Semiclassical Pseudodifferential Calculus and the
Reconstruction of a Magnetic Field

Mikko Salo
University of Helsinki
Department of Mathematics and Statistics / RNI

Submitted May 5, 2005
Revised November 21, 2005

Abstract

We give a procedure for reconstructing a magnetic field and elec-
tric potential from boundary measurements given by the Dirichlet to
Neumann map for the magnetic Schrodinger operator in R™, n > 3.
The magnetic potential is assumed to be continuous with L diver-
gence and zero boundary values. The method is based on semiclassical
pseudodifferential calculus and the construction of complex geometri-
cal optics solutions in weighted Sobolev spaces.

1 Introduction

Let 2 C R™, n > 3, be a bounded domain with C'"! boundary. We consider
the magnetic Schrodinger operator

n

Hyy =Y (Dj+W;)’+¢
j=1

where D; = %%, W € L*°(Q;C") is the magnetic potential, and ¢ €
J
L>(Q; C) is the electric potential (the coefficients can be complex valued).

Assuming 0 is not a Dirichlet eigenvalue of Hyy,, in €2, the problem

Hyqu =0 in Q,
u=f on 0f)

has a unique solution u = uy € H'(Q) for any f € H'/2(90).



The boundary measurements are given by the Dirichlet to Neumann map
(DN map), defined formally by

Ouy ,
Mg f = SE| i vy,
Here v is the outer unit normal to dQ. More precisely, if f,g € HY/?(99Q)
we define Ay, using the equivalent weak formulations

(Awqf.g) = / (Vuy - Veg +iW - (upVey — e,Vuys) + (W2 + q)uype,) dr
Q

= / (Ves - Vg +iW - (e, Vv, —vyVeys) + (W2 + q)esvy) do
Q

where v, € H'(Q) solves the adjoint problem H_wqvn, = 01in Q with vy |pq =
h, and ey, is any H'() function with ep|sq = h. Then Ay, is a bounded
map H'/2(0Q) — H~'/2(0Q).

The gauge transformation W — W + Vp, where p € W1H>(; C), trans-
forms the magnetic potential to a gauge equivalent potential but preserves
the magnetic field curl W. If additionally plsn = 0 then Awivpq = Awyg,
which means that boundary measurements are preserved in gauge transfor-
mations which respect the boundary.

We are interested in recovering curl W and ¢ from Ayy,. This is a typ-
ical inverse problem where one wishes to know the interior properties of a
medium by making measurements at the boundary. It is related to the ex-
tensively studied inverse conductivity problem proposed by Calderén [2]. In
fact, most known results in dimensions n > 3 (starting in Sylvester-Uhlmann
[23], for later work see [26], [27]) reduce that problem to recovering ¢ from
Ao g

The problem is closely related to inverse scattering at fixed energy, which
was studied for the magnetic case in Eskin-Ralston [4]. See also Sun [22]
for an application of the method in [4]. One motivation for the present
study has been to understand the approach of [4] and to clarify the role of
pseudodifferential operators in inverse problems for first order perturbations
of the Laplacian.

Previous results for this inverse problem concern unique determination
of the coefficients, and they state that Aw, 4, = Aw, g, implies curl Wy =
curl W3 and ¢ = g2 in 2, under varying assumptions on W, ¢;, and £2. Sun
[21] proved this in the case where the curl W; are small. Panchenko [17]
proves a similar result in a less regular setting. The smallness assumption



was removed by Nakamura-Sun-Uhlmann [13] who considered C*° coeffi-
cients. Based on the method in [13], the smoothness assumption was re-
duced to C! by Tolmasky [25], and to Dini continuous in [18]. These results
are not constructive.

In this paper we give a constructive algorithm for recovering curl W and
q from Aw4. Such an algorithm is well known in the case W = 0 and is
due to Nachman [11] and also Novikov [16]. This result combines ideas from
scattering theory with so called complex geometrical optics (CGO) solutions
of the Schrodinger equation, which were introduced in the fundamental pa-
per [23]. The main point is that the CGO solutions are defined globally
and are unique in a certain sense. The problem in extending the results
of Nachman to nonzero W has been that the main method of producing
CGO solutions in that case, the pseudodifferential conjugation technique of
Nakamura-Uhlmann [14], only works in bounded domains and there does
not seem to be a proper notion of uniqueness for solutions.

We will give a global version of the Nakamura-Uhlmann technique which
will produce global CGO solutions with uniqueness in the proper weighted
Sobolev spaces. To do this we apply semiclassical pseudodifferential cal-
culus. This is largely equivalent with the parameter-dependent calculus
used earlier in such results, but it simplifies the proofs. A main new ele-
ment in our approach is a variant of the pseudodifferential cutoff technique
used by Takeuchi [24] and Kenig-Ponce-Vega [7] in the context of nonlin-
ear Schrodinger equations. We remark that semiclassical notation was also
recently used by Kenig-Sjostrand-Uhlmann [8] who studied the problem of
recovering coefficients from partial boundary measurements.

We record some notation. Let A = ZD?, Ar = A+2¢-D, and
D¢ = D + ¢, where D = (Dy,...,D,) and ¢ € C", ¢(* := (-( = 0. The
(-dependent operators A; and D¢ arise naturally in the construction of
CGO solutions. For § € R we also use weighted L? spaces L(QS with norm
HfHLg = |l(x)? f|| 2 where (z) = (1 + |z|?)'/2, and weighted Sobolev spaces
H§ with norm || f| gy = 1(2)® f|| . If X is a function space we write X, for
the set of compactly supported functions in X, and Xq for all functions in
X supported in Q.

The construction of CGO solutions follows from the norm estimates in
the following theorem.

Theorem 1.1. Let W € C.(R™;C"), g € L°(R™;C), and —1 < 6 < 0. If
¢ € C" with ¢? = 0 and [¢| is large enough, then for any f € L§+1(R”) the



equation
(Ac+2W -De+qu=f (1)

has a unique solution u € H}(R"). Furthermore, u € HZ(R™), and u
satisfies for 0 < s <2

lullzy < CICPTHIfIL

where C' is independent of ¢ and f.

2
5+1

Theorem 1.1 generalizes results in [23] to operators with first order terms.
Using the global CGO solutions to Hy4u = 0 obtained from this theorem,
we may extend the results of Nachman to obtain a constructive algorithm
for recovering curl W and ¢ from Aw,,. The main result is as follows.

Theorem 1.2. Let O C R™, n > 3, be a bounded simply connected C!
domain. Suppose W € Cq(R™; C") with D - W € L*°(R™; C), and suppose
g € LY (R™; C). Also suppose that 0 is not a Dirichlet eigenvalue of Hyy,
in Q. Then Ay, determines curl W uniquely and constructively. Further, if
W is C1*¢ and 09 is C?*¢ for some € > 0, then one may construct ¢ from

Aw,g.

The reconstruction procedure for curl W is outlined in the following four
steps.

1. From the knowledge of Ay, one may determine the boundary values
uclan of a CGO solution u¢ as the unique solution of a boundary
integral equation on 0f2.

2. From A4 and u¢|pn one computes a scattering transform tyy4 (€, €).

3. The expression Ry (&, 1) = lims oo s~ (€, sp) is essentially the
Fourier transform of curl W.

4. curl W may be computed from Ry, using the inverse Fourier trans-
form.

