PARTIAL DATA INVERSE PROBLEMS FOR THE HODGE LAPLACIAN
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ABSTRACT. We prove uniqueness results for a Calderén type inverse problem for the Hodge Lapla-
cian acting on graded forms on certain manifolds in three dimensions. In particular, we show
that partial measurements of the relative-to-absolute or absolute-to-relative boundary value maps
uniquely determine a zeroth order potential. The method is based on Carleman estimates for
the Hodge Laplacian with relative or absolute boundary conditions, and on the construction of
complex geometric optics solutions which reduce the Calderén type problem to a tensor tomogra-
phy problem for 2-tensors. The arguments in this paper allow to establish partial data results for
elliptic systems that generalize the scalar results due to Kenig-Sjostrand-Uhlmann.
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1. INTRODUCTION

This article is concerned with inverse problems with partial data for elliptic systems. We first
discuss the prototype for such problems, which comes from the scalar case: the inverse problem of
Calderon asks to determine the electrical conductivity v of a medium 2 from electrical measurements
made on its boundary. More precisely, let @ C R™ be a bounded domain with smooth boundary
and let v € L>°(Q) satisfy v > ¢ > 0 a.e. in Q. The full boundary measurements are given by the
Dirichlet-to-Neumann map (DN map)

APNCHY2(0Q) — HY2(09), f = v9,ulon
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where u € H!(f) is the unique solution of div(yVu) = 0 in Q with u|sq = f, and the conormal
derivative v0,ulgq is defined in the weak sense. Equivalently, one can consider the Neumann-to-
Dirichlet map (ND map)

ANPH YR 00) — HY2(09), g vlag

where div(yVv) = 0in Q with v0,v|sq = ¢, and Hgl/z(BQ) consists of those elements in H~1/2(99)
that are orthogonal to constants. The inverse problem of Calderén asks to determine the conduc-
tivity v from the knowledge of the DN map or (equivalently) the ND map. There is a substantial
literature on this problem, with pioneering works including [Fa66], [Ca80], [SU87], [HN&7], [Nag§],
[No88]. We refer to the surveys [No08], [Uh09] for more information.

The Calderén problem with partial data corresponds to the case where one can only make mea-
surements on subsets of the boundary. Let I'p and I'y be open subsets of 92, and assume that we
measure voltages on I'p and currents on I'yy. If the potential is grounded on 99 \ I'p but can be
prescribed on I'p, the partial boundary measurements are given by the partial DN map

A,?th‘N for all f € H'/2(8Q) with supp(f) C T'p.

If instead the set 92 \ 'y is insulated but we can freely prescribe currents on I'y, then we know
the partial ND map

A,IYVDg|pD for all g € Ho_l/z(@Q) with supp(g) C I'n.

The basic uniqueness question is whether a (sufficiently smooth) conductivity is determined by such
boundary measurements. We remark that in the partial data case there seems to be no direct way
of obtaining the partial DN map from the partial ND map or vice versa, and the two cases need to
be considered separately.

By now there are many uniqueness results for the Calderén problem with partial data involving
varying assumptions on the sets I'p and I'y. For further information we refer to the recent survey
[KS13] for results in dimensions n > 3 and the surveys [GT13], [IY13b] for the case n = 2. We only
list here some of the main results for the partial DN map:

e n > 3, I'p can be possibly very small but I' y has to be slightly larger than the complement

of 'y [KSUO07]
e n >3 I'p=Iy =T and the complement of I" has to be part of a hyperplane of a sphere
[Is07]

e n=2Tp =Ty =T can be an arbitrary open set [IUY10]

e n>3,I'p =Ty =T and the complement of I has to be (conformally) flat in one direction
and a certain ray transform needs to be injective [KS12] (a special case of this was proved
independently in [IY13a])

The approach of [KSU07] is based on Carleman estimates with boundary terms and the approach
of [Is07] is based on reflection arguments. The paper [KS12] combines these two approaches and
extends both. There seem to be fewer results for the partial ND map, see [Ch12], [HPS12], [Is07],
[[UY12]. In fact, in dimensions n > 3 the Carleman estimate approach for the partial ND map
seems to be more involved than for the partial DN map.

The purpose of this paper is to consider analogous partial data results for elliptic systems. In
the full data case (I'p = I'y = 99), many uniqueness results are available for linear elliptic systems
such as the Maxwell system [OPS93], [KSU11a], [CZ12], Dirac systems [NT00], [ST09], Schrédinger
equation with Yang-Mills potentials [Es01], elasticity [NU94], [NU03], [ER02], and equations in fluid
flow [HLWO7], [LWOT7]. In contrast, the only partial data results for such systems in dimensions n > 3
that we are aware of are [COS09] for the Maxwell system and [ST10] for the Dirac system. One
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reason for the lack of partial data results for systems is the fact that Carleman estimates for systems
often come with boundary terms that do not seem helpful for partial data inverse problems (see
[E108], [ST09] for some such estimates). In two dimensions, a number of partial data results for
systems are available [AGTU11], [IY12b].

In this paper we establish partial data results analogous to [KSU07] for systems involving the
Hodge Laplacian for graded differential forms, on certain Riemannian manifolds in dimensions n > 3.
These are elliptic systems that generalize the scalar Schrodinger equation (—A 4 ¢)u = 0 and are
very close to the time-harmonic Maxwell equations when n = 3. The main technical contribution is
a Carleman estimate for the Hodge Laplacian, with limiting Carleman weights, that has boundary
terms involving the relative and absolute boundary values of graded forms. The boundary terms are
of such a form that allows to carry over the Carleman estimate approach of [KSU07] to the Hodge
Laplace system.

In a sense, to deal with boundary terms for systems in a flexible way, one first needs a good
understanding of the different splittings of Cauchy data in the scalar case. This seems to be related to
understanding both the scalar DN and ND maps simultaneously. Therefore the methods developed
in [Ch12] for the partial ND map, involving Fourier analysis to treat the boundary terms in Carleman
estimates, will be crucial in our approach. We expect that the methods developed in this paper
open the way for obtaining partial data results via Carleman estimates for other elliptic systems,
including the Maxwell system, as well.

The plan of this document is as follows. Section 1 is the introduction, and Section 2 contains
precise statements of the main results. Section 3 collects notation and identities used throughout
the paper. Sections 4-6 will be devoted to the proofs of the Carleman estimates. In Section 4, we
will give the basic integration by parts argument for k-forms and simplify the boundary terms. In
Section 5, we prove the Carleman estimates for 0-forms using the arguments from [Ch12], [KS12].
We will conclude the argument in Section 6 by showing that the Carleman estimates for graded
forms follow from an induction argument, given the corresponding result for O-forms. In Section 7
we will construct relevant complex geometrical optics solutions, following the ideas in [DKSaU09].
In Section 8 we will present the Green’s theorem argument and give the density result based on
injectivity of a tensor tomography problem which finishes the proofs of Theorems 2.1 and 2.2. Section
9 will contain the proof of Theorem 2.3 and make some remarks about the case of dimensions n > 4.

Acknowledgements. F.C. and M.S. were supported in part by the Academy of Finland (Finnish
Centre of Excellence in Inverse Problems Research) and an ERC Starting Grant, and L.T. was partly
supported by the Academy of Finland and Vetenskapsradet. The authors would like to thank the
organizers of the Institut Mittag-Leffler program on Inverse Problems in 2013, where part of this
work was carried out.

2. STATEMENT OF RESULTS

The results in this paper are new even in Euclidean space, but it will be convenient to state them
on certain Riemannian manifolds following [DKSaU09], [KS12], [DKLS13]. Suppose that (Mg, go) is
a compact oriented manifold with smooth boundary, and consider a manifold 7' = R x M, equipped
with a Riemannian metric of the form g = c(e @ go), where ¢ is a smooth conformal factor and
(R, e) is the real line with Euclidean metric. A compact manifold (M, g) of dimension n > 3, with
boundary 0M, is said to be CTA (conformally transversally anisotropic) if it can be expressed as a
submanifold of such a T. A CTA manifold is called admissible if additionally (Mo, go) can be chosen
to be simple, meaning that 0Mj is strictly convex and for any point x € My, the exponential map
exp, is a diffecomorphism from some closed neighbourhood of 0 in T, My onto My (see [Sh94]).



4 CHUNG, SALO, AND TZOU

Let A* M be the kth exterior power of the cotangent bundle on M, and let AM be the correspond-
ing graded algebra. The corresponding spaces of sections (smooth differential forms) are denoted
by QFM and QM. We will define A to be the Hodge Laplacian on M, acting on graded forms:

—A =do +dd.

Here d is the exterior derivative and § is the codifferential (adjoint of d in the L? inner product).
Suppose @ is an L endomorphism of AM; that is, () associates to almost every point z € M a
linear map Q(z) from A, M to itself, and the map = — ||Q(x)|| is bounded and measurable. We will
also consider continuous endomorphisms, meaning that  — Q(z) is continuous in M.

We would like to consider boundary value problems for the operator —A 4+ @. In order to do
this, we will define the tangential trace ¢t : QM — QOM by

t:w—ifw,

where i : OM — M is the natural inclusion map. Then the first natural boundary value problem to
consider for —A + @, acting on graded forms u, is the relative boundary problem

(-A+Qu = 0inM
tu = fondM
tou = g on IM.

If @ is such that 0 is not an eigenvalue for this problem, then the uniqueness of solutions to this
problem defines a relative-to-absolute map

NEA L HE(OM,AOM) x H™* (OM,AOM) — H* (M, AOM) x H™%(9M, AOM)
by
NgA(f,g) = (txu,td xu)

where * is the Hodge star operator on M.
The second natural boundary value problem to consider is the absolute boundary value problem

(A +Qu = 0inM
txu = fondM
tdxu = gonJdM.

Assuming that 0 is not an eigenvalue, this defines an absolute-to-relative map
N4T HE(OM,AOM) x H™* (OM,AOM) — H* (M, AOM) x H™%(9M, AOM)

by

NSR(f, g) = (tu,téu)
for appropriate ). For a reference on wellposedness of the relative and absolute boundary value
problems with the Hodge Laplacian, see [Ta99, Section 5.9].

These maps both give rise to a Calderén type inverse problem, which asks if knowledge of NgA or
NSR suffices to determine Q. If we restrict ourselves to considering the case of zero-forms only and if
@ acts on zero-forms by multiplication by a function ¢ € L>° (M), then the relative-to-absolute and
absolute-to-relative maps become the DN and ND maps, respectively, for the Schrodinger equation

(-A+q@u=0 in M
where u is now a function on M and A is the Laplace-Beltrami operator on functions. Our problem

is therefore a generalization of the standard partial data problem for the scalar Schréodinger equation
on a compact manifold with boundary.



