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ABSTRACT. We show global uniqueness in the fractional Calderén problem with a single mea-
surement and with data on arbitrary, possibly disjoint subsets of the exterior. The previous
work [ ] considered the case of infinitely many measurements. The method is again
based on the strong uniqueness properties for the fractional equation, this time combined
with a unique continuation principle from sets of measure zero. We also give a constructive
procedure for determining an unknown potential from a single exterior measurement, based
on constructive versions of the unique continuation result that involve different regularization
schemes.

1. INTRODUCTION

In this article we show global uniqueness in the fractional Calderén problem with a single
measurement, and provide a reconstruction algorithm. The fractional Calderén problem asks to
determine an a priori unknown potential ¢ (in a suitable function space, e.g. ¢ € L*°(2)) from
exterior measurements encoded by the Dirichlet-to-Neumann map, formally given by

Ag i H?(Qe) = (H*(Q))", [ = (=A)°ulq,,
where the functions u, f are related through the equation
(A +qgu=01inQ,

(1) uw=fin Q.

Here Q C R" is a bounded open set, and €, = R™ \ Q is the exterior domain. We will assume
the following condition:

2) if u e H?(R™) solves ((—A)® + ¢)u =0 in Q and u|o, =0,
then v = 0.

This means that zero is not a Dirichlet eigenvalue of (—A)® + ¢, and one indeed has a unique
solution u € H*(R™) for any exterior value f.

This problem, which was first introduced in | ], should be viewed as a fractional analogue
of the classical Calderén problem, which is a well-studied inverse problem for which we refer to
the survey article | ] and the references therein. Due to the results of | ], it is known
that the Dirichlet-to-Neumann map uniquely determines the potential g, i.e. if 1,92 € L*(Q)
are such that zero is not a Dirichlet eigenvalue of (—A)® + ¢;, i € {1,2}, then

A!h = qu = q1 = Q2.

Moreover, uniqueness holds if the measurements are made on arbitrary, possibly disjoint subsets

of the exterior. In | ] this has further been extended to (almost) optimal function spaces,

including potentials in L35 (). Logarithmic stability for this inverse problem was also proved

in [ ], and this stability is optimal [ ]. Uniqueness for recovering a potential in the

anisotropic fractional equation ((—div(AVw))® + ¢)u = 0 was shown in [ ], and related
1
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inverse problems for the semilinear equation (—A)%u + ¢(x,u) = 0 were studied in | ]. Are
construction method for positive potentials based on monotonicity methods was given in | ]
See also the survey article | ].

All previously mentioned works deal with the case of infinitely many measurements, where
one knows Aq(f)|w, for all f € C2°(WW7) for some open subsets W; of §).. Here, we show that
measuring Aq(f)|w, for a single (nontrivial) f € C°(W7) is enough to determine the potential.
Moreover, we give a constructive procedure for determining ¢ from a single measurement.

Theorem 1. Let Q C R™, n > 1, be a bounded open set, let 0 < s < 1, and let W1, Wy C Q. be
open sets with QN W1 = 0. Assume that either

e s€[1,1) and g € L>(9),

e or g€ C%Q) (in which case s € (0,1) can be chosen arbitrarily),

and that (2) holds. Given any fized function f € H* (W) \ {0}, the potential q is uniquely
determined and can be reconstructed from the knowledge Ay(f)|w,-

We note that the above theorem solves a formally well-determined inverse problem in any
dimension n > 1, since we recover a function of n variables (the unknown potential ¢) from a
measurement that also depends on n variables (the function Ag(f)|w, for a fixed f). In contrast,
the Schwartz kernel of the full DN map A, depends on 2n variables. Thus the inverse problem
with infinitely many measurements is formally overdetermined in any dimension.

The proof of Theorem 1 is based on the strong uniqueness properties of the fractional equation.
These were also crucial in | ] and subsequent works, where the uniqueness property was
used to prove a strong approximation property of the fractional equation, and the approximation
property was then used in solving the inverse problems. Here, in the case of a single measurement,
we give a proof that only requires different versions of the uniqueness property. We remark that
in the slightly different context of the recovery of an unknown obstacle, it was shown in | ]
that in the fractional setting a single measurement suffices to recover the obstacle.

The next result is a constructive version of (a special case of) the uniqueness result stated in
[ , Theorem 1.2].

Theorem 2. Let QC R n>1, be a bounded open set, let 0 <s<1, and let W be an open
set with QN W = 0. Any function v € H*(R™) with supp(v) C Q is uniquely determined by the
knowledge of (—A)*v|w =: h. The function v can be reconstructed from h as

= li limit in H®(R"™
v=lim v, (limit in H*(R™)),
where vy for any o > 0 is the unique solution of the following minimization problem:
Vo = ATgMIN,, g (o) [||(—A)Sw|w — bl w) + allwll e @y

The previous theorem is essentially an application of the standard Tikhonov regularization
scheme to the unique continuation problem of determining v from the knowledge of (—A)%v|y .
Analogues of the corresponding constructive unique continuation results for the case s = 1 can

for instance be found in | , ]. In Section 3 we present two additional schemes, based
on spectral regularization and minimal L? norm regularization, to achieve the same result. We
note that the results in | , | strongly suggest that this unique continuation problem is

highly ill-posed and has only logarithmic stability. In Section 6, we show that this is indeed the
case.

Theorem 2, combined with an application of the uniqueness result in | , Theorem 1.2]
in 2, would be sufficient to prove Theorem 1 for potentials in C°(2). To deal with potentials in
L>(Q), we also need the following unique continuation result for the fractional equation from
sets of positive measure.
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Theorem 3. Let Q@ C R, n > 1, be a bounded open set, let s € [i, 1), and let ¢ € L>®(Q). If
u € H*(R™) satisfies ((—A)® + q)u = 0 in Q and u vanishes in a set of positive measure in §2,
then u =0 in R™.

This type of result has been proved for C* potentials in | ]. Our proof is based on Carleman
estimates and a boundary unique continuation principle for solutions of the degenerate elliptic
equation V - (:U,llflsVu) =0in R’}rﬂ that satisfy a vanishing Robin boundary condition. The
restriction s > 1/4 is required to deal with a L> Robin coefficient (and could be removed if
q is C*! in a suitable radial direction). The same restriction also appears in the strong unique
continuation principle for fractional equations with L® potentials | ]

Let us conclude by describing the reconstruction procedure in Theorem 1, which determines
the unknown potential ¢ from a single measurement A,(f)|w, =: g corresponding to a fixed
exterior Dirichlet data f € H*(Wy) \ {0}. The idea is to determine the solution u € H*(R")
having exterior data f from the knowledge of f and g. In the following procedure, we do this by
first writing u = f 4+ v where v € H* (©), and then by determining v:

(1) Define h:=g— (—A)*flw, € H5(W>).

(2) Determine v € H*(R™) as v = lim,—,0 vo, Where v, for a > 0 is obtained by solving the
minimization problem in Theorem 2 with W replaced by W5.

(3) Define u:= f +v € H*(R™).

(4) Determine q a.e. in {2 as

Here we use that u can only vanish in a set of measure zero in €2, by Theorem 3 and the
fact that f # 0.

We note that this reconstruction procedure is quite different from those for the standard Calderén
problem (the case s = 1), which are often based on complex geometrical optics solutions and
boundary integral equations [ , ].

This paper is organized as follows. Section 1 is the introduction, and Section 2 discusses
function spaces, wellposedness and functional analysis results required for the proofs. Section
3 contains several constructive unique continuation results and in particular proves Theorem 2.
Section 4 considers the inverse problem and proves Theorem 1. Section 5 contains the unique
continuation result from sets of positive measure, Theorem 3, which is required to deal with L*°
coefficients in Theorem 1. Section 6 shows that logarithmic stability is optimal in Theorem 2,
and Appendix A proves a Carleman estimate required for Theorem 3.

Acknowledgements. M.S. was supported by the Academy of Finland (Centre of Excellence in
Inverse Modelling and Imaging, grant numbers 312121 and 309963) and by the European Re-
search Council under FP7/2007-2013 (ERC StG 307023) and Horizon 2020 (ERC CoG 770924).
G.U. was partly supported by NSF and a Si-Yuan Professorship at TAS, HKUST.

2. AUXILIARY RESULTS

In this section, we recall a number of auxiliary results, which will be relevant in our recon-
struction algorithm.

2.1. Function spaces. In the sequel, we will use several L? based Sobolev spaces. Here we
follow the notation from | N ] and | ]. The whole space Sobolev spaces are
denoted by

H*(R") := {u € §'(R") : [(D)*ul|L2®n) < o0},
where (D)u := F~{(1 + |£]?)%/2 Fu} and where F denotes the Fourier transform.
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For spaces on open domains U C R™ we use the following notation:
H*U) = {ulu : u e H*(RM)},
H*(U) := closure of C2°(U) in H*(R"),
H{(U) := closure of C°(U) in H*(U),
HZ = {u € H*(R") : supp(u) C U}.
We remark that it always holds that
(H(U))" = H(U), (H*(U)) = H(U), seR.
If in addition U is a bounded Lipschitz domain, we also have that

HE = H*(U), s €R,

s s 1 13
HO(U):Hﬁv S>_§a s¢{§a§a}v

HE(U) = HY(U), s < %

2.2. Well-posedness. We recall the main well-posedness results for solutions to
(A +qgu=01inQ,
(3) uw=fin Q.
Here and in the remainder of the article, we always implicitly work under the assumption (2).
As the well-posedness of (3) was discussed in detail in | ], we omit the proofs in the sequel

and only state the main results.
We first recall the well-posedness in the energy space:

Lemma 2.1 (Lemma 2.3 in | D). Let n>1 and s € (0,1). Let Q C R™ be a bounded open
set. Assume further that g € L™ () is such that (2) is satisfied. Let

By(u,w) := ((=A)*2u, (=A)*2w) g2 gy + (qulo, wlo) r2(),  u,w € H(R™).

Then, for any f € H*(R™) the problem (3) is well-posed in the sense that there exists a unique
solution u € H*(R™) with

By(u,w) =0 for allw € H*(Q),
andu— f € ﬁS(Q) Moreover, there exists a constant C' > 0 depending on n, s, q such that
[ull sy < Cllfll s ey
In particular, the well-posedness result of Lemma 2.1 allows us to define the Poisson operator
By H* () = H*(R"), [ u,

where u is the unique solution to (3).

