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Abstract

Earthquakes, viewed as passive sources, or controlled sources, like explosions,
excite seismic body waves in the earth. One detects these waves at seismic stations
distributed over the earth’s surface. Wave-equation tomography is derived from cross
correlating, at each station, data simulated in a reference model with the observed
data, for a (large) set of seismic events. The times corresponding with the maxima
of these cross correlations replace the notion of residual travel times used as data in
traditional tomography. Using first-order perturbation, we develop an analysis of the
transform, mapping a wavespeed contrast (between the “true” and reference models)
to these maxima. We develop a construction using curvelets, while maintaining an
imprint of geometrical optics reminiscent of the geodesic X -ray transform. We then
introduce the adjoint of the transform, which defines the imaging of wavespeed vari-
ations from “finite-frequency travel time” residuals. The key underlying component
is the construction of the Fréchet derivative of the solution to the seismic Cauchy
initial value problem in wavespeed models of limited smoothness. The construction
developed in this paper essentially clarifies how a wavespeed model is probed by the
method of wave-equation tomography.
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1 Introduction

Earthquakes, viewed as passive sources, or controlled sources, like explosions, excite seis-
mic body waves in the earth. One detects these waves at seismic stations distributed over
the earth’s surface. It is common practice to try and estimate the travel (or arrival) times
of phases of interest in the seismic records. These travel times, together with the source-
receiver positions, can be compiled as “data” for reconstruction of the wavespeed in Earth’s
interior by methods of tomography.

Indeed, travel times of seismic body waves have played a key role in many seismo-
logical studies of Earth’s interior structure. For instance, tomographic inversions of vast
amounts of routinely processed travel time residuals from international data centers, such
as the International Seismological Centre, have been used to delineate three-dimensional
heterogeneity in rather spectacular detail [28, 34, 12, 1]. These studies use geometrical
(optics) ray theory with first-order perturbation assuming a well chosen reference model
and form differential travel times.

The above mentioned rays can be viewed as geodesics, travel times as their lengths,
while describing the wavespeed in Earth’s interior by a Riemannian metric. The “data”
then comprise knowledge of the boundary distance function; for the analysis of the as-
sociated inverse problem, see [19] and references cited therein. In this framework, the
above mentioned first-order perturbation leads to the introduction of the geodesic X-ray
transform. For the range characterization of, and stability estimates for the geodesic X -ray
transform restricted to geodesic complex (the dimension of which equals the dimension of
space), see [11]. For each source-receiver pair, the kernel of the geodesic X -ray transform
is supported on the geodesic connecting them. In this paper, we, essentially, consider and
analyze a generalization of this transform arising in seismic applications.

Since the advent of routine, broadband digital recording, an increasing number of stud-
ies of Earth’s interior has been relying on knowledge gleaned from cross correlations of
data simulated in the above mentioned reference model with the observed data. The times
corresponding with the maxima of these cross correlations then replace the above men-
tioned differential travel times, and were considered, for example, in [16, 35]. Using first-
order perturbation, we develop an analysis of the transform, mapping a wavespeed contrast
(between the “true” and reference models) to these maxima; in the seismic literature one
refers to such a transform as the “sensitivity”, and to the maxima as “finite-frequency
travel times”. In an earlier paper [7] we established that this transform, in the limit of in-
finite bandwidth and assuming smooth wavespeed models, asymptotically reduces to the
geodesic X -ray transform.

The implications of the “cross-correlation-criterion” approach to tomography have been
debated in the literature [6, 8, 32, 18, 33]. The “sensitivity” was described by banana-
doughnut-kernels (BDKs) [5]. Here, we shed light on the subject of wave-equation tomog-
raphy making use of multi-scale analysis.

The generalization encompasses the following aspects. The transform is derived from
the full wave solutions to the seismic Cauchy initial value problems (one for each source),
and no longer infers information of the singular supports (or wavefront sets) of the solu-
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tions. We develop a multi-scale approach — this replaces the straightforward decomposition
of data into separate time-frequency bands in use in seismic applications. The wavespeed
models can be of limited smoothness; they will be assumed to belong to C'*!, which allows
a natural connection with the integral-geometric formulation of travel time tomography to
be established. We consider the restriction to a finite set of (isolated) source-receiver pairs.
The kernel of the transform will have a volumetric extent, rather than being supported on
the rays connecting receivers to sources. This facilitates data fusion, that is, assimilation
of different wave types in the data in different, but overlapping, frequency bands.

In this paper, we develop a construction of the above mentioned transform using curvelets,
while maintaining an imprint of geometrical optics reminiscent of the geodesic X-ray
transform. We also introduce the adjoint of the transform, which defines the imaging of
wavespeed variations from “finite-frequency travel time” data. The key underlying com-
ponent is the construction of the Fréchet derivative of the solution to the seismic Cauchy
initial value problem in wavespeed models of limited smoothness. In principle, this con-
struction can also be incorporated in the process of “waveform tomography” [22] based on
least-squares fitting of selected waveforms. Moreover, one can consider the reverse-time
wave-equation formulation of annihilator-based reflection tomography [26, 27, 9] and de-
velop the linearization of the map from wavespeed model to annihilated data.

1.1 Sensitivity kernels in transmission tomography

The sensitivity of the cross correlation approach to tomography has been studied in [17, 5,
36] and other publications. The distribution kernel of the associated transform has received
attention, in particular, while trying to understand how it generalizes the geodesic X -ray
transform and changes the scope of tomography. The construction developed in this paper
essentially provides the anatomy of the transform and clarifies how a wavespeed model is
probed by the method of wave-equation tomography.

1.2 The underlying initial value problem
We begin with a few definitions. We assume that U C R" is open, and 0 < v < 1. With
z e R", weset D, =179, , while D, =i~'0,.

Definition 1. (i) Ifu: U — R is bounded and continuous, we write

HUHC(U) := sup|u(z)].
zeU

(i) The v*" Holder seminorm of u : U — R is given by

[U]co,v(zj) ‘= sup {M}

zyelU,x#y |(L’ - yl7

and the v'" Holder norm is

||U||00w(0) = HUHC(U) + [U}cw(U)-
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Definition 2. The Holder space, C*(U), consists of all u € C*(U) for which the norm

lallern@y = S ID%ulle@y + 3 1D ulgon)

|| <K |a|=k

is finite.

In this paper, we encounter the spaces C*~ 11, and use the equivalent norms ||u||cx-1.1 =
2 jaj<ll D ul| Lo

Definition 3. The space, L*([0,T]; X), consists of all measurable functions u : [0,T] —

X with 1
T v
lollrtomao = ( [ Tutolrar)” < o,
0

||| Lo (jo,17:x) := ess sup |Ju(t)]| < oo.
0<t<T

for1 < p < oo, while

Throughout the paper, we will use an abbreviation for the latter space, namely L°X,
where X is a Sobolev space. In a similar fashion, we denote by CP X the space of functions,
u(t, x), continuous in time, for which

|ullcoo,r1:x) := sup |lu(t)]|x < oo,
0<t<T

and by C! X the space of functions, u(t, x), for which
u(t,x) € C°([0,7]; X) and dyu(t,x) € C°([0,T]; X).

Let a*(z) be functions in C**(R™) such that the matrix (a”(z)) is symmetric and
positive definite with a uniform bound when = € R". Then the operator A(x,D,) =
> =1 @7 (x) Dy, Dy, is uniformly elliptic, and we may consider the Cauchy initial value
problem for the wave equation,

[D? — A(z, D)]u(t,z) = 0,
Uli—o = 0, (L.1)

atU|t=0 =g.
Here, g € H® and u(t,z) is a function in R, x R”. The regularity condition for the
coefficient functions is natural in the context of tomography, since the Hamiltonian flow is

well defined for C'**! metrics, but not, for example, for C'7 metrics where v < 1.
If M is a large positive constant such that

la”||cra < M, aijfifj > M2€)?,
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and —1 < o < 2, it is well known that the Cauchy problem above has a unique weak
solution u € CO([—M, M|; H*™') N C'([—M, M]; H*). We will write this solution as

u(t,x) = UA(t’x) = (SA(t>g)(x)

If ¥ = §%, which corresponds to the Euclidean metric, it is an elementary fact that

sin(tv/—A) , ~.
S(t)g=—7—="g, withA=—-% D:.
5 2

The solution operator S4(t) is the corresponding “sine propagator” in the variable coeffi-
cient case.

Remark 1. One can consider solutions to the Cauchy initial value problem defined in (1.1)
but with more regular metrics, ¥ € C™ 1, withm > 2. Thenu € C°([—M, M]; H*)N
CYH[—M, M]; H*) with —m + 1 < o < m, see also Appendix A.

We are interested in studying the properties of u(t,.) = Sa(t)g when g is fixed, but
the coefficient matrix of A varies. This is a common situation in tomographic imaging
problems. In these problems, for the purpose of imaging and optimization, one performs
a linearization about a fixed wavespeed model (metric). The main result of this paper is a
multi-scale approach to constructing the linearization of operator S4(¢) with respect to A.
This approach reveals the imprint of traditional tomography following geodesics.

We assume that the functions g represent earthquakes, parametrized by their locations,
s, and write g = g;. To express the source parametrization, we also write us = ua(t, z; s).
The wave solution is observed in seismic stations located at . We assume that r € S ~
S"=1 C R™; s lies in an annulus, Vs, of “thickness” h with outer boundary coinciding
with §; see Fig. 1.

2 Main results

In this section, we present our main results pertaining to the existence and mapping prop-
erties of the Fréchet derivative of the wave solution operator, and its application to wave-
equation tomography.

2.1 Fréchet derivative

If g is a fixed function in R™, we consider the map A — S4(t)g from C"! metrics to
solutions of the wave equation. To begin with, the solution depends continuously on the
metric. This is a consequence of energy estimates (see Stolk [25]), but our starting point is
the constructive proof in Salo [20], which is based on curvelets.



Wave-Equation Tomography 6

Figure 1: Configuration for wave-equation tomography.

Theorem 1. Let A = (a") and B = (b") be two C*! metrics in R", and let M be a large
constant such that

la|lcin < M, ) &g > M2IEP; 2.1)
ij=1
similar conditions are satisfied for the metric B. Lett € [—M,M]; if =1 < a < 1, we
have
1(55(t) = Sa(t)gllgesr < C||B = Allcorlgllmesr, (2.2)

where C' depends only on M and n.