PARTIAL DATA PROBLEMS FOR THE HODGE LAPLACIAN 5

Let us review some earlier results for the Schrodinger problem in the scalar case. In dimensions
n > 3, where M is Euclidean, Sylvester and Uhlmann proved that knowledge of the full DN map
uniquely determines the potential ¢ in the paper [SU87]. Versions of this problem on admissible and
CTA manifolds as defined above have been considered in [DKSaU09] and [DKLS13]. Partial data
results for the DN map have been proven in [BUO01], [Is07], and [KSUO7] for the Euclidean case, and
more recently in [KS12], the last of which contains the previous three results and extends them to
the manifold case. Improved results in the linearized case are in [DKSjU09]. Partial data results for
the ND map, analogous to the ones in [KSU07], were proven in [Ch12]. Other partial data results for
scalar equations with first order potentials as well were obtained in [DKSjU07] and [Ch11], and some
of those techniques will be useful to us in this paper as well. In dimension n = 2, the Schrodinger
problem with full data was solved in [Bu08] and with local data in [ITUY10], and the manifold case
also with local data was considered in [GT11].

For the Hodge Laplacian acting on graded forms, we are not aware of previous results dealing
with the determination of a potential from the relative-to-absolute or absolute-to-relative maps.
However, [KLU11] reconstructs a real analytic metric from these maps in the case of no potential,
and [SS12], [Shol3], [BS08], and [JLO5] recover various kinds of topological information about the
manifold from variants of these maps, again in the case of no potential. We remark that full data
problems for the Hodge Laplacian in Euclidean space are very similar to the scalar case (see Section
9), but the partial data problem even in Euclidean space is more involved.

In order to describe the main results precisely, we will define ‘front’” and ‘back’ sets of the boundary
OM as in [KSUO7]. If M C T = R x My is CTA, we can use coordinates (z1,z’) where z; is the
Euclidean variable, and define the function ¢ : T'— R by p(x1,2’) = 1. As discussed in [DKSaU09],
© is a natural limiting Carleman weight in M. Now define

OMy = {p € OM|0,¢(p) = 0}
OM_ = {p € OM|0,¢(p) < 0}.
Then the main results of this paper are the following.

Theorem 2.1. Let M C R x My be a three dimensional admissible manifold with conformal factor
c=1, and let Q1 and Q2 be continuous endomorphisms of AM such that NglA,Ngf are defined.
Let 'y C OM be a neighbourhood of OMy, and let '~ C OM be a neighbourhood of OM_. Suppose
that

Ngf(f,g)h‘_p = gf(f7g)|l_‘+
forall (f,g) € H%(GM, AOM) x H*%(aM, AOM) supported in T'_. Then Q1 = Q».

Theorem 2.2. Let M be a three dimensional admissible manifold with conformal factor ¢ =1, and
let @1 and Q2 be continuous endomorphisms of AM such that N@41R7 NSf are defined. LetT'y C OM
be a neighbourhood of OM ., and let T C OM be a neighbourhood of OM_. Suppose that

Ngf(fag)|l“+ = 35(f79)|1_‘+
forall (f,g) € H%(GM, AOM) x H*%(aM, AOM) supported in I'_. Then Q1 = Qs.

In the case that M is a domain in Euclidean space, we can also extend the results to higher
dimensions.

Theorem 2.3. Let M be a bounded smooth domain in R™, with n > 3, and let Q1 and Q)2 be
continuous endomorphisms of AM such that Ngf,Ngf are defined. Fiz a unit vector «, and let
o(z) =a-x. Let 'y C OM be a neighbourhood of OM ., and let T'— C OM be a neighbourhood of
OM_. Suppose that

NEMNS9r, = NGNS 9)lr,
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for all (f,g) € H%(GM, AOM) x Hfé(aM, AOM) supported in T_. Then Q1 = Q2. The same
result holds if we replace the relative-to-absolute map with the absolute-to-relative one.

Theorem 2.1 is a generalization to certain systems of the scalar partial data result of [KSUQ7] for
the DN map, and similarly Theorem 2.2 is an extension to systems of the scalar result of [Ch12] for
the ND map. To be precise, the above theorems are stated for the linear Carleman weight and not
for the logarithmic weight as in [KSUOQ7], [Ch12]. This restriction comes from the lack of conformal
invariance of the full Hodge Laplacian. However, in the scalar case we could use the conformal
invariance of the scalar Schrodinger operator together with a reduction from [KS12] to recover the
logarithmic weight results of [KSUO0T7], [Ch12] from the above theorems.

The proof of Theorems 2.1 and 2.2 involve three main ingredients — the construction of complex
geometric optics (CGO) solutions, a Green’s theorem argument, and a density argument relating
this inverse problem to a tensor tomography problem. Both the construction of CGO solutions and
the Green’s theorem argument require appropriate Carleman estimates.

To describe them, we will introduce the following notation. For a CTA manifold M, let N be
the inward pointing normal vector field along M. We can extend N to be a vector field in a
neighborhood of M by parallel transporting along normal geodesics, and then to a vector field on
M by multiplying by a cutoff function. For u € QM we will let

U = ]\7b Ninu,
where N’ is the 1-form corresponding to N and iy is the interior product, and
UH =UuU—Uuj.

Let V denote the Levi-Civita connection on M, and V' denote the pullback connection on the
boundary. Let

A, =ehh*Ae™H.
Then the Carleman estimates are as follows.

Theorem 2.4. Let M be a CTA manifold, and let Q be a L endomorphism of AM. Define
'y C OM to be a neighbourhood of OM .. Supposeu € H*(M, AM) satisfies the boundary conditions

ulp, =0 to first order
(2.1) tulre =0

thée_%u\pgr = hotiye hu
for some smooth endomorphism o independent of h. Then there exists hy such that if 0 < h < hyg,
1 1
[(=Ay + P2Q)ull2(ary 2 Pllull e ary + P2 ui | rey + h2 [|hV Nyl L2 e -
Here H' signifies the semiclassical H! space with semiclassical parameter h, and for instance
[ull 2 ary = llullzcany + 1RVl L2 (ar)-

The constant implied in the 2 sign is meant to be independent of h. Note that the last boundary
condition in (2.1) can be rewritten as

thoulpnr = —tigeu — hotiyu.
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Theorem 2.5. Let M be a CTA manifold, and let Q be a L endomorphism of AM. Define
'y C OM to be a neighbourhood of OM .. Supposeu € H*(M, AM) satisfies the boundary conditions

ulr, =0 to first order
(2.2) t>0<u|pgr =0
thé * e_%u|p5r = hoti, * e hu
for some smooth endomorphism o independent of h. Then there exists hg such that if 0 < h < hy,
1(=Ag + h2Q)ullL2(ary 2 llull e ary + R |luylla gy + 2 IRV vuLllzagrs -

Note that Theorem 2.5 is actually Theorem 2.4 with u replaced by *u, and vice versa. Therefore
it suffices to prove Theorem 2.5 only. It is also worth noting that the Carleman estimates are proved
for CTA manifolds in general, with no restriction on either the dimension, the conformal factor, or
the transversal manifold (M, go). Theorems 2.4 and 2.5 are extensions to the Hodge Laplace system
of the Carleman estimates in [KSUO7] and [Ch12], respectively.

3. NOTATION AND IDENTITIES

Let (M, g) be a smooth (= C*°) n-dimensional Riemannian manifold with or without boundary.
All manifolds will be assumed to be oriented. We write (v, w) for the g-inner product of tangent
vectors, and |v| = (v,v)!/? for the g-norm. If z = (xy,...,x,) are local coordinates and 9; the corre-
sponding vector fields, we write g;, = (0, Ox) for the metric in these coordinates. The determinant
of (g;x) is denoted by |g|, and (¢’*) is the matrix inverse of (g;).

We shall sometimes do computations in normal coordinates. These are coordinates x defined in
a neighborhood of a point p € M™" such that z(p) = 0 and geodesics through p correspond to rays
through the origin in the x coordinates. The metric in these coordinates satisfies

9ik(0) =i,  Og;1(0) = 0.

The Einstein convention of summing over repeated upper and lower indices will be used. We
convert vector fields to 1-forms and vice versa by the musical isomorphisms, which are given by

(Xjaj)b = Xk dl’k, Xk = gijj,
(wi dsck)ﬁ = wjaj, Wl = g7 wy.
The set of smooth k-forms on M is denoted by Q*M, and the graded algebra of differential forms
is written as
QM = @p_ Q" M.

The set of k-forms with L? or H*® coefficients are denoted by L?(M,A*M) and H*(M,A*M),
respectively. Here H® for s € R are the usual Sobolev spaces on M. The inner product (-, -) and
norm |-| are extended to forms and more generally tensors on M in the usual way, and we also
extend the inner product (-, -) to complex valued tensors as a complex bilinear form.

Let d : QM — QF+t1M be the exterior derivative, and let % : Q¥ M — Q* %M be the Hodge star
operator. We introduce the sesquilinear inner product on QFM,

mozﬁymwv:AﬂAiz@mwy

Here dV = %1 = |g|'/?dx" --- dz™ is the volume form. The codifferential § : Q¥M — QF~1M is
defined as the formal adjoint of d in the inner product on real valued forms, so that

(dn|¢) = (9]6¢), for n € Q¥ 1M, ¢ € QF M compactly supported and real.
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These operators satisfy the following relations on k-forms in M:
T B R e
If X is a vector field, the interior product ix : Q¥ M — Q¥~1M is defined by
ixwY1,...,Yeo1) =w(X,Y1,..., Y q).

If § is a 1-form then the interior product i¢ = i is the formal adjoint of {A in the inner product
on real valued forms, and on k-forms it has the expression

ie = (—1)"* D g Ak,
The interior and exterior products interact by the formula
ica A B = (iga) AB+ (—1)Fa NigB,
where « is a k-form and § an m-form. In particular if & and £ are one-forms then
eaNB+aNif=(xE)p.

In addition, the differential and codifferential satisfy the following product rules:

d(fn) = df An+ fdn
and

o(fn) = —iarn + fon.

The Hodge Laplacian on k-forms is defined by
~A = (d+6)*=dé+4d.

It satisfies Ax = *A. The above quantities may be naturally extended to graded forms.
We will also have to deal with forms that are not compactly supported on M. We have already
introduced the tangential trace ¢t : QM — QOM by

trw—w,
so if u is a graded form on M, then tu is a graded form on M. Then
(tultv)om

is interpreted in the same manner as (u|v),s above. If u and v are graded forms on M, we will also
define

(ulv)on = / (u,0)dS = ti,u A x0dS
oM oM

where dS is the volume form on dM. Now if n € QF"1M and ¢ € QFM then d and § satisfy the
following integration by parts formulas.