The structure of the paper is as follows. Section 2 contains some facts
on semiclassical pseudodifferential calculus, and Section 3 contains estimates
for O equations which will be needed later. In Section 4 we prove Theorem
1.1, where the main step is to conjugate the first order term into a lower
order one using pseudodifferential operators. Section 5 discusses equivalent
problems which characterize the CGO solutions. In Sections 6 and 7 we
reconstruct the magnetic field and electric potential, respectively.



2 Semiclassical pseudodifferential calculus

Our method will involve pseudodifferential operators depending on a small
parameter h. We will collect the required properties of these operators here.
See [3] for more details.

Definition. If 0 < 0 < 1/2 and m € R, we let S7*(R"™) be the space of
all functions a(x,§; h) where z,& € R™ and h € (0, hol, ho < 1, such that
a(-;h) € C*°(R?") and

0507 a(, & h)| < Cagh™ 7l tFl(g)m

for all o, 5. If a € SI* we define an operator A = Opy,(a) = a(z, hD) by

Af(@) = 20" [ e Cala,n F©) e

The class of such operators is denoted by Op S7*.

Note that we use the standard quantization instead of Weyl quantization
in the definition of the operators.

Proposition 2.1. [3] Let a € S with m € R and 0 <o < 1/2.
(a) Opy(a) is a continuous map . — . and &' — &',

(b) If m = 0 then Opy,(a) is bounded L? — L2, and there is a constant C
with
10pn(a)ll2r2 < C
for 0 < h < hy.

(c) Oz, Opy(a) = Oph(a)axj + Opy, (%).
(d) The adjoint Opy,(a)* = Opy,(a*), where a* € SI' satisfies for any N
hlelog Dda

* R S N(1-20) gm
a* = Z o +h Sy
|a| <N

(e) Ifa € S and b € S7 then Opy,(a)Opy,(b) = Opy,(c) where ¢ € ST+
satisfies for any NV

la] o @
c— Z hi*9gaDgb 4 pN(1-20) gmetm’

lo| <N



Also, [Opy,(a), Opy, (b)] = Opy,(d) where d € S7"+™ and
d = L b+ p20-2 g
1

where H, = V¢a -V, — Vza - Ve is the Hamilton vector field of a.

We will also need the boundedness of Op S operators on weighted
Sobolev spaces. Here it is natural to use semiclassical spaces H,, defined

by [[fllms, = [(hD)* ()0 f|| 2. If s > 0 is an integer an equivalent norm is
giVGH by Z|a|§s h|a|HDafHL§

Proposition 2.2. Let a € S? with 0 < 0 < 1/2 and sg,89 > 0. Then
Opy,(a) is bounded H§,(R") — Hj,(R") for any 5,6 € R, and there is a
constant C' with HOph’(a)”Hg’h—»Hg?h’ < C whenever |s| < sg, 0] < dp, and
0 < h < hg.

Proof. All constants below are independent of h. We begin by showing that
[(2)°(hD)* Af| 2 < C|[(2)*(hD)* f]| 2. (2)

It is enough to take s = 0 since otherwise we may consider (hD)*A(hD)™*,
which is in Op SY by Proposition 2.1. If m is a nonnegative integer we define
Tf(x) = (x)"?mA((x)*™f). For f € .7 one has

Tf(z) = (2n)" / ¢ €a(a, he) (x) "2 (T — Ae)™ f(€) de
= (2m) / (1 = Ag)™((z) 2" a(x, he)) F(€) d.

It follows by differentiation that T is in Op SY, and Proposition 2.1 gives
(2) for § = —2m. The estimate for § < 0 follows from the Stein-Weiss
interpolation theorem, and for § > 0 by duality using the fact that Op;,(a)*
is a pseudodifferential operator.

It remains to relate (2) to the norm [[(hD)*(x)0 f|| 2. If k > 0 is an
integer then [[(RD)?*(x)°f||;2 < CZ|a‘<2kH<x>‘5(hD)af||Lz, using h < 1.
We claim that

1{z)* (hD)* fll 2 < Cll(x)’(hDY* fll 2, o] < 2k. (3)

In fact, [[(2)27 (RD)* |2 = C|[(De)2™r(€)(h€)? fll 2 if m > 0 is an integer,
where r(£) has bounded derivatives of all orders. Differentiation gives that



this is bounded by CZ|g|g2mHD§<h§>2kaL2- Going back to the z-side
gives (3) for 6 = 2m, and the estimate follows for 6 € R by interpolation
and duality. Using (3) implies that

1(hD)*(x)° fll 2 < C|[(2)° (hD)** f 2.
The last estimate applied to Af and then (2) give
KDY (z)° Afll 2 < Cll{a)*(hD)*" || 2
<C Y )’ (WD) fll 2

|a| <2k

<C Y [(BD)* (@) fl 2
|a| <2k

< C[(hD)* ()’ f| 2.

The interpolation (now the Stein-Weiss theorem on the Fourier side) and
duality give the desired result. O

3 Estimates for 0 equations

In this section we collect some elementary estimates for equations of 9 type
in R". Let u = v + iy where 7; € R”, |yj| = 1, and 71 - 72 = 0. The
operator N, = p -V is just 0y, + 90y, in different coordinates, so it has an
inverse given by

1 1
N f(x :/ — f(x — — dyy dys.
w fl2) =5 - y1+zy2f( Y171 — Y272) dy1 Ay

This operator satisfies the following.
Lemma 3.1. Let f € WF>(R") with f = 0 for || > M. Then u =
N 'f € WHkoe(R™) solves the equation N,u = f in R™ and satisfies for
la] <k

|0%u(z)| < C(M)[|0% fll oo () ™ X B0,am) (1) (4)
where x7 is the projection of = to the plane T' = span{v1,v2}, x, = =z —zp,
and X p(o,a) is the characteristic function of B(0, M).

Proof. Since the statements are rotation invariant we may assume v; = e;
(the jth coordinate vector) and Ny, = 9 = 9y, + i0y,. Then u = N f is

1 1 / / ! /
= — - -y, ) dy.
21 Jr2z 1 —I—Zyzf( Yoo dy

()

u(z)

7



We have u € L™ since f € L. If p € C™ satisfies ¢ = 0 for |z| > R we
have

_ 1 1 _
=0g) = =5 || e il Dol da

The integrand is nonzero only if |y’| < M + R, which justifies using Fubini’s
theorem. A change of variables and another use of Fubini’s theorem gives

a 0\ _i 1 3 / !’ /
=00 = [ f@)( =50 | ety dy ) e

The inner integral is ¢(z), which shows that Ju = f even when f € L.

It is enough to prove (4) for @« = 0. From (5) we see that u(z) = 0 for
|z”| > M. If |2'| > 2M then |y/| > |2'|/2 on the support of the integrand in
(5), and (4) follows. Since (4) is easy when |z/| < 2M we obtain the required
result. O

We will need a version of Lemma 3.1 where f and p depend on a para-
meter. Let V' C R"™ be an open set and let v;(§) (j = 1,2) be C* functions
of £ € V which satisfy

l—e<|y@I<1+e, M) @ <e (6)
and also [0%y;(§)| < My for |of > 1.