We will use the notation < to indicate < C'- where C' depends only on M and n. If A is
a C'"! metric then S, (t) is a bounded operator from H*(R") to H*"(R") if -1 < a < 2,
by energy estimates [25] or curvelet methods [23]. Theorem 1 gives Lipschitz stability in
the case where the initial value g is one derivative smoother than required by the mapping
properties of S,(t). This “loss of derivatives” is a natural feature of the stability results
and will be present throughout this paper.

One of the contributions of this paper is the constructive proof establishing that the
map A — S4(t)g is not just continuous, but also Fréchet differentiable with respect to the
metric. By definition, the Fréchet derivative, DS, exists at A if for small C'*! perturbations,
A,

(RS)a,a(t) = Saya(t) = Sa(t) — (DS)4,.a(0),
is o(]|4]|) in suitable norms; here, (DS)4 a(t) is linear in A. This is the content of the

following theorem. Again, the result can be proved in an abstract way via energy estimates
[25]. We present, here, a multi-scale approach and a constructive proof using curvelets.
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Theorem 2. Let A and A+ A be two metrics satisfying (2.1). There exists a linear operator
(DS) a,a(t), which acts linearly in A and satisfies

[(DS)a,at)gllzarr S | Allcorllgllzetr, —1<a <1, (2.3)
while

I(BS)a,a®)gllzrorr S (1ANE0allgl mrare,  —1 < a<0. (2.4)

Note that there is a “loss of one derivative” in (2.3) and a “loss of two derivatives”
in (2.4). This is consistent with [25] where one has estimates in spaces which have one
derivative less regularity each time.

Remark 2. For more regular metrics, ¥ € C™ 5! with m > 2, using the techniques and
results in Appendix A, we find that

1Sa®)gllmasr S N Allem-2allgllga,  —m+1<a<m, (2.5)
while
1(DS)a,at)gllzest S [ Allem—2allgllgasr, —m+1<a<m-—1, (2.6)
and
[(RS)a,a)gllmart S |A[Em-2allglmasz, —m+1<a<m—2. 2.7)

A direct consequence of Theorems 1 and 2 is

Corollary 1. If g € H*™ ' with —1 < « < 1, then
[(RS)a,a(t)gllmesr = of[[ Allcor) (2.8)

as || Al|gor — 0.

Proof. We decompose g = gs + g, where g, € H? and || g,|| zra+1 is small. Then

I(RS)a,a®)gsll > < N(Saralt) = Sa(®)gslla> + [(DS)a,a()gsl
S Allcorllgslzz. (2.9)

Also, by Theorem 2
I(RS)a.a(®)gslla S 1810 llgslme.

Interpolating the last two estimates gives
I(RS)a,a()gsllrrasr S I ANEoS 195 2
for 0 < a < 1. By the same argument as in (2.9),
[(RS)a,a()grllmresr S 1Al ot | gl e

Combining the last two estimates implies (2.8) upon choosing g, so that ||g,|| ga+1 is suffi-
ciently small. O
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We need this corollary to obtain pointwise estimates, pertaining to the solution of the
wave equation and its Fréchet derivatives in three dimensions, that apply to observations
in isolated (“point”) seismic stations. Indeed, if n = 3, Sobolev embedding [10, p.270,
Theorem 6] implies that H*(IR*) embeds in the bounded, continuous functions if s > 3/2,
and then ||u|| o rs) < C|ul| s (rs), thus leaving admissible a-values 1/2 < o < 1.

2.2 Wave-equation tomography

In wave-equation tomography the dimension is n = 3, and the data, d = d(t,r;s), are
modelled by w4, (t,7;s), with ¢ € [0,7] (assuming 7' < M) while » € S belongs to a
finite set and s belongs to a finite set contained in Vs ;. We assume that the interior of the
earth can be described by the C'''! metric Ay. In the process of tomography, the sources,
gs, are known while the metric, A, is unknown. The objective is to find a good chl
approximation A to A, by developing a mismatch criterion based on the cross-correlations

C(A,1) :/uﬁ(t,r;s)dx(t—l—t,r; s) dt. (2.10)
R

Here, v} (t,7;s) = X1 (t) ua(t, r; s), with uu representing data modeled with coeffi-
cients A assuming the same source g = g, that generates d; also,
dX(t,r;s) = X, m)(t) d(t,; s). The window function, x(r, ,) € Cg°, is chosen to select
particular time intervals in the seismic records, with 0 <77 < Ty < M; X1, 1] (t) = 0 for
t < T, and t > T,. We assume that ¢ is compactly supported. If g € H'/?* then u, and
d are continuous by Sobolev embedding.

For the true metric Ay, we have C(Ag, —t) = C(Ag,t) whence t — C(Ag,t) has a
maximum at t = 0. If g € H*2*¢ then 9,u € C;C, by Sobolev embedding, and one may
compute the time derivative

F(A,t) = 0,C(A,t) = /uﬁ(f)atuﬁo(t +t)dt.

Here, and below, we write u}(t) = u)(t,7; s) and similarly for v} . We have the property
that F(Ay,0) = 0.

The “finite-frequency” traveltime difference At = At(s,r) is defined as the real num-
ber with smallest absolute value which solves

F(A, At) = 0.
If A coincides with the true model, A, then At(s,r) = 0 for all (s,r). The next result

states that At is well defined for metrics near Ay.

Lemma 1. If (A, t) is sufficiently close to (Ay,0), then there is a C' function At defined
for CY! metrics near Ay such that

F(A,t) = 0for (A,t) near (A, 0) & t = At(A).
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Proof. In a neighborhood of (Ag, 0) in C! x R, the function F is C'* because

OF(A.1) = b, / W (F — )9, () df = — / O (7 — ), (7).
while
OAF(A.054 = [(DS)asaD9)xin, () O (¢ + )

so that
FA 4 GA, ¢+ 6t) — F(A, £) — OF (A, £)5t — DaF(A, + 6)5 A
= [((Sae5a0 = S4(0) = (DS)sa@)ghimra ) O, (T4t + 5t) dE
+ / W (F — t — 58) — w(F— 1) — B (F — 1)(—61)] Dyc, (F) .
We use that g € H?/?t¢. Moreover, we use the estimates

1(Satsa(t) = Sa(t) = (DS)as5a(®)gll a2+ = o([|0A| o),

and
||UA(t/ — 6t) — UA(t,) — 8tuA(t’)(—5t)||H3/z+E - O(|5t|)

Since F(A,0) = 0and 0;F (A, 0) = — [|dyuy, (£)|* dt < 0, the existence of a C"* function
At with stated properties follows from the implicit function theorem. [

Differentiating the identity F(A, At(A)) = 0 near A, gives

d4F(A, At(A))SA
O F(A, At(A))

(04At)(A)SA =

This can be interpreted as the sensitivity with respect to changes in A for wave-equation
tomography. Using that At(Agy) = 0, we obtain the sensitivity map, 0 A — 0t with

_8AF(A0, 0)5A _ /((DS)AQ,lSA(E)g)X[Tl,TQ](ﬂ atuﬁo (ﬂ dt

F(A -
9F(Ao,0) /@Uﬁo(f)@tuﬁo(f) di

5t := 94 At(Ag)SA =

(2.11)
(We substitute u 4, (t) = Sa,(t)g.) This map replaces the geodesic X -ray transform in con-
ventional tomography. Its construction — with an “imprint” of the geodesic X -ray trans-
form — is the topic of Sections 4 and 5.
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Figure 2: Support of a wavepacket g (n; x, £).

3 Multi-scale approach

3.1 Wavepackets and curvelets

Originally, the parametrix construction
based on wavepackets (or curvelets) for the wave equation with C'"! coefficients appeared
in Smith [23]. Smith initially constructed a tight frame of curvelets, where the frame
elements were compactly supported in the frequency domain. These tight frames were also
considered by Candes and Donoho [2, 3, 4]. The analysis of the parametrix construction is
somewhat simplified by using a continuous wavepacket representation, also called the FBI
transform. This idea appeared in the works of Tataru [29, 30, 31] for wavepackets based on
the Gaussian. Smith [24] gave a construction based on wavepackets compactly supported
in frequency, which approach will be taken here.

We will use similar notation as in [20]. Let ¢ be a real, even Schwartz function in
R" with ||¢||2 = (27)"/2, and assume ¢ is supported in the unit ball. For A > 1 and
y,z, & € R", we define

Oy, €) = X ETION (y — ). 3.1)

This is a wavepacket at frequency level ), centered in space at x and in frequency at £, see
Fig. 2. Its Fourier transform is given by

Or (1w, &) = AT G(NT2( — €)).

The FBI transform of a function f € .%(R") is given by

Tof(2,€) = / ) .8 dy. 3.2)
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Suppose that A > 25. Then, if f is supported in }l/\ < [€| < A, Tf vanishes unless
N < ¢ < 2\ If F € .7 (R?*), the adjoint T} of T} has the form
8 & A

y) = // F(z,8)ox(y; x, &) dedE. (3.3)

It follows that 75T\ = I, and HT’\fHLQ(RiE) = || fll z2(mm).-
The following result [24, Lemma 3.1] states the L? boundedness of FBI transform type
operators:

Lemma 2. Suppose that ¢, ¢ is a (x, §)-family of Schwartz functions on R", whose Schwartz
seminorms are bounded uniformly in x and &. Let

(bwe)a(y; @, &) = A4 V=20, (A2 (y — z)).