With the bilinear form B,(u,v) at hand, it is possible to precisely define the Dirichlet-to-
Neumann map associated with the fractional Calderén problem (cf. Lemma 2.4 in | ). To
this end, let [f],[g] € H*(R™)/H*(Q) =: X. If Q is a Lipschitz domain, the quotient space X
can be identified with H*(£2.). Due to this, we will simply write f instead of [f]. The (weak)
Dirichlet-to-Neumann map associated with (3) could be defined as

(4) Ay X = X (Alfl: 9] x—x- = By(u g),

where u is a solution to (3) with data f, B,(:,-) denotes the bilinear form from Lemma 2.1 and
where (-, ) x_, x~ denotes the duality pairing between the respective spaces.
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We will also consider the pointwise Dirichlet-to-Neumann map
Ag: H3(Q) = H5(Q), fr (—A)ulg, .

This is well defined for any bounded open set @ C R™ and any ¢ € L>() if (2) holds. It was
proved in | , Lemma 3.1] that, if one assumes more regularity for €2, ¢, and f, one has

Af = A, f.

In this article we will use the pointwise Dirichlet-to-Neumann map A, since it directly leads to
a reconstruction procedure from a single measurement.

2.3. Relating the Poisson operator and the Dirichlet-to-Neumann map. Our recon-
struction procedure for the inverse problem boils down to determining a solution u = P, f in R"
from the knowledge of f in Q. and A, f|w for some open W C Q.. Thus, we wish to determine
P,f from A, f|w. Since Ay f|lw = (—=A)%u|w, the problem reduces to determining u in R" from
the knowledge of u in Q. and (—A)*u in W. Writing u = f + v, it is sufficient to determine a
function v € H*() from the knowledge of (—A)v|y . In other words, we need to determine v
from Lv, where L is the operator introduced in the following lemma.

Lemma 2.2. Letn > 1 and s € (0,1). Let Q C R™ be a bounded open set, and let W C R™ be
an open set with QNW = (. Consider the operator

(5) L:H*(Q) = H (W), v (=A)%v|w.

Then L is a compact, injective operator with dense range. In particular, there exist orthonormal
bases {p;}52, C H=*(W), {1;}52, C H*(Q) and singular values 0 > 0 such that
(6) Lyj =ojp;, L'pj = oj1;.
Proof. Let x1,x2 € C°(R") satisfy y2 = 1 near Q, x; = 1 near W and x; = 0 near supp(x2).
Then

Lv=rwxi(—A)x20,  ve H(Q),
where 7y denotes the restriction to W. The support properties of x; and x»2 and the pseudolo-
cality of (—A)® imply that L is compact. Also, L is injective by the weak unique continuation
property for the fractional Laplacian | , Theorem 1.2]. By the Hahn-Banach theorem,

to prove the density of the range of L in H*(W), it suffices to show that the only function
fe H (W)= (H*(W))* which satisfies

(Lv, f) =0 for all v € H*(R),

is the zero function. To observe this, note that for any v € C2°(2), the definition of the duality
between H ~*(W) and H*(W) gives

0= (LU, f) = ((_A)sv7 f)R"' = (’Uv (_A)sf)R”'

Since this is true for all v € C2°(€), it follows that (—A)® f|q = 0. But also f|q = 0, and using
again [ , Theorem 1.2] yields that f = 0. This concludes the proof of the density result.
The rest of the statements follow from the spectral theorem for compact operators. O

We remark that the compactness of L indicates that the recovery of P,f from Agflw by
inverting the relation L from Lemma 2.2 is necessarily ill-posed (cf. Section 6 for more on the
stability properties).
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2.4. Equivalence of Runge approximation and weak unique continuation. Last but not
least, we show that the approximation property and the (weak) unique continuation property

used in | | are in fact equivalent. A quantitative version of this equivalence was presented
in Lemma 3.3 in | ]. For elliptic second order operators, this equivalence was already proved
by Lax | ].

Proposition 2.3. Let Q C R™, n > 1, be a bounded open set, and assume that W C €. is open.
Let s € (0,1) and let ¢ € L>=(Q) satisfy (2). Then the following statements are equivalent:

(i) For every ¢ > 0 and every v € L2(QY) there exists f € H*(W) such that
v — Pyfllz20) <
(ii) Let v € L*(Q) and assume that w € H*(Q) is a solution to
(A + gw =wv in Q,

w =0 in Q..

(7)

Assume that (—A)*w =0 in W. Then, v =0 and w = 0.

For completeness, we briefly recall the short proof of this.

Proof. The implication (ii) = (i) follows from the Hahn-Banach theorem as explained in [ ]
Indeed, (i) is equivalent to the density of {P, f|a; f € H*(W)} in L?(2). Assume that a function
vo € L2(Q) satisfies

(vo, Pyf)a = 0 for all f € H*(W).
Defining w to be a solution of (7) for vy then yields (after using the equation for P, f)

0= (U07 qu)Q = ((<_A)9 + q>w7qu - f)Q = (((_A)s + q>w7qu - f)]R"
= —((=A)*w, f)gn~ for all f € H*(W).

In particular, (—A)*w = 0 in W. Assuming the validity of (ii) hence entails that vy = 0 and
w = 0, which yields the desired density result.

The opposite implication (i) = (ii) is a consequence of an argument which is similar to the
one for Lemma 3.3 in | ]. Let v € L%() be such that for the solution w € H*(Q) of (7)
we have (—A)*w|w = 0. Assume that the approximation property from (i) holds. We seek to
show that then v = 0 and hence w = 0. Using the approximation property, we have that for
any 1 € L*(Q) and any € > 0 there exists f € H*(W) such that ||¢) — Py f||12(q) < €. Thus,
using the equations for w and P, f as in the first part of this proof and the assumption that
(—A)*w|w = 0, we infer that

(v7/¢)ﬂ = (U7¢ - qu)Q + <U7qu)Q
= (U7’(/) - qu)Q - ((_A)Swvf)W = (an - qu)ﬂ
Thus, using the approximation property for any 1 € L?() and any € > 0 we obtain
(v, ¥)al < [vllL2@)llv = Pofllize@) < ellvllLzq)-

Letting ¢ — 0, we in particular obtain (v,%)q = 0 for all ¢ € L?(Q). Hence v = 0, which by
well-posedness of the equation (7) also implies that w = 0. This concludes the proof. ([l
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3. CONSTRUCTIVE UNIQUE CONTINUATION RESULTS

Seeking to follow the recovery strategy outlined in steps (1)—(4) in the introduction, we here
deal with constructive unique continuation results which are needed for step (2). As the operator
L from (5) is compact, this is an ill-posed problem and hence requires regularization arguments.
In the sequel, we discuss three such possible recovery procedures: First, we rely on the spectral
properties of the operator L from Lemma 2.2 and apply a suitable spectral regularization scheme.
Next, in Section 3.2, we rely on Tikhonov regularization and hence prove Theorem 2. Finally, in
Section 3.3 we use a variational argument as in | ] and | ], which yields the minimal L?
norm regularization. If the data are exactly of the form (—A)*uly for some function u € H*(€2),
all these schemes recover u exactly (a little care is needed for this in the minimal L? norm
regularization). However, we remark that in view of the stability results from [ ], the
stability for these recovery schemes is at best logarithmic, which renders them very unstable (cf.
Section 6). We will not discuss here the choice of the regularization parameter or computational
implementations.

3.1. Spectral regularization. We begin by discussing the spectral regularization, which is
based on the mapping properties of L, L* outlined in Lemma 2.2. Further properties of spectral
regularization can for instance be found in Chapter 4 in | ] (cf. also Section 3.3 in | D-

Lemma 3.1. Letn > 1 and s € (0,1). Let @ C R™ be a bounded open set and assume that
W C R™ is open with QN W = 0. Let L, L* as well as {1 }32, C H5(Q), {pr}3e, C H5(W),
o >0 be as in (6) and let h € H=5(W). Then, the following approzimation results hold:

(i) The function

1 ~S
Vo 1= Ra(h) = ) a(h@k)H*S(Wﬂ/}k € H*(Q)
o>
satisfies Lvg — h in H=*(W) as a — 0. B
(ii) If h = Lv for some v € H?(Q), we further have Ry (h) = vo — v in H*(Q).
Proof. The claim in (i) directly follows from the density and the mapping properties from Lemma

2.2. In order to deduce the second property, we use the (Hilbert space) duality between L, L*:
If h = Lv, then

1 1
Vo = Z ;k(h’ ka)H*b(W)wk = Z o_ik(L’U7¢k)H75(W)wk

o> op>a
1 *
= Z ;(UvL Sok)ﬁs(g)d)k = Z (vawk)[}s(g)wk
o> k o>
— Z(ank)ﬁs(g)djk = in EQ(Q)
E>1
This concludes the argument. (]

Remark 3.2. We remark that the spectral regularization scheme outlined in Lemma 3.1 re-
quires the knowledge of o, v, pr. These however can be computed from the eigenvalues and
(generalized) eigenfunctions of the (known) operators L*L and LL*.

3.2. Tikhonov regularization. As a second regularization procedure with possibly less com-
putational effort (it is for instance not needed to first compute the singular value decomposition
of L, L*) we describe a Tikhonov regularization scheme for our problem. Tikhonov regularization
is discussed e.g. in | ] (cf. also Section 3.3 in | D.
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Lemma 3.3. Let n > 1 and s € (0,1). Let Q2 C R™ be a bounded open set and assume that
W C R™ is open with QNW = (. Then the following results hold:

(i) For each h € H—*(W) and each o > 0 the functional
Ea(v) = (=) ol = Wl + alloly. g © € H* (),

has a unique minimizer vy, =: Ro(h) € H*(). Moreover, (—A)Sva|w — h in H=*(W)
as o — 0. _

(ii) If h € R(L) with L being the operator from (5), i.e. if there exists w € H*(Q) such that
(=A)*w|w = h, then vy = Ra(h) — w in H5(S).