Lemma 3.2. Let ¢ > 0 be small enough and let f(z,£) € C®(R" x V)
satisfy f(z,&) =0 for |z| > M. Then the function

1 1
&) = 5 [ e =€) = 12(6).) s i
is in C*°(R"™ x V), solves (71(§) +i72(§)) - Vou = f in R"™, and satisfies
008u(w.8)| < Copnian (Y0 1000 i) er) P X0, (2.2)
Iy +6|<|a+B]

where zp is the projection of  to the plane T = span{v1(£),72(£)} and
T =T — 7.

Proof. Since f is smooth and compactly supported in x it is easy to see that
u is smooth and solves the given equation. We have

9, (f(z —y1m1(§) — ¥272(€),€)) = Vauf (x — y171(€) — y272(8), &)
(=y10g;1(&) — ¥20¢,72(&)) + O, f(x — y1711(§) — y272(€), §).



Induction and the estimate on the derivatives of v;(§) imply that

18]
10207 u(@, )| < Caprr, Y Z/RQ@/V1\@?&?f(w—ym(é)—ym(é),S)Idy/~

|v+6|<|a+8| r=0
(7)

The integrals in (7) are over the set

K(z,8) ={y e R*; z — y1m1(€) — y272(&) € B(0, M)}

We first note that if |z | > M then the right hand side of (7) is zero, so we
may assume |z | < M. For the behaviour in 7 we note that

y/ € K(.T,f) < T — A(y17y210)t € B(07M)
& (y1,92,0)' € A™'w + A7'B(0, M), (8)

where A = A(§) = (71(£),...,7(§)) is a matrix written in terms of col-
umn vectors, and where v;(§) (3 < j < n) are any orthonormal basis of

{m(©),72(6)}H

We need to estimate the matrix norm [|[A7!| = sup|x|:1|A_la:|. From
(6) we obtain ||A| < 2 for small ¢, so |[A~ x| > |x|/2. An easy calculation
using the orthogonality properties of the 7, gives in terms of row vectors

AT = (ah +byh, et Hdh, A L )

where a, b, c,d are obtained from

<a b): 1 < Pk —%-w)
c d P2 =- (2?2 \ e Il

It follows from (6) that for small € one has a,d ~ 1 and b,c ~ 0, implying
that |A~1|| < 3/2 for small e.
Suppose |zp| > 12M. If y' € K(z,§) then (8) gives

/| > |A ap| = [A7 ey [ = [[ATYM > |ap|/2 — 3M/2 — 3M/2 > |2r| /4
and also
/| < |A wp| + [A7 ey [+ AT M < 3|lzp|/2 + 3M < 2Jaq)|.

Since (8) implies that K (z, ) is contained in a ball of radius 3M /2, we obtain
the desired estimate for v from (7) in the case |zp| > 12M. If |zp| < 12M
then (8) implies |y/| < 21M, and the desired estimate follows also in this
case. O



4 Proof of Theorem 1.1

We want to prove the existence, uniqueness, and norm estimates of solutions
of
(AC+2W-D<+q)u:f

with f € L3 ,(R™). This will be based on the following fundamental esti-
mates for the inverse of A¢, which imply Theorem 1.1 in the case W = ¢ = 0.

Proposition 4.1. Let —1 <J <0 andlet ( € C", (- =0, || > 1. Then
for any f € L3, (R") the equation

Agu:f

has a unique solution u € L3(R™). The solution operator, denoted by Agl,
is a bounded map from L% 4 to Hg and satisfies for 0 < s <2

IAZ fllazg < Colc 1l

541’
where Cy = Cy(n, 9).

Proof. The main estimate is the case s = 0, which is proved in [23]. Since
we could not find a reference for the H? result we will give the proof here
following the s = 1 case in [1].

Take ¢(§) € C°(R™) with ¢ =1 for || < 4[(], ¢ = 0 for || > 8|¢[, and
IV¢| < C/|¢]. For f € L}, we write

DDA f =T(A )+ Sf 9)
where

Tu=F HE&p(8)a(6)},

&&= 9(8)) 2
7= e 1O}
We claim that when —1 < § <1,
ITul2 < CICPull (10)

For § = 0 this follows by Fourier multiplier properties since [£;&x¢(§)| <
C|¢|?. For § = 1 the statement is equivalent with

ITull < CICP 1|

10



One has
V(Tu(€)) = V(&xd(€))a(€) + &Exp(E)Va(E).

Since [V (€€:6(€))| < CIcl, we have |[Tull 1 < C(C+CN ll g < CIClall
using [¢| > 1. This gives (10) for 6 = 1, duality gives the estimate for § = —1,
and an interpolation gives (10) for —1 <¢§ < 1.

For S we claim that

18713 < Clf s (1)
for —1 < § < 1. We may write Sf = .Z1{¢)f} where ¥(¢) = % If
€] = 4C] then [[¢[* +2¢ - €] > [¢]* = 2IC] €] = [€]%/2, so [ < € and [Vy)| <
C/[¢]. Similar computations as for 7" imply (11) for —1 < < 1. Then (9),
the s = 0 estimate for Agl, (10), (11), and the embedding L}, — L3 imply

1D; DeA fllzz < CICHI 2

6+1

for —1 < 6 < 0 and || > 1. This gives the s = 2 estimate for Agl, and an
interpolation gives the estimate for 0 < s < 2. 0

An easy perturbation argument using Proposition 4.1 proves Theorem
1.1 in the case where W = 0. The perturbation argument fails in the case
where W is nonzero and large. Following Nakamura and Uhlmann [14] we
will use pseudodifferential operators to conjugate the first order term into a
zero order term, so that the perturbation argument can be applied.

First we will write the equation in semiclassical notation. If { € C"
satisfies (- ¢ = 0, then we have ( = u/h with p = 1 +ive where 71,72 € R"
satisfy |y;| = 1 and 71 - 72 = 0, and h = /2/|(| is a small parameter.
Note that Proposition 4.1 gives ||A<_1f||th < Ch||f||L§H, and one also has

IDcfllz < C’h—1||f||H§h. With this notation,

A¢ = h~%q(hD),
W D¢ = h'r(z,hD)

with ¢(¢) = €24+ 2u - € and r(z,&) = W(z) - (€ + ). To take care of the
nonsmooth symbol r we will make a h-dependent decomposition r = r# + 1,
where 7 is a smooth approximation and 7 is a remainder which will have
small norm on suitable spaces when h is small.

Next, we will show that one may conjugate the first order term r# into a
zero order term. In the proof we need some facts about the symbol ¢. Since
q(€) = (£ +71)? — 1+ 2i7e - &, this symbol has zero set

g '(0) ={eR"; [£+m| =1, 7 =0}

11



For € > 0 we will consider the neighborhood
Ue)={¢ceR";1—c<|[€+7|<1+¢ [ 1| <e}l

Lemma 4.1. Let 0 < 0p < 0 < 1/2 and let r¥ € S} (R") have the special
form 7#(z, &) = W(z) - (£ 4+ p), where W# € C°(R"; C") satisfies

|0°W* ()| < Coho0led,

Wt(x) = 0 for |x| > M.
Then there exist a,b,79 € S2(R") and ¢ = £(0g,0) > 0 such that

(Q + 2hR*)A = BQ + h'**Ry. (12)

Further, (z)ro € Sy so that Ry is bounded from L} to L},,, and for any
50,00 > 0 there is hg < 1 such that whenever h < hy, A and B are bounded
and have bounded inverses on Hj, for |s| < sg,|d] < 6o, all with norms
bounded uniformly in h. ’

Proof. If a € SY then a direct computation using the special forms of @ and
R! implies that

1
(Q+2hRHA = AQ—I—hOph(;an—i—Zrﬁa) +h20p;,(Aza+2W* - Dya). (13)

The last term is in h27270p,, SY, and looking at (12) we would like the
middle term to vanish. If a = e® with ¢ € SY. this would mean that

(€ +p) Voo = —rF

since Hy = 2(§+p) - V. The operator (§+v1 +1iv2) -V, looks like 0y, +10;,
in different coordinates provided that ¢ € ¢~!(0), but degenerates away
from ¢~'(0). Therefore we will only work in a neighborhood of ¢~*(0) and
introduce a cutoff (§) € C*(R™) with ¢ =1 in U(e/4) and 9 = 0 outside
of U(g/2), with € as in Lemma 3.2. This will give a symbol w(z, £) with the
following properties.