(3.1) (dnl¢)ar = (v AnlQ)ans + (l0C)ar,

(3.2) (0¢Imar = =(iCln)anr + (Cldn)ar-

Note also that

(iClmaon = (v AnlQ)on.
Here v denotes both the unit outer normal of M and the corresponding 1-form.
Applying these formulas for the Hodge Laplacian gives

(—Aulv)y = (u]—Av)y
+(v A dulv)onr — (ipdulv)an — (ivuldv)an + (v A uldv)anm
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where u and v are k-forms, or graded forms. We can also redo the integration by parts to write the
boundary terms in terms of absolute and relative boundary conditions, so
(—Au|v)y = (u] — Av)pr + (tulti,dv)on
+ (0 * ulti, * v)gpr + (t * ulti,d *x v)ons + (Foulti,v)ons.

The Levi-Civita connection, defined on tensors in M, is denoted by V and it satisfies Vx* = xV x.
We will sometimes write V f (where f is any function) for the metric gradient of f, defined by

V= (df)} = g"0; for.
If X is a vector field and 7, ¢ are differential forms we have
Vx(mAQ) = (Vxn) AC+nA(Vx().
If X,Y are vector fields then
[Vx,iy] =ivyy.

We can also express d using the V operator, as follows: if w is a k-form on M, and X7, .., Xj41
are vector fields on M, then

k+1

dw(Xl, ..,Xk+1) = Z(—l)l+1(VXlw)(X1, ..,Xl, ..,Xk+1)
=1

where Xl means that we omit the X; argument. Moreover if eq, ..., e, are an orthonormal frame of
TM defined in a neighborhood U C M we have

n
—dw = E te; Ve, w.
=1

For the statements of the Carleman estimates, we introduced the notation
u;, =N "N NU
and
U =u—ug
where N is a smooth vector field which coincides with the inward pointing normal vector field at

the boundary dM, and is extended into M by parallel transport. Note that iyu =0, N Auy =0,
and tu; = 0 at M. In addition, if u and v are graded forms on M, then

(tu|tv)aM = (tu|‘|tv||)aM = (UH|UH)3M
and
(tiNU|t’L'NU)3]u = (tiNULHiNUL)aN[ = (uﬂvl)aM.

If X is a vector field, we can break down X into parallel and perpendicular components in the same
way by using (X ﬁ )# and (X7 )f. The L and | signs are interchanged by the Hodge star operator:

*(u”) = (*’U,)L and * (UL) = (*’U,)H

Note that by its definition in terms of parallel transport, VN = 0. Thus Vy commutes with NA
and iy.

If we view OM as a submanifold embedded into M, then T'M splits into TOM & NOM , where
TOM is the tangent bundle of OM and NOM is the normal bundle. Then the second fundamental
form 11 : TOM & TOM — NOM of OM relative to this embedding is defined by

II(X,Y) = (VxY|N)N.
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The second fundamental form can also be defined in terms of the shape operator s : TOM — TOM
by
s(X)=VxN.
Then
II(X,Y) = (s(X)|Y)N.

These two operators carry information about the shape of the M in M, and thus show up in our
boundary computations.

Now we move to some more specific technical formulas used in the paper. The proofs are rou-
tine computations, and the details may be found in [CST13, Appendix]. We begin with a simple
computation.

Lemma 3.1. If £ and n are real valued 1-forms on M and if u is a k-form, then
ENTgu+ig(nAu) +nAieu+ i, (E A u) = 2(E,n)u.
We also give an expression for the conjugated Laplacian.

Lemma 3.2. Let (M, g) be an oriented Riemannian manifold, let p € C*(M) be a complex valued
function, and let s be a complex number. If u is a k-form on M, then

e (—A) (e *Pu) = —s2(dp, dp)u + s [2Vgrad(p) + Ap] u — Au.
Next, an expansion for the expression td.
Lemma 3.3. Let u € QF(M). Then
—t(6u) = —=6"tu) + (S — (n — 1)K)tinus + tVNinu,
where k is the mean curvature of OM, and S : Q¥=1(OM) — QF1(OM) is defined by
k—1
Sw(Xy,.., Xpo1) = > _w(Xn,...,5X,. . Xp),
with s : TOM — TOM being the shape opemtozr 1of oM.
Now for tind.
Lemma 3.4. Let u € Q*(M). Then on OM,
tiydu =tV yuy + Stuy — d'tiyu.

We also need an expansion for t0 B, where B is the operator

h
B:?[doz‘d%—|—id%0d—dgoc/\5—5(d<pc/\ ]

h
= 7 [2Vvy, + Apc].

Lemma 3.5. If u € Q¥(M) is such that tu = 0, then
to Bu
= §tBu+ 2ihV’(v%)H tVNinu — 2ih0, 0tV NV NiNU
+ih(2((n — 1)k — S)0ype + 202p. + ANp )tV Ninu + 2ih(S — (n — DRV (v, inu
+ih((S — (n — 1)r)Ape + VN Ape)tinu
+2ihtin R(N, V(pe)|)ur + 2ihtV (v, Nint — 2ihiyve,) tV Nu).
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Finally, we will need to do a computation to split the Hodge Laplacian into normal and tangential
parts. To do this, we will take advantage of a Weitzenbock identity, which says that

A=A+R

where R is a zeroth order linear operator depending only on the curvature of M, A is the Hodge
Laplacian, and A is the connection Laplacian:

Au = V*Vu.
We then have the following result for A.
Lemma 3.6. Let u € QF(M) satisfy tu = 0. Then
tinAu = Atiyu +tVyVyinu+ tr(s®)iyu — Sainu

k
where Sow (X1, .., Xp—1) := w(..,s2Xy,..).

|
—_

Il
-

4. CARLEMAN ESTIMATES AND BOUNDARY TERMS

As noted in the introduction, Theorem 2.4 follows from Theorem 2.5, so it suffices to prove
Theorem 2.5.

In proving the Carleman estimates, it will suffice to work with smooth sections of AM and apply
a density argument to get the final result. Let Q¥(M) denote the space of smooth sections of A¥M,
and Q(M) denote the space of smooth sections of AM.

In this section we give an initial form of the Carleman estimates by using an integration by parts
argument as in [KSU07]. To do this, we will first need to understand the relevant boundary terms.
We will use the integration by parts formulas

(4.1) (dulv)pr = (v Aulv)gar + (u|dv) ar,
(du|v)pr = —(iyulv)oar + (uldv)ar

for u,v € Q(M).
As in [KSUO7], we will need to work with the convexified weight

Pe=¢+ hTiz-
Then
Ay, = e%(—th)e_%.
Writing
dy, = ¢ hde™ % = hd — dp A,
Sy, = €T hde™ " = hd +ia,,,
we have

_Aﬂac = d‘Pc6LPc + 6ﬁacd¥’c'
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By Lemma 3.2 we can write this as A + iB where A and B are self-adjoint operators given by
A= —h%A — (d(pc A Z.dCPc —+ idtpc (d(pc AN ))
= _hQA - |d500|2a

B- %[doz’d% gy, 0d—dpe A5 — 5(dpe A )
_h
i
Let | - || indicate the L2 norm on M, unless otherwise stated. Then, for u € QF(M),
[Ap.ull> = ((A +iB)u|(A + iB)u)
= ||Au||* + ||Bul||® + i(Bu|Au) — i(Au|Bu).

[QVVLPC + AQOC] .

Integrating by parts gives
(Bu|Au) = (Bu|h*déu + h*§du — |dp.|*u) = (hdBu|hdu) + (hd Bu|hdu)
— (|dpe|* Bulu) + h(Bulv A hdu — i, hdu)on
= (ABulu) + h(hdBu|v A w)anr — h(hdBuliyu)on + h(Bulv A hdu — i, hdu)gar
and after a short computation

(Au|Bu) = (BAu|u) — ?((&,cpc)AuM)aM.

This finishes the basic integration by parts argument and shows the following;:

Proposition 4.1. Ifu € QM, then
1&g, ull* =[|Au]|? + || Bul|® + (i[A, Blulu)
(4.3) + ih(hdBulv A uw)anr — th(hdBuliyu)an + ith(Bulv A hdu — i,hdu)onr
+ 2h((Oppe) Aulu) o -

Now we invoke the absolute boundary conditions to estimate the non-boundary terms and to
simplify the boundary terms in (4.3). It is enough to consider differential forms u € Q*(M) for fixed
k.

Proposition 4.2. Let u € QF(M) such that
i txu=20
(4.4) tho « u = —tig, * w4 hotin * u.

for some smooth bounded endomorphism o whose bounds are uniform in h.
Then the non-boundary terms in (4.3) satisfy

(45)  Aul £ |Bul? + GA, Blub) 2 "l ) — 2 g s oy + IBT w4 o)
for h < e < 1. Also, the boundary terms in (4.3) have the form

(4.6) —2h* (0, oV nuL [Vvur)on — 2k(0ue(|de|? + |0y0|*)uy|uy)orr + R

where

h h3
IR| < KRV tuy |13 + g”uu 30 + ?”VNULH%M'

for any large enough K independent of h.
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Proof of Proposition 4.2. We will prove (4.5) first. The argument follows the one given in [Ch12]
for scalar functions.

Note that A and B have the same scalar principal symbols as they do for zero-forms: that is,
given a local basis dz!, ..., dz™ for the cotangent space with dx! = daz™ A ... A dx'*,

A=A, +hEy,, A fdz') = (Af)dz!

and
B=B,+hEy,  B(fds") = (Bf)da,

where E7 and Ey are first and zeroth order operators, respectively, with uniform bounds in h and
€. Therefore locally

[A, B(fda") = ([A, B]f)da" + h([Ev, B] + [As, Eo] + hR)(fdz")

where R is a first order operator with uniform bounds in i and €. Choosing a partition of unity
X1 .-+, Xm Oof M such that this operation can be performed near each supp(x;), the argument for
scalar functions in the proof of Proposition 3.1 from [Ch12] implies that

2
(1A Blulu) = 3 (04, Blula) = 421 + b~ p)ull + h(BABufu) + 1¥(Qulu),
Jj=1

where @ is a second order operator. Recall that
B:%(doid% +ige, 0d—dp. NS —6(dpe A ),
so using integration by parts with the above formula, we get
h(BBBul|u) h(BBu|Bu) — ih? (i, BBuligy. w)onr — ih* (v A dap, BBulw)onr
—ih*(v A BBuldp. A u)onr — ih*(iy (dee A BBu)|u)on
= h(BBu|Bu) —ih*(dp. A i, BBulu)on — ih* (v A gy, BBulu)anr
—ih?*(igp,v A BBulu)anr — ih* (i, (dpe A BBu)|u)anr-

By Lemma 3.1 we obtain
h(BBBu|u) = h(BBu|Bu) — 2ih*(0,¢.LBulu)ans.
The absolute boundary condition says that ¢t * u = 0, so u; = 0 at the boundary. Therefore
h(BBBulu) = h(BBu|Bu) — 2ih*(d,¢.8Bulu|)am
= h(BBu|Bu) — 2ih*(t,p.LBultu)onm.

