l_|

(KoY + K1t (C bz)(C RH) + (Koft + Hﬁ)(g' 52)(6' éf)} dx

from (4.34), (4.45) and (4.50); and using (5.58) we have that

(T12) + (T13) =

-~ = ~

- /5 (€ @)(C-ar) (2 = ) (a7 + i) + (C-B2) (- ba) (2 — K)ol + #17) | do
+ / ¢ | (ka7 + k1) (C - B2) (- bi) (s = B) + (o + D) @) (- ) (11 = )]
O
Therefore

(T'12) 4+ (T'13) + (T'14) + (T'15) =

= @) ) / €Tk (Rafl + k1) da + (C- b2)(C - br) / ¢Sk (ko7 + mifi) dz. (5.60)
O 0]

Now we make the choice by = by = ¢ and a; = @ = (. The equations (5.55) and (5.57)
imply that E]E = 0 for y = 1,2. Considering all the terms from the technical lemmas in
Section 4, we see that the only surviving terms in (3.30)—(3.33) are those which appear on
the left hand sides of (5.59) and (5.60). Thus these computations give

[ e 580 =+ 1(22) 108 - O+ e +

2

+(k3 — ki + i(Dﬁz)Q - i(Dﬁl)Q) K&) v 1” dx = 0.
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If we choose a; = Gy = ¢ and by = by = E, we get that ﬁf =0 for j = 1,2 for the same
reason as above. We consider again all the terms from the lemmas in Section 4 and we get

[ e |58t - + 1 (2) 001 - (Daw + L+ 07

P S %(Do@? _ i(mg?) [(%)”2 _ 1H dz = 0.

Finally, by a direct computation we see that

hence the result is obtained.

The preceding arguments are valid for all £ € R? with |¢/| > 0, since this was the
assumption on £ in the construction of reflected CGO solutions. However, the continuity
of the Fourier transform proves the result for all &. 0

The above proposition shows that the coefficients satisfy the following equations in O:

—%A(Oq — a2) + }lD(al + 042) : D(a1 - @2) + w2<M171 - MQ’YQ) =0,
—1IA(B = B2) + 1D(B1 + B2) - D(B1 — Ba) + w? (a1 — pay2) = 0.

Let u = (71/72)"? and v = (1 /p2)"/?. The equations become

—A(log u) + (1172) 72D (7172) /% - D(log u) + w?(pm — pay2) =0,
—A(log U) + (N1N2)_1/2D(M1M2)1/2 : D(log U) + Wz(ﬂl% - M272) = 0.

1/2 1/2

we obtain

Multiplying the equations by (7172)"* and (g1 p2)

D ((7172)1/21)(10% u)) + Wz(,uﬂl - Mz%)(%%)lm =0,
D - ((p2)* D(log v)) + (g — pae) (papi)'/? = 0.

Finally, these may be written as

D - (y9Du) + w?pusyi (u?v? — 1)u = 0,

D - (usDv) + w? 3y (u?v* — 1)v = 0
in O. This is a semilinear elliptic system for u,v € C*(0). The assumptions in Theorem
1 imply that u|so = v|go = 1 and J,ulso = 0,v|9go = 0. The following formulation of the

unique continuation property will therefore imply that v = v, and p; = po in O, thus
proving Theorem 1.
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LEMMA 5.2. Let a, b be non-vanishing complex functions in C*(O) with positive real part,
and let p,q be complex functions in L=(0). Suppose that u,v € C?(0) satisfy in O

D - (aDu) + p(u*v* — 1)u =0,
D - (bDv) + q(u*v?* — 1)v =0,

and also ulpo = v|so =1 and O,ulpo = Jyvlogo =0. Thenu=v =1 in O.

Proof: Let u =1+ a "2z and v = 1 + b~"?w. Using the identities

. al/?
D - (aD(a 1/22)) _ a1/2( Az + A(l/2 ) )’
D - (bD(bfl/Qw)) _ bl/2( Aw + A(?f) ),

2 1= (ab)™Y2(z2w + b2z + a?w) (uv + 1),

u?v

we obtain the equations

—Az + A('ﬂf)z + plzw + b%2 4 a'?w) = 0,

—Aw + bl/Q)w+q(zw+b1/2z+al/2 ) =0.

Here p,q € L*>*(0O) are given by

5= a=V2p{ab) 2 (v + 1),
g = b"2q(ab)"*(uv + 1)v.