Proof. Both properties follow from general arguments on Tikhonov regularization combined with
the mapping properties of L: As the operator L is a compact, linear operator by Lemma 2.2,
Theorem 4.14 in | | asserts the existence of a unique solution of the minimization problem
for &,. Since furthermore the operator L has a dense image in H~*(W), we also obtain the
approximation property claimed in (i) (Theorem 4.15 in | D-

Theorem 4.13 in | ] implies that Tikhonov regularization is a regularization scheme.
Hence, if h = Lw for some w € Hs (€2), this in particular implies the pointwise convergence

Vo = Ro(h) = w in H*(Q)
as a — 0. O
3.3. Minimal L? norm regularization. Finally, as a further possible means of recovering v

from (—A)*v|w, we use a variational approach which is analogous to the one presented in [ ]
and |

Lemma 3.4. Letn > 1 and s € (0,1). Let @ C R™ be a bounded open set and assume that
W C Q. is open with QNW = 0. For a >0 and h € H=*(W) consider the functional

1 ~
To(§) = gl = [ fde+ s S € O
w
where u and f are related through
(=A)°u=01in Q,
(8) .
u=f in Q.
Then, for each h € H=*(W) and o > 0 there exists a unique minimizer fo € H*(W) of the

functional J,. Denoting the associated solution of (8) with exterior data fo by G, € H*(R™)
and defining ¢o, =: Ro(h) € H*(2) to be the solution to the dual equation

APy = —lig in Q,
() (—A)°¢

@a =01n Qea
we then have |[(=A)*@alw — h|lg-—=w) < a and Jo(fa) = —%Hﬁaﬂig(m.
Proof. The proof follows along the lines of Lemmas 4.1 and 4.2 in [ ], which is based on the
variational approach from [ ]. For self-containedness, we repeat the argument: Firstly, we

note that the functional J, is strictly convex and continuous with respect to H #(W) convergence
(of f € H*(W)). The proof of strict convexity uses weak unique continuation. Hence, in order
to prove existence, it suffices to check coercivity, which follows from the unique continuation
property of the fractional Laplacian. Indeed, assume that f; € H S(W) is a sequence with
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ka”ﬁ[s(W) — 00. Then, we define the rescaled functions f;, := 7 , which are of unit norm

Jr

(and thus weakly precompact). Rescaling the functional J, yields

ja(fk) 1. A
(10) AT *||“k||%2(9)||fk||gs(w) - /hfkda: + .
”kaHS(W) 2
W
Here iy, := W, with ug being a solution to (8) with exterior data fi, and the integral
HS (W)

over W denotes the duality of H~*(W) and H*(W). We now distinguish two cases:
o If li}cni}'})rolf [4x]|L2() > 0, then the boundedness of kaHﬁs(W) and of [|h]|g-sw) and the

unboundedness of || fx| 7. (w Imply

e Jalfk) Y T
liminf ————— > liminf | —||ax frll 5 — Al +al = oo
L el ey~ il | g 0l el oy = ll=eow)

This in particular yields the desired coercivity.
e If along some subsequence in k (which without loss of generality, we may assume to be
the whole sequence), we have klirn [tx] £2() = 0, we infer that
— 00

ax — ¢ in HY(R"™), G — 0 in L*(Q), fr = foo in H*(W).
Here we used the estimate |[ug||gs@n) < CkaHgs(W) for solutions to the equation (8)
in order to infer the first convergence result. Moreover, the function ¢ in H*(R"™) solves
(=A)%Yp =01in Q,
= foo in Qe.
By the fact that ¢ = 0 in  (which follows since i, — 0 in L?*(2)) and by (weak) unique

continuation for the fractional Laplacian, this however entails that ¢ = 0. In particular,
foo = 0. Thus, returning to (10) and using that [ hfxdz — 0, we deduce that for k
w

sufficiently large it holds that

>
ka”ﬁ[s(w)

(] o)
(] o)

1.
2 §||“k||%2(ﬂ)||fk”ﬁs(w) +

Again, this yields the desired coercivity and therefore concludes the existence proof.

The smallness condition [[(—=A)*@a|w — hl|g-+w) < « follows from considering variations of
the functional around the minimum. Indeed, spelling out minimality condition

ja(fa) < ja(fa —i—,uf)7 ueER,

as in | ] and combining it with the triangle inequality gives
(11) /aaudx— /hfdx < a||fHﬁS(W).
Q W

By the definition of ¢, and the identity

(12) [tande= [ (-8 atu= s = [~y galu o
1%

Q R
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we further deduce that

(13) 18 Galw = 1] | < a7
|44

Duality then implies the estimate [(—A)*¢alw — hllg-s(w) < @. The condition Ju(fa) =
—2llaa |22 () follows also from the minimality condition as in [ ]. O

Having established approximate recovery, we seek to show that the variational argument from
above is a regularization scheme, i.e. that it recovers the function exactly if h € R(L), where L
is the operator from (5). To this end, we will need to assume some extra regularity.

Lemma 3.5. Assume the conditions in Lemma 3.4, and assume additionally that Q has C*
boundary. Let h € H=*(W) and assume that h € R(L) with L as in (5), i.e., that there exists

® € H*(Q) with h = (—A)*@lw. Suppose moreover that @ := (—A)*plq € L2(Q). Then, with
Yo = Roh, for some sequence a — 0 one has

@0 — P in H*(Q).
Proof. Using the fact that h = (—A)*@|w and the regularity assumption 7 = (—A)*p|q € L3(9),
we compute

1 . 1 _
Sl — [(AYes de = lulia — [wuds

w Q

Ja(f)

v

1 _ 1 _
> SlullZzo) = @l 2@ llull 2@ = Zllelzz ) = 17 0)-

Thus in particular J,(f) > —||HH2LQ(Q) for all f € H*(W). The formula Ju(f,) = —%HﬂaHQLQ(Q)
yields that

liallZ2 i) < 20Ty a>0.

The Vishik-Eskin regularity estimates, see | , Theorem 3.1] (here we use that 2 has C*°
boundary), imply that for some 8 > 0

[Gall fevs ) < €, a>0.
Compact Sobolev embedding implies that, for some sequence o — 0,
G — 1 in H5().
The convergence (—A)*Qu|w — h = (—A)*@|lw in H (W) implies that
(=A)Ylw = (-A)*?lw.

Since also ¥|w = P|lw = 0, weak unique continuation for the fractional Laplacian implies that
1) = @ in R™. This concludes the proof. t

4. RECOVERY OF ¢

In this section we present the argument for Theorem 1, taking the results of Theorems 2 and
3 for granted. The main issue here is to rule out that w vanishes on a too large subset of €2 in
order to define ¢ by means of the quotient W. The control on the size of the nodal set of u

is ensured by the measurable unique continuation property of Theorem 3.
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Proof of Theorem 1. Step 1: Recovery of u. By assumption, for some known f € ﬁS(Wl) \ {0},
we are given A, flw, = (—=A)*u|w,. Then, the function v := u — f satisfies

(FA)* +q)v=—(-A)"f in Q,
v =10 in Q..

In particular, v € H #(Q2). Hence, by Theorem 2 (or any of the other reconstruction schemes
presented in Section 3) v can be reconstructed from the knowledge (—A)®v|w,. But linearity
and the definition of A, yield

(_A)SU|W2 = (—A)SU|W2 - (_A)s-ﬂWz = Aqf‘W2 - (_A)s-ﬂWz'

Since f € H*(W)) is assumed to be known, we can constructively recover v from Agflw,. As
u = f + v, this also yields the constructive recovery of the full function v in R™.

Step 2: Reconstruction of the potential g. We split the reconstruction argument for ¢ into two
steps and first deal with ¢ € C°(€2) and then with ¢ € L>(Q).

Step 2a: q € C°(Q2). We note that by the fractional Schrédinger equation (1), which is obeyed
by u, we have

for almost every x € Q such that u(z) # 0. We claim that this suffices to recover ¢ in the
whole of € by invoking the weak unique continuation property of the fractional Laplacian and
the continuity of ¢. Indeed, fix an arbitrary point g € €2. Then the weak unique continuation
principle for the fractional Laplacian implies that there exists a sequence (zy) with Q 3 z; —
2o €  and u(xy) # 0. Indeed, else w = 0 on an open subset of Q, but by the weak unique
continuation property this would entail that v = 0, which is impossible since f is not identically
zero. Hence, by continuity,

- _ (=A)u(zg)
aleo) = i alee) = i )
Since zo € §2 was arbitrary, this concludes the argument for the recovery of continuous potentials.
Step 2b: ¢ € L>(Q), s > %. Since g € L*°(Q), the potential ¢ is only defined up to a null

set. By the measurable boundary unique continuation result of Theorem 3, there exists no set
E c Q with |E| > 0 such that u|g = 0. Hence, the quotient

(=4) u(z)
is well defined for almost every = € Q, which thus allows us to recover ¢ € L>(2). d

5. UNIQUE CONTINUATION FROM MEASURABLE SETS
In the sequel, we seek to prove the following unique continuation result from measurable sets:

Proposition 5.1 (Measurable UCP). Let Q C R™ with n > 1 be a bounded open set and let
g€ L>(Q). Let s € [+,1) and assume that u € H*(R™) satisfies

(14) (A +qu=0in Q.

If for some measurable set E C Q with |E| > 0 we have u|g = 0, then u =0 in R™.
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In order to prove this result, we rely on unique continuation arguments for local equations.
To this end, we recall that the nonlocal Schrodinger equation (14) can also be “localized” by
means of the Caffarelli-Silvestre extension. More precisely, for any U C Riﬂ we set

H'(U,2133°) == {v € D'(U) : [, 2y oll 2oy + 2y Voll 2oy < o0}
Phrased in this notation, the article | ] shows that for any u € H*(R™), the unique solution
i e HY (RYM, 2123°) of
V.2l 3°Via =0 in R,

@ =wu on R" x {0},
satisfies ¢, s MIEILO ;1;71112188”_5_111 = (—A)®u (as a limit in H°(R™)) for some constant ¢, s # 0.
Hence, (14) can be viewed as the following Neumann (or Robin) problem:
5) V.2l 3 Vi =0 in R,

Cp,s lim J::L__,’_lean_l,_l’a = —qt on Q2 x {0}.
ZL’n+1A)0

Proposition 5.1 will follow if we can show that any solution @, whose Dirichlet data vanishes in a
set of positive measure and whose Robin data vanishes on an open subset of the boundary, must
be identically zero. This is close to the boundary unique continuation results for the standard
Laplacian, see e.g. | , ], which correspond to the case s = 1/2 for Dirichlet or Neumann
data (but not Robin data). As in these works, we will base our proof on certain boundary
doubling estimates for the solution .

With slight abuse of notation, in the sequel, we will not distinguish between % and v and will
use the same symbol both for the Caffarelli-Silvestre extension and for its boundary values.