The operator
735(.€) = [ F)Grn i € dy G4
is bounded from L*(R™) to L*(R2";). Furthermore, its adjoint, given by

<ﬂrﬂw:/F@®wmm%LQM% (3.5)

is bounded from L*(R2") to L?(R™).
The norms of T%, (T’) are bounded by sup,, ¢ Cn11(z¢), with

N(@ae) = D )" 05 bue() L (3.6)

|| <N
and N > 2n.
Proof. The Schwartz kernel of the composition 7% (7%)* is given by

K(x’€7 :L’lf/) — ei((g,x>7<§/7x/>) /ei)‘l/2<£’£,y) ¢x7£(y _ )\1/2w)¢x/’£/<y _ )\1/23:/) dy
This kernel satisfies the estimates [24]
K2, &a'¢) < C(L+ X2 =&+ NPz —af|)7N

for all N € N. Here, the constant C' depends on /N and can be further estimated by finitely
many Schwartz semi-norms of ¢, ¢, that is, by

sup CN+1(<Z53:,5)2-
(z.,6)

Choosing N > 2n, we can use Schur’s lemma to show that 7% (73)* is bounded on
L*(R27%). O

We will use this lemma several times in the proofs of Section 5, with different types of
wavepackets, ¢, ¢. Furthermore, we will identify A with dyadic scales, that is, A = 2% and
write T}, for T.
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3.2 Symbol smoothing and model decomposition

We discuss the principal multi-scale decomposition. We let x (&) be a smooth cutoff, sup-
ported in the unit ball, with y = 1 for |£| < 1/2. We subject the coefficients, ¥/ € C!, in
the wave equation to the smoothing

a (r) = x(27%%D,)a" (z). (3.7)

This operation directly implies smoothing of the symbol, A(z, &), in (1.1).
In conjunction with the symbol smoothing, we use the Littlewood-Paley frequency
decomposition. We take (D) to be a Littlewood-Paley partition of unity, with

Bo(€) + Y Bl(&) =1,

where 3, is supported in the unit ball, 3 is supported in {3 < |¢| < 2}, and 3;(§) =
B1(27F+LE). We subject the initial data, g, to such a decomposition:

gr = Br(D)g. (3.8)

4 Summary of parametrix construction

In this section, we summarize the parametrix construction for wave equations with C'*!
metrics, cf. (1.1). We follow the construction in [20], which was based on [23] and [24].
Following the Littlewood-Paley decomposition, for each k, we consider the initial value
problem,
(D% — Ap(x, Dy)]ug(t, z) =0,
Ug|i=0 = 0, 4.1)
Opti|t=0 = Gi;

here, the metric is smooth. We begin with constructing an approximate solution while
distinguishing forward and backward time directions. We construct pseudodifferential op-
erators, Pj‘t; i (x, D,), with symbols

Pig(@.&) = £x(27°D,) / Ai(z, €) 4.2)

so that ij:;k(fL' ,E)B(§) € 51171 /o Furthermore, we construct pseudodifferential operators,
Qj;k (ZE, Dz), with Symbols

-~ 1
Cip(2, ) = x(27*°Dy) ———

4.3
pA;k(xaf) ( )

so that ¢, (z, )5k (€) € 51_,11/2-
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Remark 3. We discuss the decomposition into forward and backward solutions, starting
from (4.1). Since Ay(x,D,) is elliptic, we can introduce its square root, By(x,D,) =

\/m. Then
ug (t, ) = Luy(t,x) £ LiBy(z, D) "' Opu(t, )
so that
us(t =0,2) = %uk(t,xﬂt:o + %in(I, D) ' 0u(t, z)|i=0 = i%in(% Dy) " gk,
solve the initial value problems

{ 8, + 1By, (x, Dy)|us(t, 2) =0,

. 4.4)
Utli—o = £5iBi(z, D) gi

In the above, Pik(x, D,) essentially coincides with +By(x, D,), up to principal parts,
and Qik(x, D,) essentially coincides with +By(x, D,)™", up to principal parts.

We build “flow” operators for the metric subjected to smoothing according to:
Ex(t)g = iU, (1) Te(51Q75,84(D)g)- (4.5)

Here, Ujf; . (t) represents a rigid motion of wavepackets along the Hamilton flow associated
with p%, that i,

Ujl:;k(t)F =Fo X?(;)k7i7

LU () T f = / / Tof) b= (o, €)) du( ;2 €) da'dg’
) / / (Tf) (2, €) 64 D5, (0)(, €)) dad€, (4.6)

where &5, (1) = xo"", with the flow x;3"" : (2,€) — (z(t;2,),&(t;2,€)) being
generated by the Hamilton system,

() = Oepiag(x(t), (1)),
§(t) = —0upia (1), (1)),
subject to initial conditions (z(0),£(0)) = (x,&). The following property will be used
throughout the paper: If (x(¢;x,&),&(t; ,€)) satlsfy the Hamilton system and [£(0)| =
€| ~ 2% then |€(t; x, €)| =~ 2F for |t| < M [20, pp.4-5].
We then construct the leading-order approximation to the solution operator of (4.1) by
summing over scales:

Sag =1t g+ Y (uf +wp), uf = E5,(t)g. 4.7)

k<ko k>ko
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Figure 3: Tllustration of the “flow” operator, Ujf; ().

with ko sufficiently large. We introduce the shorthand notation, u; + uy = > u, =
Yo Eaxr()g. S(t)g does not satisfy the initial conditions, that is, S4(t)g|.—o = 0 but
0pSa(t)gli=o # g in general. The value for the initial velocity follows to be

0Sa(t) ‘ =Y gh+iY_ Y (Di+ Pay Uk’

k<k§0 + k>k0
—iYY Pun | = (14 Kag. (48)

+ k>ko
where K 4 is given by
-3 [ iRA4(0) + L RasB(D) ] . 4.9)
+ k>ko
Here, N
Ry (t) = (De+ Piy) By (1), (4.10)

while Ri w3k (D) are pseudodifferential operators with symbols in S?; /2 (in fact, also in
S11/2), defined by
P QixBe(D) = (I + Riy) Bi(D). .11
In the above, ky is chosen sufficiently large such that (1 + K 4)~! exists. It follows that
Sa(t) = Sa(t) (I + Ka)™! (4.12)
has the property that

Sa(D)glico =0 and 3,84(t)glimo = 9.
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To construct the solution of (1.1) one introduces a “residual force” source, G-

~ -~

ult, ) = SA(t)g—k/Ot Gu(t,$)G(s, ) ds,  Salt,s) = Sult —s). .13)

To find the residual force G(s, x), we apply the wave operator operator, D? — A(z, D,), to
this equality. With

af(/ot Sat, s)G(s,.)ds) :G(t,.)+/0t 9254 (t, 5)G(s,.) ds,
we obtain
[D? — A(z, D)|u(t,.) = Ta(t)g — G(t,.) + /0 T 4(t,s)G(s,.)ds,
where

Ta(t,s) = [D? — Az, D,)] Sa(t,s), setting T(t) = Ta(t,0), (4.14)

is an operator of order 0, that is, it is bounded on H*(R") for —1 < a < 2. (In the
later analysis, we will also introduce T4(t,s) = [D? — A(x, D,)] Sa(t, s).) Then u will
be a solution of (1.1) provided that G(¢,.) = Va(Ta(t)g), where G = V,4(h) solves the
Volterra equation

G(t,.)—/o Tt 5)G(s,.) ds = h(t, ).

Since T 4(t, s) is bounded on H®, V), is bounded on L*HY, for —1 < « < 2. The full
solution operator follows to be

~

Sa(t)g = Sa(t)g + /Ot §A(t, $)Va(Tag)(s,.)ds. (4.15)

In the process of obtaining the appropriate estimates, one introduces the operators
My = (Di+ Pip) iUy T and Ny, = [Df — (P, ) 1 TiUg T, (4.16)

cf. (4.10) and (4.14), respectively.

5 Fréchet derivative of S4(¢): Proof of Theorem 2

We begin with some general considerations. We let X, Y = R" or R**. A map C'! >
A Hy, Hy: H¥(X) — H®(Y), is Fréchet differentiable at A if

1. H, is continuous at A,
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2. there is amap, (DH)4 4 : H*(X) — H®(Y), which acts linearly in A = B — A,
such that
HHB — Ha — (DH)A,AHL(Ha(X),Ha’(Y)) = 0<HAHCM)’ (G.D

with A satisfying || Al|c11 < e for some € > 0.

Instead of (5.1), one typically establishes that

|(Hg — Ha — (DH) A A)gllyor < C(A)||gllg= forall g € H?, (5.2)
in which
C(A) = o(||Al|c1.1)- (5.3)
We adopt notation
(RH)AA = (HB—HA)—(DH)AA. (54)
For the operators relevant to our analysis we establish, in fact, that
C(4) S 114]1¢os- (5.5)

Moreover, we will refine the measure of the coefficient perturbation; that is, we will use
nested spaces, L>(R"), and C™~"!(R") with norms [|a”||gm-11 = 37, <, 10%a”|| =
form=1,2,...,with...c Ctt c C% c L.

We simplify the notation, by denoting the Fréchet derivative of operators [ 4., by
(DH) 4 4 instead of (DH)a A Whenever it is clear from the context. Furthermore, for
simplicity of notation, we will suppress the superscripts *. We define A(x, D,) = B(x, D)
— A(z, D,) = 37, AY(x)D,,D,,. In the following lemmata, we will use functions
f € L? the Fourier transform f of which is understood to be supported in |¢| ~ 2%, Such
a function is reminiscent of the Littlewood-Paley decomposition of g. We will follow the
diagram in Fig. 4.

Lemma 3. Let (DP) 4 4 and (DQ) 4,4 be the pseudodifferential operators with symbols

— i Ak<x7£)
(Dp)A,A(maf) = X(2 k/sz) | > (56)
|V Ak(xa f)
] [ (Dp)aa(z,€)
Dg)aa(z,€) = X(27°D,) |52 (5.7)
(Dg)aa(z,€) ( ) Po(.)
and (DR) 4 a be the pseudodifferential operator defined through the composition,
(DR)aa = (DP)aaQan + Par(DQ)a a. (5.8)
If f € L? and f is supported in || = 2%, then
I(DP)aafllz S 28 1Az fllz2, (5.9)
I(DQ)aa flle < 27 (1Al f 22, (5.10)
[(DR)aa fllrz S 1Az |l fll 22, (5.11)
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Ak — A

(DQ)an +—(DP)4

/M&\

DE,\A DRAJ DR.\J (DN 44<—D\[
l<:u2n:> l

Dq 44 D]\

\/,D

DS4J T
AA

(

Figure 4: Diagram describing the proof of Fréchet differentiability of S4(t), and the inter-
relation of the operators involved.

while
[(RP)an fllzz S 28 [|AI7l flLe, (5.12)
(RQ)aa fllie S 275 1AI G|l f]l 2, (5.13)
I(RR)an fllz < A £ 22 (5.14)

Proof. We consider a function

Bz, €) = (252242 ) ¥

[F(B(-,€)) = F(Ax(-,€))
— F/(A(,€)(Be — Ap)(-, O Br(6),
where [, is a cutoff to |¢| ~ 2, and F'(t) = t'/2. We wish to show that
0207 R, )| < Crragll B — Al (25)1 10142100, (5.15)

which implies estimate (5.12). In 8§8§ h we let the xr-derivatives, in the convolution, act
on the mollifier, x, which yields the desired growth. We now assume that « = 0. Each
&-derivative acting on Bk (€) generates a factor 2%, It remains to consider the ¢-derivatives
acting on the factor F'(By) — F(Ay) — F'(Ay)(Br — Ax). We write

(5.16)
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The matrix szj + (1 - T)aZj satisfies (2.1), and it appears natural to introduce the one-
parameter family of symbols,

Crp(x, &) =1B(z,8) + (1 —r)Ap(z,§), re€]0,1].