Thus, there is C' > 0 such that the following differential inequalities for z,w € C%(0O) are
valid almost everywhere in O:

[Az(z)] < C(l2(2)] + Jw(@)]),
[Aw(z)] < C([2(2)] + |w(z)]).

We also have z|s0 = w|go = 0 and 9, z|g0 = J,w|so = 0. The unique continuation property
holds in this setting, which can be seen by applying a scalar Carleman estimate to both z
and w (for details see [KSaU]). Thus z and w vanish identically in O. O

6. Proof of Theorem 2. Here we prove an analog of Theorem 1 for the case where
the inaccessible part is part of a sphere. Following the idea in [I], this reduces to the
hyperplane case by using the Kelvin transform.

We first need to check how the Maxwell equations behave under the Kelvin transform.
For this it is convenient to consider E and H as complex valued 1-forms in €2 (that is, a
vector field (E), Fy, E3) is identified with the 1-form E; da!' + E, da?® + F3dz?®). We equip
) with the Euclidean metric e, and introduce the Hodge star operator %, which maps a
1-form X; dz' + X5 dz? + X5 dz? to the 2-form X dx? Adz? + Xy dz® Adat + X5 dat A da?.
If d is the exterior derivative, the Maxwell equations in form notation are

{dE:iwp*eH

dH = —iwy*, E in €.
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Assume that 0 is not in €2. The Kelvin transform is given by
i(z) = x|z, F(7)=x1) =77
If Q = F~1(Q), then F is a conformal transformation from (£, e) onto (£, e):
Fre = |7| .
Let E = F*E, H = F*H, i = F*p, and v = F*v. The following is the transformation law
for the Maxwell equations under the Kelvin transform.

LEMMA 6.1. One has

dE =iwp*. H . dE = iwp|#| 2« H . ~
{dH ~ iy s, B mn ) & {dﬁ i %, 7 in €.

Proof: We use the following identities valid for k-forms n in a 3-manifold:
dF*n = F*dn, F*(xen) = spee 0, %een = > F s .

Here c is any positive smooth function. If dE = iwp *, H, then

dE = dF*E = F*dE = F*(iwp %, H) = iwfi %pec H = iw]i %31, H
— iwfi|F| % %, H.
The other direction and the other equation are handled analogously. U

Next we check how the impedance map transforms. Note that in the form notation, the
boundary condition in the Maxwell equations corresponds to fixing the tangential 1-form
*.(v A H) on 09, where v = vy da' + vy da? + v3 dz? is the outer unit normal written as a
1-form.

LEMMA 6.2. Let A be the impedance map in Q with coefficients (u,7y), and let A be the
impedance map in Q with coefficients (u|x|~2,|x|72). If T is a tangential field on 8@,
then o B

AT = F*A(F~H*T).

Proof: We take p to be a boundary defining function for €2, that is, p is a smooth function
R* — R and Q = {p > 0}, Q2 = {p = 0}. Then p = F*p is a boundary defining function
for 2. The unit normal is the 1-form

N d5 F*d d d N
|dple |F*dp|pe(p-1ye |dp|(p-1y+e |dpl.

using that (F~1)*e = |z|~%e and v = —dp/|dp|..
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Let (E, H) be a solution to the Maxwell system in € with (7 A ﬁ)‘aﬁ — T. Then on
02 one has

% (VAE) = [T %, F*(v A E) = |72 F* (x(p-1ye(v A E)) = F*(x.(v A E)).

Similarly %.(7 A H) = F*(x.(v A H)), and therefore

AT) =% (F A E) = F*A(x.(v A H)) = F*A((F~Y)*T).

g

We now assume that (u;,7;) are two sets of coefficients satisfying the assumptions of
Theorem 2, and let A; and Ay be the corresponding impedance maps. Let By be an open
ball with 2 C By, and suppose that I' C 9f2 is such that A{T|r = AoT|r for tangential
fields T supported in I". Assume that 'y = 9Q \ I satisfies I'y = 0Q2 N 0By and 'y # 9By,
that is, the inaccessible part 'y is part of a sphere.