5.1. Auxiliary results. We recall several auxiliary results which will be needed in the proof of

Proposition 5.1. Most of these (or slight variations of these) can be found in | ] and | ]
If 2o € R, we will identify x¢ with (zg,0) € R™*! and use the notation
Bl (z0) = {z e R |z — 20| < 7}, Bl(zg) = {2’ e R™ : |2’ — x| < r}.

If 29 = 0 we will just write B;} and B..
We first recall Caccioppoli’s inequality for the Caffarelli-Silvestre extension.

Lemma 5.2 (Caccioppoli). Let s € (0,1) and r > 0. Let u € HY(Bf,,x,.3°) be a solution of
V-z)23°*Vu =0 in Bj,.

Assume that u, lim Om}lflsanﬂu € L*(B),). Then there exists C = C,, s > 0 such that

Tn41—>

1/2

1-2s 12 _
||$n-i1 VUHL2(B;r) <Cr 1||$n-42-1 UHLQ(BSZ) + C”u”p(Bé "

. 1/2

D) [ znlgnao Lpt1 8n+1u||L/2(Bér)-
Proof. The proof follows as in Lemma 4.5 in | ]. However instead of dealing with the
boundary contributions by duality, we directly use the Cauchy-Schwarz inequality for them (in
conjunction with the assumption that the boundary values and the weighted normal derivative

at the boundary are L? functions). O
Next we recall some trace and Sobolev estimates for functions in weighted H' spaces.

Lemma 5.3 (Trace estimates). Let s € (0,1) and let v > 0. Let u € HY(B],,z}33%). Then
u|lp; € H%(BY), and there is C = Cy, s > 0 such that

1-2s L 1m2s
lullzesyy < CO ety Vullpasg)y + 7 o dy ull sz
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Moreover, if n>2, orn=1 and s € (0,1/2), there is C = Cy, s > 0 such that

1-2s o 1=2s
lull 2oy < Cllenty Vallgass )+ lents ull s ):

where 2*(s) = 22— € (1,00).

n—2s

Proof. The estimates are scaling invariant, and thus it is enough to prove them when r = 1.
Let 1 be a cut-off function which is supported in B; and is equal to one near Pf. Then

nu € HY (R, 2173°), and by the trace theorem for this space (see e.g. | , Lemma 4.4])
one has nu|g~ € H*(R™) and

lullr2(sy) < llullms(sy) < Cn,s(llzn £y VU||L2(B;f) + [z £ u||L2(B;)).

The Sobolev embedding also yields [ul| g2 g1y < Cn,sllullmrs(p;) unless n =1 and s € [1/2,1).
The result follows. O

Next we recall a (slight extension of a) result from [ ]. The constants from this point on
will be denoted by M and they will in general depend on the solution w.

Lemma 5.4 (Doubling). Let Q@ C R™ be a bounded open set and let ¢ € L(Q). Let s € [1,1)
and assume that u € H*(R™) is a solution to (14). Then there exists ro = ro(||q||z~(q)) > 0
such that for each xg € ) there exists a constant M = M (dist(xg, ), n, s,u) > 0 such that for
all r € (0,7q dist(xg, 92)/10)

2,21 “”L?(B;,(zo)) + 7w, VUHL’A‘(B;;(IO)) < M(|lw, 2 U”Lz(Bj(gEO)) + 7w, 2 VU||L2(B,T(IO)))~

Proof. The proof of Lemma 5.4 follows along the same lines as the proof of Proposition 4.1 in
[ ] with two slight modifications: As the Schrédinger equation is only assumed to hold on
the bounded domain 2, we have to choose the cut-off function 7 such that it is supported in €.
This gives rise to the dependence on the distance to the boundary. Secondly, in the Carleman
estimate, we keep the gradient terms in the small balls (instead of estimating them by means
of Caccioppoli’s inequality). This necessitates a slight upgrade of the Carleman estimate from
[ , Proposition 4.1], which uses ideas from | , Remark 4]. We present a self-contained
argument for the upgraded Carleman estimate in the appendix.

For self-containedness, we present the details. Without loss of generality (by scaling and
translating we can always achieve this), we may also assume that Bj C Q and 2y = 0.

Step 1: The Carleman estimate. We begin by recalling the Carleman estimate from | ,
Proposition 4.1}, in the upgraded form given in Proposition A.1, which allows us to treat L

potentials. For a solution w € H'(BJ,z}73%) with supp(w) C Bf \ B, and r; € (0,1) of

V-2, 3Vw = f in BY,

lim 2'32°9,,. 1w = Vw on B!
Tt1—30 n+1 Yn+1 59

(16)
for parameters 7 > 79 > 1 and for the weight function ¢(z) := 9 (|z|) with

P(r)=—1In(r) + 1i0 (ln(r) arctan(ln(r)) — %ln(l + lnz(r))) ,
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we have for any o € (2rq, 3)

1—2s
7—% ln(rg/ﬁ) 1||6T¢ n+1 |$| wHL2 B, +7 B ln(TZ/rl) 1”6 n+21 Vw”L? B
(Br,) (Br,)

(17) T A (el el
+7—||6T¢(1+1n2(|x‘)) Vi Ty |x| 1wHL2(B+ +||€T¢(1+1n (lz))~ Vi Ty Vw||L2(B+)

_1 251 1-2s
<Cr 2||e7'¢‘x|xn_i1 f||L2(B;>)+T = ||eT¢|x‘SV’U)HL2(Bé).

This Carleman estimate is obtained by using the ideas which are explained in | , Remark
4]. These were already used in | , Proposition 4.1] and [ , Remark 3.8, Corollary 3.11
and Proposition 4.9], in order to derive doubling inequalities. While in the setting of | ,
Proposition 4.1] and | , Proposition 4.9] we only needed this on the level of w, we here
also need it on the level of the gradient Vw. We give a new, self-contained proof of the Carleman
estimate in the appendix which is similar to the splitting arguments that have been used in
[KLW10] and | )

Step 2: Application of the Carleman inequality. In order to turn our solution u from (15)
(recall that we write u instead of &) into a form in which the estimate (17) can be applied, we
multiply w with a radial cut-off function n > 0 with supp(n) C Bi’ \ B, n=1in Bf \ B3, and
V| < % in BY \ B;f. Here r is any number with 0 < r < 1, and we will track the dependence
of the constants on 7. We note that the function w := nu satisfies (16) with

(18) f(z) =223V - Vu+uV - 2.3°Vn,

and that by the radial form of n we in particular have

Cn.s acnlgn—> x"+1 *On41w = —qw on BS?
i.e. we do not catch 7 derivatives in the normal derivative, and V in (16) is given by V = —1—¢.

Cn,s

We may hence apply the Carleman estimate (17) to w = nu. In the case s > 1/4, we can
absorb the boundary term on the right hand side into the left hand side if 7 > 7y with 7
sufficiently large. The same can be done when s = 1/4 by using the (1 4 In?(|z]))~"/2|z|~* and
|x|® weights in the boundary terms, provided that we replace i by n(- /ro) where ¢ is a small
constant depending on ||g||r~. We assume that this has been done, and we can thus drop all
boundary contributions. This turns (17) into

1 _ 1=2s _ _1 _ 1-2s
72 In(ry/r1) e, 2, |al 1w||L2(B:r2) + 772 In(ro /1) |z, 2y Vu)||L2 (B)
2 - -1 5 2
+ 7)™ (L4 WP (j)) 72l T e, By wll ey + €T+ WP ()T 2, 1 Vo (B
_1 251
< Cr A lalon Ty st

Next, plugging in the form of f from (18), choosing 1 = r, 7o = 4r and using the support

assumption of 7 = 7(|z|) (which in particular implies that |V - z}33*Vn| < Cszl}3° in Bf \ B
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and |V - 2},3°Vy| < Cyxp 32 in B3, \ B}), we infer that

1 1-2s 1 1-2s
7'2||eT¢xnj1 || 1u||L2(B+\B+)—|—7' 2 ez, 2, VUHLQ(B+ \B1)

2
+7'||6T¢(1+1n2(|$|)> Vi Tt |37| UHL2(B+\B+) + ||€T¢(1+ln (=)~ Vi T, fh vu||L2(B+\B+)

1 1-2s 1 1-2s
<4CT72 ||e7'¢zn_il VUHLQ(BI\B;) +4C't > ||e7' l‘n_il U”Lz B*\BJF)
_1 1-2s 1
+4CT17 2 ||€T¢$n+21 VUHLQ(B;T\B;;-) +4CT~ Iy 1He7'¢ n+1 uHLQ(B+ \Bi)"

Using the domain structure, the monotonicity properties of i) and the trivial estimate 7 > 1,
this can be further estimated by

-1 4r), —1
) FoaeTVE), ||u||H71(B+ \Bf,,2172°) +e’ (5 )||UHH1(B+\BQ )

< 40T 200 ull g\ B o2~ 2<)+4CT 3Tl lull g1 Bg \ Bt 2t 20y

Here on By, \ By, (and similarly on Bj \ B;") we have used the notation
1-2s 1-2s
lull g2 (51 \Bs, 2y = N2ty ull ey by ) + rllendy Vullpasgsg ),

in order to avoid always having to spell out the full norms.
Adding the term 72 ™)y Pl g gt o= ~2¢) to both sides of (19), and using the fact that

e™V(r) < (") for 7 > 0, we further obtain

_1 )
Fo3eTYE), 1Hu||H,1.(B4T 1— 25)+€ (5 )Hu||H1(B+\Bz F i)

(20)
< CTﬁéeW(S)||U||H1(B4+,mﬁlﬁs) + 07z IHUHHE(B;@Lff)'

Next, we choose 79 > 1, depending on the fixed function u, so large that for 7 > 7y one has

1 ]. ;
Cr2e™ D ull g gy 41220y < 5™ Jull (BI\BS k%)

In fact, it is enough to arrange that for 7 > 7y,

||u||H1(B+,m1+215)

T —v(3)11/2 > o0

||u||H1(Bé:\B2 0 130) .

If w is nontrivial, the denominator is nonzero by unique continuation for uniformly elliptic equa-
tions (the equation is uniformly elliptic in the interior {z,4+1 > 0}). Thus by the monotonicity
properties of ¢ it is possible to find such a 7 (which will depend on w). This choice of 79 > 0
then allows us to absorb the first term on the right hand side of (20) into the left hand side. As
a consequence, we obtain that for all r € (0,79/10) (where ro > 0 was the radius obtained in the
discussion of the boundary terms above) and for all 7 > 79 > 1

- < Cemw(n- w(4r))||u||Hl(B+ |2

(21) ||'U’HH1 B+ ,zl+ T 41 )

Finally, we note that by the choice of ¥(¢) the difference v (r) — ¢)(4r) can be bounded from
below and above independently of » > 0. Indeed, we have

2
Y(r) —(4r) =1n(4) + 1—10 (In(r) arctan(In(r)) — In(4r) arctan(In(4r))) — 2—10 In (m> .
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Since
14 In?(r)
1+ In?(4r)
it suffices to estimate the difference

In(r) arctan(In(r)) — In(4r) arctan(In(4r)).