The boundary term in the last expression is bounded by

3571||tBu||2L2(8M) + hie My ||2L2(8M)'
At the boundary,
h
tBu = —t[2Vve, +Ap]u
i

h
= 7 [726V¢CtvNUH — 20,0 AV NuL + 2tV(v¢C)H’UJH + A(pctuH
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SO
[tBullzonry S AV NuyllZ2aar) + 1AV NuLlZ2 000
AV (v, wil F20nry + B2 IEu |72 00r)-

A

[thN Ny (1 220nry + BBV NuL T2 00y + w3 oar)-

Now by Lemma 3.4,
tiyhdu = thV yuy + hStuy — hd'tiyu.
Since t x u = 0, we have iyu,u; = 0 at the boundary, and thus
tiyhdu = thV yu) + hStu.
Therefore
[thN Ny 172 onry [tinhdul[F2oar) + 2wl 2200

<
S tin * (B * w1320y + 1y l172 00
S Rl o onry + B2y ll32 o0

<

2
||u||L2(6M)
where in the last step we invoked the absolute boundary condition. Therefore

[tBulZ2onry S MAV NuLllZonr) + 1wyl onry»

and thus
< h? 2 h? 2 h? 2
h(BBBulu) < ?HBUHLQ + ?HUHHHl(aM) + ?HthuJ-HL?(aM)'
Similarly
h?(Qulu) < 12||ullzp + 1Pl 7 oary + BNV NuLl|Z2onr)-

Therefore

i([A, Blulu) 2

h? h?

;HUHiQ - ?HBUlliz = WllullE = PPyl oy — RPe T IRV vuLlZa o)

Meanwhile, since ¢t * u = 0 on M we can write

R2(||hdul|? 2 + ||hou||22) = h2((hd % u, hd * w) + (h6 * u, hd * u))
RE(=h2A x ul xu) — h3 (v A hd * ul * u)ans

h?(Aulu) + 2 (|dpe|*ulu) — h* (v A hd * u| * u)ons

= h*(Aulu) + R*(|dpe|*ulu) + b (thd * ultiy * u)onr-

Using the absolute boundary conditions again, we have
théxu = —tig, *xu+ hotiy *xu

= Oyptin *xu+ hotin * u,

SO
1 ,
W2(IhdullZ: + [[houllze) S 2l Aulze + KM ful7z + h[lulZz + P tin « ullf2gon),

~
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or
[Aul[7> 2 KR*(|[hdulliz + [houllfz) — K2R ullze — Kh?|lullZs — KB*[luylIZ2 o)

~

We take K ~ -L with « large and fixed. Putting this together with the inequality for (i[A, Blu|u)
and Gaffney’s inequality ||u||g1 ~ ||ul|z2 + ||hdu||r2 + ||hdu|| 2 when ¢ * u = 0, we obtain that
. h? 3
14wl + | Bull® + G4, Blulu) 2 —llullfi — b (i oan + 1PV vuLlZ2onn)

for h < e < 1. This proves (4.5).
We will now show the expression (4.6) for the boundary terms in (4.3). Recall that these boundary
terms are given by

th(hdBul|v A w)an — th(h0Buliyu)anr + th(Bulv A hdu — i, hdu)am

(47) +2h((0ype)Aulu)ons .

Note that

th(hdB * ulv A xu)gpr — th(hdB  uli, * w)ans + ih(B * u|v A hd x u — i, hd * u)gp
+2h((0upe) A ul x u)onr
= ih(hdBulv Au)gp — ih(hdBuliyu)anr + ih(Bulv A hdu — i, hdu) g
+2h((Dype) Aulu)oar,
Moreover, if u satisfies the absolute boundary conditions (4.4), then *u satisfies the relative boundary
conditions
tu=20

(4.8) thou = —tig,u + hotiyu,

and vice versa. Therefore it suffices to prove that if u satisfies (4.8) then the boundary terms (4.7)
become

(49) 72h3(8uchNuH ‘VNUH){)M — 2h(8y<p(|dgo|2 + |8u90|2)ul|ul)3M + R
where

< 3|17 45 2 h 2 h? 2
(4.10) (B S KRV tiullas + 7w [Bar + T IV w3

for any large enough K independent of h.
So let’s return to (4.7), and assume u satisfies (4.8). The condition tu = 0 implies that the first
term ih(hdBu|v A w)ans is zero. Therefore we are left with

—ih(héBuliyu)ans + th(Bulv A hdu)gn — th(Buliyhdu)anr + 2h((0ype) Aulu)ons .

We calculate each of the terms individually.

Firstly,
ih(Bulv A hou)anr = th(Bulv A h(du)|)anm
= —ih(in Bulh(0u)))onm
= —ih(tin Bu|thou)sps .
Now

h
Bu = h (2Vve, + Ape) u,
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S0
tin Bu = %m‘N (2V(ve0, — 2000V + Age ) u
_ % (zv(wc)” tin — 20,0t Vin + tAW‘N) u.
Therefore,
—ih(tiy Bu|thdu)gnr =2h(0, pthV yiyulthdu)ga
= 2h(hV (v, tinulthéu)om
— W2 (tApcinulthéu) .
Now if théu|gym = —tigou + hotiyu, and tu = 0, then
(4.11) théulom = (Ovp + ho)tinu.
Therefore

—ih(tiy Bulth(6u))om =2h(0,pcthV Ninu|(O,p + ho)tinu)on
— 2h(hV(V%)H tinul(Opp + ho)tinu)an
— h2(tApcinu|(D,p + ho)tinu)anr -
Moreover, by Lemma 3.3,
th(du) = hé'tuy + h((n — 1)k — S)tinuy — thV yinu.
Since tu = 0,
th(éu) = h((n — 1)k — S)tiyu, — thVyiyu.
Substituting this into (4.11) gives
(4.12) thVninu = (=0, — ho + h(n — 1)k — hS)tiyu.
Therefore
—ih(tiy Bulth(du))om = — 2h(0,pe(0ve + ho — h(n — 1)k + hS)tinul (O, + ho)tinu)anm
= 2h(hV (v, tinu|(Ovp + ho)tinu)om
— W2 (tApcinu| (D, + ho)tinu)an -

‘We can write this as

(4.13) ih(Bulv A hdu)on = —2h(0, 0|0, *tinultinu)on + Ra
where R satisfies the bound on R in (4.10).
Secondly,
—ih(Bu\il,hdu)aM = ih((Bu)Mithu)aM

’L'h(t(Bu)H |tithu)3M.

By Lemma 3.4,
tiyhdu = thV yuy + hStuy — hd'tiyu,
so if tu = 0,
tiyhdu = thVNuH — hd'tiyu.
Therefore

—ih(Buliyhdu)ans = th(tBulthV yuy — hd'tiyu)on .
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Expanding B, this becomes

h(th(=20,p.V Nu + 2V (v, U + (Dpe)u)[thV Nuy — hd'tinu)on -
Since tu = 0, the last expression is equal to
(4.14) —2h(0ypcthV Nu — thV (v, u[thV Nu) — hd'tinu)on -

The
—2h(3l,(pcthVNuH| — hd/tiNu)aM
part has the same type of bound as in (4.10), so

(4.15) —ih(Buli,hdu)an = —2h(0, @ thV yuy [thV nuy)anr + R,
where R3 has the same bound as in (4.10).
Thirdly,
zh(h5Bu|z,,u)aM = Zh(h((SBu)thu)a]\/[

= —ih(ht(6Bu)|tinu)on -

By Lemma 3.5,
htdBu = hé'tBu+ 2ih*Vig,, ) tVNinu — 2ih*d,¢ VNV Ninu
+ih*(2((n = Dk = S)Bupe + 20700 + Dpe)tV ninu
+2ih%(S — (n — DRV (v, int + ih?((S — (n — 1)r)Ape + Vv Ap)tinu
+2ih*tin RN, V(@e) | uL + 2iR°tV (v, Nyinu — 2ih%ig(vp,) VN

The terms on the last two lines, when paired with ¢htiyu, are bounded by (4.10).
Moreover, using the boundary conditions in the form of equation (4.12) on the

h3((2((n — Dk —9)0,p. + 283900 + Do)tV Ninultiyu) o

term shows that this too is bounded by (4.10). Therefore we need only worry about the first three
terms.
For the —ih(hd't Bu|tiyu) term, we can integrate by parts to get

1
—ih(tBu|hd'tiNu)aM = —2h(hth(%)u + §hA(pctu|hd/t’L'NU)@M.
Since tu = 0, we get
ih(tBulhd/tiNU)g)M = 2h(htvv(%)u|hd/tiNu)aM.
Now

Vo)t =tVy(p)uL +tVy(ep,)

since tu = 0. Therefore
lih(tBulhd'tinu)onr| < KB | V'tinu|3a + KR Juy |35 + KRV vy %,
and so this term is bounded by (4.10).
For the QhS(VI(V%)H tVNiyultinu)gpy term, we can use equation (4.12) to get
QhB(Vvac)H tVNiNu|tiNu)aM

= —QhQ(V/(VW)H (=0 — ho + h(n — 1)k — hS)tiyul|tinu)ans-
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and then use Cauchy-Schwartz, so this term is bounded by (4.10) too. Therefore
(4.16) —ih(hd Buli,u)an = 2h3 (0,0 tV NV Ninultiyu)anr + Ri

where R; is bounded by (4.10).
Finally,

2h((Ovpe) Aulu)ons = 2h((9ype) Aulul Jom
= 2h((DOppe)(Au) 1 |ul)om
= 2h((Dype)tin Aultinu)ons

because of the boundary condition tu = 0. Now A = —h?A — |dp.|?, so
2h0((0, e )tin Aultinu)anr = — 2h((Dy )W tin Aulti nu) o
— 2h((0ype)|dwe|*tinultinu) o
Using the Weitzenbock identity, we can write —2h((0,¢.)h*tinAultinu)on as
—2h((Dype) WP tin Aultinu)onr + 2h((0,pe)h? Rtiyulti yu) o
The second term is bounded by (4.10). For the first term, we can apply Lemma 3.6 to get
—2h((8,00 )WtV NV ninultinu)ons —2h((8ype)h2 A'tinulti nu) ons + > (tr(s2)iyu— Soi yultinu) onr
k=1

where Sow (X1, .., Xp—1) = >, w(..,s2X},..). The last term is bounded again by (4.10) and we can
=1

integrate by parts in the A part to get something bounded by (4.10) as well. Therefore
2h( (0, ) Aulu)onr = — 2h((0ype)|dpe|*tinultinu)onr
— 2h((0, e )R* YV NV Ninultinu)anr + Ra

where Ry is bounded by (4.10).
Now putting this together with (4.13), (4.15), and (4.16), we get that the boundary terms in (4.3)
have the form

— 2h(5‘ucp|8y<p|2tz'Nu|tiNu)3M — 2h(8ycpcthVNuH ‘tthUH)BM
+2h3(aynpctVNVNiNqu,u)aM — 2h((8,,g00)|d<pc|2tiNu\tiNu)aM
—2h((8,pe) W2tV NV Ninultinu)on + R.