Moreover, the integrand is homogeneous of degree 1 in £. Hence, observing that || B —
Apllre S 1B — Al e,
((OF[F (By) — F(Ay) — F'(A) (B — AW)) Bu()] < Carsll B — Al (25)17.

The constant in this inequality depends on M through the lower bounds for the symbols of
Aand B (cf. (2.1)). We then identify (Dp) . in (5.6) with x(27%/2D)F'(A;) 4.
To obtain estimate (5.9), we consider the function

h(x,€) = @222 ) 9 [P )(Br — A (.. ) ul©).

It follows that § )
1090, 1, €)| < Chrapll B — Al (2F)1 711210 (5.17)

from which estimate (5.9) follows.
Next, we consider the operator difference, () g, — () ;. For the symbols, we have

_ 1 1
QB;k—QA;k:X(Q k/2D)<———)‘
PBk  DPAk
We note that )
1 . L pBk — Ppak _ (PB:k — PAR)
PBk DAk pik pi;kpB;k

With (5.7) we arrive at the remainder (cf. (5.4))

(RP)A,A (pB;k _pA;k)Ql '

(Rq)a,a = x(27"°D)
Phx PhaPBik

The symbol in (5.7) satisfies the estimate
0207 (Dg)a,a(, €) B(€)] < Chrapll B — Al (25) 71721,

from which (5.10) follows. Moreover, it can be shown that (pg..—pa.)(z, €) Bi (&) satisfies

the estimates for h(x,&) in (5.17). Using this estimate, the estimate for (Dp)a 4, and
standard symbol calculus yields the result,

’aﬁagﬁ(RQ)A,A(iﬂ,f) Br()] < CrrasllB — Al (2F) 1813l

We then consider the operator difference, Rp.;, — R4.;. Suppressing the cutoffs, 3, we
have (cf. (4.11))

RB;k - RA;k - PB;kQB;k - PA;kQA;k - (PB;k - PA;k) QA;k
+ Pag (@ — Qae) + (Pt — Paw) (@i — Qask)-
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It follows that the remainder (cf. (5.4)) attains the form

(RR)aa = (RP)a,a Qag + Pag (RQ)an + (P — Pagk) (@B — Qask)-
By composition, the estimates above imply (5.11) and (5.14). [l
We now consider the Fréchet derivative of Uy, 4(t) T} (cf. 4.6). To this end, we need to

perturb the reverse Hamiltonian flow, 4. (¢). To arrive at this perturbation, we introduce
the one-parameter family of symbols,

Cr(x,8) = rB(x,§) + (1 —r)A(z,§), rel0,1],

defining, upon smoothing, the Hamiltonians

pC'r§k<x7£) = X(zikme) Cﬂk(x75)

(cf. (4.2)). These define the smooth family, (D¢, .i)rcjo,1], of symplectic diffeomorphisms
on T*R", where @¢, (1) = Xg’;k, with the flow
ng;k C(2,8) = (2 (L2, €), &0 (L; 2, €)) being generated by the Hamilton system,

o(t) = Oepe,a(z(t), (1)),
E(t) = —0upe,a(2(t), £(1)),

subject to initial conditions (2(0),£(0)) = (x, ). We differentiate the Hamilton system,
noting that

Bk(xv )_Ak(l‘vg) _ _X(z—k/QD ) Ak(I,f) .
2 Cr;k($,f) ’ 2 Cr;k(xvf)

For the Hamiltonian, and its first-order derivatives, we have the estimates

Ovpe,s = —x(27F2D,)

1020 e, (2,€)] < Crpap(2h)1 710 max(Olal=2) (5.18)
10207 (Orpe, 1) (@, < Carapl B — Alloa(28) P2 max@lel=D = (5 19)

or
0207 Orpe) (@, &) < CaragllB = Al (2F) 10z max0lel=2) - (5.0)

for |¢| ~ 2F (compare, also, (5.17)). The first-order perturbation of the flow is then de-
scribed by the Hamilton-Jacobi equations,

d arxr axapr,«;k 8§2pcr;k arxr 35(97«170“;3
T — + , (5.2D)
¢ argr —8§pcr;k —agaxPCT;k argr _axarpCr;k
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subject to substituting for (z,&) in the expressions on the right-hand side the solution
(. (t; 2, ), & (t; 2, €)), and supplemented by the initial conditions (0,x,.(0), 0,£,.(0)) =
(0,0). We use the notation O = Ok(r;t,z,&) = (x,.(t; 2, €), & (t; x, £)) for bicharacteris-
tics, and denote the fundamental matrix associated with system (5.21) by W,.(¢). Then

aéarpCr;k )
_a:v anCr-;k

t
(0, 6k)(t) :/ U, ()W, (t) b, (t')dt!,  withb, = (
0
(cf. (5.21)). In particular, (0, Ok),—o(—t) defines (D P) 4. a(t)(z, ); we write

(D(p)A;AJ(t) (l’, 5) = (aTxT)TZO(_t; z, 5)7 (D ¢)A;A,2(t> (ZE, f) = (arfr)r:O(_t; x, f)

To obtain estimates, we compensate for the fact that if |£(0)| = |£] ~ 2 then [£(¢; x, €)| ~
2%, as usual for [t| < M, by redefining O}, as

@I,e = Qé(r;t,x,f) = (xr(t;xa§)72_k€7“(t;xa§))

with ©,(r;0,z,&) = (z,27%¢). Using estimates (5.18)-(5.19), system (5.21) and the ho-
mogeneity of the Hamiltonian, we find that

d
'EaT@,Q(t)’ < 10,64(t)| + | B — Al|con. (5.22)

Because 0, 0,(0) = 0, Gronwall’s lemma implies that |0, O,(t)| < ||B — A||co1, leading
to

|0y )(t;2,6)| S || B — Allcon, (5.23)
(0:6,)(t; 2, )| S 2% B = Al|con. (5.24)

An expression for the remainder, (R®) 4.4, is obtained by considering the Taylor ex-
pansions,

(xp —xa)(t;x, &) = (arxT)rzo(t;x,f)—i—/o (1 —7)(0%x,)(t;z,€)dr, (5.25)

(€5 —E)HL.E) = (0.6)moltiz.€) + / (1= 1026 (t:2,€) dr. (5.26)

To estimate the integrals on the right-hand sides, we need to develop the second-order
perturbation of the flow, which requires taking the second-order derivative,

[Bk(xvf) - Ak‘(xvf)P _ —k/ Ak<x7€)2
ACop(z, €)% X(@7D2) AC; (@, §)¥%

o, = x(27¥2D,)

satisfying the estimate

0502 (0%p0,) (@, )] < Chasll B — AllZs (24)7 b maxOlel-n - (5.29)
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for €| ~ 2% (compare, also, (5.15)). Taking the derivative of (5.21) with respect to r, using
estimates (5.18), (5.19) and (5.27), and the homogeneity of the Hamiltonian, leads to

G| 5 1069+ 2@ 6 O]+ 18 - Al

d
GO S PG|+ |06 + 2B~ Al

hence,
d
4o @,;@)\ < (8260(8)] + 22| B — All2s. (5.28)

Because 926 (0) = 0, Gronwall’s lemma implies that |06} ()| < 2%2|B — A%,
leading to
|(D22,)(t;2,6)] S 22 || B = Al 2oa, (5.29)
(26)(t:2, )] £ 2% B — A2 (5.30)
These estimates carry over directly to (R®) 4.4 using (5.25)-(5.26).
The transform in (3.2), initiating the approximate solution via Uj;k(t) (cf. (4.5)), has
the properties
T f =Ti(0°f), OTf = (2429 T/, (5.31)
where

T (2, €) = / FO @6 dy, ) = () o), (5.32)

satisfying bounds similar to those of 7). These properties are used in

Lemma 4. Let Uyy(t) = Unp(t)Ty, and (DU)ap : H*(R™) — H*Y(R>) be the
mapping defined according to !

n

(DU)anf)(w,€) =D (DP)any(w, &) (Tu(0, ) Panla, )

j=1
n

+ 272 Z(D P)an2;(7,§) (ngf)(@A;k(x, §). (5.33)

=1
If f € L? and f is supported in |£| ~ 2F, we have
(DT )as iy S 2 I Alcnsll 1, (534

while _
IR a.af s, ) S (2492 1A1Ro 1] (535)

I'We use the multi-index notation, 7: 5{ = 0if [ # j, while sg = 1. Moreover we use the notation €%: If
i # jthene = 0ifl #iandl # j, while e/ = 7 = 1; otherwise, £} = 0if [ # i and £}’ = 2.
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Proof. Using the family, (¢, .i)rcjo,1], of symplectic diffeomorphisms on T*R", we can
write ((DU) s af)(z,€) in the form,

n

(0T f (P, )0 = D (Orerg)r=o (s 2,€) (T(Be, /) Pae(, €))

j=1
n

+ 2723 (0o 2,€) (T ) Ban(,9)). (5:36)

j=1

We use estimates (5.23)-(5.24) and account for the derivative, 0., f, from which it follows
that the right-hand side is dominated by the first summation, and obtain (5.34).
We can now write the remainder, ((RU ) af)(z,£), in the form,

// O @@ﬁcm(.;x,a (1292, 1)) (P, 8))

27423060 (0, €) (T F)( B, ©)) | drds”

j=1

:/0 /0 [Z(a i) (52, €) (Orrs) (5 2, €) (Th( 0,0, 1)) (Bt (2, €))

+ 2723 (0,600) (52,6) (0rrg) (2. €) (T} (00,)(Pe,n(@.€)

ij=1 .