—lasr—0,

For this we recall the Taylor expansion of arctan at infinity

1
arctan(t) = T_ n +o(t™2), t>> 1.

2
gln(él) +o <1n}r)) :

As a consequence, if r € (0,79) with o > 0 sufficiently small, this then implies

This yields

[In(r) arctan(In(r)) — In(4r) arctan(In(4r))| <

2
(22 In(1) - £ < [p(r) — p(ar)| < In(a),
which concludes the proof of the desired doubling estimate. (I
Remark 5.5. As noted in Section 7.3 and in Remark 3 in | | the Carleman estimate can

be strengthened in the presence of a spectral gap. Due to (for instance) the results in | 1,
Section 8.3, it is now known that a spectral gap analogous to the one for uniformly elliptic
equations also holds in the setting of the fractional Laplacian. In particular, this implies that the
strengthened bounds from Remark 3 and Section 7.3 in | | hold and that in the Carleman
estimate (17) it is also possible to consider logarithmic weight functions (without additional
convezifications).

Remark 5.6. In the case s € (0,1/4) the Carleman estimate (17) can no longer be used to
derive doubling estimates, as it is no longer possible to absorb the boundary term from the right
hand side of (17) into the left hand side (due to the mismatch in the powers of 7). Due to
the subelliptic nature of the Carleman estimate this loss in T seems unavoidable (for weights
which are purely tangential). However, a similar Carleman estimate can be proved, if more
reqularity in q is required (in | | the author assumed C' regularity, but only C* regularity in
the radial directions was used in the corresponding argument). Using this estimate, it would have
been possible to derive an analogous doubling inequality and to extend our measurable unique
continuation argument to s € (0,1/4) if ¢ € C*. However, as the unique continuation property
from measurable sets with C potentials was already proved in | |, and as our reconstruction
argument can directly deal with continuous potentials q by invoking the weak unique continuation
property, we do not further pursue this here.

Combining the estimates from Lemmas 5.2-5.4, we obtain the following estimate.

Lemma 5.7 (Gradient estimate). Let  C R™ be a bounded open set and let ¢ € L>(Q). Let
s € [3,1) and assume that w € H*(R™) satisfies (14). Then for each xo € ) there ewists a
constant M = M (dist(xg, 9Q),n, s, ||q|| (@), w) > 0 such that for each r with

0 < r < min{dist(zg,09Q)/2, (2MHq||1L/£(Q R
one has

1-2s L 1-2e
|01 Vel 255 (ne)y € M7 H|Z0T1 ull 125 (2))-
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Proof. We observe that by the doubling estimate from Lemma 5.4 we have
(23) ||:En+1 VU||L2(B+) < M(Hxn—‘rl VUHL2 B/, +r 1||xn+1 UHLZ (B}, ))-
By Caccioppoli’s inequality (Lemma 5.2), where we use that on B/, /2
s

Cn,s lim acnﬂ “Opp1u = (—A)u = —qu,
Znt1—0

and by Lemma 5.3 we further obtain

—1y 1/2
o 2y Vull agap ) < Cos( ™ ey wllaar ) + a2 s, lull 2oy )
/2 s\ si1/2
< Cns((1+ HQHL/oo(Q )r ||1'n+1 UHL2 (BH) +r ”(I” / Q)Hanrl VUHL2 B+))
1
Combining (23) with (24) and using that » < [ ——2—5— ) (which allows us to absorb
QCH,SMHqHLOO(Q)

the gradient term on the right hand side into the left hand side) implies

Hxnﬁl VU||L2(B+(750)) < Mr~ ||93ni1 U||L2(B:f(wo))~

This concludes the argument. O

5.2. Proof of Proposition 5.1. With the auxiliary results of Section 5.1 at hand, we address
the proof of Proposition 5.1.

Proof of Proposition 5.1. We seek to reduce the claim of Proposition 5.1 to the boundary unique
continuation property for the Caffarelli-Silvestre extension. To this end, we argue by contradic-
tion and assume that v € H*(R") is a fixed function that satisfies (14), vanishes on a set E
of positive measure, but u is not identically zero. We split the argument into two steps. First
we derive a smallness condition at points of density one of E C €. Then, using the assump-
tion that u # 0, we show that this smallness property together with a blow-up argument implies
a contradiction. We stress that the constants below may in general depend on the fixed solution u.

Step 1: Smallness. We claim that for any fixed point o € N of density one of E and for
any € > 0, there exists a radius ro > 0, depending on x, €, dist(zo, 0Q),n, s, [|¢|| L= (), and u,
such that for all r € (0,r) it holds

1-2s
(25) llullr2(By (z0)) < 67"8_1||35n4i1 uHLZ(B,JF(ch))'

In order to observe this, we first note that as zq is a point of density one of E, we have that for
each § > 0 there exists 15 > 0 such that for all r € (0,7s)

(26) | B, (z0) N E°| < 0| B, (x0)]-

Next we distinguish two cases. We first assume that either n > 2, or n =1 and s € (0,1/2); the
case n =1 and s € [1/2,1) will be treated in Step 1b below.

Step 1a: The case n > 2, orn =1 and s € (0,1/2). Fixing r € (0,75) (for a value of §, which
is still to be determined) and using that w = 0 on E, we obtain by virtue of Holder’s inequality
that

(27) lull 2By (o)) = lullz2(Br(zo)nme) < 1Br(x0) N E[™ [ull 12 (51 (o))
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where 2%(s) := 22 € (1,00) (and where we used the assumption n > 2 or n = 1 and s €

(0,1/2)). Applying the localized Sobolev inequality (Lemma 5.3) as well as doubling (Lemma
5.4) and Lemma 5.7, we further bound

L gy Asze
. Hu||L2*(S)(B;(IO)) < O(||lz, 2, VUHLz(B;;(xo)) +r ey U||L2(B§Z,(:ro)))
1-2:
< M e Wl oy

Combining (26), (27) and (28) consequently yields
: R o gy 5
[l 2B (20)) < Mé=|By.(zo)|mr 1||9Un+1 U||L2(B:r(xo)) =Méowr 1||5Un+1 U||L2(Bjr(mo))-
Choosing d such that Md» = ¢ hence implies (25).

Step 1b: The case n =1, s € [1/2,1). If n = 1, s € [1/2,1), we only have to modify the
bounds leading to (27) and (28). Setting s’ := s/2 € [1/4,1/2), we obtain

’
5
n

(29) [ull L2(B1.(20)) = lullL2(Br(mo)nEe) < [Br(zo) N EI™ [[ull pox ) (51 (20))

as a replacement of (27). Similarly, we infer

1-2s - 1—2s

(30) HUHLz*(s’)(B;(zO)) <Oz, VUHL?(B;;(IO)) +r 1||37n+21 UHL2(B;;($0)))
— Lyt

< CTS/z(Hxnﬁ VU|‘L2(B;_(JCO)) +r 1||$n+1 u”Lz(B;—r(zo)))'

Thus, combining (29) and (30) with the estimates from Lemmas 5.4 and 5.7 then also implies
that

s s _ 1-—2s s 1—2s
[ull L2(Br(xo)) < ME% | By (o) 25 2r ™ w2y wll 2t )y = MOT M2, 2y ttll 25 (m)) -
Choosing ¢ such that M§3w = e then concludes the argument for (25).

Step 2: Vanishing of infinite order. Let zo € E N be a point of density one of E. We next
use (25) in combination with a blow-up argument, in order to infer that « vanishes identically
in B; (20). This will give a contradiction to our assumption that u is not identically zero.

For any o > 0, define the function u, in R} by

u(xog + ox)

n+1 1—

cT o o,y U||L2(B:(z0))

This function is well-defined, as the denominator does not vanish for any choice of o > 0 (as else
by unique continuation v = 0, which is ruled out by our assumption). If ¢ > 0 is sufficiently
small (so as to satisfy the conditions in Lemma 5.7), a rescaling of the estimate

£y ull sy, oy + olEn iy Vullaisy o)y < Mllzay wllz25 w0
which follows from Lemmas 5.4 and 5.7 entails that
1-2s 1-2s 1-2s
2,21 ol 2 0)) + 10 fs Vol 2ps o)) < M@, 31 toll 25 (o)) = M-

Here we used the normalization of u, on B (0) to infer the last bound. As a consequence of
this estimate, Rellich’s compactness theorem for these weighted spaces (see [ , Section 2.2])
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1-2s
and the normalization ||z, 71 uo||p2(p+) = 1, we infer that there exists ug € HY(Bf,z..%) such
1
that, for some subsequence o;, — 0,

1723)
b

— ug weakly in H'(BF, 2,7 1728y,

Ug), Uy, — up strongly in L?(By,z} 5
(31) 12
and ||z, 7 UOHL2(B;) =L
The trace map H'(By,z,.3°) — LZ(B:’,)/2
compact embedding H* (B} /2) — L*(B} /2)- In particular, after passing to another subsequence,

we also infer that

), v ”|B;/2 is compact by Lemma 5.3 and by the

(32) Uy, —> Ug N L2(Bé/2) and ug € H*(Bg)5).
Note that for ¢ small enough, the function u, is a weak solution of
(33) V2,7V, (z) = 0 in BY,
(34) Cus Jim a0 3 0aus (2) = ~0™ (a0 + o2)us(x) on By,

In particular, for all ¢ € C®(R7H!) with supp(y) C B;/Q N B:/;/z we have

0.25
(35) / 213V, (2) - V(z)de = — /q(xo + ox)u, (z)p(z)d.

Cn,s
’
Bf' B

Using the convergences from (31), (32), we obtain that in the limit ¢ — 0 the function ug solves

/ )3 Vug(z) - Vp(x)dz = 0 for all ¢ € C®(RH) with supp(y) C B;'/Q N By,

Y
By,

i.e. ug is a weak solution of

V-2, 3 Vug(x) = 0 in B,
(36) .
Cn,s lim 2

1—-2s _ /
G gy Ony1uo(x) = 0 on By .

