STABILITY FOR SOLUTIONS OF WAVE EQUATIONS
WITH C'! COEFFICIENTS

MIKKO SALO

ABSTRACT. We consider the stable dependence of solutions to wave
equations on metrics in C! class. The main result states that solu-
tions depend uniformly continuously on the metric, when the Cauchy
data is given in a range of Sobolev spaces. The proof is constructive and
uses the wave packet approach to hyperbolic equations.

1. INTRODUCTION

We consider the wave equation in Ry x RZ,
(D? — A(z, Dy))u(t,z) = F(t,x),
uli=0 = f,
Oult=o = g.

Here A(xz,D,) = aij(x)Dxlij is a uniformly elliptic operator, satisfying
a¥ = o', and a¥ ()& > clé]? for £ € R™. We assume that the functions
al are in the space C*1(R"), with norm ||a||ck-11 = 2 laj<kll0%al[ Lo

The question investigated in this article is the stable dependence of the
solution u on the metric (a/). Intuition for the problem can be obtained
from the simplest possible case, namely the one-dimensional wave equation
with constant sound speed c. Given f € L?(R), the equation

(02 — 20%)u(t,x) = 0,
u(0) = f,0u(0) =0

has the solution u(t,z) = 1[f(z — ct) + f(z + ct)]. Thus, the solution at
time £ = 1 is obtained by translating f by ¢ units in the positive and nega-
tive directions. Since translation of L? functions is a uniformly continuous
operation, we see that u(1, -) depends uniformly continuously in L? norm
on the sound speed c. A stronger result may be obtained if the initial data
is smoother: if f € H', then || f(- —¢) — f(- — )|z < |V flp2]c— |, and
u(1, -) depends Lipschitz continuously in L? on the sound speed.

Our main result is the following theorem, which shows that uniformly
continuous or Lipschitz dependence are valid also for general wave equa-
tions with C1'! metrics. In this introduction, we state the theorem only in
the case where an initial velocity ¢ is present. In Section 7 we will give
the straightforward extensions to cases where driving terms F' and initial
positions f are present, and also where A(x, D,) is replaced by a divergence
form or Laplace-Beltrami operator.
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Theorem 1.1. Suppose M is a large constant such that

la¥llons < M, aiige; > M2J¢f?, (1)

If -1 < a < 2, then for each ¢ € H® there is a unique weak solution
u € C([-M, M]; H*™) n CY([—M, M]; H*) of the problem

(Dt2 — A(z, Dy))u(t,z) =0,
u’t:() =0, (3)
&tU’t:O =g

If -1 <a<2 and if A = (a¥), B = (b¥) satisfy (1) and ua, up are the
corresponding solutions, then for any € > 0 there is § > 0 such that

lua(t) —up(t)||gra+r < e whenever ||A— Bl|go1 < 0. (4)
Further, if -1 < o <1 and g € H*"!, then
[ua(t) — up(t)| gorr < ClA = Bllcoallgll o (5)
where C depends only on M and n.

Here, by a weak solution we mean a function v € C([-M, M]; H*1) N
CY([-M, M]; H*) which solves the equation in the sense of distributions,
and satisfies the initial conditions in the vector-valued sense.

Existence and uniqueness of solutions to linear wave equations is of course
classical and can be established via energy estimates under quite general con-
ditions. We refer to [8] for a comprehensive account and further references.
A constructive method, valid in the setting of our theorem, for proving ex-
istence and uniqueness of weak solutions was introduced in [6] using a wave
packet approach.

Stability estimates such as the ones in Theorem 1.1 are also classical, see
[8] and references given there. In Section 7 we give an easy argument which
uses just the existence and uniqueness of solutions, without any precise
knowledge about the solutions.

The novelty is that our proof of Theorem 1.1 is constructive: an explicit
expression for the solution is given, and the stability properties are deduced
from that. The constructive method gives the same intuition to stability as
in the n = 1 case, namely that stability for solutions should be the same as
for translating functions. We use the wave packet approach introduced in [6],
where the initial data is decomposed into wave packets, and an approximate
solution to the equation is obtained by translating wave packets along the
Hamilton flow. The stability is exactly governed by this translation.

The main motivation for this study comes from inverse problems in seismic
imaging, where the analysis of solutions of wave equations has a key role.
Many existing results, see [3] for a survey, assume a linearization about a
smooth sound speed ¢y and use microlocal analysis and calculus of Fourier
integral operators (FIOs).

There has been recent interest, see [4], in the practically more realistic
case where ¢y is not smooth, and in this case few results are known. One
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reason is that there is no calculus of nonsmooth FIOs. However, solution op-
erators for nonsmooth wave equations are understood quite well due to the
wave packet approach of [6], and a more precise analysis of these operators
is expected to lead to new results. This work is an attempt in this direc-
tion. The related work [4] discusses propagation of singularities (in terms of
concentration of wave packets) and application of wave packets in numerical
computations. We remark that wave packets are the same as curvelets [1],
[2], which have been introduced in image processing as an efficient way of
representing functions with singularities on smooth curves.

The proof of Theorem 1.1 is based on constructing an explicit solution
operator for the nonsmooth wave equation, following the method of [6]. The
idea is to localize the initial data to dyadic frequency shells, and write each
localized piece as a superposition of wave packets at the given frequency.
The action of the wave group on a wave packet is well approximated by
translating the packet along the Hamilton flow, and this gives an approxi-
mate solution operator for frequency localized initial data. These are added
up to obtain a parametrix for the full equation.

Actually, to handle the nonsmooth coefficients, at frequency level 2% one
truncates the coefficients to frequencies less than 2¥/2 and uses the Hamilton
flow for the truncated metric. The error terms resulting from this will add
up to a bounded operator, and this error can be iterated away by solving a
Volterra equation.