+ Y (Fry)(,) (Te(0r, f)) (Do, )

J=1
n

+ 272N () (52, (0:600) (52, €) (T (00,f)) (P, €))

i,7=1

2 kz agrz 1‘5 057”])('53775) (Tliwf)(@Cr,k(xvg))

1,7=1

+ z—kﬂz(azfsm)(.;x,é) (T2 F)(Po,(,€)) | drdr’. (5.37)

J=1

We use estimates (5.23)-(5.24) and (5.29)-(5.30), and account for the derivatives, 0,, f,
Oy, f and 0,,0,, f, from which it follows that the right-hand side is dominated by the first
summation, and obtain (5.35). L]

Making use of the fact that 7} is an isometry, it is immediate that
(T3 (DU) a.a) fliz S 2° (| Allcos | f |2,
and that

(T (Usk = Ua) T = T(DU) a,8) flle S 22 1A 11|12,
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assuming that f € L? and that f is supported in |¢| ~ 2*. Together with Lemma 3, this
leads to (cf. (4.5))

Lemma 5. Let (DE) 4 2 : H*(R") — H*(R"™) be the mapping defined according to
(DE)a,a(t)g = Ti(DU)4,a(t) (31 QaxS(D)g)
+ (T Uaw(t)Ti) (31 (DQ) a,a0k(D)g). (5.38)

We have
[(DE)a,at)gllz S | Allcor[|Be(D)gll L2, (5.39)

while

I(RE)4,a(t)gllz2 < 2" | AllE0. | Be(D) gl - (5.40)

Following (4.7) then leads to the Fréchet derivative, (DS) 4 o(t) : H*(R") — H*(R™),
of SA (t) ,
(DS)aa(t)g=>_> (DE)aalt)g. (5.41)

+ k>ko

Since (DE)a a(t)g is localized near |¢| &~ 2, the sum over scales converges in H*(R™) 2.
The Fréchet derivative satisfies the estimate

1(D8)aat)glle S 1 Alcos gl (5.42)
while

1B, le s S A2 gl e (5.43)

To obtain the Fréchet derivative of S 4(t) (cf. (4.8)), we need to consider the operators
M 4.1, defined in (4.16). Using (4.6), we note that

Masf = [ [ @h) w0
([Paun(y, Dy) + Lgﬁk(t)(m,f)(DI7 De)] 1) (y; Paye(t)(z,€)) dzd€, (5.44)

where
L3 (Dy, De) = ((Oepaw)(x.£). Dy) — ((Ouba) (2, €), De). (5.45)
Within the integral on the right-hand side of (5.44), we analyze
[Pag(y, Dy) + ijk(Dwa D¢)] dx(y; x,§) = (be,g)k(y; z,§).
3

2For the Sobolev norms, we have ||g]|%o & >, (25)%*|| gk .
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Following [20, Lemma 5.3], ;‘75 can be generated with a pseudodifferential operator,
mf’?(z, D.), with symbol

1
my e (2,) = / (1= 5) O2[pag(x + 52722, £ + s22()] ds; (5.46)
0

that is,
2e(2) = miE (2, D.)é(.), (5.47)

from which (¢2 ) (y; z,€) is obtained according to (3.1). Now we can write My f =
(T]?)*UAkaf, with

(T Fy) = / F(x,)(0 e )n(y; 2, &) dadg, (5.48)

cf. Lemma 2 upon substituting 7}, = T;'. Thus, in the process of constructing Fréchet
derivatives, we need to differentiate (7}')*, and, hence, qﬁ‘x“, ¢

(Doue)aalz) = (2m) " / e (Dmye)a,a(2,¢) $(¢) ¢, (5.49)
where
1
(Dmae)aalz¢) = / (1—5) 02(Dp)aale + 52722, +52°2¢)]ds. (5.50)
0
In a similar fashion, the remainder can be expressed as

(Roue)an(z) = ¢ne(2) — ¢he(2) — (Do) aalz)
= (2n) " [ (B aaln Q) O 65D

with
1
(Rmyg)an(z,C) = / (1= 8)P[(Rp)an(r+ 527226 +s2Y2(0)]ds.  (5.52)
0

While making use of the symbol estimates in the proof of Lemma 3, we obtain

Lemma 6. The Schwartz seminorms of (D¢, ¢) a,n are S 2F|| A| o, uniformly in x and €.
Moreover, the Schwartz seminorms of (Roy.¢) a.n are S 2F|| A||? ., uniformly in x and €.
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Proof. We use elements of the proofs in [20, Lemma 5.3, Lemma 6.2], and set
(7,6) = (v + 52722, € + 5 2V2(),

so that the integrand of (5.50) is given by

O(DD) 4,05 &) = D [ (91,00, (Dp)aa) (@) 2722

j?k

+ (02,06, (Dp) a,8) (&, €) 2jC + (0e, 06, (Dp) a,a)(F,€) 2¢;C | -

In view of the support of q%, we only need to consider || < 2. Applying (5.17), and
observing that 2¥/2|¢| < 2% ~ |¢|, we obtain

0207 02((Dp)a.a(@ O] S 1B — Allz= (2)27(2)?.
Using (5.50), these estimates carry directly over to
(0200 (Dmag) a.a) (2, O S (25) 77| B = Al (2, [¢] < 2. (5.53)

The Schwartz seminorms of (D¢, ¢) 4 are determined by this estimate, upon integration
by parts.
In a similar fashion, applying (5.15) to (5.52) we obtain,

(0202 (Rmge) an)(2,0)] S 29720 B — A2 ()2, [¢ <2 (5.54)

Again, the Schwartz seminorms of (R¢, ¢)4, 4 are determined by this estimate using inte-
gration by parts. O

We have now the tools to analyze the Fréchet derivative of the residual operator (DR) AN
following (4.10), which we will need at zero (initial) time (cf. (4.9) while ®4.,(0) = I):

Lemma 7. Let ((Dﬁ)A,A)(O) . H*(R™) — H*(R™) be the operator defined by

(DR) 4,200 = i | [ [ (D@ 1.45(D)g) e, (6 5,6)
+ [ 001 D)) . (Dére)aatsn ) dnd | 559)

we have

I(DR)4,4(0)gllz2 S 1| Al o]1Be(D) gl 2, (5.56)

while B
(RR)a,2(0)gllz2 S | A7 185(D)g]| 2 (5.57)
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Proof. We have

(Rp(0) — Rax(0))g = 4 [//(Tk(QB;k — Q) Be(D)g)(w, &) (i e)i(s 4, ) dwde
T / / (T Qs Br(D)g) (. )67 — 62 )i (s, €) dad
+ / / (T(Qes — Qua) Bu(D)g) (0, €) (85, — &2 a2, €) dude

this leads to the introduction of expression (5.55) for the Fréchet derivative (noting that
(D) 4.4(0) = 0) with remainder

(RR)s(09 =41 | [ [ TR s5(D10) 0857, 6) dade
" / / (T3 QB (D)0) (i, )R a - ., €) e
+ / / (T(Qes — Qua) Bu(D)g) (0, €)(6P, — &2 a2, €) dade

Using the estimates in (5.13), Lemma 6, and [20, Lemma 6.1 and Lemma 6.2] it follows
that the first term on the right-hand side is bounded by 27%||B — Al|2||3x(D)g|| L2, and
the second and third terms on the right-hand side are bounded by

| B — A||3||8x(D)gl| 2. We obtain (5.57). The estimate in (5.56) follows from (5.10) and
Lemma 6. [

The Fréchet derivative, (DK)4 4 @ H*(R") — H*(R"), of K4 (cf. (4.9)) now follows
to be

(DE)as =3 " | 1(DR)4.a(0) + 3(DR)4.aB(D) | (5.58)
£ k>ko
satisfying
(DK) a,agllae S 1Al llg]l e (5.59)
while
I(RE)a,a9llm0-1 S [ Al llgll e (5.60)
Since

T+ Kp) ' =T+ Ka) ' =T+ Ky (K —Ki)I+ K™
— (I + Kp)™ = (I + Ka) ) (Kp — Ka)(I + Ka)™",

it follows that the Fréchet derivative, (D(I + K) ') : H*(R™) — H*(R"), of (I +
K 4)~!is given by

(D(I+ K) Yan=—I+Ka) " (DK)aa(I+ K4, (5.61)
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and, with (5.59), satisfies the estimate
1D + K) ™) aagllme SN Alzlg] e (5.62)

For the remainder,

(R(I+ K) Yaa=—(T+Ka) (RK)aa(l + Ka)™"
—((I+Kp) ' —(I+Ka) ") (Kp— Ka)(I +Ka)™',

we obtain the estimate
I(R(I 4+ K)™ ") a,a9ll a1 S | A7 |9l 1o (5.63)

We arrive at

Lemma 8. Let (D§)A,A . H*(R"™) — H*(R™) be the operator defined by

(DS)aa(t) = (DS)aa(t)(I + Ka)~' + Sa(t)(D(I + K)™ ) aa; (5.64)
we have R
1(DS)aat)gllzze < || Allconllgllze, (5.65)
while R
I(RS)aa®)gllmer S 1A 20 19l e (5.66)

Proof. Estimates (5.65) and (5.62) imply (5.65). The remainder can be written in the form

(RS)4a(t) = (RS)an(I + Ka) ™+ SA() (R + K) YA
+ (Sp(t) = SaW)) (I + Kp)™ = (I + Ka)™").

We apply (5.66), (5.63), and [20, (19)] and the proof of [20, Lemma 6.6] to obtain (5.66).
Il

Operator Nj; ;. 1n (4.16) essentially measures, upon symbol smoothing, how accurate
the solution operator 3 4(t) is. We note that D, commutes with P;E » Whence
D} — (Pyi)? = (D + Pyy)* — 2P5, (D + Piy).