The +2h3(0, 0tV NV Ninulti,u)sn terms cancel, leaving us with
— 2h(8l,g0\8,,<p|2tiNu\tiNu)3M — Qh(aygoctthuH |tthU|\)6M
— 2h((Bype)|dpe*tinultinu) o + R.
We can replace ¢. by ¢ and incorporate the error into R without affecting the bound on R, to get
— 2h(3VLp|al,gD|2tiNu|tiNu)aM — Qh(a,,(ptthuH |tthU\|)8M
— 2h(8, pldp|*tinultinu)on + R

and the proposition follows.
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5. THE 0-FORM CASE

We will now prove Theorem 2.5 in the 0-form case. In the case where (M, g) is a domain in
Euclidean space, Theorem 2.5 for 0-forms is the Carleman estimate given in [Ch12, Theorem 1.3].
In this section we will deal with the added complication of being on a CTA manifold, rather than
in Euclidean space.

If u is a zero form, then iyu =0, so u; =0 and u = u). Theorem 2.5 reduces to the estimate

1
(5.1) I(=2p + 12 Q)ullzary 2 Pllwll s ary + B2 [yl s

where Q € L>®(M) and 0 < h < ho, for functions v € H?*(M) with ulp, = 0 to first order and
h(“),,(e_%u) = hoe™ hu on I'¢.. By arguing as in the beginning of Section 6 below, the estimate (5.1)
will be a consequence of the following proposition.

Proposition 5.1. Suppose u is a function in H?(M) which satisfies the following boundary condi-
tions:
u,O,u =0 on 'y

hd, (e " u) = hoe u on re

for some smooth function o independent of h.
Then

(5.2)

1
hE WV ul| 2 re ) S 1A u

3
|L2(M) + h”u”Hl(M) + h? ||u||L2(1"§r)a
We will prove this proposition in the case where the metric g has the form g = e @ go. However,
if g were of the form g = c¢(e ® go), we could write

(5.3) 1A, ullz2ar) = 1h%e™ Acgeagyye™ ™ ullL2(ar)

—_ ¥c
2 [h2e ™ Deggoe™ T ullL2ary — Bllull i (ar)-
Therefore the proposition remains true even in the case when the conformal factor is not constant.
More generally, the proofs of the Carleman estimates work for any smooth conformal factor, and
thus as noted earlier, the Carleman estimates hold on CTA manifolds in general.

5.1. The operators. Here we introduce the operators we will use in the proof of Proposition 5.1.
Similar operators are found in [Ch11] and [Ch12]. Suppose F(£) is a complex valued function on
R"~! with the properties that |F(£)], ReF(£) ~ 1 + |£|. Fix coordinates (z1,2) on R”, and define
R” to be the subset of R™ with z; > 0. Define S(R"}) as the set of restrictions to R’} of Schwartz
functions on R”. Finally, if u € S(R"}), then define @(x1,&) to be the semiclassical Fourier transform
of u in the 2’ variables only.

Now for u € S(R"), define J by

Ju(wr,€) = (F(€) + hdy)i(ar, €).
This has adjoint J* defined by

Tru(wy,€) = (F(€) — hdy)i(wy, €).

These operators have right inverses given by

/ =t

/ at, €)eF © = gt

and

J* 1uf

3‘\H
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Now we have the following boundedness result, given in [Ch12].

Lemma 5.2. The operators J, J*, J~1, and J*~1, initially defined on S(R?Y), extend to bounded
operators
J,J* H'(R}) — L*(RY)
and
JL I LA(RY) — HY(RY).
Moreover, these extensions for J* and J*~1 are isomorphisms.

Note that similar mapping properties hold between H'(R”.) and H*(R'.), by the same reasoning.
We'll record the other operator fact from [Ch12] here, too.
Let m, k € Z, with m,k > 0. Suppose a(z,{,y) are smooth functions on R"~ x R"~1 x R that
satisfy the bounds
10708 Oa(w, €, y)| < Ca (1 + €)™

for all multiindices o and 3, and for 0 < j < k. In other words, each aia(x, &,y) is a symbol on R" 1
of order m, with bounds uniform in ¥, for 0 < 7 < k. Then we can define an operator A on Schwartz
functions in R™ by applying the pseudodifferential operator on R"~! with symbol a(z, &, y), defined
by the Kohn-Nirenberg quantization, to f(z,y) for each fixed y.

Lemma 5.3. If A is as above, then A extends to a bounded operator from H*+™(R™) to H*(R™).

5.2. The graph case. Suppose f : My — R is smooth. In this section, we’ll examine the case
where M lies in the set {1 > f(2')}, and I'Y lies in the graph {z; = f()}. For this section we’ll
make two additional assumptions on f and Mj.

First, we’ll assume that gy is nearly constant: that there exists a choice of coordinates on the
subset P(M) which consists of the projection of M onto My, such that when represented in these
coordinates,

lgo —I| <4
on P(M), where § is a positive constant to be chosen later.

Second, we’ll assume that f is such that V,, f is nearly constant on P(M): that there exists a

constant vector field K on T'M, such that

|V90-f - K‘go < d

where ¢ is the same constant from above. The choice of § will depend ultimately only on K. In the
next subsection we’ll see how to remove these two assumptions.

Now we can do the change of variables (z1,2') — (21 — f(2'),2'). Define M’ and f"+ to be the
images of M and T'y respectively, under this map. Note that {z; > f(2’)} maps to (0,00) x My,
and I'S. maps to a subset of 0 x M.

Now it suffices to prove the following proposition.

Proposition 5.4. Suppose w € H2(M'), and

w,d,w =0 on T,
5.4 . _
(5.4) By, = w4 Vo f thoug how
+ 14|V fl

where o is smooth and bounded on M’'. Then

1 5 3
h> Hhv.qowHL?(f‘/f) S LG cwll iy + Allwll g gy + 72 HwHLz(f’f)
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where

Lo = (14 Vo [P0 = 20+ Voo f -hV g, )hdh + 0 + h*Ay,
and o = 1+ 2(zy + f(2')). Note that on M', a is very close to 1.
This proposition implies Proposition 5.1, in the graph case described above.

Proof of Proposition 5.1 in the graph case. Suppose u € H?(M), and u satisfies (5.2). Let w be the
function on M defined by w(z1,2') = u(z; + f(2'),2’). Then w € H?(M'), and w satisfies (5.4).
Therefore by Proposition 5.4,

1 5 3
h> ||hV’w||L2(f$) SNEG cwllpagipy + Bllwll g iy + h2 ||w||L2(f$)-
Now by a change of variables,
lull2rg) = 1wl L2 ve)s
||u||H1(M) ”w”Hl (M)
and
1AV ull 2 (rey 2 |V gowl| 2 e
Moreover,
(lj'wﬁw) (1 — f(2'),2") = Lo (u(z1,2")) + hEyu(zq,2")
where E is a first order semiclassical differential operator. Therefore by a change of variables,
1L el p2cirry S 1o ctll 2 ary + Rllull g any-
Putting this all together gives
1 3
W2 [|hV goull 2y S 1£p cull L2 ary + hllull e an + B2 [lull 22 re ).
a

We can do a second change of variables to move to Euclidean space. By our assumption on Mo,
we can choose coordinates on P(M’) = P(M) such that
lgo — I < 6.
Now we have a change of variables giving a map from P(M ") to a subset of R"~!, and hence a map
from M’ to a subset of R’ , where the image of F lies in the plane z; = 0. Let M and 1"+ be the

images of M’ and 1"’+ respectively, under this map. We’ll use the notation (z1, ') to describe points
in R"}, where now 2’ ranges over R"~!. Now it suffices to prove the following proposition.

Proposition 5.5. Suppose w € H2(M), and

w,d,w =0 on f‘+

(5.5) ho, - _w+B-hVyw — how
. L+

where o is smooth and bounded on M, and 8 and v are a vector valued and scalar valued function,
respectively, which coincide with the coordinate representations of Vg, f and |V g, flg,. Then

1 5 3
h2([AV wrwll g ey S 1£g,cwll 2 iy + Rllwll gy + A2 1wl g2 e

where

Lo = (1+17?)h%0} —2(a+ B-hV,)hdy + o* + h2L,
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and L is the second order differential operator in the x' variables given by
L= géj 8i8j.

Proposition 5.4 can be obtained from Proposition 5.5 in the same manner as before, with errors
from the change of variables being absorbed into the appropriate terms. Therefore it suffices to
prove Proposition 5.5.

To do this, we’ll split w into small and large frequency parts, using a Fourier transform. Recall
that we are assuming

Vo f = Klgy < 0.
Translating down to M, and recalling that gg is nearly the identity, we get that there is a constant
vector field K on M such that
18— K| <Cs
and
v — K] < Cs
where Cy goes to zero as ¢ goes to zero. Now choose mo > my > 0, and p; and po such that

Kl _ 1K
< po < -+

1+ K2 2 o1+ K
The eventual choice of u; and m; will depend only on K.
_Define p € CG°(R") such that p(§) = 1if [§] < p1 and |K - €] < mq, and p(€) = 0 if |¢] > pg or
‘K . €| > my. ~ ~
Now suppose w € C°(M) such that w = 0 in a neighbourhood of 'y, and w satisfies (5.5). We
can extend w by zero to the rest of R”. Then w € S(R" ), and we can write our desired estimate as

< 1.

1 e 3
h2lwll g orn) S 1£6ewllLz@n) + hllwlla @) + 72wl 22 or7)-

Recall that w(z1, &) is the semiclassical Fourier transform of w in the &’ directions, and define w,
and wy by s = pw and Wy = (1 — p)w, so w = ws + wy.
Now we can address each of these parts separately.