The precise construction of solution operator will be a combination of
methods in [6] and [7] and it does not involve new ideas. However, in view
of the stability result, we need to give the construction in detail to see how
the operator depends on the metric. The main outline is the same as in [6],
which used a discrete wave packet frame. Some computations are simplified
if one uses instead a continuous wave packet representation (i.e. the FBI
transform, see [5]). This was used in [9], [10], [11] for wave packets based on
the Gaussian. We will follow [7] which used instead wave packets compactly
supported in frequency, a property which will keep the dyadic frequency
annuli separated.

The crux of the stability proof is Lemma 6.4, which considers the sta-
bility of translating along Hamilton flow. Lipschitz stability for translation
involves a loss of one derivative, and the main point in the proof is that there
is a smooth deformation of two Hamilton flows obtained by deforming the
corresponding metrics. For the full result, one needs to check that the several
corrections required to obtain an exact solution operator, most importantly
the Volterra iteration, do not affect the stability given by translation.

We first prove Lipschitz stability with a loss of one derivative, and the
uniform continuity is an immediate consequence. Since there is a loss of
one derivative arising from the flow, we can afford to lose one derivative in
certain other estimates as well. In this way, we get stability in terms of the
C%! norm of the metric instead of C*' norm.

The plan of the paper is as follows. Section 2 contains some basic facts
about Hamilton flows, and Section 3 introduces the FBI transform. In
Section 4 we outline the construction of the solution operator, and Section 5
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contains the details. The stability result, Theorem 1.1, is proved in Section
6. Section 7 discusses variations of the stability result.

Notation. We write D; = %&t and D, = %&Ej. The gradient with respect
to x or £ is denoted by d; or d¢, and D = %d. Throughout the paper, M
will be a large constant so that (1) and (2) are satisfied. We write a < b if
a < Cb where C' > 0 depends only on M and the dimension n. Also, a ~ b
means that a < b and b < a. We write LP = LP(R"), similarly for the L?
Sobolev spaces H®, the spaces C%! and C!, and the Schwartz space ..
The mixed norm spaces are denoted by LY HS = LP([—M, M]; H*), similarly
CI{HS = CI([-M, M]; H*).

Acknowledgements. Research partly supported by the Academy of Fin-
land. Part of this research was carried out during visits at MSRI and at the
University of Washington, and I wish to express my gratitude to these insti-
tutions for their hospitality and support. I would like to thank Hart Smith
for generous advice, and Gunther Uhlmann for suggesting the problem.

2. HAMILTON FLOW

We record for later use some elementary facts related to Hamilton flows.
Let x(§) be a smooth cutoff supported in the unit ball with x = 1 for
|€] < 1/2. We define smooth approximations of the coefficients a* by

o (x) = x(27"*D;)a" (x).

Then afg is supported in frequency in {|¢| < 2¥/2}, and satisfies derivative
bounds
J0%a) | S 22 m(Olel=2), (6)

~Consider the Hamilton flow related to Df — Ay (x, D), where A(z, D,) =
ay) () Dy, Dy, It will be useful to define this in terms of the functions

pf(fb’,ﬁ) = iX(2_k/2DI) \% Ak(ZE,f)

The Hamilton equations are given by

2(t) = dep(x(t), £(1)),

§(t) = —dap(x(t), £(1)),
where p = pj, & = zj;, and € = & . Here (2,€) — (dep(,€), —dup(, €)) is
a smooth vector field in T*R" = R} x (R{ \ {0}), so given an initial con-
dition (2(0),£(0)) = (y,n) € T*R™, the Hamilton equations have a solution
(z(t),&(t)) depending smoothly on ¢,y,n at least for small time.

It is well known that the solution (z(t),£(t)) exists for all time. For, if

it exists for ¢ in an interval I = (—to,tp), then &(t) # 0 for t € I, and
h(t) = |£(t)|? satisfies by the homogeneity of p

h(t) = 26(t) - £(t) = —26(t) - dup(2(1),£(t)) = m(t)h(1)
where m(t) = —2w(t) -tdmp(x(t),w(t)) and w(t) = £(t)/|€(t)]. Solving the
equation gives h(t) = eJo ™) dp(0). But [m(t)]| < 28Upgern |wj=1|dzp(z, W),
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and this argument shows that

e~ tosupldarellig(0)] < [&(2)] < efosupldarlellie (o))
when t € I. For z(t) we have |&(t)| < sup,cgrn Jol= 1|dep(x,w)| for t € I, so
|lz(t) — (0)] < ton'/?sup|dgp(x,w)| for t € I. Thus (z(t),£(t)) stays in a
compact subset of T*R"™ when ¢ € I, and we may extend the solution past
the endpoints of I and to all time.

The following consequence will be used frequently: if (z(t),£(t)) satisfy
the Hamilton equations and |£(0)] ~ A, then

@) ~ A
for |t| < M.
We write x¢s = Xﬁ’si for the canonical transformation (y, n) — (z(t),&(t)),
where (z, £) solve the Hamilton equations with initial condition (z(s),£(s)) =
(y,m). Then x4 is a symplectic diffeomorphism of T*R"™ with inverse xs ;.

3. WAVE PACKET REPRESENTATION

Let g be a real, even Schwarz function in R™ with ||g||2 = (27)2, and
assume ¢ is supported in the unit ball. For A > 1 and y, z,£ € R" define

e (y— 1
aa(y; 2, &) = Nie g\ (y — 2)). (7)
This is a wave packet at frequency level A, centered in space at  and in
frequency at £. The Fourier transform is given by

A N imr Ay —t
gn(m@,8) = A" 1e " g(A72 (n =€) (8)
The FBI transform of a function f € . (R") is given by

Tof(x.€) = / F a6 dy

Suppose A > 26. Then if f is supported in %/\ < |€] < A, then T) f vanishes
unless $A < [{] <2X. If F € Y(Rm) the adjoint has the form

v = [[ P00 e drde

It follows that 73T\ = I, and ||T)\f||L2(R2n£) = Ifllc2mmn)-

The following result, stating the L? boundedness of FBI transform type
operators, is from [7, Lemma 3.1].