By interior regularity for solutions to (36) (see for instance Proposition 8.2 in | ], where
the proof shows that it is possible to relax the L> requirement to a weighted L? requirement;
alternative arguments on a Sobolev scale follow as in Section 4 in | 1), we also infer that ug
is a Holder continuous solution to (36) to which the estimates from above can be applied.

Due to the bound (25), for ¢ sufficiently small we however further have

1-2a
luollL2(By(zo)) < €ll®,y uUHH(Bf(Io))'
Passing to the limit o — 0 in this estimate and using the strong convergences (31), (32) results
in
(37) [uollL2 (B (wo)) < €

A diagonal sequence argument shows that (37) holds for a sequence €, — 0. As a consequence,

ug = 0 in B} (x0). As ug also solves (36) in B, we arrive at uo = 0 and N 1+i11rnHO Th 3 Ong1ug =

0 in Bf x {0}. By (boundary) weak unique continuation property of the Caffarelli-Silvestre

extension | , Proposition 2.2], this however entails that uy = 0 in Bj", which contradicts
1-2s

|z, 21 UOHL?(Bj) = 1. We have reached a contradiction to the assumption u # 0. It follows that

u = 0, which concludes the proof. (]
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6. STABILITY OF THE UNIQUE CONTINUATION RESULT

Theorem 2 states that a function v € H*(R™) with supp(v) C Q can be uniquely and con-
structively determined from the data (—A)%v|y . In other words, the map

T:Hg— H (W), Tv=(-A)%|w

is injective and v can be reconstructed from 7T'v. In this section we are interested in the stability
properties of recovering v from Tw. Since QNW = (), the map T is smoothing and hence compact,
and inverting 7T is an ill-posed problem. It is well known that some stability properties can be
restored by restricting the unknowns to a compact set (which corresponds to assuming a priori
bounds), or by using a weaker norm for the unknowns. Here we will choose the latter approach
and measure errors in the unknowns in the H* norm where s’ < s.

Note that T also maps H% injectively to H—*(W) for any s’ < s by the smoothing property.

Any closed and bounded set B in Hg is compact in H%, and thus T': B C H%/ — H*(W)isa

homeomorphism onto its image. The following result, which is very close to the stability results
in [ ], shows that the inverse of T has a logarithmic modulus of continuity in this setup.

Proposition 6.1 (Stabﬂityif unique continuation). Let QW C R™ with n > 1 be bounded
Lipschitz domains with QNW =0, let 0 < s < 1, and let s < s. Then, there exist constants
C,o > 0, which only depend on Q, W, n, s, s, such that for any E > 0 one has

E

(38) [vll g <C whenever ||v||Hﬁ <E.
Q

E
log(CT=ar il o)

We note that for any v € HZ

&, upon choosing £ = ||vHH%, the estimate (38) can be written

equivalently as
“w
ol .
(39) [ollas < Cexp | O 7= | | [(=A)* 0]l z—w)
0]l g7
Q
where p = 1/0. This inequality states that high oscillations in v give rise to logarithmic insta-

bilities in the recovery of v from (—A)%v|w .

Proof. This result will follow rather directly from a propagation of smallness result for the
Caffarelli-Silvestre extension [ , Theorem 5.1]. By definition, the Caffarelli-Silvestre ex-
tension w of v is the solution of

V.23V =0 in R,
w =v on R" x {0}.

We recall that @ in particular satisfies (even in a strong sense as w = 0 in 2., cf. Section 4 in

[ )

(40) (=A)*vlw =¢s Eﬁnﬁofiﬁsanﬂﬂwx{w
It follows from | , Lemma 4.2] that
1-2s 125
(41) 2, £1 @l 2(rex(0,2)) + 12051 Vw||L2(R1+1) < Cs””HH% < CE.

The formula (40) also gives

I fim Tyt Oni 10w gy = wy = Csll(=A)*0]| - (w)-
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Thus letting 7 := C,||(=A)*v| g+ w), replacing £ by CsE, and assuming that % > 1 (this is
possible by | , Remark 5.2]), it follows from [ , Theorem 5.1] that

1—2s
42 T 2, W <C——F——.
( ) || n+1 ||L2(2Qx(0,1)) > log(C%)"

Here for ¢ € (0,5), the notation ¢€2 denotes the set {x € R™ : dist(z,Q) < erg}, where rg :=
%%’W). We wish to obtain a similar estimate for Vi with s replaced by s’. To do this, note
that for any r € (0,1/2] one has

125’

125’ B s—g 1-2s ~ == -
2,2 VllLe(s/20x01/2) <7°7 % 12,21 VOl 2(3/200x0.0)) + 17,557 VOllL2(3/200% (r1/2)

, 1-2s’ 5
S 7"575 E + CT71‘|In+21 w”LQ(QQX(O,l))
E

< PR lo——
log(C£)7

In the second line we used (41) and a Caccioppoli inequality similar to [ , Lemma 4.5], and
in the third line we used (42). We next choose r = min{rg, 1/2}, where r¢ is chosen so that the
two terms in the third line above are equal for r = rg. With this choice of r we obtain that

1-2s’ E
43 Va2 <O
(43) i1 Vllzea/20x 072 < log(CE)7

for some new positive constants C' and o.
Finally, using the localized trace estimate from | , Lemma 4.5] together with (42) and
(43), we have

1—2s’ 5 1-2s" _ E
vl e < Cll7, 71 DllL2(3/2)0%0.1/2) + 1203 VEllL2(3/200x0,1/2) < Cr—Fp
a IOg(C;)G

for some C, o > 0 that only depend on n, s, s’, Q, W as required. O

6.1. Optimality of logarithmic stability. In order to observe that the logarithmic stability
estimate in Proposition 6.1 is indeed optimal, i.e. to note that an exponential instability is
present, we argue similarly as in | ]. We claim that the following holds:

Proposition 6.2. Let s € (0,1), Q = B; C R" with n > 1 and assume that W = Br \ Br_1
for some large constant R > 1. Then for any k € N there exist functions vy, € H®(R™) with
supp(vi) C Q and hy, := (—A)Svx|w such that

lokllz2e) = 1, bkl -y < Ce™F,
for some constant C > 0.

Proof. We choose the sequence {v;}ren to be a sequence of L?(2) normalized eigenfunctions
of the Dirichlet Laplacian in @ = Bj corresponding to the k-th eigenvalue A; (modding out
multiplicities). In particular, this implies that vg|sq = 0 and denoting, with slight abuse of
notation, the zero extension of vy also by vy, the support condition supp(vy) C Q follows.
The definition of v, also yields that ||vk||§p(Rn) =1+ X\ ~ k%/" by Weyl asymptotics, hence
by interpolation ck®/™ < vl < Ck*/™ where the constants only depend on n and s. In
particular, (39) for s’ = 0 then turns into

k" < Cexp(CR*/™) [l <)y with by = (=A) vilw
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In order to show that this is optimal (up to the power of 1) we seek to prove that (for a sequence
of k — o)

(44) Pkl - wy < C exp(—Ck") for some value v > 0.

In order to deduce (44), we compute hy: For x € W = Br \ Bg_1 we have
1

(45) hi(z) = (=A)°vi(z) = —c/ z fk(|yn+28 c/ / I,H& dw dr,

|r'w!’ — rw|nt2s
B4 0 Sn—

where we have introduced polar coordinates z = r'w’, y = rw and have used that solutions to
the Dirichlet Laplacian in Q = B; separate variables vg(rw) = ji(r)Hy(w), where jj denotes a
generalized Bessel function and where Hj(w) is a spherical harmonic of degree k (it does not
matter, which spherical harmonic we consider, we hence simply choose any spherical harmonic
of degree k).

Next we study the kernel

/i

|’I" W - Tw|7(n+25) — (r/)f(n+2s)

J= ()
rl
n+2s
N —(n+2s) r\? T / 7+T
= (') 1+(5) —250w-w) ,

where by our assumption on W we have that ' > r. A Taylor expansion of the (one-dimensional)
function (14 ¢)~ "% around ¢ = 0 then yields

= (el T = s ()2 ()
=S () () -2

where |, 5 ;| < Chs(1 4 j)*+t"/271. This series is converging absolutely as 0 < £ < 1 and

|(L,) —2(w' w)‘ < 3. Moreover, as ((%) — 2w’ -w))j is a polynomial of degree j in w, it has

T
an expansion in terms of the spherical harmonics of degree less than j:

(L) 2 0)) = 303 b Hos (o).

m=0 [=0

In particular, the orthogonality of the spherical harmonics hence implies

Hk?(w) _ —n—2s / J
| g e = Zaw (%) /H (%) — 26 ) dw

Sn—1

Jolm
= (T/)—n—Qs Z Qs 0, /7! ! p / Hy(w)Hp 1 (w) dw
j ’nfl

+ ()7 ;an 8,4 / Hy(w 7) —2(w' - o.))) dw
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As a consequence, we estimate

Hk(w) n—n—2 = 3r g —k
/ md&} S (7“) nTes Zan,s,j 7 HHk)HLl(S"*l) S C’I’L,82 )
Sn—1 j=k
where we used that (r')™""2* < 1, |L — 2w’ w| < 3, ||Hyllpr(sn-1) < CullHgllr2(sn-1) = Cn
and

00 j 00 J 00 J

3r K 67 K Nsan/a—1 [ 6T k

2an,s,j (w) <27 an (w) <27FN "0, (1)t (T,) < Cps2
]:

j=k j=k
if 7/ > 7 is so large that % < 1/2 (which implies the absolute convergence of the power series).
Hence,

1/2

1
[hkllzz vy < /7’"71]'1c(7‘)2 dr|  Cpns2 |1l 2w) < Cnrs27"
0

where the r-integral is < 1 using the normalization ||vk||z2(p,) = 1. By duality, we obtain

lhillg-=owy=sup (h,o)w < sup 2l 2wy 1ol 2 0wy

llell s =1 llellrs =1
1'% W

< suphllzeom el < 1Allc2ow) < Cnrs27".

el s =1
W

This concludes the argument. ([

APPENDIX A. CARLEMAN ESTIMATE

In this section, we provide a self-contained argument for the Carleman estimate, which was
used in Section 5. Here we partially avoid the logarithmic losses from | ], which in our
application to doubling estimates is needed both on an L? and the gradient level:

Proposition A.1. Let s € (0,1) andn > 1. Assume that V € L®(B}). Letw € HY (B, x,.3°)
with supp(w) C B \ By, forry € (0,1) be a solution of

V.2, 3V = f in B,
(46) 1 3%0ns1w = Vw on BY.