Proposition 5.6. Suppose w is as above. There exist choices of m1, ma, pu1, and p2, depending only
on K, such that if § is small enough,

1 e 3
hellwsll g orny S I1£gcwllzz@yy + hllwlla @y + h2[lw]lL2@ory)-

Before proceeding to the proof, let’s make some definitions. If V € R®! and a € R, define
A:I:(aa ‘/a 5) by

L+iV- £ /(1 +V -6 — (L +]a*)(1 - [¢P)
1+ al?

A:I: (CL, Va 5) =

b

In other words, A4 (a,V,§) are defined to be the roots of the polynomial
(1+a®)X? = 2(1 +4V - &)X + (1 — [¢]?).

In the definition, we’ll choose the branch of the square root which has non-negative real part, so the
branch cut occurs on the negative real axis.
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Proof. Now consider the behaviour of A (|K|, K,£) on the support of p, or equivalently, on the
support of ws. If 7 > 0, we can choose s such that on the support of s,

1= (14K - [¢) <n.
Then on the support of w,, the expression
(L+iK - €)% = (14 |K])(1 — [€)

has real part confined to the interval [— K2 —m3, n+m3], and imaginary part confined to the interval
[—2ma, 2my]. Therefore, by correct choice of  and mq, we can ensure
1

2(1+|K[2)
on the support of w,. This allows us to fix the choice of u1, p2,m1, and mo. Note that the choices
depend only on K , as promised.

The bounds on Ai(\fﬂ, K, £) allow us to choose Fy so that Fy = Ai(|f(\,f(,§) on the support
of s, and ReFy,|Fy| ~ 1+ |¢] on R, with constant depending only on K. Therefore Fy and F_
both satisfy the conditions on F' in Section 2. If T}, represents the operator with Fourier multiplier
¢ (in the ' variables), then it follows that the operators hdy — T, and hd, — Tr_ both have the
properties of J* in that section.

Up until now, the operator ﬁ%s has only been applied to functions supported in M. However,
we can extend the coefficients of £, . to R while retaining the |3 — K| < Cs and |y — |K|| < Cs
conditions. Then

Red: (|K|, K, €) >

(L + [71*)h%0; — 2(a+ B - hV.)hdy + a® + b L)ws]| 12 en)
(1 + |KP)R?0; = 2(1 + K - hV)hdy + 1+ h* Apw| 2

1L, cwsllL2my)

Y

—Csllws | 2 rn)

for sufficiently small A and some Cs which goes to zero as § goes to zero. Meanwhile,
(1 + K ) (hdy — Tp. ) (hdy, — Tr_ )ws
= (1+ |I~(|2)(h28§ —Tp, +r_hoy + T, r )ws.

Since Fy = A4 (f(, K, &) on the support of s, this can be written as
(1+ \[~(|2)(h26§ —Ta,4+a_hOy+Ta a_)ws
= ((1+|KP)h?02 —2(1+ K - hV,)hd, + 1+ h* A )ws.

Therefore
£ cwsllzny = [1(hOy — T, )(hOy — Tr_ )ws 2qn ) — Csllws| w2 ar)-
Now by the boundedness properties,
[(h0y — Tr, )(hOy — Tr_)wsll L2 ) ~ lwsllm2(ry)
so for small enough ¢,

Hﬁw,swsHLZ(Ri) 2 ||wsHH2(1R1)-
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Then by the semiclassical trace formula,
5 1
||£w,sw3||L2(R1) z h> stllgl(am)-
Finally, note that
Hﬁw,sws”Lz(Ri) = H'Cso,eprHLZ(m)

5 H(l + |7‘2)_1£¢,6pr|‘L2(R1)

ST,(1+ |7|2)71£<p,sw”L2(]R1) + ||hE1w||L2(R1)-
where hE; comes from the commutator of T}, and (1 4 |y|?)~'L, .. By Lemma 5.3, E; is bounded
from H*(R?) to L*(R"), so

1£g.cwsllz2n) S 1L cwllzz@n) + hllwl m @)
Therefore
5 1
[1£g.cwlL2n) + hllwlmr @) 2 h2 st”Hl(aRi)

as desired.

Now we have to deal with the large frequency term.

Proposition 5.7. Suppose w is the extension by zero to RY of a function in C°°(J\Zf) which is 0

in a neighbourhood of f‘+, and satisfies (5.5), and let wy be defined as above. Then if 0 is small
enough,

1 5 3
W2 (lwel g omny S 1£p.cwllL2@n) + Rl o gy + 22 0]l 22 omr)-
Proof. Suppose V € R™. Recall that we defined

L+dV -4/ +4V -2 = (1 +[a>)(1 - [€])
1+ al?

Ai (CL, Va 5) =

)

so Ay (a,V, &) are roots of the polynomial
(1+[a*)X? = 2(1 +4V - &)X + (1 — [¢]%).
Now let’s define

a+iV-E+ \/(a LV €62 — (14 |af?)(a? — giE))

A5 -
i(aaug) 1+|(Z|2

9

so A% (V, &) are the roots of the polynomial
(1 +a)X? = 2(a+iV - X + (o® — gi &&)).
(Recall that « is defined by a =1+ g(xl + f(2')).) Again we’ll use the branch of the square root
with non-negative real part.
Now set ¢ € C§°(R"™1) to be a smooth cutoff function such that ¢ = 1 if

. 1 1 |K 1
|K - €| < 7M1 and [¢] < LK + -,

2\/1+\f<|2 2
and ¢ = 0 if |[K - ] > my or [¢] > pu.
Now define
Gi(av‘/vg) = (1 - C)Ai(a7‘/7£) + C



PARTIAL DATA PROBLEMS FOR THE HODGE LAPLACIAN 25

and

Consider the singular support of A% (v, 5,£). These are smooth as functions of  and & except
when the argument of the square root falls on the non-positive real axis. This occurs when 5-£ =0
and

a?y?
1+ |y
Now for ¢ sufficiently small, depending on K, this does not occur on the support of 1 — ¢. Therefore

are smooth, and one can check that they are symbols of first order on R".
Then by properties of pseudodifferential operators,

(L + ) (hdy = Tae (4,p,6) (hdy — Ta= (4,8.6))
= L+ P20 — Tae (v, 5,00+ (18,000 + Tas (+p.6)c2 (1.8.6) + hE,
where B is bounded from H*(R’™) to L2(R’*"). This last line can be written out as
(L4 W2h202 — 2a+ B+ WV )00, T Tric + (a+ h2L) Ty
+ hEq1 + T<2 — 2h8yT<7
by modfiying F, as necessary. Now Trwe = 0, so
(1+ V) (hdy = Tes (4.5.6)) (hDy = Toe (4.,.6))we

95 &5 <

= Ew,gwg - hElu}g.

Therefore
H/jw,eW”m(Rfﬁl) Z l(hoy - TGi(%ﬁ,é))(hay - TGE_(%@&))W”L?(RT;“)
_h”wZHHl(RZ'H)'
Now o o
Gi(7767£) = G+(‘K|5Ka§) + (Gi(77ﬁvg) - G+(|K|7K7£))a
and

Tos (v,8.9-G1 (R1E €

involves multiplication by functions bounded by O(9), so
1 Tes (5.0 (ik0 0 L2@nrty S OVl g gney-
Therefore
||£~<p,ew€||L2(R1+1) 2 |l(hdy — TG+(|f<|,f<,§))(hay - TGi(%ﬁ,&))w@”L%Ri*l)
—h||W||H1(R1+1) — 6[|(hdy — T (77575))1‘}@”H1(Ri+1)'

Now we can check that G (|K|, K, €) satisfies the necessary properties of F' from Section 5, so

||£sa7ewl||L2(]R1+1) 2 H(hay_TGE_(%B,E))w£||H1(R1+1)

*h”wanl(Ri“) — 0|(hdy — T (%ﬂf))waHl(Ri“)-
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Then for small enough 9,
||Eso,€wé’||L2(]R1+1) Z l[(hOy — TGE_(“/ﬁ{))wf”Hl(]Rfrl) - h||w€HH1(]R1+1)

1
2 h2l(hdy = Tae (v.8.6))well L2y — Pllwell o gy

Now by (5.5),
w+ B -hV,w + how
hoyw = 5
1+ 9]
on ORY, so
we + B+ Vywye
hoywy = —————— + hEyw
T TI4P "
on OR’, where Ej is bounded from L*(R"~!) to L*(R"~!). Therefore
5 1 ||we+ B+ Vywe
Lo ewellLz@ny 2 h2||l———5— — Ta (r,8.6)We
@€ (R%) 1+ 2 = (7,8,6) La(oRY)
3
—hllwe|l ey — h2[Jwll L2 (orn)
1 3
Z h? wanHl(aRi) - h||wé|\H1(R1) —h> ||wHL2(aR¢)~
Now
||wé||H1(R1) S ||wHH1(R¢)
and } )
Lo cwell L2y S 1Lpcwllp2mn) + hllwl m e
Therefore
5 3 1
||£sa,ew||L2(R¢) + hHw”Hl(Ri) +h2 ||1UHL2(6R¢) Lk Hwengl(am)
as desired.

Now combing the results of Propositions 5.6 and 5.7 gives
1 1 5 3
hellwel g omny + B2 1wsll g orn ) S 1o cwllz2@y) + hllwll gy grery + A2 [lwll L2 ory)-
Since w = wg + wy, we get
1 5 3
h2 ||w||H1(aR1) S 1L cwl[2mn) + hHU’HHl(RTl) + h2|lwl L2 ory)-

for w € C°(M) such that w = 0 in a neighbourhood of T'y, and w satisfies (5.5). A density
argument now proves Proposition 5.5, and hence Proposition 5.1, at least under the assumptions on
go and f made at the beginning of this section.

5.3. Finishing the proof. Now we need to remove the graph conditions on I' , and the conditions
on the metric gg. Since 'y is a neighbourhood of M, in a small enough neighbourhood U around
any point p on I'Y, I'C coincides locally with a subset of a graph of the form z; = f(2’), with
M NU lying in the set 1 > f(z). Moreover, for any 6 > 0, if V4, f(p) = K, then in some small
neighbourhood of p, |V, f — K|4 < . Additionally, since we can choose coordinates at p such
that go = I in those coordinates, for any § > 0 we can ensure that there are coordinates such that
lgo — I| <4 in a small neighbourhood of p. We can choose § to be small enough for Proposition 5.1
to hold, by the proof in the previous subsection.