Lemma 3.1. Let g, ¢ be a family of Schwartz functions whose Schwartz
seminorms are bounded uniformly in z and £. Then the operator T', defined
for Schwartz functions by

Tf.6) = [ 1) amnw € dy
is bounded from L?(R") to L?(R?"), and the adjoint T* given by

F(y) // (@, &) (9z, ) (y; x,§) da d€

is bounded from L?(R*") to L?>(R"). The norms of T and T* are bounded
by a sum of finitely many Schwartz seminorms of the g, ¢.
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4. OUTLINE OF CONSTRUCTION OF SOLUTION OPERATOR

We will outline the construction of a solution operator S(t) : g — u(t, -)
for the problem (3). More details are given in Section 5.

Let us start with the standard Littlewood-Paley frequency localization.
Let x(§) be a smooth cutoff supported in the unit ball with x = 1 for
|€] < 1/2, and take [(D) to be a Littlewood-Paley partition of unity with

Bo(&)+ ) Br(§) =1
k=1

where [y is supported in the unit ball, £; is supported in {% < [€] < 2}, and

B(€) = Bi(27F ).
We let g, = Br(D)g, and for each k we want to find an approximate
solution of

(D} — Ap(z, Dy))uy, =0,

This will be done by reducing matters to first order hyperbolic equations.
Consider the pseudodifferential symbol

Py (2, €) = £x(272 D)/ Ak (2, €)

so that p;f is positively homogeneous of degree 1 in £ and smooth when
€ # 0, and satisfies for |{| =1

k max ol—
020 Py (,€)| < 22 MOl
Thus pfﬁk &) € 51171/2. The Fourier transform in x, (pf)A( -, §), is supported
in {|n| < 2¥/2}. Since
(v(a. DI ) = (2) " [ oo — €. 7€) de,

we see that p,f(:v,D)f will be supported in |n| ~ 2F if f is supported in
In| ~ 2%. We will also use the symbols

gt = x(27"2D,)(1/pf)

which are homogeneous of degree —1 in £, and q,fﬁk(ﬁ) €S, 11 Jor

The approximate solution operators related to (9) are
i
By (t)g = TI:Uzét(t)Tk(§Qfﬁk(D)g)

where T}, = Ty with A = 2%, and U,f (t) is translation for time —t along the
Hamilton flow of pf, that is,

k,£
U,;t(t)F =Foxg; -

We are ready to write down the first approximate solution operator for (3).
It will be given by

$Wg=t> get 3 (uf +up)

k<ko k>ko
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where kg is a constant depending on M which will be chosen later, and
where
uy = B (t)g.

Since Qf is of order —1, it is not hard to see that S(t) is an operator of
order —1, i.e. it maps H*(R") to H*"(R"). The main point is that the
operator ~

R (8) = (Do + P (y, Dy) i (8),
which is a half-wave operator applied to Efct(t), is of order —1. This implies
that when one applies the wave operator D? — A(z, D) to S(t), the resulting
operator will be of order 0, which is one order lower than expected. Therefore
we really have an approximate solution operator.

However, since 9,5 (t)g|i=o is only close to g but not equal to g in general,
we need to correct the initial values of the operator. Thus instead of S(t)
we use

S(t) =St I+ K)™*
where K is given by

K =) (iR} (0) + iR} (0) + %Rl‘:ﬁk(D) + %R;ﬁk(D))
k>ko
Here Rfﬁk(D) are order —1 operators given by
P Q5 k(D) = (I + Ry)Bu(D).

If ko is chosen large enough then K will be small on H*(R"), and S (t) will
be an operator of order —1 with S(t)gli—o = 0 and 8;5(t)g|i—o = g. Thus
S(t)g will be an approximate solution of (3) with correct Cauchy data.

It remains to show that one may iterate away the error and obtain an
exact solution. To do this we seek a solution of (3) of the form

u(t, ) = S(t)g(z) + /0 S(t,s)G(s, x) ds.

Here S(t,s) = S(t — s) is the operator corresponding to S(t) but where the
initial surface is {t = s} instead of {t = 0}. Then S(¢,s)g|i=s = 0 and

0¢S(t, s)glt=s = g, and one has

2( 5 = T ‘025 s)G(s,z)ds
at(/o S(t. )G (s, 2) ds) = G )+/0 928 (t, 5)G (s, z) ds.
We obtain
(D? — A(z, Dp))u(t,z) = T(t)g(z) — G(t, z) +/0 T(t,s)G(s,x)ds

where T(t,s) = (D? — A(z,D,))S(t,s). As remarked above, we will show
that T'(t,s) is an operator of order 0, which in the present setting with a
CY1 wave operator will mean that it is bounded on H*(R"™) for —1 < a <
2. Then u will be a solution provided that G(t,z) = V(T'(t)g(z)), where
G = V F solves the Volterra equation

G(t,z) — /0 T(t,s)G(s,x)ds = F(t,x).
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Since T'(t, s) is bounded on H* also V' is bounded on L HY, for —1 < o < 2.
Thus the full solution operator for (3) will be

S(t)g(x) = S(t)g(x) + /0 S(t,s)V(T(s)g(x)) ds.

We will now give the details.

5. DETAILS OF CONSTRUCTION OF SOLUTION OPERATOR

Let (a¥) be a symmetric matrix of O functions satisfying (1). We take
M large enough so that (1) holds also for the truncated metrics (ay), and
we also assume (2). We will use all the notations in Section 4. Also, ko will
be a sufficiently large integer, depending on M and n.

We start by noting that if the Cauchy data is localized near frequency
2% then the operators constructed in the preceding section preserve this
localization.