Then there exists a constant 79 > 1 such that for any parameter T > 79 and for the weight
function ¢(x) = (|z|) with

P(r) =—In(r) + 1—10 (ln(r) arctan(In(r)) — %ln(l + ln2(r))) ,

we have for any ro € (2r1,3)
3 1Ty T ] -1 1| Té
T2 In(re/r1) " [|e7%x, 2, |x] wHLZ(B;rZ)qLT 2In(ry/r)” €02, 7y Vw||L2(BT+2)
+ 700l (L + I (|2)) 72l w2y

(47) 1o
+7)lem (1 + I (Ja]) 722, 2y fal T wll o gy + €7 (L + WP ([2)) T P2, 2y Vol sy

1—

< CT_%”eT‘b\ﬂxnjl f||L2(B;,r) fr ||€T¢|x‘évw”L2(Bé)'
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Here (46) is interpreted in a weak sense similarly as in (33), (35). In particular, the boundary
data are interpreted in this formal sense.

Proof. We first introduce conformal coordinates, z = €'6, ¢t € R, # € S, and pass from the
function w(z) to the function wu(¢,0) := engzstw(etQ) (by conjugation with the corresponding

weights). Since w is assumed to be a solution of (46), the function u solves the equation

1-2s92 1-2s (0 — 25)*
(o120t - oy,

+ Vgn - 9,11_2$V5n> u=finR x Sy,
(48) _
lim 6} 2"y - Vgnu=:hon R x §" 1
6,,—0
where h(t,0) = €2V (e'0)u(t, ), f(t,0) = e 2 tf(e'6) and 6, = Il’;% Again, the equation
(48) is here interpreted in a weak sense, where the boundary data are assumed to be formal,
similarly as in (52). In these conformal coordinates and with p(t) = 1 (e'), the Carleman estimate

(47) turns into

N 3 1-2s . B 1-2s

T2 |t2 — tl‘ 1||e7"/70n 2 u||L2((t1,t2)><Si) + 72 |t2 — t1| 1||e‘“/’9n 2 8tuHL2((t1,t2)><Si)
1 _ 1—2s

+ 7 2|t2—t1| 1”6“09”2 VS”ullLQ((tl,tg)XSi)

1 . 1,128
(49) + 7™l 2ul 2 xsn-1) + Tl 9" 2007 ull L2 rxsy)

p 1-2s 1 1-2s
+ Herw‘(p//| 20,2 vsnu||L2(R><Si) + ||eTs0|90//| 20, 2 atU||L2(R><Si)
1 25l 1-2s -
<Ot z[e™0, 2 f”L?(RxSi) +T72 ”eﬂph”Lz(RxS"—l)'
Here t; = In(r1), to = In(r2). In order to prove (49), we pursue a splitting strategy, separating
the problem into an elliptic and a subelliptic estimate: More precisely, we set u = u1 + us, where
uy is a solution to

(n — 2s)?

1 KQTQG}L%) u; = fin R x S,

(9;2833 Vg 0L Vg gl

(50) _
lim 9711_238Vu1 =honRxS" 1.
6,,—0

Here K > 1 is a large constant, whose precise value will be chosen later, and 0, :=v - Vgn. We
note that this equation is elliptic (as an equation in the space variables and in the parameter 7).
As a consequence, the function us = u — uy solves

1-2s 52 1-2 1-25 (0 —25)? 2 2,12 :
0, 7°°0; + Vgn -0, °Vgn — 0, Sf ug = —K*7°60, " **u; in R x ST,
(51)
lim 61 72*9,us = 0 on R x S"~ 1.
6, —0
In the sequel, we derive separate estimates for u; and us: For u; we will use purely “elliptic
estimates”, while for us we use a subelliptic Carleman estimate.

Step 1: Estimate for uy. We first comment on the well-posedness of the elliptic problem (50):
The solvability of (50) follows from the Lax-Milgram theorem. Indeed, the weak formulation of
(50) reads

) — 25)2
(0,72 0pur, 0:8) + (65, > Vgnuy, Vné) + %

= —(J?,ﬁ) + (ﬁ,f)o for all £ € Hl(R « 53?9711—25)7

(52) (6,7 ur, €) + K27%(0, w1, €)
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where the index 0 denotes the restriction of the L? inner product onto the boundary Rx.S"~! and
where all the other inner products are on R x S%. In order to apply the Lax-Milgram theorem,
we note that for f € L2(R x S7,02°71) and h € L*(R x S"~!) the mapping

§— _(f’§> + (B,f)o

is a bounded functional on H 1(]R x ST, 01’25). This follows from the estimates

(7O < 162 Fllzellon® €z,
— _ — —2s 1-2s
|, €)ol < I[Elolléllo < ClIAlo(162 €llzz + 1627 Vsnéllze),
where we have used a (weighted) trace inequality to control the boundary term (c.f. for example
Lemma 2.2. in | ]). Thus, the Lax-Milgram theorem is applicable in the space H'(R x

Sm,60172%) and yields the existence of a unique weak solution u; € H*(R x S7%,6}72%) solving
(52).

We next observe that the solution u; decays fast as |t| — oo. This can be seen by considering test
functions e™¥, where ¢ is only ¢ dependent, grows linearly for at least one of the limits t — oo
and |@'|,|@¢"| < C. Indeed, let

@ar,s = min{ M, max{—M, ¢} } * s,
be a mollified truncation of @, where ~5 is a standard mollifier and M > 1 denotes a large
constant (which will be sent to co later). We test the equation (50) (or equivalently (52)) with
the function e27#M.5y; and derive the corresponding energy estimates. This yields
(9711725325&1, at(62T¢M’6U1)) + (071172SVS” Uy, Vsn (627¢A4’6U1)) — (9;725(9”11,1, €2T¢A4’6U1)0
(n—25)
4

Carrying out the associated integration by parts (using that @ only depends on t), we infer

+ (9,11_28111, 627¢M“5’U1) + KQTQ(Q}L_QSul, €2T¢M‘5u1) =—(f, 627¢M~‘5u1).

Jer@asg, 7 atu1||L2+HeW§0 S Vsnun 2 + K272 50,7 w2

-2
(53) +%H TOM, 59 U1||L2+27'( TOM, 591 2gatul’(8t<PM6) saM,sul)

_ (€T¢M’59711_288Vu17 eT¢M,5u1)O _ _(e‘r@M,a?’ 67'@1\/1,6”1)'

The first four terms are positive. The other ones are in general unsigned, however by our choice
of the weight function (and by choosing K > 1 large enough) they can be controlled by the
positive contributions in the first line. The term on the right hand side can be bounded by the
inhomogeneity f and by terms which can be absorbed into the left hand side of (53):

|(e7'$0Maf eTLPM 5U1)| <7‘ 2||€T¢M59 f||L2 +T2||€TLPM‘;9 U1||L2

The boundary term in (53) is controlled by

(54)  I(€TP50T 20,01, €7ty )o] < Cor 270 Tim 6120, + e 7wy

7b_>
for a suitably small constant € > 0. Absorbing the bulk error terms (for a sufficiently large choice
of K > 1), we hence infer

- 1-2 - 1-2 K
T||eTM2 0, 2 SﬁtulﬂLz + 7||eTPM00, 2 SVSnu1||L2 + 57'2||6W’M ‘59 u1||L2
(55)

< ||eT‘PM50 B f||L2 +C. 7 s||e”"M‘S hm 91 259, UlHo—|—€T1+S||BT¢M’5U1H0.
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By the boundary bulk interpolation estimate from | ], ie., by the estimate

(56) lullz2(s-sy < O 1™ u||L2(S”) T Vanlle(sn)

we can further add boundary terms onto the left hand side of (55) and infer

T||eTéM. a0 5‘tu1\|Lz + T||e“‘”“9 & " Vgnui e + %TQHGT“’M&G N u|| g2 + CTE|| 7P 50y |
< ||eT“"M“0 f||Lz + Ol 75| TP hrn 017250, uy |0 + er T ||eTPM S uy [|o.

For € > 0 sufficiently small, we can thus absorb the zeroth order boundary term, which leads to
(57)

T||6T¢M'59

2s K 2
3tu1\|L2 + T||€TSOM 59 2 Vgnu1||Lz + §T2||€T¢M 60 U1HL2 + CT1+S||6TLPM 5U1||0

< ||67501\/160 f||L2 +C7'1 s”eﬂoMsh”O

We remark that here and in the sequel, the constant C' > 1 may change from line to line without
further comment, but does not depend on 7 > 0. With (57) at hand and by using the compact
supports of the data f, h we pass to the limits M — oo and § — 0. On the one hand, this proves
the claimed fast decay of uy at |t| — oo and thus in particular allows us to formulate Carleman
estimates for the function w; with linearly growing weight functions. On the other hand, by
choosing ¢ = ¢, we deduce

K
(58) TH@W’Q 3tu1\|L2 + T||ewt9 VSnU1||L2 + 572\\67‘% u1||Lz + O le™Puq o
58

< ||ew€ f”Lz + C.m'7%|1€7%h)o,
which proves the exponentially weighted estimate for u;.

Step 2: Commutator estimate for us.
We derive the estimate for us by the usual conjugation argument and exploit the fact that us has

251
vanishing Neumann data. More precisely, we start by conjugating the equation (51) by 6,, 2
1-2s

This separates the spherical and the radial variables. Defining 4o := 6, 2 us, we obtain the
equation
02+ 027 Vg 02w oiT - W22 ke R ST
(59) !
lim )~ 250,007 @iy =0 on R x S,
0,—0

Next we conjugate the problem with the Carleman weight. To this end, we set vy = e"%us.
We remark that by the fast decay of the auxiliary function u; (c.f. the truncation argument in
Step 1) and the compact support of the original function u, also the auxiliary function us has
fast decay as |t| — co. In particular, this yields that vo € H'(R x S7,6017%%) and allows us to
formulate the corresponding Carleman estimates for us. The function v solves the equation

2 2 112 / "o, A (n_23)2 2_2 . e n
O + 771" = 21¢'0y — 79 +A5n—f)v2: _K2720,7 e™fuy in R x S7,
(60)
lim 617290, 9 va=0onR x "1,
6,—0
in a weak sense, where for ease of notation we have abbreviated Agn = 0 Vsn 61~ 25V5n9

Up to boundary terms, this yields the splitting into the symmetric and antisymmetric parts of
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the operator:
. n — 2s)?