Lemma 4.2. The function
1 1
21 Jr2 y1 + Y2
is C'°°, solves the equation

(E+ ) - Vow = —p(€)r (z, £),

and satisfies the estimates

10507 w(z,&)] < Cagh 0l ()11, (15)

YO (@ —y1(E+m) — Y22, &) dyr dy2  (14)

12



Proof. This follows from Lemma 3.2 with V = U(¢e), 71(§) = £ + 71, and
72(8) = 2. O

Note that w is compactly supported in & but does not have good be-
haviour in z. To take care of this we will need another cutoff y(z) € C°(R"™)

with x =1 on B(0, M), and we will define
o(2,€) = x(h"z)w(z,€)
where § = 0 — 0g. Then (15) shows that ¢ satisfies
050¢6(,€)] < Calr)” h=71 .

Thus ¢ and (z)¢ are in S, and also a = €' is in SY. We have

%an +2rfa = 2(& + p) - (Vyo)e™® + 2rfe’®
= 26 (6 + ) - x(B) Vo + 7 + HO(E + 1) - w ¥ x (W)
Since h < 1 we have r# = x(h%2)r? and
%an + orbq = 2t [(1 — ()t + RO(E + p) - wVX(th)} .

The second term is compactly supported in x and &, but the first term is of
first order and we are not yet in the situation of (12). Here we are saved
by the fact that the main operator @ in (12) is elliptic on the support of
1 — (&), and we may define b € SO by

b=a+ Qh%ewrﬁ.

q(¢)
Then (13) becomes

(Q + 2hRY)A = BQ + h'?0p,, (2 (£ + p) - wVx (h’z)))
+ h2270p, (h* [Aza + 2W* - D,a)).

Choosing ¢ = min{f,1 — 20} gives (12) with 7 € S?, and one even has
(z)ro € Sy. Proposition 2.2 gives that Ry is bounded from L3 to L}, with
norm bounded uniformly in A.

It remains to show that A and B are bounded and invertible on Hj, for
|s| < so0,|d] < do when h is small enough, and that all norms are bounded

13



uniformly in hA. The boundedness of A and B follows from Proposition 2.2.
To show invertibility we note that 1/a = e~ is in SO and

Opy,(a)Opy,(1/a) = I + h'~>7Opy,(m)

where m € S9 by Proposition 2.1. Since Opj,(m) has bounded norm on Hg ),
for |s| < so, |6] < o, the operator I + h'=29Opj,(m) is invertible on these
spaces if h is small enough. Then also A is invertible with norm of the inverse
uniformly bounded in h. The same applies to B since b = a+hOp,, S;1. O

Remark. Lemma 4.1 is a global nonsmooth version of the pseudodifferential
conjugation technique in [14] (see also [15]). Similar ideas have been used
in inverse scattering [4], [6], nonlinear Schrédinger equations [24], [7] and
periodic Schrodinger operators [20].

The problem in extending the method to the global case is seen in (15),
where the derivatives in & of the symbol grow in x. This behaviour leads
to poor global properties. A solution, presented in [24] and [7], was to
multiply a symbol a satisfying \Ggaga(x,ﬁﬂ < Cag(xﬂﬁ'(g)_'ﬁ' by a cutoff
x(Ro(x)/{£)). The new symbol is of type (0,0), hence bounded on L?, and
the error term which appears in the equation because of this modification
is of lower order. One can even invert related operators on L? by adjusting
the parameter Ry.

In the present case there is an additional parameter h which may be taken
arbitrarily small, and additionally |¢|] < Ch~! in the support of w(x, h€).
Therefore our cutoff has the simpler form y(hz), where @ is chosen so that
the new symbol falls into SO with o < 1/2.

We proceed to prove the main norm estimates.

Proof. (of Theorem 1.1) The proof is given in three steps.
Step 1: A decomposition

Let ¢ € CX(R"™), ¢ > 0, ¢ =1 for |z| < 1/2, and ¢ = 0 for |z| >
1. Let also pe(z) = e "¢(x/e) be the usual mollifier. We will use the
decomposition (as in [18])

W=wt+Ww (16)

where W# = W x ¢, is a smooth approximation of W, and we make the
specific choice
g =h
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where 0 < g < 1/2. Then W" is a small remainder term, and one has

|0°WE ()] < C,h—00led,
[W?||Le — 0 as b — 0,

the second estimate by the continuity of W.
Step 2: Existence

Using the decomposition (16), we write the equation (1) as
(A¢ +2W* . D¢ +2W° - D¢ + q)u = f. (17)

Choosing o with 09 < 0 < 1/2 and sy = 09 = 2, Lemma 4.1 gives hg < 1
and a,b,79 € SO with

(A¢ +2WHF. D)A = BA; + h™ 1Ry, (18)

We will assume h < hg, so A and B will be invertible. We look for a
solution of (17) of the form u = AEIU for ve L3, . Then u = AA_lAC_IU,
and inserting this in (17) and using (18) gives

(BACAT'AZT + ARy ATIA + 207 - DA + A o = f.

We will show that in the operator on the left, the last three terms are small
perturbations of the first term when A is small.
Consider the operator

_ —1A—1
M = BAAT'ALL
From (18) we get
M=1+2W*t. DCAEI — h—1+aRoA—1Agl,

and therefore M is bounded on Lg 41 With norm bounded uniformly in A. Tt
is easy to see that M has the inverse

M~ = AcAA'BTL
Similarly from (18) we obtain

M~ =71—2wt. DCAAng—l + h‘HEROAC_lB_l

15
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5410

using the mapping properties of the related operators and the decay of
|WP]| o, we have

which is again bounded on L with norm bounded uniformly in h. Also,

Ih " R AT AT 207 - DA + gAY = o(1)

51— L3
as h — 0. Then we obtain a solution u of (1) in the form
u= A M I+ R AT AT M T 2 DA M g AT M) T

Thus u = Ac_lv with ||’U”L§+1 < C’||f||L§H. The norm estimates for u follow

from Proposition 4.1.
Step 8: Uniqueness
It is enough to show that if u € H g satisfies
(A¢ +2W* - D¢ +2W’ - D¢ + q)u = 0, (19)

then u = 0. We use Lemma 4.1. It follows that © = Av for v = A~ u € H(},
so that v satisfies

(BA¢ +h "Ry +2W" - D; A + gA)v = 0.
Applying B~! from the left we get
Acv=—(h "B 'Ry + 2B7'W’ . D¢A + B 1qA)w. (20)

The right hand side of (20) is in Lgﬂ since Ry and gA map L% to L§+1
and W?. D¢ A maps H(} to L?;H. We are now in the situation of Proposition
4.1, and using the Hg estimate of that Proposition to (20) implies

- - - —1ygb
[ollgs < OB Ry + B~ gAYl 2, + 2B W - DeAvlz ).