We wish to show that p; = puo and 9 = 5 in Q. To this end, choose coordinates so
that By = B(w,1/2) where 2y = (0,0,1/2), and assume that the origin is not in Q. Let
Q=F ~1(Q) be the image of © under the Kelvin transform. From Lemma 6.2 we obtain
that o o

M(T)lg = AT

for tangential fields supported in [ =F ~1(T"). Since the Kelvin transform maps I'y onto
a subset of {x3 = 1}, we are in a situation where the inaccessible part of the boundary is
part of a hyperplane. Also the other conditions in Theorem 1 are satisfied; in particular,
(0.5) follows from its analog for 0B, which reads

there exist C* extensions of ; and p; into R?® which are
preserved under the map z +— F o Ro F~!(z),

where F' is the Kelvin transform and R is the reflection (T, Z2,73) — (T1,72,2 — T3).
Consequently, Theorem 1 implies that

| =z, Hil7 =7 Q.
It follows that p; = ue and 1 = 75 in €2, thus proving Theorem 2.
References

[BU] Bukhgeim, A. L., Uhlmann, G., Recovering a potential from partial Cauchy data.
Comm. PDE 27 (2002), p. 653-668.

[C] Calderén, A. P., On an inverse boundary value problem. Seminar on Numerical
Analysis and its Applications to Continuum Physics (Rio de Janeiro, 1980), pp.
65-73, Soc. Brasil. Mat., Rio de Janeiro, 1980.

38



[CP]

[IM]

[KSaU]

KSUJ

[McD1]

[OPS1]

[OPS2]

[ST]

51

Colton, D., Paivérinta, L., The uniqueness of a solution to an inverse scattering
problem for electromagnetic waves. Arch. Rational Mech. Anal. 119 (1992), no.
1, 59-70.

Isakov, V., On uniqueness in the inverse conductivity problem with local data.
Inverse Probl. Imaging 1 (2007), no. 1, p. 95-105.

Joshi, M., McDowall, S. R., Total determination of material parameters from
electromagnetic boundary information. Pacific J. Math. 193 (2000), 107-129.

Kenig, C. E., Salo, M., Uhlmann, G., Inverse problems for the anisotropic Maxwell
equations. Preprint (2009).

Kenig, C. E., Sjostrand J., Uhlmann, G., The Calderén problem with partial
data. Ann. of Math. 165 (2007), p. 567-591.

McDowall, S. R., Boundary determination of material parameters from electro-
magnetic boundary information. Inverse Problems 13 (1997), 153-163.

McDowall, S. R.,; An electromagnetic inverse problem in chiral media. Trans.
Amer. Math. Soc. 352 (2000), no. 7, 2993-3013.

Mitrea, D., Mitrea, M., Finite energy solutions of Maxwell’s equations and con-
structive Hodge decompositions on nonsmooth Riemannian manifolds. J. Funct.
Anal. 190 (2002), no. 2, 339-417.

Nachman, A. I., Reconstructions from boundary measurements. Ann. of Math.
128 (1988), no. 3, 531-576.

Ola, P., Paivérinta, L., Somersalo, E.; An inverse boundary value problem in
electrodynamics. Duke Math. J. 70 (1993), no. 3, 617-653.

Ola, P., Paivarinta, L., Somersalo, E., Inverse problems for time harmonic elec-
trodynamics. Inside out: inverse problems and applications, 169-191, Math. Scu.
Res. Inst. Publ., 47, Cambridge Univ. Press, Cambridge, 2003.

Ola, P., Somersalo, E., Electromagnetic inverse problems and generalized Som-
merfeld potentials. STAM J. Appl. Math. 56 (1996), no. 4, 1129-1145.

Salo, M., Semiclassical pseudodifferential calculus and the reconstruction of a
magnetic field. Comm. PDE 31 (2006), no. 11, p. 1639-1666.

Salo, M., Tzou, L., Inverse problems with partial data for a Dirac system: a
Carleman estimate approach. Preprint (2009).

Saranen, J., Uber das Verhalten der Losungen der Maxwellschen Randwertauf-
gabe in Gebieten mit Kegelspitzen. Math. Methods Appl. Sci. 2 (1980), no. 2,
235-250.

39



Saranen, J., Uber das Verhalten der Losungen der Maxwellschen Randwertauf-
gabe in einigen nichtglatten Gebieten. Ann. Acad. Sci. Fenn. Ser. A I Math. 6
(1981), no. 1, 15-28.

Sarkola, E., A unified approach to direct and inverse scattering for acoustic and
electromagnetic waves. Ann. Acad. Sci. Fenn. Math. Diss. 101 (1995).

Sylvester, J., Uhlmann, G., A global uniqueness theorem for an inverse boundary
value problem. Ann. of Math. 125 (1987), 153-169.

40