Lemma 5.1. Suppose the Fourier transform of f is supported in |¢| ~ 2.
Then Ty f, Pkif, Q,j:f vanish unless |¢| ~ 2%, provided k > ko. If F(z,¢)
vanishes unless [¢| ~ 2F, then T}F and U,;t(t)F vanish unless |¢] ~ 2%,
provided k > k.

Using this lemma, it will be enough to consider a fixed frequency and the
result will follow by summing over dyadic annuli. Thus, let A = 2¥, and
write p = pf, U(t) = U,j[(t), etc. The main idea is that the wave evolution
of a wave packet at frequency A can be well approximated by transport along
the Hamilton flow. The transport operator will be L, ¢ = Lf, given by

Lyge = dgp(a:,f) Dy — dyp(z,€) - De.
It is easy to see that U(¢)F will solve the corresponding transport equation.

Lemma 5.2. If F € (R} x Ry) then U(t)F satisfies

(D, + L) U(D)F =0,
Ut)Fli=0 = F

Let now f be a function localized near frequency A. We write f as a
superposition of wave packets at frequency A,

f(y) = T{TAf (y) = / / Ty f (2, ©)ga(y: 2, €) e dE.

To get an approximate solution u to the half-wave equation (D;+Py)u(t,y) =
0 with «(0,y) = f(y), where P, = p(y, D), we transport the wave packets
for time t along the Hamilton flow of p. Then w is given by

ult, y) = / / T f (2, )9 (45 xeo (2 €) da de.

Using that x;,0 is a symplectic map with inverse xo, u will be equal to

u(t,y) = TXU@)T)f.
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To measure how far « is from an exact solution, we compute
Dyu =T DU ()TN f = —Tx Ly eU(t)Tof
// TNf) (@, &) L ega(y; @, §) da dE,

the last equality by integration by parts. Thus

(D, + P,) u—// DT\ (2. €)(Py + Log)ga(y; 2.€) dede. (10)

The following lemma, corresponding to [7, Lemma 3.2], will be crucial.

Lemma 5.3. Suppose [£| ~ A. Then
(Py + Ll‘,{)g/\(:% z, é) = (.gx,f)A(ya €T, f)

where g, ¢ is a family of functions whose Fourier transform is supported in a
ball of radius 2 and the Schwartz seminorms of g, ¢ are uniformly bounded
in x,&. In fact g, ¢(2) = ma (2, D2)g(2) where

1
mag(::0) = [ (1= 920l + 5\ V2264 NN ds. (1)
0
Here m, ¢ satisfies symbol estimates uniform in 2 and &,
020 mag (2Ol S (27 [¢l <2. (12)

Proof. We define g, ¢ by the relation (g, ¢)x = (Py + Ly ¢)gx. Recalling the
formula (7) for gy, it follows that

(ze)r = (Py —idep - dy + idyp - de)gn = (Py +idep - dy — dup - (y — x)) g
— 2m) / eV (p(y, ) — dep(,€) -1 — duop(e,€) - (y — ©))(gn) (n) dn

= 20 [ oy m) bl ) ~dep(a, (1) ~du(e, -(-a) | (92) ()

since ¢ - dgp = p by homogeneity. By (8), we have

9rg(2) = (27r)_"/e"z'C [p(xﬂ_l/Qz,§+A1/2<)—p(9:,§)—dxp(w75)*‘”22
— dep(, €) - AY2¢|§(¢) d¢

which shows that (g,¢)” = 0 outside a ball of radius 2. From Taylor’s
formula we see that the term in brackets is equal to m, ¢(z, ) given by (11).
If (2,€) = (x4 sA~ V22, € + sAV/2(), we compute

R (p(2,)) = Y _[Ou,0p (& E)N 2j20 + 0, 60(E, €)2iCr + Oy, 2T, E) NG Gl
ik
J (13)
which gives (12). O

Now we can prove that the half-wave operator applied to the approximate
solution operator gives an operator of order 0.
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Lemma 5.4. Suppose f is supported in |€| ~ A. Then
(Dt + P)TXU@) TS |2 S (1Sl z2-

Proof. If f is supported in |€] ~ A, the same holds for U(¢)T)\f. The result
follows from (10), Lemma 5.3 and Lemma 3.1. O

Next we apply a second order wave operator D? — Py2 to the approximate
solution operator, and show that there is a loss of one derivative.

Lemma 5.5. Suppose f is supported in |€] ~ A. Then
I(DF = PHTXUM DA fll2 S Al fll e
Proof. We write u = TyU(t)Tf and
(D} — P})u = (D¢ + Py)*u — 2P,(D; + P,)u.
Since u and (D¢ + P,)u are supported in |{| ~ A and p is of order 1, we have
1Py (Dt + Py)ull 2 S Allfll 2

by Lemma 5.4.
Using (10) and writing (Py 4 Lz ¢)gx = (gz,¢)a, We get

(Di+ P,) u-// BYTNS) (2, €)(Py + L) (o )a(y: 2. €) da dE.
Since

Dx(gx,i)A = _Dy(gx,i)k + (Dach,f)/\a
De(gze)r = (¥ — 2)(gze)r + (Degug)r,

the argument in Lemma 5.3 gives

(Py+ Ly e)(9z,e)r = (Mg e(2,D2)gre)n + (Lpemyge(2,D.)g)

The Schwartz seminorms of g,¢ are uniformly bounded in z,§, and (12)
shows that the same applies to the Schwartz seminorms of m, ¢(2, D.)gy .
Lemma 3.1 gives

[ @O )z, D)5, i el gy S 111

It remains to study the symbol seminorms of Mg ¢(2,() = Ly emg (2, C).
From (11) we obtain

1
Q) = [ (1= 5102 [dep(a.) - Daplir+ 537 22,6 4 572

— dyp(,§) - Dep(x + sATHV22 64 s)\l/QO] ds. (14)
Since [¢] ~ A a computation as in (13) shows
020 M g(= Ol SN <2 (15)
and Lemma 3.1 implies
| [ WD) )07 2, D2)g)r2,6) s de gy S A2 o

This concludes the proof. O
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We move on to the full parametrix, where all the frequencies are added
up. The errors resulting from truncation are handled as in [6, Theorem 4.5].