S:8§+T2|@/‘2+ASH—7( 4 ) s

A= 210'0, — 1¢".
Hence, the commutator becomes

[S,A} _ _47_90//6? _ 27’(,0///875 —27’(,0///8,5 _ 7'<PHH+47'3<LPI)2<,DH~

Thus, after integrating by parts, we obtain that for L, =5+ A

ILovallZ2 = [l AvallZ2 + [|SvalZ2 + (IS, Alvz, v2)
2s 1

(61) —27(¢" lim 6,2 Oyvo, hm 01 259, 9 T v2)0

0n,—0 0, —0

2s

—|—2T( hm 91 259, 9 8t1)2, hm 9 2 v2)o.

We note that both boundary terms are well-defined (for the first one, this follows from the
assumption that the Neumann derivative is in L2, for the second one, it follows from the fact that
the equation (51) can be differentiated with respect to the tangential direction with a controlled
right hand side) and that by the zero Neumann boundary conditions for vs both contributions
vanish. Thus, inserting the expression for the commutator into (61) and integrating by parts in
the tangential direction, we further infer

|LgvalZe = [AvalZa + [|Svsll3e + 47(6" Drv3, Dyva) + 47 ()2 Yz, v2)

—27(¢" B2, v2) — T("" 09, v2).

We remark that by density and approximation arguments in weighted Sobolev spaces, c.f. for
instance [I<11], we may assume that u; € C°(R}™), so that we can invoke regularity results
similar as for the Neumann problem from the Appendix of | ], in order to make sense of
the second derivative contributions appearing in the integration by parts estimates. Using the
explicit expression for ¢ (and choosing 7 > 7y for some sufficiently large constant 79 > 1), the
non-positive terms can be absorbed into the positive commutator contributions, yielding the
bound

(62) [ Lpvallfs > [ AvalZa + [[SvallZs + 37llle” | 2002122 + 377 ()" a7

By using the symmetric part, it is further possible to also upgrade this to a full gradient estimate
(i.e. to include the spherical gradient). Although a similar argument will be used in Step 3b
below, we discuss the details: Spelling out the symmetric part S, testing with ¢”ve and using
the explicit form of the Carleman weight as well as the bound (62) yields (for a sufficiently small
constant ¢ > O)

erllg"] /2027 Vsnbn ™ val2s < er|(19"[/2S 02, 02)| + erll0"[20pvall3n + e[ vl 3

n—zs
L RN
< ell$alfs + er g2 + 2erl o 2D00nl

n—2s)?
( I ) Hl‘zDH‘I/Q

+ 2¢73|||@" M2 "vol|25 + 2¢T V2|32

< || LgvallZa-
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Moreover, combined with the boundary-bulk trace inequality (56), this implies

CllLpvallL2 = [[Ave|| L2 + [|Svell L2
~ 1
+ 1 2 1PV 2+ 702 ()" Pl e + 71" 0z o,

where we abbreviated V := (9, 9 T VsnG )

Step 8: Derivation of the strengthened bulk estimates without logarithmic losses.

Due to the convexification of the Carleman weight ¢ (which gives rise to logarithmic errors
in the form of ¢), the commutator term does not directly control the first two contributions in
(47) (when applied to uy). To infer this additional control, we directly exploit the antisymmetric
and symmetric terms of the operator.

Step 3a: Dealing with the L? terms. We begin by deriving the additional L? contribution in
(47). This follows as in | , Remark 4] by studying the contribution ||Avs||2 in (63). Using

2s5—1
the triangle inequality and setting w := 6,2 vy = e"Pug and vy := e"%uy, where uy is the
function from Step 1, we have w + vy = €"?u and we obtain

(64)

COH9 AwHLZ(RxS" 2 CO||9 A(w + 1)l L2rxsy) — CO||9 AUI”L?(RXS”)
> 20700 ® 3t(w+vl)||L2(Rxsn) —COTH@ 0n7 (w+v1)HL2(R><S")

— 2eqrllfn® Buillzacexsy) — corlle"On illza wxs)
> 2¢o7||¢’ 9 at(w + Ul)||L2((t1,t2+1)xS") — COT||<P 9n w||L2 (Bx57)

- 2COTH9 3t“l||L2 (®xs7) — 2¢07[|¢" 07 v1||L2(Rxsn)

Since (for ¢o > 0 sufficiently small) the second contribution can be controlled by the commutator
terms in the Carleman inequality for vs (i.e. by the terms in the second line of (63)) and since
the third and fourth terms are controlled by the Carleman inequality from (58), we only consider
the first term on the right hand side of (64) in more detail. Using the form of ¢’ and the support
assumption on w + v in connection with Poincaré’s inequality yields

1_
(65) n? at(w +u HLz((h,terl)XS ny 2 *He (w+U1>||L2((t1’t2+1)xs")

>C” 1|t1—t2|_1|\9 (w+U1)||L2 ((t1,t2+1)xST)>

where we have used that |t; —t2| > 1. This hence implies the desired control on the first contribu-
tion in (49). In particular, returning to Cartesian coordinates yields the desired L? contribution,
i.e., the control on the first term on the left hand side of (47) (applied to wuz).

Step 3b: Dealing with the gradient term. Next we seek to deduce the claimed improved control
on the gradient, i.e. we seek to derive the estimate for the second term on the left hand side of
(47) (applied to uz). This is split into two parts: The antisymmetric part yields improved control
on the radial component of the gradient, while the symmetric part yields improved control on
the spherical part of the gradient. Indeed, using the expression for the antisymmetric part, we
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directly obtain from (64) that

(66)
01||9 AwHL?(RxSn) > 2c17]¢’ 9 = O¢(w + U1)HL2((t1,t2+1)xS") —ar7|le” 9 .n Wl L2®xsy)

- 2<317'||9 3tU1||L2(Rxs") —2¢17||¢" 9 - v1llL2Rxsn)-

Since for ¢; > 0 small the second, third and fourth contributions can again be absorbed into the
positive commutator terms in (63) and the estimate (58) respectively, we obtain the desired bound

for the radial part of the gradient of 9 — (W + v1), i.e. we also control the second contribution

in the first line of (49) (even with 7'/2 in front of this term instead of 7='/2). By the triangle
1-2s

inequality and the gradient estimates from (58) this also entails estimates for 6, 2 9;w.
In order to infer the remaining control on the spherical part of the gradient (i.e. on the

contribution ||9 Vsnw|| L2(Rxs7)), we rely on the symmetric part of the operator. More
precisely, for some smooth cut- off function y which only depends on ¢, which is supported in
(—o00,ta + 1) and which is equal to one on (—oo,t2) (the purpose of the cut-off function here is
to only produce L? terms, which are controlled by the L? term from (64)) we obtain

1-2s  1-2s o _os - ’I”L—2827 95—
—(86n7 W00 WX) 2 (mxsn) = (00, 0,20 (WX)) L2mxs7) + %(wﬁi 2WX) L2k 57)

— 72 ((¢')°W, 0, W) L2 mxcsm) + (VisnT, 72 Vign W) L2 (mxcs7)

+ (lim 0272 - Vgn1w, lim wy)o.
0, —0 On—

If multiplied by ca|t; —t2|~2 > 0 (where ¢ > 0 is a sufficiently small constant), the non-positive
terms are controlled by terms, which are already present on the left hand side of the Carleman
inequality (i.e. by terms from (63) and by terms from Step 3a). More precisely, (after multiplying
the whole expression in (67) by ca|t; — t2|~2) the only non-positive bulk terms are given by

c o l—9s— _
(68) —g\tl—tﬂ *(w, 0, *wy’ )Lz(RxS") colty — to| 22 ((¢)*w, 0,77 W) L2(Rx 7))

which can be absorbed into the left hand side of (65) if ¢ > 0 is sufficiently small (we remark
that the first term in (68) comes from the term (9,,0;,**0,(W0x)) £2(rx s7) if the differentiation
falls on x and a subsequent integration by parts). The boundary term in (67) is well-defined and
vanishes, which can be seen by an argument similar as the one used in Step 2. Hence, we obtain
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that

calty — ta|™ 2||9 VS"wHL?((tl t2)xS7)

< eolty — o] 2(S0,7 W07 X)L2 ®xsm)| + Ceslln? Aw“L?(RxS")

25

—2s
+ Ceslts *t1|72|([5 A} n? W, 9 W) L2(Rx57)]
+ C’He“"@ fHL2(R><S7z) + C.m7%|e7%h))o
1—2s
< calty — ta] 2|56, 7 wlle (mxsp) +e2ltr = t2| 200 W[ Tomycsm)

1-2s

1-2s 1-2s
+ Ces||0n A@HLQ(RxSi) + Cealty — t1| 2|([S, Al0n = 1w, 002 W) L2(Rx57)|

1-2s__ —
+C\|ew9 > Flloz@xsny + Cer' %[l R]lo
<C|L, 0,7 w||L2(RX5n)+C||e 0, 2‘f|\L2(RXsn + Cor €7 Rljo.

In particular this contribution is controlled by the Carleman inequality (by assumption we have
that |t; — ta] > 1), we therefore also obtain that the full gradient term

Calty —ta|” 1H9 T VS"wHLZ((tl,tg)xS ) Fcalty —ta|” 1||9 T aﬂvlle((t1 t2)xS7)

is controlled by the Carleman inequality. This concludes the argument for adding the two terms
on the left hand side of (47) (for ug).

Step 4: Combination of Steps 1-3. We combine the estimates for u; and us. By virtue of the
triangle inequality and abbreviating V = (9, Vgn), this yields

1—2s 1-2s
1/2”674,0( //)I/QGTVUHL2 +7_3/2H67—<p( //)I/ZQT’UJ”L2

—2s 2s
O [ Pullo + [t — 1] e ROn T ullze + Itz — 0| €O T Ve
e L Y P [ L] P e e P R

(69) + e — 1] €7 XO T w2 + 2 — | T [€TXOR T Va2

+ T2l 20,7 Vualle + 782N B0, e+ Tl 2ua
Flts — b1 €T RON T usl gz + [tz — t1| €O T Vs 12

< Ce0nT Tz + CT ™Rl + CK272(|eT™ 00 w12

< O 02T Tl + O 7o,

Here x(t) denotes the characteristic function of the interval (¢1,t3). Rewriting (69) in Cartesian

coordinates, then concludes the argument for the proposition. ([
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