The first term on the right is bounded by C|¢|||v|| rz and the second term
is bounded by C|[(z)W’||z=(l|v]lzz + [¢[[vll2), with C' independent of C.

Choosing || so large that ||(z)W”|| 1~ < 1/(2C), we have that the coefficient
of ||vHH§ on the right is < 1/2, and we may move this term to the left. We
are left with the estimate

ol < Clcllol 2 (21)

with C' independent of (.
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Finally, we use the L? estimate of Proposition 4.1 to (20). This implies

C ot e . b
Iollg < (1B Ro + B g A)olsz,, + 287" W” - DeAvilg )

The first term inside the parentheses is < C|¢|*~¢||v|| 12, and the second is
< CI{@)W? oo ([[vll 2 + I¢] |[vll2)- Using (21) this becomes

loll 2 < CUCI™ + 1) W[l ee) o]l 2

where C is independent of (. Choosing |(| large enough we obtain ||v|| 2 <
%Hv||L§, implying v = 0 and also u = 0. O

5 Equivalent problems

In this section we show that complex geometrical optics solutions for the
magnetic Schrodinger equation can be characterized in several different ways.
The treatment is almost completely analogous with [11]. We begin by stat-
ing the main result and explain the notation later as we go along.

Proposition 5.1. Let Q € R" be a bounded domain with C''! boundary.
Suppose W € Ly (R"; C") with D - W € L*, and suppose ¢ € Ly (R"; C).
Also suppose that 0 is not a Dirichlet eigenvalue of Hyy 4 in Q. Let ¢ € C"
with ¢? = 0, and consider the following four problems:

(pE) { Hwau=0inR"
u=e%?(14w) with w € AC_IL%,

(IE) u+Gex (2W - Du+ (W2 +D-W + q)u) = €% in R"
u € HE (R"),

i) Au=0in ¢/

Ep ii) ue H?(Qy) for any R > Ry

(EP) iii) w satisfies (22) for almost every x € R"

iv) 68711 = Aw,q(u4) on 012,

)] G Schg = Bo)f = e on 09
f e H32(09).

Then all these problems are equivalent, in the sense that if a solution exists

(is unique) for one problem, then a solution exists (is unique) for all the

problems. If u is a solution of (DE), then u solves (IE), u|g solves (EP),
and u|gq solves (BE).

17



Remark. The assumption that 0 is not an eigenvalue is for simplicity. With
appropriate changes, similar results are valid also when 0 is an eigenvalue.

The first step is to show the equivalence of the differential equation (DE)
and the integral equation (IE). This involves the Green function G, defined
by

Ge = el gc
where g¢ is the tempered distribution such that Agl f=g¢* ffor fin the

Schwartz class (g¢ exists since Agl is translation invariant). Then
AGC = C2G< =+ 262'(.1{ . DQC + eic'xAgc = €i<'IA<gC = (50

where dp is the Dirac measure at 0. Consequently G, = Gg + H¢ where
Go(x) = cp|z|?>~™ is the usual fundamental solution of A, and H¢ is a global

harmonic function (one has ¢, = W where a(n) is the volume of the

n—2
n-dimensional unit ball).

We note that the left hand side of (IE) is well defined for any u €
H! (R™), since then 2W - Du+ (W2 +D-W +q)u € L4(R") is a compactly
supported distribution. Also note that G¢ * f = eic'xAgle_iC‘x f whenever
feLiR").

Lemma 5.1. Assume the conditions of Proposition 5.1. Then, u is a solu-
tion of (DE) if and only if u is a solution of (IE). Also, a solution of (DE) is
unique if and only if a solution of (IE) is unique.

Proof. Let first u = ¢**(1 + w) solve (DE) where w = Aglf with f € L3.
Clearly u € H\ . (R"), and Hy qu = 0 implies

(Ac+2W - D+ (W2 4+ D-W +q)(L+ A7 f) = 0.

We have Aq(1 + Ac_lf) = f. Now applying Ac_l to both sides, which is
allowed since the left hand side is in L3, gives

wH+ AW - D(14w)+ (W?+D-W+¢g)(1+w)) =0.

We obtain (IE) by adding the constant one to both sides and multiplying
by €7,

For the converse, suppose u solves (IE), and write u = e“Tyg. Then ug
solves ug +AC_1(2W Deug+ (W2 +D-W +q)ug) = 1. Applying A¢ to both
sides gives Hyyqu = 0. Also, one sees that ug — 1 = Aglf for f € L%Z(R”).

The uniqueness part is obtained just by noting that if u; and wug solve
(DE) then u; and ug solve (IE), and vice versa. O
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Next we show that (IE) and the exterior problem (EP) are equivalent.
We have used the notation ' = R" \ Q and @ = B(0,R) \ ©, where
R > Ry and Q C B(0, Ry). We write u (resp. u_) for the restriction of u
to O from the exterior (resp. interior), and 59711 (resp. 687“_) for the value
of Vu - v on 92 from the exterior (resp. interior), where v is the outer unit
normal to 9. We also write G¢(z,y) = G¢(z — y).

A main point will be that a solution u of (IE) satisfies the radiation

condition

[ (Gctrn g —u) TGP as) — e<r 22

for a.e. x € R™ as R — oo. For applications of Green’s identity below, we
define a smooth approximation of G¢ by G% = G + H¢, where

G5(x) = en(e? + [2?) 2"
Note that AGZ(z) = e "p(x/e) where
1 gy _nt2
pla) = ——(1+[af?) "

a(n)

and [ ¢(x)dr = 1. Thus AG¢ is an approximation of the identity.
Before showing the equivalence of (IE) and (EP) we need a lemma on
regularity properties of solutions of Hyy,u = 0 and of Ayy.

Lemma 5.2. Under the conditions of Proposition 5.1, the operator Py,
which maps f € H/2(Q) to the solution u of Hyqu = 0in Q with ulpq = f,
is bounded H3/2(9Q) — H?(Q). Further, one has Aw, : H?(9Q) —
H'Y2(6Q), and

ou

Awaf = ovlaa’

Proof. The operator Hyy,, written in nondivergence form, satisfies the as-
sumptions of [5, Theorem 8.12] (the theorem is given for C? domains but
the result holds with the same proof for C**! domains). This shows that u is
in H2(Q) if f € H3?(99), and that the solution operator Py, is bounded.

For the second part, we claim that if W € L3(R";C") and D - W €
L™?(R™; C), then for any v € W1/ (=1 (Q) one has

/ (W-Dv+ (D-W)v)dz =0. (23)
Q
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This statement means that W - v = 0 on 0f2, in a certain weak sense. The
expression is well defined since v € L™ (=2 by Sobolev embedding. We
take W; € C(R";C") to be convolution approximations of W so that
W;—WinL"and D-W; — D-W in L2 and we take an extension of v
in Wn/(m=1(R"). If the supports of W; and W are contained in B(0, R),
then

/(W -Dv+ (D -W)v)dx = lim (Wj-Dv+ (D-Wj)v)dx
Q 700 JB(0,R)
1
= lim — (Wj-v)vdS =0.