Lemma 5.6. S(t) is a bounded operator H* — Ho*! for all o € R. If
—1 < a <2 then (D? — A(z, D,))S(t) is a bounded operator H* — H®.

Proof. Since qf: is order —1 one has E,;t(t) : H* — H°*! and since E,;t(t)g
is localized near |£| ~ 2¥ the sum converges in H®*! and S(t) : H® — HYHL,
Let now —1 < a < 2. We write

(D2 — Az, D.)S(H)g = —t 3 A(w, D.)o(D)g
k<ko
+ Z (D} = Ap(z, Do) (wyf +uy) + Z (Ag(w, Dy) — A(x, Dy)) (uy; +uy,)
k>ko k>ko

and write the last expression as Ti(t)g + To(t)g + T3(t)g. It is clear that
NT1(t) gl e < ||gllza. For Ta(t) we write
= Ap(@, Dy) = Df = (P7)* + (B)? = Ag(, Da).
One has
1> (DF - uy e < llgll e

k>ko

by Lemma 5.5. From (6) we obtain

(VAR =i )Br(€) € ST 1 o, (16)
which shows that (P;")? — Ag(z, D;) is of order 1 and

1Y (PH? = Az, Da))uf | e S llgllme-
k>ko

Similar results hold for u, .
For Ty(t) we need to show that

1g— Z ag(x (2))Da, Dy, uy
k>ko

is bounded on H®, where a; = azj and a = a’. We will write 3;(D)T" =
> ksko Uik Dy ju)f, where

Ljk = B;(D)(a(z) — ar(x)) k(D).

Here (;(€) are cutoffs to |¢| ~ 2¥ which are 1 on the frequency support of
ul;: kWe let lgp = lp(M) be an integer so that supp(8;(€)) C {27 +F < |¢] <
2lo+ }

By looking at the supports on the Fourier side, we get

Bi(D)(a — a2k—~4lo)6k(D)a j <k — 3o,
Ujk = § Bi(D)(a— ar)Br(D), k—3ly < j < k+3lo,
Bi(D)(a — azj—ay) (D), j >k + 3lo.
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Using that ||a — ax||z~ < 27% we obtain

I1B;(D)Tgll72 S > 2792 |lgla+ > 27%2%|gill72
k<j—3lo |7—k|<3lo

+ Y 27 g2,
E>j+3lo

It follows that I' is bounded on H* with |a] < 1. We compute

D, Tg= Z (Dlak)DWjuZ — Dja Z Dmixju,": + Z (ar, — a)ngiggjggluéF
E>ko k>ko k>ko

and note that this is bounded H**! — H? if |a| < 1, due to the C1!
regularity of a and the argument above. This shows boundedness of I" for
-1 <a<2. O

In the next lemma we correct the value of 9;5(t) at t = 0.

Lemma 5.7. If ky is sufficiently large, then

K = 3" GREO) + il (0) + S REA(D) + 3 Ry (D))
k>ko

has norm < 1/2 on H®. The operator
S(t)=St)(I+K)™
will satisfy S(t)gli—o = 0 and 8;5(t)gli—o = g.

Proof. One has HR%(O)Q||L2 < 27%||g|| 12 by Lemma 5.4. Also, Rfﬁk(D) is of
order —1 by looking at the symbol expansion of (P,;th —1)Bk(D) and using
(16). The norms do not depend on any previous value of kg, and we may
choose kg so large that K will have norm < 1/2 on H® for a € [—a, ag],
for any ag > 0. Thus I + K will be invertible on these spaces and the norm
of the inverse will be < 2.

Since S(0)g = 0, also S(0)g = 0. The derivative is

0:S(tg = ge+i Y (Dwuf + Deuy).
k<ko k>ko

We write Dtuf = Rf(t)g - Pfuf Since uf(O) = %Qfgk, we get

: . L 1 1
0:5(t)gli=0 = k; gk + k;OORI? (0)g + iR (0)g + 5 P QL gk + 5 P Qi 9n)-

It follows that 0.5(t)glt=0 = (I + K)g. O

It now remains to show that one obtains a full solution operator from S (t)
by introducing a correction by solving a Volterra equation. The solution
operator for the Volterra equation is the following.

Lemma 5.8. Suppose T'(t,s) is bounded on H®, with norm uniformly
bounded by C when t,s € [—M, M]. There is a bounded map V on L HS,
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with norm bounded by ¢“M | such that for any F(t,2) € LIHS, G = VF
solves the equation

G(t,xz) — /0 T(t,s)G(s,x)ds = F(t, ).

Proof. Define (V F)(t,x) by

t X —i—Z// / t 81 81,52)...T(sj_l,Sj)F(Sjjgj) d$j~-- dsl_

It is easy to check that the series converges in Ly°HS to a solution which
satisfies the desired norm estimate. O

As in the outline, we write S(¢, s) = S(t—s) as the operator corresponding
to S(t) but with initial surface {t = s}. If s,t € [-M, M] then S(t, s) has the
same properties as S(t), except that S(t, s)gli—s = 0 and 8tS(t $)gli=s = g.
We let

T(t,s) = (Dt2 — Az, Dx))g(t7 s), T(t)=11(t0),
so T(t,s) and T'(t) are bounded on H* when —1 < a < 2 by Lemma 5.6.
We let V be the solution operator for the Volterra equation corresponding
to T'(t, s).
The argument in the outline shows that if

S(t)g(x) =§(t)g(w)+/0 S(t,s)V(T(s)g(x)) ds,

then (D? — A(x, D;))S(t)g = 0 and S(t)gli=0 = 0, 9S(t)glt=0 = g. One
only needs to check that the time derivatives are justified, but this may be
done as in [6] and will not be needed for stability considerations. This ends
the construction of the solution operator.