Now we can let U; be open sets in R™ such that {Uy,...Up,,} is a finite open cover of 'Y such
that each M N U; has smooth boundary, and each I'Y. N Uj is represented as a graph of the form
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z1 = fi(z’), with |Vg, f; — Kjlg, < 0;, and there is a choice of coordinates on the projection of
M NU; in which |gg — I| < 6;, where §; are small enough for
W2 WV gl e ) S I1e.c0 2wy + Bllos e ua,) + 22 ojll2 s o,
to hold for all v; € H?(M N U;) such that
vj, 0,05 = 0 on O(U; N M)\ T
(5.6) hay(e*%’uj) = hoe*%vj on I't NU;.

Now let X1, . .. Xm be a partition of unity subordinate to Uy, . .. U,,, and for w € H?(M) satisfying
(5.2), define w; = xjw. Then if ', NU; # @, w; satisfies (5.6) for some o, and so

1 3
h2|[hWVw;|| 2re nvy) S 1£gcwjll2(arnuy) + Rllwill e (vnvy) + B2 (w2 (e au;) -

Adding together these estimates gives

1 3
2 [V w2 wey S D 1Lgcwsll L2y + hllwll e ary + 22 w]] L2 e )-
j=1
Now each (L, cwjll2my = ||Lpexiwl|lL2ary is bounded by a constant times ||L,cw||p2(ary +
hllwl g1 (ary, so

RE WV wl| ey S 1 Lgcwllpaqany + Bllwll mary + 52wl z2re -

This finishes the proof of Proposition 5.1.

6. THE k-FORM CASE

We will prove Theorem 2.5 for u € Q¥(M) by induction. If k¥ = 0, then iyu = 0, so u; = 0 and
u = u)|. Then Theorem 2.5 for £ = 0 becomes the Carleman estimate (5.1) that was established in
Section 5.

Note that it suffices to prove Theorem 2.5 for u € QF(M), with the appropriate boundary
conditions, for each k, and @@ = 0. Then the final theorem follows by adding the resulting estimates
and noting that the extra h?Qu term on the right can be absorbed into the terms on the left, for
sufficiently small h.

6.1. Proof of Theorem 2.5 for k > 1. Suppose u € Qk(M) with & > 1. First note that if we
impose the boundary conditions (2.2) of Theorem 2.5, substituting the result of Proposition 4.2 into
(4.3) gives

1A ull® =[|Aull* + | Bul* + (i[A, Bluju)—

(6.1) 3 2 2
2h° (0, oV nuL|Vnur)re — h(Oup(ldel” + [0u| ) uyuy)re + R

where
3 ! 2 h’ 2 h3 2
|R| < C | Kh*|V tu\l”rjr + EHuHHFi + f”vNULHri .

Recall also from Proposition 4.2 that the non-boundary terms || Au||? + || Bu||? + (i[A, Blu|u) satisfy

3

, h?
(6:2) [ Aull® + [[Bull® + (i[A, Blulu) 2 —llullFran = — G o + 1BV Nz oar)

3
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for h < ¢ < 1. We now return to (6.1) and examine the boundary terms. On I'{, there exists
€1 > 0 such that 0, < —e1. Using this together with (6.1) and (6.2) gives
3

h h
1A ull* + thHV/t“HH%i + ?H“HH%i + fHVN“LH%i
h2
2 s ary + B I v e+ A

for large enough K. The last two terms on the left side can be absorbed into the right side, giving

~

h2
1Ag ul® + KRV by B 2 — Il any + PNV NwL e + Rl iz -

Now we want to analyze the boundary term on the left, and this is the part where we will use
induction on k:

Lemma 6.1. If u € Q%(M) and u satisfies the boundary conditions (2.2), then
(6.3) RV tuyIEe S 1A ull® + B2l ar) + B2 luy life -
If (6.3) is granted, fix K sufficiently large and then take h <« € < 1 to obtain that

h2
18l 2 =l agy + IV B+ bl B+ B39ty
Rewriting without the squares,

h 1 1
[Ap.ull 2 %HUHHl(M) + h2[|[hV nuL|re + B2 [y [ g rs)-

2
Now if u satisfies (2.2) then so does e u since ¢ is fixed. Therefore

22 h | 1 2 1, @2
le® Ayull 2 %Hegf ull i (any + P2 IRV ve = u [|oe + R [le 5 || o).

2
Since e%= is smooth and bounded on M, we get
1 1
[Agull 2 hllull rarny + B2 AV vuL e + B2 [Juy |5y rs)-
Thus Theorem 2.5 for k > 1 will follow after we have proved Lemma 6.1.

Proof of Lemma 6.1. For the O-form case, this follows from Theorem 2.5 for 0-forms, which in this
section we are assuming has been proved. Therefore we can seek to prove (6.3) for k-forms by
induction on k.

Let k > 0, and assume that (6.3) holds for k£ — 1 forms satisfying (2.2). Now let Uy,...,U,, CT
be an open cover of I'Y such that each U; N T has a coordinate patch, and let x1,...,xm be a
partition of unity with respect to {U;} such that ) x; = 1 near I'C. and Vx; = 0 for each i. It
will suffice to show that

RVt l[Be S 1A ull® + 2 [lullF ) + B2 [yl -

Now on U; NT', let {eq,..,en—1} be an orthonormal frame for the tangent space, and extend these
vector fields into M by parallel transport along normal geodesics.
Observe for all w € Q%(U; NT%) one can write

n—1
1 .
(6.4) W=7 E 65‘ Nie;w.
=1
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Therefore we can write

1 n—1 .
Vit = EV/ Z ez Nie, b
j=1
1 n—1
= EV/ Z eg A tie; Xi)|-
j=1

Then it suffices to show that
b .
W21V (€5 Atie, xaup)lite S 1Al + 12 lullf oy + B2l
or equivalently, that
(6.5) W21V tie, xaulIEe S 1A ull® + B2l ary + B2 [l 7 -

Now we want to apply the induction hypothesis to i, x;u, so we have to check that it satisfies
the boundary conditions (2.2). In fact we will have to modify i, x;u slightly to achieve this. Let
p(x) be a function defined in a neighbourhood of the boundary as the distance to the boundary
along a normal geodesic, and extend it to the rest of M by multiplication by a cutoff function. Then
the claim is that v = ic; x;(u + h(1 — e_Tp)ZuH) satisfies the absolute boundary conditions (2.2),
where Z is an endomorphism yet to be chosen.

Since w satisfies (2.2), i, xsu) and e, xi(h(1 — e%p)Zu|‘)) both vanish to first order on I'y.
Therefore v does as well.

Moreover, t * i¢; x;u| = 0 on I} if iNTe; Xill|| = —Xile;iNu = 0 on 'S, and this again follows
from the fact that u satisfies (2.2). Note that (1 — e ) =0 at M, so t*v =0 on I'C..

Finally, by Lemma 3.3,

—t0 * de, XiU|| = —6’t(*iejxiuu)|| + (8 = (n — 1)Rr)tin (*ie; xiu|)) L + EV NIN * e, Xil))|-
Since t * i, x;u| = 0 on I'Y, the first term vanishes there as well. Therefore on I' ,

—thd * ie; xsu) = h(S — (n — 1)K)tin (¥ie, Xiu||) L + thV N XN * de, ).

Now
thV N XN * Te,u)) = thViniNe? A sy (—1)F 1
= thVnxaine] A (+u) 1 (—1)F
= thVNXiiNe?- A >s<u(—1)k_1
= (—1)’“)@62 AthV iy * u,
S)
(6.6) —thd * ie, xiu) = h(S — (n — 1)K)tin (*ic, xiu)) L + (—l)kxieg AthV Nin * u.

Applying the same calculation to the i, x;h(1 — e%)Zu‘| term gives
—thd % ieie; xih(1 — e_Tp)Zu” = (fl)kxieg Ath*V (1 — e )iy * Zuy;
the other term vanishes since (1 — e7 ) = 0 at the boundary. Thus
—thd * ie;ic, xih(1 — e%p)Zu‘| = (—l)kxiez- Atin x hZu
Meanwhile, by Lemma 3.3 and by (2.2),
—thd xu = h(S — (n — 1)K)tin (xu) | + thV niy (*u) = tig, * u — hotin * u.
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Viewing this as an equation for thV niy (xu) and substituting into (6.6) gives
— thd * ie, xiu) = h(S — (n — 1)K)tin (¥ic, Xiu|) L
+ (=1)*xi€eb A (—h(S — (n — 1)K)tin (+u) L + tigy * u — hotiy *u).
Therefore
— thé * ie; xi(u + h(1l — e_Tp)ZuH) = h(S — (n — 1)K)tin (xic, xiu| )L
+ (—1)’“)(1-6? A (=h(S — (n = 1)k)tin(*u) L + tig, * u — hotiy * u + tiy * hZuy)).

Now if we let
Z=+«NA(S+c—(n—1)K)iy*,

where here we identify S and ¢ with their extensions by parallel transport to a neighbourhood of
the boundary, then

tin* Zuy = (S+ o0 —(n—1)r)tiy xu = (S +0 — (n—1)kr)tiy *u,
and
—thd * i, xi(uj + h(1 — e%p)Zu|‘) = h(S — (n — 1)k)tin (xic, xiu)) L + (—1)kxie; A tigy * u.
Since t x u = 0 on I'{, we can replace the dy in tig, * v with its normal component:
tige ¥ u = —0,ptiy * u.
Then
Xie?- N —tigy x u = aywxie? Atiy (xu)
= &,cpxl'e; Atin
= —&,gotiine? A s

= 0L ptin * iec; XiU)| (—1)’“.
Since ¢ * te; Xi) = 0 on 'Y,
Xie? N —tigy * u = —tigy * ic; XiU)| (—1)k7
and
(—l)kxie? N —tigy *x u = —tigy * ic, Xil||-
Therefore

—thd * i, xi(u) + h(1 — e%)Zu”) = tigy * e, XiU|| — ho'tin * Ge; Xil||
where ¢’ is a smooth bounded endomorphism. We can replace uj on the right side by uj + h(1 —

e_Tp)ZuH, since (1 —e7") is zero at the boundary. Therefore v = de; Xi(u +h(1— e_Tp)ZuH) satisfies
the boundary conditions (2.2), and so by the induction hypothesis,

RV tllfe S 1A vl + P2l an + P2 lvlFe
Keeping in mind that the second term of v is zero at the boundary, and O(h) elsewhere, we get
(6.7) W2V tie, xiw fe S 18,0l + B2 w3 gy + h2 [l 17 -

Now
. . il 2
[Ap. vl S A de; xaw | + Bl Ag,ie;xi(1 — e ) Zuy |
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The commutators of A, with i, x; and ic; x;(1 — e )Z are O(h) and first order, so

[Ag, vl llie, XiAp || + Bllie, xi(1 — € ) ZAg uyll + Ryl g1 ar)

<
S Ageupll 4 Blluyllar -
Substituting back into (6.7) gives

(Vi xouplfe S Aol + R3]y ary + B2l 1R -

This proves (6.5), which finishes the proof of the lemma. O

7. COMPLEX GEOMETRICAL OPTICS SOLUTIONS

We will begin by constructing CGOs for the relative boundary case. To start, we can use the
Carleman estimate from Theorem 2.4 to generate solutions via a Hahn-Banach argument. The
notations are as in Section 2.