J—=0 1 JoB(0,R)

Now let f,g € H¥?(Q) and let u; = Py, f and e, € H?(Q) with e,4|on = g.
An integration by parts gives

Ouy

ov laq’

( 9 :/Q(Vu]c-Veg—i—(2W-Duf—|—(W2—|—D-W+q)uf)eg)dx. (24)

Now upe, € W2H(Q) € Wh/(=1)(Q). Using (23) with v = uge, and
substituting this to (24) gives %Lyf _— Awqf. This also shows that Ay,
is bounded H3/2(0Q) — HY2(09). O
Lemma 5.3. Assume the conditions of Proposition 5.1. Then, if u is a
solution of (IE), then u|q is a solution of (EP). Conversely, if u is a solution
of (EP), then there is a unique extension % of u to R™ so that @ is a solution

of (IE). Also, a solution of (IE) is unique if and only if a solution of (EP) is
unique.

Proof. Suppose u solves (IE). By Lemma 5.1 we have Hyqu = 0 and u €

HZ}(R™), which shows (EP) i)-ii). To prove iii) fix z € R" and let R > |z
and R > Ry, and write

L PN Crd Gat )
| (@G —uw 5) asw
_ / (G5 (z,y) Auly) — uly) Ay GE(z,y)) dy
B(0,R)

= / ulyGE(z,9) dy+/ GZ(w,y)(2W~Du+(W2+D~W+q)u) dy
B(0,R) B(O,R)

= (AG¢ *uxpo,r)(x) + (GE * (2W - Du + (W? +D-W +q)u))(z)
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since W and ¢ have their supports inside B(0, R).

As e — 0, the first term on the right converges to u(z) outside a set of
measure zero (this set depends on R, but one may take the union of such
sets for countably many R). The second term on the right converges to
(Ge x (2W - Du+ (W? + D - W + q)u))(z) for a.e. z € R™ by dominated
convergence, since G¢ € Ll and the other function is in LZ. Since |z| < R
the boundary integrals present no problem and one may replace Gz by Ge¢.
We obtain for a.e. x

i [ (Gelen) G - un) S asty)

fimoe Jyl=r
=u(x) + (Ge * (2W - Du+ (W? + D - W + q)u))(z). (25)

Since u satisfies (IE) we obtain (EP) iii). Further, since u € HZ_ and 0 is
not a Dirichlet eigenvalue of Hyy, in (2, Lemma 5.2 gives

ou ou
m = 67 = AW7qU_ = AW7qu+
which is (EP) iv).

Let now u solve (EP). We use Lemma 5.2 and let v = Py uq € H?(),
and we define @(z) = u(z) for z € Q' and a(x) = v(x) for z € Q. Now
U_ =v_ = u4y = U4 and

ou ov Ou _ Odu

67 = 87 = AW,q'Uf = AW,qU/+ =

ﬂ - vy
by Lemma 5.2 and (EP) iv). This shows that @ € HZ (R"). By (EP) i) we
have Hy,u = 0 in R", and then the computation above leads to (25) with
u replaced by @. The condition (EP) iii) shows that u solves (IE).

The uniqueness part follows from the facts that if u; and uy solve (IE)
then u;|q and ug|q solve (EP), and if u; and ugy solve (EP) then a1 and g
solve (IE). O

The final equivalence will be between (EP) and the boundary integral
equation (BE). Here we need the layer potentials depending on ¢, defined in
terms of the Green function G¢. The single layer potential S¢, double layer
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potential D¢, and boundary layer potential B¢ are defined by

Scf(x) = /a Gela)f(1)dS() (v € R" < 00),

Defa) = [ 0Gc®) 1) as(y) (2 € R™ ~ 00,

o Ov(y)
Befo) = [ ZEN ) ast) (@ e o)

Since 09 is C1! one does not need a principal value in the definition of Be.
The operators have the following properties, given in [11].

Proposition 5.2. Let O C R™ n > 3, be a bounded domain with C!!
boundary, and suppose that Q C B(0, Ry).

a) Let f e HY2(89) and u = S¢f. Then u is in H2(Q) and H2(Y,) for
¢ R
any R > Ry, and Au =0 in R™ ~ 09Q. If R > Ry, then u satisfies the
radiation condition

ou 0G¢(x,y) B
[ (Getrn G - un Gy aswy =0 20

for almost every z with |z| < R.

(b) Let f € H?(9Q) and v = D, f. Then v has the properties listed in
(a).

(c) In the situation of (a), one has u_ = w4 on 09, in the sense of
H3/2(0Q) as well as nontangential convergence a.e. on 9. We will
write u = S¢f on 0Q. The map f +— S¢f is bounded H*(09) —
H*1(9Q) for 0 < s < 1, and one has

ou ou
(d) In the situation of (b), one has
vy = i%f + B¢f on 09, (28)

in the sense of H%/?(99) as well as nontangential convergence.

(e) The map B¢ is bounded H*(082) — H?*(0Q) for 0 < s < 3/2.
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Lemma 5.4. Assume the conditions of Proposition 5.1. Then, if u is a
solution of (EP), then f = u|sq is a solution of (BE). Conversely, if f is a
solution of (BE), then

u = ei{-:v — SCAW,qf + Dgf (29)

is a solution of (EP), with uy = f. Also, a solution of (EP) is unique if and
only if a solution of (BE) is unique.

Proof. Suppose u solves (EP). We let f = u, on Q. Then f € H32(9%).
If z € Q and R > |z|, we have

B (/y|=R - /69 JICE y@@) - “(y)w> dS(y).

Letting € — 0 and using (EP) i) we obtain

ou 0G¢(x,y) ou
uwﬁ——/glR(C%Cuy)ayﬁﬂ—UQDéﬁ4y))dSQH—Sk(3V+)Cﬂ+JIiu+Xw)
(30)

for a.e. z in Q. We let R — oo, use (EP) iii)-iv), and then let z —
00 nontangentially and use Proposition 5.2 (d), which gives that f = uy
satisfies (BE).

Conversely, suppose [ satisfies (BE) and define u by (29) in . Then
u satisfies (EP) i)-iii) by Proposition 5.2 (it is an easy calculation that the
left hand side of (26) equals €’ if u = ¢*). We need to show (EP) iv).
First note that by Proposition 5.2 (d),

. 1
up = e — ScAwqf + §f + B¢f on 09,

which gives uy = f using (BE). The formula (30) holds for u with the same
proof, and as R — oo we obtain

ou

u(w) = ¢ = 8¢5, ) (@) + Def)

a.e. in . Comparing with (29) we get

Sc( 5 = Awaf) =0 (31)

23



a.e. in Q. This holds also on 92 by Proposition 5.2 (¢), and the uniqueness
in the Dirichlet problem for A in Q shows that we have (31) in R™. Then
(27) gives that 8‘9711 = Aw,qf on 0Q.

If uy and ug solve (EP) then u1|pq and ug|sq solve (BE), and if f; and
fa2 solve (BE) then the corresponding functions defined by (29) solve (EP).
This shows the uniqueness part. ]

Remark. Following Nachman [12], (BE) is equivalent to

(I + S((AW,q — Aoyo))f = €% on 9N
f e H32(09).

This follows since for € '

Defa) = [ 5 () f(0) dS() = (BoaGicla. ).5)

= <GC(377 : )7A070f> = SC(AO,Of)(x>

and letting * — 02 nontangentially gives %I + B¢ = S¢Aoo.