6. STABILITY

We now proceed to prove the stability part of the result. Let A(z) =
(a¥(x)) and B(z) = (b”(x)) be two symmetric matrices satisfying (1), and
take M so large that the truncated metrics (ak) and (b)) also satisfy (1).
Also assume that ¢ satisfies (2).

We write Py = P,;t for the operator at frequency A = 2¥ defined in terms
of the metric A, and similarly Qa, R4, RA(t) etc. The following operators
depend norm continuously on the metric.

Lemma 6.1. If f is supported in [£| ~ ), then
[(Pa—Pg)fllrz S AA = Bllzee || f[| 2,
1(Qa —@B)fllLz S ATHA = Bllze< | fllz2,
[(Ra = Rp)fllz2 S AHIA = Bz fll 2.

Proof. Consider h(x, €) = (N"/X(A/2 )+ [F(Ax( -, €)) = F(Br(+, €))Ar(€),
where () is a cutoff to |¢] ~ X and F(t) = t'/2. We wish to show that

020 h(,€)| < Chrapl| A — Bl| e N2 10 (17)
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This will show the estimate for P4 — Pp, and the estimate for Q4 — Qp
follows from a similar result with F'(t) = t=1/2,
In 8?8? h we let the z-derivatives hit the mollifier, which gives the desired

growth. We may thus assume that o = 0. Each &-derivative hitting B,\(f)
gives A\71, so we only need to look at the case when the &-derivatives hit
F(Ag) — F(By). We write

F(Ak) — F(Bk) = /01 F/(’I’Ak + (1 - T’)Bk)(Ak — Bk) dr.

The matrix r Ay + (1 — r) By, satisfies (1). Consequently
07 [(F(Ar) — F(Bi))Be()]] < Cargll A — Bl oo A7

as desired.
If P, are pseudodifferential operators the symbol of PQ is
I¢pD3q —iy
P = Y EEL L Y [ sye g dydy
lo]<N la+8|=2N

where the last terms are oscillatory integrals, and

1
Sap = Capy / ot A=2 (1—4) 2N L9t p(a, £4tm) 02 TPV g (2 +1y, €) dit.
v<a,8 0

Note that |a + 3 — | > N. We have
(Ra — Rp)Bx(D) = PaBr(D)QaBA(D) — Ppfr(D)QpA\(D)
for a suitable 3. Suppressing the cutoffs, this has the symbol

9¢paDiqa — O¢ppD3qs
a!

o(Ra— Rp) =paga —ppas+
0<|a|<N

bY€) sl ) dy

lat+Bl=2N

The principal symbol is paqa —ppas = (1—x(27%/2D.))(1/pp —1/p4) since
q = x(27%/2D,)(1/p), and the arguments above show that the corresponding
operator has norm < A7Y|A — B||z~ on L2. Tt is easy to see that the terms
with 0 < || < N have the same bound. Finally, if |y| + [6| < 2n 4 1 then

070805 0F (525 — s55) (@, €, y,m)| < CA= S+ 111=310'l ) 4 — B e,

Taking N large enough and using standard estimates for oscillatory integrals
gives the L? bound for R4y — Rp. O

Let gég be the Schwartz functions in Lemma 5.3, defined in terms of the
metric A.

Lemma 6.2. The Schwartz norms of gfg—gfg are S A||A—DB|| 10, uniformly
in z and &.
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Proof. Tt is enough to show that
020 (me = ml) (= Ol SMA - Blr=(2)>, [¢]<2 (18)

This follows from the expression (11) for mg ¢, the computation (13), and
the estimate (17). O

Remark. It is also true that the Schwartz seminorms of gfg - gfg are
< ||A — B||g11, which follows by replacing (17) with the alternate estimate

1
‘a:?agh(xﬂ 5)‘ S CM,O[“BHA — B||Cl,1)\17|’3|+§ max(O,\a|72)'

However, due to translation along Hamilton flow, there is a loss of one
derivative in the stability estimate in any case. Therefore we can afford to
lose one derivative in other estimates as well. This results in stability in
terms of the C%! norm of the metric instead of C'!.

Lemma 6.3. [[(R4(0) — R5(0))fl12 S |4~ Bllz=<| fl 2.
Proof. One has

(Ra(0)~Ra0))f =3 ( [[ (23(Qa-QmB(D) ) )6y, €) dw
+ [ @Qei D)@ )0k — B wi ) dn ).

The result follows from Lemmas 3.1, 5.3, 6.1 and 6.2. O
From the preceding results, and from the factorization
(I-Ka) ' =(I-Kp) ' =~ Ka) (K- Ka)l - Kp)™,

we see that (I+K)~!, the operator which corrects the initial values, depends
norm continuously on the metric:

I+ KA)™" = (I + Kp) o ne S 1A = Bllze. (19)

Next we consider the stability of the flow operator. Here we will lose one
derivative to get Lipschitz stability.

Lemma 6.4. If f vanishes unless |¢| ~ A, then
IT3(Us ~ Us)T3 S22 5 AIA ~ Bllowa |2
Proof. Fix t and write x4 = Xét, XB = X(th. One has
Ti(Ua - Un)Tf () = [ [ ca(w.) - T f (e, )lan(wi.€) dode.
We let Cy(x,&) = rAx(z,§) + (1 — r)By(z,€), and let ®, = x¢, = (2, &)

be the flow corresponding to the metric C;.. Then (®;),¢[,1) is a smooth
family of symplectic diffeomorphisms of T*R", and we have

1
Ty f (xa(. €)) — Tof(xp(. €)) = /0 (Ao e To )@y (2,€)) - 0,y (2, €) dir.
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Let h(s) = h(s,r,z,&) = (zr(s),&-(s)/A) where (x,(0),&-(0)/A) = (x,&/N).
Differentiating the Hamilton equations for (z,,&,/A) with respect to r, and
using

A)\(LL’, 5) - B)\(CC, f)

dpc, = x(\"Y2Dy)
Cr(x,€)

we obtain

(0rh) ()] < 10-h(s)] + | A = Bllgoa-
Since 0,h(0) = (0,0), Gronwall’s inequality shows [0,h(s)| < ||A — Bl|¢o
for |s| < M. This implies

0| S 1A = Bllcon,
|0r&r| S AlJA = Bllcor.