Similar to (5.44), we have

(Ds + Pag)* Ty Uns T = / / (Tof)(.€)

([Pak(ys Dy) + L'y ey (Das Do)l (92)1) (03 Pag(8) (2, €)) dadé. (5.67)
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Within the integral on the right-hand side, we analyze the factor

([Par(y, Dy) + Lt (D, De)] (60)e) (w5 2, €) = (G k(w3 2, €)-

Following [20, Lemma 5.5], gb;‘{ ¢ can be generated by pseudodifferential operators
m_¥ (2, D) (with symbol given in (5.46)) and ¢ (z, D), with symbol

1
AL (2, ) = / (1= ) Q2(LAH(Dy, Depa) (1 + 527522, € + 52°20)] ds; - (5.68)
0

that is, B
2(2) = mid (2, D) () + (2, D)o, (5.69)

from which (~££)k(y;x,§) is obtained according to (3.1). Now we can write (D; +
PAQk)Q TI:UA,k:Tk:f = (T];A)*UAykaf, with

(T Fy) = / Fa, (32 ey 2. €) dade, (5.70)

cf. Lemma 2 upon substituting 7} = T},
The symbol integrand in (5.68) attains the form

O2[(LE (Day De)paw) (#, )] = Y (0epak) (@, €) | (s, Oy, Daypae) (%, €) 27252
j kel
+ (axjakaxlpA;k>(a~jv €) 2iCh + (0¢,0¢, Duypaye) (3, €) 28 ¢, ]

= (O pa)(x,€) { (0, 0 Derpae) (#,€) 272524 + (02,06, Depae) (,€) 2;C

j kel

j + (0,06, Deypa) (&, €) 2k§j€k} ,

by which we obtain the estimates
02003 (=, Ol S @293 7(=)%, ¢ <2

To develop the Fréchet derivative of f,f, we need the Fréchet derivative,

(Déue)aa(z) = (Dmaug)an(z, D.)ooe() + mit (2, D) (Doyg)aal.)
+ (Dﬁlz,&A,A(za Dz)¢()7

with remainder given by
(Rowe)aalz) = 62¢(2) = ¢te(2) = (Ddrg) aal(2)
= (Rmaug)aa(z, D)one() + mif (2, D.)(Rbuge)aal.)
+ (Rifine)aa(z D)) + [mPE(z, D.) — mE (2, D)) (65:() — (). (5.7D)
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The symbols of the relevant, additional pseudodifferential operators are given by

(Difta)aalz,€) = / (1 — 5) (LY (D, Do) (Dp) aia) (7. 6)
T {(0(Dp) sa) (. €), (Dapas)(E:€)) — ((Da(Dp) i) (. €), (Depas) (7, €))] s

and

(Rite)aa(2:0) = [ (1= 8) LD, DR 1.2) 5.
+ ((Oe(Rp) a:a) (2, €), (Dap k) (F,€)) — ((9a(Rp) a:a) (7, €), (Depa) (, €))
+ ((Oe(pBak — Pa)) (@, €), (Da (P — pak))(E,€))
— {(Oe(pBik — Pak)) (%, €), (De(pBak — pa))(F,€))] ds.

Lemma 9. The Schwartz seminorms of (D) an are < (29)3/2]| Al| oo, uniformly in x

and €. Moreover, the Schwartz seminorms of (Réy)an are < (28)2|| A||2w, uniformly in
x and &.

Proof. By methods used in the proof of Lemma 6 we find that
(0207 (Diitag) a.a) (2, Ol S 292 HB — Al (2%, (<2 (572)

The Schwartz seminorms of (D(EM) 4.4 are dominated by this estimate for « = 3 = 0,
which follows upon integration by parts.
In a similar fashion, we obtain,

(0202 (Riftgg) a,0) (2, )] S 2272 | B — AR ()2, [¢] <2 (5.73)

Thus, the contribution to the Schwartz seminorms of (R¢, ¢) 4 4 from the third term on the
right-hand side of (5.71) is dominated by (2¥)%/2 || B — A||?. The contributions from the
first two terms are dominated by 2* | B — A||3 .. However, the contribution from the fourth
term on the right-hand side of (5.71) is dominated by (2¥)? || B — A||2 [20], from which
the second statement in the lemma is a consequence. [

Lemma 10. Let (DM) 4 5 : H*(R™) — H* '(R™) be the operator defined by

(M1 = [ [(DT)a0)(w8) G257 €) dude
= [0 (Do) aatin ) dude, 574
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cf. (5.33), and let (DN) 4. 5 : H*(R") — H*2(R") be the operator defined by
(DN)anf = =2(DP)aaMayf —2Pay(DM)anf
4 [[(DT)1aP)@.€) @At .€) o

- [ [0 @.9) (D8 aatin dude. (575)

If f € L? and f is supported in |£| =~ 2%, we have

[(DM)aafllze S 25 ||A]lcoa | f] 2, (5.76)

I(DN)aafllz S (292114l coa || f]l £z, (5.77)
while

[(RM)aaflle S (2211 AZ0all 22, (5.78)

I(RN)aafllee S 2 | ANz | f]] e (5.79)

Proof. The estimate for (DM ) 4 follows directly from (5.34) and Lemma 6. For the
remainder,

(RM) 4 af = / / (RD)aaf) (. €) (6 a2, €) ddg
n / / (Unie(Tif))(@, €) (Ros) a2, €) dde
/ / (U — Unat) (Tef))(,€) (65 — 62 )i 3,€) dade, (5.80)

we use (5.35) to estimate the first term on the right-hand side, Lemma 6, again, to estimate
the second term, and [20, Lemma 6.2 and Lemma 6.4] to estimate the third term.
We write operators N 4., in the form

Nagp = (ka)*UA;ka — 2PpMayg. (5.81)

The estimate for (DNN) 4 4 follows directly from (5.9), (5.76), (5.34) and Lemma 9. To an-
alyze the remainder, we consider the two terms on the right-hand side of (5.81) separately.
We get

(R(PM))an = (RP)aaMay + Pa(RM) an + (P — Paw)(Mpyg, — May),
and using (5.12), (5.78) and [20, Lemma 6.1 and Lemma 6.5], we find that
I(R(P M) aaflre S 2°I1B = Al fll2

+ (@IB = Allgoall fllz2 + 2°)1B = Al | B — Allcoa || £ 2
S @18 = Algoallfllz2- (5-82)
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Furthermore,

(R(T) VT sl = [ [(BO)020),€) GAu(i.€) doc
4 [ a0, (B a.6)
[ [ (e = Vs @p),€) (G — Ful 32, d,
and using (5.35), Lemma 9, and [20, Lemma 6.4 and Lemma 6.5], we find that

I(RAT) UTi)aafllz S 2B = Algosl| 122
+ (@118 = Allzllfll2 + 2"VIIB = All = 1B = Allcoa || f | 2
< @291 = Alfgoall fllz2- (5:83)

Adding (5.82) and (5.83) yields (5.79). L]
For the Fréchet derivative of T 4(t) = 'T‘A(t)([ + K )7t (cf. (4.14)) we have

Lemma 11. Let (DT)a o : H*™(R™) — H*(R"), for —1 < a < 1, be defined by
(DT)aa9 = (DT)aa(l + Ka) g+ Ta (DU + K) ang, (584

in which

(DT)an9 = —t y_ AB(D)g

k<kg
+ Z Z [ DN) 4,a(51QaxB(D)g) + Nag (51(DQ)a,aB(D)g) ]
+ k>ko
+ Z Z [ Py (DP)anEarkg + (DP)aaPakEarg ]

+ k>ko

+Z > ((Pax)® = Ar)(DE) a,ag
k>ko
+Z > (A= A)(DE)aag+ Y Y (—A)Eaxg. (5.89)
+ k>ko + k>ko
We have

(D) 4,49l e S [ Al o gl e (5.86)

For —1 < o <0, it holds true that

I(BT)a,a9] e S 1Al gl o (5.87)
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Remark 4. It holds also true that ||(DT) 4 ag|| e S || Al ||gl| e+t and ||(RT) 4, 29]| He
S ANz gl e+2 both for =1 < o < 2. However, these estimates are not applicable to
next lemma.

Proof. We decompose T 4(t) = [D2 — A(x, D,)] Sa(t) into four contributions:

Tialt)y = —tY_ AB(D)g, (5.88)
k<ko

T27A(t)9 = ;ZNA;k(%iQA;kﬁk(D)g)7 (5.89)
k>ko

Tsat)y = > ((Pax)* — A)Eax(t)g, (5.90)
+ k>ko

Tialt)y = D> > (Ax—A) Eaxlt)g. (5.91)
+ k>ko

The Fréchet derivative of the first term follows immediately to be

(DT1)aa(t)g =Ti5(t)g — Tra(t)g=—t Y _ AB(D)g.

We have the estimate B
(DT ) a.adlle S | Allcosllglme, (5.92)

while, clearly, (R’T‘l)AA(t) =0.
From the second term (cf. (5.89)) we deduce that

(DT3)aa(t)g =3 D" | (DN)aa(3i QupBi(D)g) + Nag (3 (DQ)4,a54(D)g)

+ k>ko

using (5.77) and (5.10), we obtain

I(DN) a.a(51 Qar(D)g) + Naw (51 (DQ) a,aBk(D)g)l| 12
< @118 = Alleoa27*|Be(D) gl 2 + 227" B — Al| < || Be(D) gl 2
< 2B — Allcoa[|B1(D)gll 12,

hence, upon summation over scales,

I(DT2)a,a(t)gllme S N Alleo|lglaas- (5.93)

Furthermore,

(RT2)an(t)g = Z Z [ (RN)a,a(31Qanbk(D)g)

+ Naye (31 (RQ) a,481(D)g) + (Npye — Nage) (31 (Qpye — Qagk)Bx(D)g)
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using (5.79), (5.13), and [20, Lemma 6.1 and Lemma 6.5.] we obtain that

I(RN) 4,4 (51 Qar(D)g) + Nag (51 (RQ)a,40:(D)g)
+ (N — Nag) (51(Qpk — Q) Bu(D)g)| 2
S (2PNB — Allgea 27" Be(D)gll2 + 227" B — Al|7<18:(D)gl 2
+ (2"2B — Allcor27"|| B — All < || 8(D)gl| 2

< 2B — Allgoal|Be(D)gll 2,
whence, upon summation,
I(RT2)a.a(t)gllrre S I ANZ0 gl 2o+ (5.94)
From the third term (cf. (5.90)) we need to account for

(DT5)aa(t)g =3 " | Par(DP)asEant)g + (DP)asParEaelt)g

+ (By — Ap) Eag(t)g + (Piy — A)(DE)aa(t)g |5 (5.95)
for the first two terms on the righthand side, we use the estimate

[(DP?).1.Eas(®gllie S 241 Allens |5(D)g]l .

and for the fourth term on the righthand side of (5.95) we use the estimate [20, Lemma
5.5]

I(Pix — A)(DE)aa(t)gllze S 25| Allcor[|Be(D)gll 2.