Proposition 5.1 is an immediate consequence of Lemmas 5.1 to 5.4. We
conclude the section by showing that the operator arising in (BE) is of
the form I + K with K compact. This fact and the Fredholm alternative
show, for instance, that uniqueness in one of the problems in Proposition
5.1 implies the existence of a unique solution for all the problems.

Lemma 5.5. Let Q C R™, n > 3, be a bounded domain with C*! boundary.
Then the operator S¢Aw,, — Be — 41 : H3/2(9Q) — H?3/2(0%) is compact.

Proof. Let f € H3?(0%) and let u = Py, f. If x € Q we have

_ /Q(Gg(x,y)Au(y) —u(y) Ay G(,y)) dy

RN TI
- | (ceenGim —um =

) dsS(y).
If e —» 0 we get

u(z) + /Q Ge(z,y)2W - Du+ (W?+ D - W + q)u) dy = (ScAw.q — D¢) f(2)
a.e. in 2. Let then x — 02 nontangentially, so that Proposition 5.2 gives

(Schwy=Be= 5111 = R [ Gelany)(2W- D (W4-D-W+0) Puaf (4) .
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This reads 1
ScAw,q — B¢ — 5] = RG:MJ Py,

where R is the trace H2(Q) — H%2(9Q), G : L*(Q) — H?*(Q) restricts
Ge*xt = eig'xAc_le*iC'xﬂ to Q where @ is the extension by zero of u € L?(£2)
to R™, M : HY(Q)) — L?(2) maps u to 2W - Du+ (W? + D - W + q)u, and
J is the embedding H?(Q) — H'(Q). All these maps are bounded and J is
compact, so the composition is compact. ]

6 Reconstruction of the magnetic field

The preceding section considered equivalent formulations for problems which
give rise to CGO solutions, but did not consider the solvability of any of the
problems. The next result, which follows directly from Theorem 1.1, shows
that if W is continuous then the problems indeed have unique solutions for
large C.

Proposition 6.1. Assume the conditions in the beginning of Theorem 1.2.
Then there exists C' = C(n, 2, W, q) so that whenever |(| > C, then each of
the problems (DE), (IE), (EP), (BE) has a unique solution.

Proof. Tt is enough to show that (DE) has a unique solution. Now u =
e %(1 + w) solves Hy ,u = 0 if and only if

(Ac+2W -De+ (W2 +D-W+q))w=—2(- W+W?+D-W+gq). (32)

From Theorem 1.1 we know that if |(| > C(n,Q, W, q) this equation has a
unique solution w € H}. Then (32) gives that Acw = f for some f € L3, so
that w € AZIL?). This shows that u is the unique solution of (DE). O

We will from now on assume the conditions in the beginning of Theorem
1.2. For given ¢ we denote by u¢ the unique solution of (DE). It follows that
if one knows Ay, then the boundary values u¢|so may be reconstructed as
the unique solution of the boundary integral equation (BE). The rest of the
section will be devoted to showing that the magnetic field curl W may be
reconstructed from this knowledge. The first step, similarly as in [11], is to
consider a (non-physical) scattering transform.

Definition. Let £ € R™ be such that [£|? is not a Dirichlet eigenvalue of A
in Q. Then for any ¢ € C" which satisfies (2 = 0, |¢| > C, Re( L &, and
Im{ L &, we define

tw,q(€€) = (Awg — Mo _je2) (uclon), e &7 oq).
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It is clear from the preceding discussion that Ay, determines ¢y, for
the appropriate &, (. Using the weak formulation of the DN map and the
fact that H07_|£‘26_m'(£+<) = 0 in €2, one easily sees that

twq(€,¢) = /Q e TE(2(C-W )ug+W - Dug+(W2HEW €2 +q)uo) dz, (33)

where we write ug = e—z’@qu_

We know from (DE) that ugp = 1 + w with w € AglL?z. If one had
|wll2) — 0 as |[¢| — oo one could divide (33) by [(| and let (| — oo,
which would then give essentially the Fourier transform of curl W. However,
w is obtained by solving (32) where the L}, norm of the right hand side is
O([¢]) instead of o(|¢]), so one gets that [|w]|r2(q) is bounded but may not
be small when |(| is large (in fact Lemma 6.1 shows that w — €!® — 1 in
L3(9) as |[¢| — oo, where ¢ is defined below).

To deal with this difficulty we write the solution u¢ in a different form
where one gets a small remainder term for || large. For this we employ a
decomposition

W =W+ W’

where W# = W % ¢, with ¢, the usual mollifier, and we make the choice

e=|¢™°
with 0 < ¢ < 1/2. Then W# is C* and
W w0 = o([C]7), (34)
W |2 = o(I¢]*), (35)
W[l = o(1) (36)

as |¢| — oc.

We also write ¢ = sy where u = 1 + iy2, |vj| = 1, 71 L 2. Finally, we
fix x € C°(R™) with x = 1 in B(0,M/2), x = 0 outside of B(0, M), and
Q C B(0,M/2).

Lemma 6.1. Fix § > 0 with o + 6 < 1/2. For |(| large enough, the CGO
solution u¢ of Hy qu¢ = 0 in R"™ may be written in the form

ug = 6 (wp + w) (37)

26



where wy = eiX¢ % with
xe(@) = x(@/Icl), (38)
$a) = N (=p- W), (39)
and w € Hj with [[w][z2 = o(1), [wl[ g1 = o(|¢]) as [¢] — oo.

Proof. We first show that the equation Hy,u = 0 in R" has a solution of
the form (37) with the required properties. This will be the case if w satisfies

(A¢ +2W - D¢ +Gw = — f (40)
where G = W? + D - W + ¢ € L and

f=(Ac+2W - D + Gwp = e [mmﬁ +2iDy¢ - Dt + it A,
+ (X Vo + ¢V xe)2 +2¢ - (Vxe)o? +2¢ - (Vo) xe
1 2W - (Vxe)dF + 2W - (Vo) xe + 2WH - C 4 2W° - ¢ + G|.

We need to know the behaviour of || f|| 2, 8 |¢| grows. The choice of ¢F
implies
2¢- V¢ +2W*. ¢ = 0.

Since Wt = X¢ W* this removes the worst two terms from f, and one obtains
in terms of Lg 41 horms

£l < C|lIxeAd* || + 11V xe - VI + 16FAxcll + xe Vo 1 + 16*Vxe Pl
+ SN Vx(@/ 1)+ TV - (Vxe) o | + [V - (Vo) xe
Wl +IGI|- (41)
Lemma 3.1 implies

0% ()| < CI¢I N ar) ™ xpo,n (1) (42)

where xp is the projection of z to span{~y;,72} and x; = x — zp. Then for
instance

/
eadl = ([ @ x@Pad@) dr)

1/2
< C|<’20’(/ <$>2(6+1)<xT>72 dl‘) /
|z | <M[C|9,|e ) |[<M

1/2
< C|C|2G(/ <37T>26 d$T) / < C|C’2o+(6+1)9‘
|z |<MI¢|®
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This has the worst behaviour of the first five terms of (41) since derivatives
hitting x¢ bring decay in |¢| and the other terms involve only first derivatives
of ¢f. A similar computation shows that the sixth term is O(|¢|'~¢+(+1)0) =
O(|¢|*+%%). One has W -V, = 0 and Wx, = W for large || so the seventh
and eight terms are 0 and O(|(|7), respectively. The final two terms are
o(|¢]) and O(1), respectively, since |[W°||z~ — 0 as || — oo. Using the
choices of o and 6 and the fact that —1 < § < 0, we obtain ||f||L(2;+1 = o([¢]).
The solution w of (40) has the desired properties by Theorem 1.1.