Using that 0,, Thf = T\(9;f) and 9¢, T f = A"Y/2T} \ f where Tj,f(z,€) =
(f? (szg))\( 3T, g))a we get

1
13U~V f ) = [ [[ [0yt 0T 0:0) @ . onlr:. €

+ (9r60)j (2, NPTy A f(Pr(,€)) 9 (v 0, €) | d d dr. (20)
Lemmas 3.1 and 5.3 imply the desired estimate. U

Lemma 6.5. Suppose f is supported in €] ~ A. Write Maf = (D¢ +
PMT{UAT,f and Naf = (D} — (P)?)T5UATf. Then

[(Ma = Mp) fllL2 S AIA = Bllcor || £l 2, (21)
I(Na = Np)fllz2 £ N[ A = Bllcoallf 2 (22)
Proof. From (10) we have

(Mg — Mp)f = //(UA — Up)Taf(x,€)(95e) (s 2, &) dw d€
" // UTaf(,€)(dne — Ire)a(y; . €) da dé

where gié is as in Lemma 5.3. That lemma, the argument in Lemma 6.4,
and Lemma 6.2 give (21). For the other estimate we write

D} — P! = (Dy + P,)(Dy + P;) — 2P,(D; + P,)
which gives
(Na— Np)f = [(Dy+ P}y Ma — (D; + P} )Mp]f
—2(P)t — PPYMaf — 2P} (M — Mp)f.

The last two terms have L? norms < A%||A — B|coq||f||z2 by Lemma 6.1
and (21). The first term has the form

(Dt PYMy— (D4 PP)Mp)f = / / (UA—Up) T f (. )(32%) (; 2, €) dr d

+ / / UpTrf(w,€)(32 — 82 (y; 2, €) dar de
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where g;"g = mig(z, Dz)gﬁf + m;}é(z, D.)g, using the notation in Lemma
5.5. The Schwartz seminorms of §7ﬁ€ are < A2 by (15), and those of
g;‘,g - gﬁg are < A2||A — B~ by (18), (14), (17). Now (22) follows in the
same way as (21). O

We proceed to prove stability results for the operators where all the fre-
quencies are summed up.

Lemma 6.6. || (Sa(t) — Sp(t))gllue S | A — Bllcoal|glae-

Proof. Because of (19) it is enough to prove the estimate for S (t) — Sp(t).
But we have

(Sa(t) = Sp(t)g = Y (B 4(t) = Ejf p(8))g + (By 4(8) — By, 5(1))9)
k>ko

where
(B 4(0) ~ B ()9 = TEUE A1) — U p()Th(5 Q1 4P(D)o)

i
+ TiUip (O Tk(5[Qi 4 — Qi plBk(D)g).
By Lemmas 6.1 and 6.4 one gets
(B 4(8) = By p())gll2 S 1A = Blicoa gl 2 (23)

We sum up these estimates and use frequency localization to obtain

1(54(t) = Sp(®)gllze S 1A = Bllcoallgllme-

The next lemma considers the error T4 (t) = (D? — A(x, D.))SA(t).
Lemma 6.7. [[(Ta(t) — Ts(t)gllme S ||A — Bllgol|gll e+t when |af < 1.

Proof. As above, it is enough to consider the operator

Ta(t)g = (D} — A, Dy))Sa(t)g = —t Y Az, Dy)gs

k<ko
+ ) (D} = Ap(, Do) (B4 (H)g + By 4 ()g)
k>ko
+ 3 (Ak(z, Do) — A, Do) (B 4 (8)g + By 4(£)g).

k>ko
We write the last three terms as TA,J- (t)g for j =1,2,3. Clearly
1(Tan(t) = Tpa()gllae S 1A = Blicoallgll e

For the second term we use that
(Dt2 — Ag(x, Dr))Efgt,A(t)g = (Dt2 - (PIfA)z)E;A(t)Q + Clgi,AEl:ct,A(t)g

where O | = (PE,)? — Ay(z, D;)). The first term is just NA(%Qngk), and

l v
HNA(iQiAgk) - NB(iQiBQk)HLz < 28| A = Bllgoallgl 2
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by (22) and Lemma 6.1. Writing
Cira = Citp = (PLa)* = (P{p)* = (Ax(w, D2) = By(, Da)),
and using the argument in the end of Lemma 6.1, we see that
I(Cia = Cip)Br(D)gll 2 S 2°%|A = Bllr< gl 2
when 3, (€) is a cutoff to |¢| ~ 2¥. Lemma 6.5 shows
1(Ta2(t) = Tra()gllte S 1A= Bllgoallglgas-
For the last term we write

(Tas(t)~Tp3(t)g = Z > (Ak(z, Dy) = A, Dy)) (Ey o (8) = By 5 (1))
k>ko

+ Z Z (Ak(‘erJJ - A(vail?> - (Bk(x7D$) - B(vaI)»El:ct,B(t)g
+ k>ko

The discussion in Lemma 5.6 and (23) give the bound for the first term.
The second term is handled as in Lemma 5.6, except that we use

la = ag(z) = (b= b(@)|l = < | A~ Bllcoa2™".