The third term on the righthand side of (5.95) contains a pseudodifferential operator of
type Sl 12 Followmg Appendix A, namely the discussion after equation (A.5), replacing

Va; by bj — a;) and Fg by D,, D, Ex4(t)g, we obtain

I=(Br = Ax) Baw(t)gllze < 2" Allcoa || 81(D)gll 1z,

and, consequently,

IIZ (Br = Ar) Ean()gl5m < N ANE 11197

For the relevant range of «, we find that

HZ (B — AW Ea ()9l 5o S 11 Ao gl Frasr-

We note that this term will not be present in final formula for (D’i‘) a,4(t), because it
will cancel against the corresponding contribution from the term (Ay — A)E4..(t)g in

(DT4)A74 (t) below.
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The remainder is given by

(RT3)aa(t)g=>_ > [PA;k(RP)A,AEA;k(t)g + (BRP)a,aPanEan(t)g

T k>ko
+ (P — Paw)*Eax(t)g + (P, — Ax)(RE) a,4(t)g
+ ((P3y — Br — (Piy — Ap))(Epx — Eag)(t)g | . (5.96)

The first three terms on the righthand side are combined in the estimate

I(RP?) 4,0 Baw(t)gllze < 2% AN Z0a 18k (D)gll e,

while the fourth term satisfies the estimate (cf. (5.40))

1(Pix — A)(RE)a,a(t)gllze < (2°)?[| AllEoal15:(D)g]l 2.

The last term on the righthand side of (5.96) can be written in the form

Z > (Phy — Be — (Piy — Ax)) (Bpg — Eag)(D)g

k>ko
—ZZ ngk PAk ) (BB — Eag)( 9+ZZ (Ax — Bi)(Epx — Eag)(t)g.
+ k>ko + k>ko

(5.97)

Because 3, — Pi; = 5[(Pex — Pag)(Pp + Pag) + (Pa + Pax)(Prg — Pag)], we
have

I((P3x = Pis)(Epx — Eax)()gll2 S (2% 1Al 20118 (D)gl| 2
The term ) Ekzko (A — Bi)(Epx — Eax)(t)g will cancel against a corresponding

contribution to (RT4) 4 (t); using Appendix A, the discussion following equation (A.5),
it follows that

I35 (B = 40 (B = Eas) e < 140wl

Combining the estimates yields

I(DT5)aa®gllie < [ Alcos g, (5.98)
|(BTS)aa(t)gllme < | AlZo0s lgllese. (5.99)

The Fréchet derivative of the fourth term, ’ﬁf‘47 A(t), follows to be

(DT4)aa(t)g = Z Z [(Ax — A)(DE)aa(t)g + (A — A)Eax(t)gl;

+ k>ko
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the associated remainder is given by

(RTy)aa(t)g =D > (A = AY(RE)wa(t)g + (A — D) (Epalt) — Eax(t))g).

+ k>ko

The operators appearing on the righthand sides sense the “rough” parts of the wavespeed
model. They are analyzed in the Appendix A. We use Lemma 13 and Lemma 5 to obtain

I(DT)aa)gllme S| Allcoallgllgar, —1<a<1, (5.100)
I(RT4) aa(b)gllme SNANZollgllzor2, =1 < <0. (5.101)

Combining these with (5.92), (5.93), (5.98) and (5.62) yields (5.86), and with (5.94), (5.99)
and (5.63) yields (5.87). Il

We then consider the Fréchet derivative of the Volterra solution operator. We have

Lemma 12. Let (DV)a o : L{PHST — L HY be given by *

(DV)anF(t Z// / ZTA t,s1) - Ta(si—2,S1-1)

(DT)a,a(s1-1,8)T a(s1, 3l+1) o Ta(sj_1,5;)F(sj,.)ds;---ds; (5.102)
For —1 < o < 1, we have
(DV)aaF|lzng S [ Allcor |l e ot (5.103)
for —1 < o < 0 it holds true that
||(RV)A,AF||L?°H% N ||A“%0’1||FHL§°H§+2' (5.104)

Proof. The Volterra solution operator, Vy, is given by

VAP(t) = / / / At 51 Ta(s1,52) -

TA(S]'717 Sj)F(Sj, ) de cee d81

3We use a simplified notation here. We note that the term [ = 1 does not contain the composition with
Ta(t,s1) - Ta(sj—2,8-1), while sp = ¢, and the term | = j does not contain the composition with
Ta(s1,5141) - Talsj—1,5;5).
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Hence,
Vo) - Var() =3 [ [ [ e Tt
j=1 I=1
(Tp — Ta)(s1-1,5)Talst, s141) - - Talsj_1,5;)F(s;,.) ds; - - ds
0 J
= ZZ// / a(tss1) - Talsi—z, s-1)(Tp — Ta)(s1-1, 81)
j=1 1=1
co J I-1 t sy 551
D35 55 Y I ANV A N WIS R AIC
j=1 i1=1 f=170 /0 0

Tp(sf,sp11) - Tr(si-2,81-1)(Tp — Ta)(s1-1, 51)
TA(Sl, SZ—H) tee TA(Sj—h Sj)F(Sj, ) de cee dSl.

With (DV) 4 A F (s, .) being given by (5.102), the remainder follows to be

Wnare ) =33 [ [ [ Rt Pt o)

j= 1 =1
(RT)aa(si-1,50)T a(s1, S141) - - Tal(sj—1,85)F(s5,.)ds;j - - dsy
1

+§:ijl /O/ / B(t;s1) - Tp(sp—2,57-1)(Tp — Ta)(ss-1,5¢)

j=1 1=1 f=1
Tp(sf,sp41) - Tr(s1-2,51-1)(Tp — Ta)(s1-1, 1)
TA(SZ, Sl+1) cee TA(Sj—h Sj)F(Sj, ) de cee dSl.

We need to estimate the L;° H norms of three types of integral expressions,

/ / / altys1) -+ Ta(si—2, $1-1)(DT) a,a(81-1, 81)

TA(S[, 8[+1) cee TA(ijl, Sj)F(Sj, ) de cee dSl,

/ / / altss1) - Talsiz, s-1) (BT)a,a(s1-1,80)

TA(SI, Sl+1) tee TA(Sj—h 8j>F<Sj, ) de tee dSl,

I(t,.) = /Ot/j' : '/Osj_1 Tp(t,s1) - Tp(sr-2,87-1)(Tp — Ta)(sy-1,s5)

Tr(sysp+1) - Tr(si-2,8-1)(Tp — Ta)(s1-1, 81)
TA(Sl’ 8l+1) e TA(S]'*17 S_j)F(S]', ) dS] e dsl
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With the previous lemma, we now choose C' = C'(M) such that for ¢, s € [—-M, M],

ITa(t, )l + I To(t, )gle < Cliglae, 1<a<2,
I(Te =Tt 9)glue < ClAleonfglen,  ~1<a<l g oo
I(DT)anlt.gllue < ClAfcollglmen, -1<a<1, &
I(RT)aslt:)glae < ClAIZoslgllness,  —1<a<o.

Then, for -1 < a <1,
~ O
I1(t, )| ge < T||A||Co,1||p||L§ng+l,

In (5.102) there are j terms of the form I (¢, .) atlevel j. It follows that

= (CM)
IOV aaFllzns < (305 ) 1Al |1F g

j=1
For (RV) a4, let —1 < a < 0; we note that

. Cit
MG e < = 1Al 1 e g2

and that o
. CIt )
11t ) me < THAHCOJHFHL;’OH;’”'

There are j terms of the form I(t,z) and J(JT_I) terms of the form I(t,x) at level j. It

follows that

o sy JG=D j
[(RV)aaFll e < (3 b+ 2 JOMYy

7 1A ol F | oo proe.

Jj=1

This proves the lemma. ]
Finally, let S4(t) and Sp(t) be given by

t
San(D)g = San(t)g + / St $)Vas(Tung)(s,.) ds,
0
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cf. (4.15). Then,
(Sut) = 410 = (S = S0+ [ (S = St )Va(Tag)s.) s
[ St Va(Tog) = Va(Tag) s, s
= 8o =80+ [ (8= Bt Va(Tag)(s,) s
— [ (8= 869Vl Tag) — Va(Ta9)(5. )
+ /0 t Salt,s)(Va(Tpg) — Va(Tag))(s,.) ds,

and we note that

Ve(Tgg)(s,.) = Va(Tag)(s,.) = (VB — Va)(Tag)(s,.)
+Va((Tg — Ta)g)(s,.) = (VB = Va)((Tp — Ta)g)(s,.).

We combine the estimates in the lemmata above, and obtain the statement of Theorem 2,
with Fréchet derivative D.S of S given by

(DS)aa(t)g = (D8)an(t)g + / (D8) 4 a(t. $)Va(Tag)(s. ) ds

+ /0 t Sat, $)(DV)4a(Tag)(s,.)ds + /0 t Sa(t, s)Va((DT)a.n9)(s,.)ds, (5.106)

and remainder

-~

(RS)a,a(t)g = (RS)aalt)g +/0 (RS)4,a(t, )Va(Tag)(s,.) ds

+ /0 Sa(t, s)(RV)a.a(Tag)(s,.)ds + /0 Sa(t, s)Va((RT) 4.09)(s,.) ds

_ /0 (S5 — Sa)(t, $)(Vi(Tig) — Va(Ta)g))(s, ) ds

_ /Ot(gA)(t, (Vs = Vi) (T — Ta))(s, ) ds. (5.107)

6 Discussion

We address how the results presented here fit in with the literature on, and current practice
of wave-equation tomograhy. Typically, one uses the Born approximation, SfZL A(t)g say,
in place of (DS)4 (%) as the starting point in deriving the sensitivity in accordance with
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(2.11) [21]. In the framework of the analysis in this paper, the Born approximation is
obtained as follows.
We consider the Cauchy initial value problem,

ult=o =0, (6.1)
atu|t:0 =g
cf. (1.1). Here, g € H*, F € L} H?, and u(t, r) is a function in R; X R"; t € [-M, M| as

before. The unique solution can be written in the form

u(t,.) = Sa(t)g + /Ot Sat—t)F(t,.)dt. (6.2)

We then consider a second Cauchy initial value problem, with the same right-hand side
and initial condition, but with A replaced by A + A, that is, B. As in Theorem 2, we now
assume that ¢ € H*"? (accounting for the “loss of two derivatives™) and —1 < o < 0.
The difference, v = u4, 4 — w4, satisfies the Cauchy initial value problem,

[D? — A(z, D)|v(t,x) = A(x, D)uaialt,.),
Vlt=0 =0, (6.3)
3t1)|t:0 = 0.