It remains to show that u given by (37) is the CGO solution. One has
u = e“%(1 + @) where

D= 14w

Now eX¢#* —1isin H} for any § < 0, since for instance eixc# _1 = O(|xc9*)
and (42) implies

| 1/2
e 1l < 0 | @@ da)
1/2
< C(/ (wr)? = dor ) TS
R?2

Also w € H} so @ € H} for =1 < § < 0. This and Hyqu = 0 imply
weE AglL%, so u is indeed the unique solution of (DE) given by Proposition
6.1. O

We may now plug in up = wp + w from (37) to (33). The estimates for
w and the form of wy imply that

Rwg(€, 1) = lim s~ Mypg (€, 1) = 2 / e~TED (WY da

where ¢ = N Y(—p - W). This shows that we may recover a nonlinear
Fourier transform Ry (&, 1) of - W from the knowledge of Ay, for any
p and ¢ with € - 4 = 0 and [£|? not a Dirichlet eigenvalue of A in €.

The next argument, due to Eskin and Ralston [4], shows that this nonlin-
ear Fourier transform is in fact just an ordinary Fourier transform. Similar
ideas appear in Sun [21].

Lemma 6.2. One has

Ruvg(6on) =2 [ € 5(u- W) da.
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Proof. Tt is enough to prove this for u = e; + ies, so that £ = (0,£”) and
(81 + Zaz)qb = —(Wl + iWQ). Then

Rw,q(&, 1) = 2/ e (— (1 + i) ) da

_ 2/ e—iz”-g”h(x//) daz"
Rn—2
where

h(x”) :2‘/ (81 +Z'82)(ei¢(z/7x//))dx/ = lim Z/ (814_,&'62)(61‘(;5(35/@//))(11,/
R?2 |2/|<R

R—oo

= lim 2/ T (1) tivg) dS(2).
|2'|=R

R—oo

The integrals are well defined by standard approximation arguments. Now
e =1+ip+ O(lig|*) = 1 +i¢p + O(|2'|~2) by Lemma 3.1, and

f\x’\:R(Vl +ivn) dS(2') = f|z/|§R(81 +1i02)(1)da’ =0,
’flx,|:RO(]:c’|_2)(y1 +ivs) dS(2)

S%HoaSRHOO,

so we have
h(z") = — Rlim (', 2") (1 + ive) dS(2)
— J|z'|=R
= — lim (01 +1i07)p dx’ = / (e1 +iez) - Wda'.
R—oo |z/'|<R R2
This gives the claim. O

We now show that Ry (&, 1) determines curl W, or D;W), — Dy, W for
any j # k. Let £ € R™ be such that |¢|? is not a Dirichlet eigenvalue of A
in Q. If one of {;, § is nonzero choose v to be the unit vector with direction
§jer — &kej, so that £ - = 0. Since n > 3 we may choose a unit vector
v with v-4 = &7 = 0. Letting u = v + iy we see that Ay, determines
Rw (&, 1) + Rwq(&, ), which determines

/ e (EGWE — & W) dw = (D Wi — D) (€)
in fact for any ¢ € R™ such that |¢|? is not an eigenvalue. Since there are

countably many eigenvalues and since D; Wy, —D;, W} is compactly supported,
so the Fourier transform is analytic, we recover D;Wj — Dy Wj.
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7 Reconstruction of the electric potential

Finally, we make the additional assumptions that W is C'*¢ and 09 is
C?*¢ for some € > 0, and we indicate how to recover ¢ from Aw,4. From the
preceding section, we may assume that the magnetic field curl W is known.
The next step is to construct a certain magnetic potential with this magnetic
field.

Lemma 7.1. One can construct W e C1*(Q; C™) with curl W = curl W
and Wgq = 0.

Proof. For the following concepts we refer to [19]. We write XA*(Q) for
a differential k-form in 2 with coefficient functions in X, and tn and nn
for the tangential and normal traces on 0f2, respectively, of a form 7. Let
w = Z;;l W;dz; € C'T¢A(Q) be the 1-form corresponding to W, and let
X = dw. We start with solving the boundary value problem

do =x in €,
{ two =0 on 0f? (43)

for © in C1TeAL(Q). In the case of smooth domains and LP Sobolev spaces
this problem is considered in [19], where the solution is reduced to the Hodge
decomposition of y. For a general form y € L?A*(Q) this decomposition
reads

X =da+ 08+ kK (44)

where o € H'AF1(Q) with ta = 0, 8 € H'A*1(Q) with ng = 0, and »
is a harmonic field meaning that dk = dx = 0. Here J is the codifferential.
Further, the three summands in (44) are uniquely determined and mutually
orthogonal with respect to the natural L? inner product.

The specific form of y above implies that the decomposition (44) reduces
to x = da, where one may choose a = §¢ where ¢ is the Dirichlet potential
of x (see [19], Section 2.2). Under the present assumptions of C?*¢ boundary
and C¢ regularity of y, Theorem 7.7.4 in [10] implies that §¢ € C1*5. It
is then easy to check that @ = d¢ solves (43). We note that the Dirichlet
potential ¢ is obtained constructively using the explicit integral formula for
the corresponding Green operator, as in [9].

Letting W be the vector field corresponding to @, we have that W €
C1*e(Q; C"), curl W = curl W, and the tangential components of W vanish
on 9. We may further replace W by W + Vp where p € C*+(Q) satisfies
plag = 0 and %]ag = —W - v, and p is constructed similarly as in Lemma
5.8 of [18]. This completes the proof. O
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With W as above, we conclude that W = W + Vp where p € WH®(Q)
and plpn = 0. An easy argument for this under the present regularity
assumptions is obtained by extending W — W by zero to R™ as a Lipschitz
vector field, and by noting that W—-W =Vpina large ball with p € W?2>
and Vplpo = 0. The assumption on the topology of €2 ensures that 02 is
connected, so that p is constant on 02, and one may substract the constant
to get plpo = 0. Gauge equivalence then implies that AW70 = Awp.

Fix £ € R™ \ {0} and take unit vectors ~y; such that {£,~y1,72} form an
orthogonal set. For s > 0 define complex vectors

2
G =—§+8\/ —E!Q%jtis’m,
_ ¢ €1 :
CQ——i—S —@71—1372-

Using the notation of Lemma 6.1, the equations Hy,u = 0 and H_yov =0
have unique CGO solutions u = u¢, and v = v¢,, which have the form

ug, = e (eXa? +wy),

Vey = eisz(e—ixngﬁ” + wy)

where ||wj|| ;2 — 0 as s — oo.
6 .
We define a new scattering transform

£(&) = ((Awg — Awo) (ugy lon), ve, loe)-

Since Aw,, and A_yyo are known, one may construct the boundary values
of u¢, and ve, as solutions of boundary integral equations as in Section 5,
and thus ¢ is known. The definition of DN maps implies

t(€) = /quclv@ dx,

and so t(§) — [e~®%qg(x)dx as s — oo. This is the Fourier transform of ¢,
and we have recovered the electric potential.
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