One first gets the bound for —1 < o < 0 and then for |a| < 1 by computing
the derivative. The result follows. O

We note that the last estimate holds for the operators T'(¢,s) with uni-
form constants when ¢, s € [-M, M]. The final estimate we need is for the
Volterra solution operator.

Lemma 6.8. ||(VA — VB)FHL;’OH,% S ||A — B‘|CO,1|’F||L?OHg+1 when |a| < 1.

Proof. Recalling the definition of V' from Lemma 5.8, we need to estimate
the LY HS norm of terms of the form

t prsy Sj—1
I(t,z) = /// Tp(t,s1)---Tp(si—1,51)(Ta —TB) (51, S141)
0Jo 0
Ta(si41,8142) - - Ta(sj—1,55)F(sj,x)dsj-- - dsy
Choose C' = C(M) such that for t,s € [-M, M],
1Ta(t, 8)gllae + | TB(E 8)gllue < Cllglge, —-1<a<2,

(Ta = TB)(¢; s)gl e < CllA = Bllcorllglggetr, —1<a<l

Using the H® estimate for each Tz, the Ht!1 — H® estimate for T4 — Tg,
and then the H**! estimate for each T4 gives

Cit
HI( )HHa < THA B‘|001HFHLOOHQ+1

There are j terms of the form I(¢,x) at level j. It follows that

o
j(c
[(Va—VB)F||Leomre < (Z >HA—B”CO,1HFHL§CH§+1.
J=1
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For the full solution operator we have
(Sa— SB)(t)g = (Sa — Sp)(t)g + /O (Sa = Sp)(t )Va(Ta(s)g(x)) ds
+ [ Bl s)(Va = Vi) (Za(o)g(w) s
0

t
+ / Sp(t,s)Ve((Ta — TB)(s)g(x)) ds.
0
Consequently, for g € H* with -1 < a <1,

1054 = SB) ()9l ot S [|A = Bllcorllgllga+s

by Lemmas 6.6, 6.7 and 6.8. This shows (5).
To prove (4), take g € H* with —1 < a < 2, and write g = g5 + g, with
gs € H? and ||g;|| g small. Using the triangle inequality and (5), we get

154 (®) = S(1))gsll as < Nlgsll 2,
1(54(t) = S(1)gsll 2 < 1A = Bllcollgs|l a2
and by interpolation ||(Sa(t) — Sg(t))gsllms—+ S 1A — Bllgoqllgsl g2. Thus,
given £ > 0, by choosing ||g,|| g and § > 0 small enough we obtain
1(Sa(t) = Sp()gllarr < [1(Sa(t) = Ip(t))gs rots
+ [1Sa(®)grll ot + [1S8(E)grl ot < e
whenever ||[A — Bl|co,1 < . This ends the proof of Theorem 1.1.

7. EXTENSIONS

Here we give some extensions of Theorem 1.1, following Section 4 of [6].
The solution operators in cach case are obtained from § (t) similarly as in
[6], and the stability results follow from the arguments given in Section 6.
Therefore we will omit the proofs in this section. We emphasize that for
each theorem below, the stability proof is constructive.

Theorem 7.1. Assume (1) — (2), and let —1 < a < 2. Suppose that
fe H* ¢gec H® and F ¢ L%Hg Then there is a unique solution in
CYHY N CHY for the problem

(D} — A(w, Dy))ult,) = F(t,a),
U’t:O =/
Opuli=0 = g-
The solution satisfies
(@)l oer S N f[osr 4+ llgllze + 11F L2 pre- (24)

Also, let A = (a¥), B = (b¥) satisfy (1), and let u4, up be the corresponding
solutions. If —1 < a < 2, then for any € > 0 there is § > 0 such that

lua(t) — up(t)||gra+r < e whenever ||A— Bl|co1 < 0. (25)
Further, if -1 <a <1 and f € H*"2, gc HY"' F ¢ L'H2"!, then
lua(t) —up @)l gesr S 1A= Bllcor (£l etz + gl ot + 1l 1y ros1). (26)
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Remark. Here we show how the existence and uniqueness part of Theorem
7.1 can be used to prove stability of the map A — wu(t, -) in Theorem 1.1.
It is enough to prove (5) for —1 < o < 1, and the uniform continuity will
follow as in Theorem 1.1. Let A, B be two metrics satisfying (1), and let
g € H*. We denote by ua, up the solutions to (3) with data g, and write
v =1uyg —up. Then v satisfies

(D? — A(z, D))v = (A(z, D;) — B(x, Dy))ug,
v(0) = 0w(0) =0,
which implies

o)l o+ S 1A = BHCOJ(|Sig>4HUB(t)HHa+2) S 1A = Blioallgll e+t
<

This is the required bound.

Now we consider the wave equation with divergence form operator
AP (z,D,)u = Dy, (a (%) Dy, ).

Theorem 7.2. Assume (1) — (2), and let —2 < a < 1. Suppose that
f e H* ge H* and F € L}HZ. Then there is a unique solution in
CYHY N CHS for the problem
(D2 — AP (2, D,))ult,@) = F(t,a),
u’t:O = f7

atU’t:O =g
The solution satisfies (24). Also, solutions satisfy (25) and (26), if the ranges
for v are replaced by —2 < a < 1 and —2 < a < 0, respectively.

Finally, we consider the Laplace-Beltrami type operator
AF(x, Dy)u = p(x) ™' Dy, (p(x)a” () Dy ju)
where p = (det (a¥))'/2.
Theorem 7.3. Assume (1) — (2), and let —1 < a < 1. Suppose that
f e H*t g e H* and F € L}H2. Then there is a unique solution in
CYHST N CLHY for the problem
(D? — AX(z, Dy))u(t,z) = F(t,z),
uli=o = f,
Opuli=0 = g.

The solution satisfies (24). Also, solutions satisfy (25) and (26), if the ranges
for « are replaced by —1 < a < 1 and —1 < a < 0, respectively.
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