By our choice of «, the contrast source is in L] L2. Hence, we have
t —
waia(t, ) — ualt,.) = / Salt — ) Alz, Da)yuasa(t',.) dt’ 6.4)
0

The Born approximation is standardly obtained by replacing w4, A(#',.) in the integrand
by u(t', .). This defines a map S% ,(t), acting linearly in A, given by

09 [ Sa(t — 1) A, D) Sa(¥)g . ©5)
It follows that the remainder,
R a9 = waralts) = ua(t) ~ a0y = [ 84t =0) 3(a D)ot ) a7 69
satisfies the estimate

t
1R 4 ()l o S/OHA(SU’Dx)U(t’,-)HHa dt’

SlAllgor sup  ot, mere S AN llgllmerz. (6.7)
te[—M,M)
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Moreover, ||S% A(t)gllmo+r S ||Allcor||lgllma+r. These estimates confirm that the Born
approximation coincides with the Fréchet derivative, (D.S) 4 A(?), as it should.

Finally, to establish the connection with what seismologists call banana-doughnut-
kernels (BDKs [5]) in wave-equation tomography, let n = 3, and consider sources in
S c R} (S C Vs.,) and receivers in R C R3 (R C S) assumed to be compact sets,
which are either lower dimensional manifolds or closures of bounded open sets in R?. The
wavefield corresponding to a background metric A, for a given source g, where s € S,
and evaluated at a receiver r € R, is ua,(t,7;s) = (Sa,(t)gs)(r). We make the following
assumptions:

1. the map s — g, is continuous S — H(R?), where 3/2 < a < 2,

2. X = X € C°(R) is chosen so that u) (t,7;5) = x(t)ua,(t,r;s) is never
constant in time if r € R, s € S.

The second assumption guarantees that 8tufflo is continuous in ¢, r, and s, and that the
denominator in §¢(A) (cf. (2.11)) is bounded away from 0. If g € H* with 3/2 < o < 2,
we have, using (6.5), that

1(DS)a,a)glloe@s) S 1(DS)a,a(t)gllme@s) S [[Allcor @) 9] o es)-

Thus,
16L(A)|| oo (sxr) S || Allcor sy (6.8)

We now assume that the contrast, A, is supported in a compact set K C R?, and write
C*YK) = {u € C%(R?) ; supp(u) C K}. We consider the map

L: C""(K)— L*SxR), L(A)(s,7)=0dt(A)(s,r).

This is a bounded linear map, because L=(R x S) C L*(R x S). Using estimate (6.8), we
observe that if the sequence C§°(K) > A,, — 0in C§° norm, then ||L(A,,)||L=(sxr) —
0. Hence, if ¢ € C*(S x R), then also (L(A,,),#)r2(sxry — 0, which proves that
L: C°(K) — D'(S x R) is continuous. Thus the Schwartz kernel theorem applies to
operator L; we denote the Schwartz kernel of L by £ € D'(S x R x K), and can write
L(A)(s,r) = (L(s,7;.), A) r2(k)-

Using the Schwartz kernel, we obtain the adjoint L* of L, the sensitivity map in (2.11).
Indeed, L has an adjoint L* which is a closed linear operator from L?(S x R) to L*(K). L*
is commonly referred to as the imaging operator. Its existence opens the way for developing
optimization strategies.

The symbol smoothing in accordance with (3.7) leads to a representation of the con-
trast in terms of Ay, and a “rough” remainder. In practice, it is advantageous to carry out
tomographic inversion using an /!-norm regularization strategy [15] based on the possi-
bility of obtaining sparse representations of A; such representations have been obtained
in earth sciences applications with dual-tree complex wavelets (for n = 2). Indeed, the
“low-pass filtering” (with respect to cubes rather than spheres in frequency) leading to A,
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can be obtained through the dual-tree complex wavelet transform [13, 14]. The mentioned
strategy allows fine-scale features and rapid variations across boundaries to be honored in
the inversion locally in regions of “proper” illumination, while emphasizing coarse-scale
features locally in regions of “poor” illumination.

A Paradifferential estimates

In this appendix, we prove paradifferential type estimates which apply to the contributions
to T 4(¢) and (DT) 4  which account for the nonsmooth metric. We follow the develop-
ment in [23].
Let a be a function in C™ 51 (R"), where m > 2 is an integer. We define frequency
truncated versions
ar = x(27¥%D)a (A.1)

as in (3.7) where x is a smooth function in R", supported in the unit ball and satisfying
x(€) = 1 for |¢] < 1/2. While considering a; = x(27%/?D)a as a convolution, expanding
the relevant integrand in a Taylor series, and using the moment conditions, [ 2% (z)dz =
0 for a # 0, we obtain the estimate

la — axllz < 272 al

C'mfl,l . (A2)

As in the main text, A < B means A < C'B where C' is a constant only depending on M,
m, and n.
We let { F},}2° , be a family of operators on L?*(IR™), satisfying the estimates

1Fgllze < R 2% (18u(D)gll 2, (A.3)

where R > 0 and r € R. Moreover, we assume that the F}, are frequency localized, in the
sense that Fg = Bk( ) Frg for cutoffs ﬂk(é’) supported in || ~ 2¥. More precisely, we
assume that 3;,(£) = 3(27%¢) where 3 is supported in an annulus {& | 27% < |¢] < 20},
and lo = lo(M) is an integer.

Lemma 13. Define the operator

Za—ak Fi.g.

If0<s<Z then
IPgllmo+s S R lallcm-rallgllmosr,  —m <o <m—s. (A.4)

If s = 1, the statement holds also for « = m — 1.
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Proof. We first assume that —m < o < m — s, and proceed to prove (A.4). We define

Ljx = B;(D)(a — ay)Br(D).

By looking at supports on the Fourier side, we get

Bi(D)(a — agk-u,) (D), j <k —A4ly,
Ui =9 Bi(D)(a — ax)Be(D), k—dly < j < k+ 4o,

B;(D)(a — azj—a,)Bk(D), g > k4 4l.

By (A.2), these satisty

lla||m-1127™*, j <k — A4l
ITkllere S 9§ llallem-1a27 2,k —4ly < j < k + 4l,
||CLHCm—1,12_m], j > k+ 4[0.

(in the second estimate, naturally, 2-%/2 can be replaced by 27™/2). By considering the

sum over even and odd j separately, and using a similar argument for the sum over k, we
obtain from (A.3) that

ITglFees = 11D TinFrglizars S D 1D TinFigllrase S D> ITnFrgllras
ik ik ik
S R lal|Eom-ra

(Z Z 92ilacts)—2mj=2ka g | Z Z 92i(acts)—mj=2ka 4

Jok<g J o J—4lo<k<j+4lo

I Z Z 22j(a+s)72mk72kaAk> '

Jok2j

Here, we have written Ay = 227/ 3,(D)g]|2,. Using the assumption that o« < m — s,
the first sum in parentheses is bounded by

Z Q_QkQAk Z 22j(a+s—m) 5 Z 2—2k(m—S)Ak SJ ||g||§{a+T.
k

j=>k k

Since s < m/2, the second sum in parentheses is bounded by
D 2 HEIA S gl
J

The third sum is bounded by

Z 2—2k:(m+a)Ak Z 22j(a+s) )
k

J<k
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By assumption, m + « > 0. If « + s < 0, the sum over j is < 1, and if &« + s = 0 then
m+a > 0and k 272k(m+) < 1_In both cases one gets a bound by ||g||%.... Furthermore,
if &« + s > 0, then the third sum is bounded by

Z 9Zk(ats)—2k(mta) 4, — Z 272K A < | g Faer
- !

This proves (A.4).
If s = 1, then (A.4) shows that
ILgllzesr S R lallem-1illgllgosr,  —m <a<m—1.
We now need to show that the estimate holds true also for « = m — 1. We note that
IPg[[zm S NTgllgm—1 + [[VT g grm—1.

The first term on the righthand side is
< R ||allgm-11]|g|| gm-2+- S R ||al|gm-1.1||g|| gm-1+-. For the second term, we compute

VIg=(Va) ) Frg— ) (Var)Frg + ) (a— ar)VFig. (A.5)
k k k
We estimate the three sums on the righthand side separately. Since Va is a multiplier in
H™=!, the bound (A.3) for frequency localized operators shows that the first sum satisfies
the estimate

1(Va) Y Fegllam-s S llallom-111)_ Figllam-1 S R llallom-11]lg]lm-1er.
k k

For the second sum, note that multiplication by Va; preserves localization to frequency
~ 2, since the Fourier transform of Vay, is supported in {¢ | |¢| < 2#/2}. The family of op-
erators {(Vay)F} } is then frequency localized (the degree of localization being controlled
by M) and satisfies ||(Vag)Frgllrz < R ||a|lcm-1.12%]|8x(D)g|| 2. The second sum thus
satisfies the estimate

1Y (Var) Fegllzm-1 S D I1(Var) Fegllfm-r S B lallEm-va gl Fm-rer-
k k

Finally, applying (A.4) to the family of operators {V F}} which satisfy ||V Fig|lr2 <
R 2°0*Y|3,(D)g|| 12, the third sum has the bound,

I3 (a = an)VEgllams S R llallona gl am-isr.
This proves that (A.4) also holds fora =m — 1,if s = 1. OJ
Remark 5. We can also obtain estimates in the C%' norm. We have [20, Lemma 6.7]
*2) al|con. (A.6)

Carrying out estimates similar to the ones in the proof above, it follows that

lla — ag||p~ <27

ITgllmess S R llallcorllgllmesr,  —1<a<l—s

if0<s< % Furthermore, if s = 0, then this estimate also holds for oo = 1. This follows
from the observation that in (A.5) Va is a multiplier in H® = L? with norm bounded by
lallcor, and ||[(Vay)Figllr2 S R ||allcoa2™ || Bx(D) g r2-
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