Proposition 7.1. Let Q be an L*> endomorphism on AM, and let T be a neighbourhood of OM .
For allv € L*(M,AM), and f,g € L?*(M,AOM) with support in I'S., there exists u € L*(M,AM)
such that

(—=A_p +h*Q)u=v on M
tu= f on T
thé_,u =g on ',
with
lullz2ary S B 0llzoary + B2 1 Fllzaes) + 2 llgllza s .

Proof. Suppose w € Q(M) satisfies the relative boundary conditions (2.1) with ¢ = 0, and examine
the expression

(7.1) [(wlv) — (tiyhdww\hf)pi — (ti,,w\hg)pi |
This is bounded above by

hllwll Lz any kvl L2any + 2 ([t hdpw] 2 os yh2 || Fll 2 (os ) + B2 ([tiuwl]| L2 oey 9]l L2 0 -

By Lemma 3.4,
ti,hd,w = he%tVN(e_%w)” + hStw| — hek d'tin (e w).
Since tw = 0,
tiyhdy,w = htV yw)| — he® d'tz’N(e_%w).
Therefore
It hdguwll aqrey < IRV vwyllzaqes + lws e s -
Then by Theorem 2.4,
[(wlv) + (tivhdow[hf)re + (ti,w|hg)re |

_ 1 1
I CYAVE S hQQ)w”LQ(M) (h 1||”||L2(M) +hz H.f”L?(Fi) +hz HQHLZ(Fi)) .

Therefore on the subspace

{(=Ly + P*Q)w|w € Q(M) satisfies (2.1) with o = 0} C L*(M,AM),
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the map
(=D + R2Q)w — (w|v) — (tivhdywlhf)re — (tiyw|hg)re
defines a bounded linear functional with the bound
_ 1 1
h 1HU||L2(M) +hz ||f||L2(FC+) +hz ”g”L?(Fi)-

By Hahn-Banach, this functional extends to the whole space, and thus there exists a u € L?(M, AM)
such that

lull z2(ary S B[l p2(ary + B2 [fll2re) + h® lgllLzcre )
and
(wlv) = (tivhdyw|hf)re — (tiywlhg)re = ((—Dy + R2Q)w|u).
Integrating by parts and applying the boundary conditions (2.1) gives
(wlv) — (tivhdpw|hf)re — (tiywlhg)re
= (w|(=A_y + B?Q*)u) — h(ti,hdyw|tu)onr — h(ti,w|thd_ ,u)an.

Then by choosing the correct w, we can see that
(=A_y +h?Q")u=von M
tu = fon I
thé_,u=gonT?,
as desired. 0

To match notations with previous papers, we will begin by rewriting this result, along with the
Carleman estimate, in 7 notation, as follows.
Theorem 2.4 becomes the following.

Theorem 7.2. Let Q be an L endomorphism on AM. Define I'y C OM to be a neighbourhood
of OM .. Suppose u € H*(M, AM) satisfies the boundary conditions

ulp, = 0 to first order
(7.2) tulre =0
téeiﬂ"uhc+ =otiye "Pu
for some smooth endomorphism o independent of 7. Then there exists 79 > 0 such that if T > g,

3 1 . 1
|(=Ar+Qullzaqan 2 Tlullzzan+IVullpzn+7 sl s+ IV tinul sy +7 4V vy L2 -
where

A =e"PAe 7%,

By choice of coordinates, note that the same theorem holds for 7 < 0, with I'y replaced by I'_.
Then Proposition 7.1 becomes the following.

Proposition 7.3. Let Q be an L™ endomorphism on AM. For all v € L?>(M,AM), and f,g €
L*(T%,ATS), there ewists u € L?(M,AM) such that

(A, +Q)u=von M
tu=f on T

td_ru=g onlq,
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with
_ _1 _s
lullzary S 77 0 lzany + 772 fllzeqoey + 772 Mgl L2y
Now we turn to the construction of the CGOs themselves. From now on we will invoke the
assumption that the conformal factor ¢ in the definition of M as an admissible manifold satisfies
¢ = 1. Below we will consider complex valued 1-forms, and (-, -) will denote the complex bilinear

extension of the Riemannian inner product to complex valued forms.
We assume that

(Mag) ccC (RXM(),Q), g:e@g()a

where (My, go) is a compact (n — 1)-dimensional manifold with smooth boundary. We write x =
(z1,2") for points in R x My, where z; is the Euclidean coordinate and 2’ is a point in My. Let @
be an L* endomorphism of AM. We next wish to construct solutions to the equation

(-A+Q)Z=0in M
where Z is a graded differential form in L?(M, AM) having the form
Z =e " (A+R).

Here s = 7 + i\ is a complex parameter where 7,A € R and |7]| is large, the graded form A is a
smooth amplitude, and R will be a correction term obtained from the Carleman estimate. Inserting
the expression for Z in the equation results in

e (-A+ Qe *""R=—F
where
F=e"1(-A+4Q)e 1A
The point is to choose A so that ||F||z2(ar) = O(1) as |7] — oo.
By Lemma 3.2, we have
F=(-A—-5%4+25Vy +Q)A.

We wish to choose A so that Vy, A = 0. The following lemma explains this condition. Below,
we identify a differential form in My with the corresponding differential form in R x My which is
constant in x;.

Lemma 7.4. Ifu is a k-form in R x My with local coordinate expression u = urdz’, then
Vou=0 <= ur=us(z) foralll.
If Vo, u = 0, then there is a unique decomposition
w=dz A +u”
where v’ is a (k — 1)-form in My and u” is a k-form in My. For such a k-form u, one has
Au = dat AN Apgu + Agu”
where A and Ay are the Hodge Laplacians in R x My and in My, respectively.

The proof of the lemma may be found in the appendix. Returning to the expression for F, the
assumption Vy, A = 0 gives that
F=(-A-s"+Q)A.
Writing Y* for the k-form part of a graded form Y, and decomposing A¥ = dz! A (A*) + (A*)" as
in Lemma 7.4, we obtain that

FF = da' A (—Dy — s2)(A%) + (—=Ay — s2)(AF)" + (QA)".
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Thus, in order to have |[F|[z2(p) = O(1) as |7| — oo, it is enough to find for each k& a smooth
(k — 1)-form (A*)" and a smooth k-form (A¥)” in My such that

l(=Aa = (A5 [ 2aiy = O), A 22010y = O(L),
(=8 = ") (AM) | L2 (aa) = OL)s [(A%)" |20ty = O(D).
If (Mo, go) is simple, there is a straightforward quasimode construction for achieving this.

Lemma 7.5. Let (My,go) be a simple m-dimensional manifold, and let 0 < k < m. Suppose
that (Mo, go) is another simple manifold with (Mo, go) CC (Mo, go), fix a point w € M\ My,
and let (r,0) be polar normal coordinates in (Mo,go) with center w. Suppose that n',...,n™ is a
global orthonormal frame of T* My with n' = dr and Vo,n’ = 0 for 2 < j < m, and let {n'} be a
corresponding orthonormal frame of A¥My. Then for any X € R and for any (’2) complex functions
by € C°°(S™1), the smooth k-form

w = go(r,6) V43 bi(0),
I

with s = 7 + i\ for T real, satisfies as || = oo
1(=2er = s*ull2(ar) = O1),  llullz2(as) = O(1).

Proof. We first try to find the quasimode in the form u = ¢**%a for some smooth real valued phase
function ¢ and some smooth k-form a. Lemma 3.2 implies that

(A — s%)(e"%a) = eV [s*(|dy|* — 1)a — is [2Vgraa()a + (Aptp)a] — Ayal.

Let (r,0) be polar normal coordinates as in the statement of the lemma, and note that

w0:0=( 5 ) )

globally in My for some (m — 1) X (m — 1) symmetric positive definite matrix h.
Define
P(r,0) =r.
Then 1 € C*°(Mp) and |di)|? = 1, so that the s? term will be zero. We next want to choose a so
that 2Vgraq(yp)a + (Az9p)a = 0. Note that

lar|90(ra 0)|
2 |g0(7,.’ e)l

a for some k-form a, it is enough to arrange that

vgrand(w) = Var, Ar’d] =

Thus, choosing a = |go|~*/*

Vo.a = 0.
Using the frame {7’} above, with n! = dr, we write
a=n'ANd +a’

where @' is a (k — 1)-form and @” is a k-form in My of the form

i= Y a @= Y

JC{2,....m} JC{2,....,m}
[J]=k—1 [T=k
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for some functions a7 and 8 in M. Now, the form of the metric implies that Vs.n* = 0, and by
assumption Varr]j =0 for 2 < j < m. Therefore

Va.a = Z 5r()é1,J771 A 77J + Z arﬂ(]nJ'

JC{2,....m} Jc{2,....m}
|J]=k—1 |J|=k
In the definitions of @’ and @, we may now choose
1,7 = bgyus(0), Br=0bs(0)

where by are the given functions in C°°(S™~1). The resulting k-form u = e**¥|gq a satisfies the
required conditions. (|

| 1/47

The next result gives the full construction of the complex geometrical optics solutions.

Lemma 7.6. Let (M, g) CC (Rx My, g) where g = e® go, assume that (Mo, go) is simple, and let Q
be an L endomorphism of AM. Let (My, go) be another simple manifold with (Mo, go) cC (Mo, g0),

fira pomtw € M(‘)m\MO, and let (r,0) be polar normal coordinates m (MO, go) wzth centerw. Suppose
thatnl,... ;0™ is a global orthonormal frame of T*(R x My) with n' = da', n? = dr, and Vo, 1’ =0
for 3 < j <mn, and let {n'} be a corresponding orthonormal frame of A(R x My). Let also X € R.
If |7] is sufficiently large and if s = T+ i\, then for any 2" complex functions by € C°°(S™~2) there
exists a solution Z € L*(M,AM) of the equation

(—A+Q)Z=01in M

having the form

+R

7 — o5 [8““90(’?, 0)|_1/4 lz b[(@)nl
I

where ||R|| L2y = O(|7|™Y). Further, one can arrange that the relative boundary values of Z vanish
on 'S or 'S (depending on the sign of 7).

Proof. Try first Z = e **1(A + R) where Vg, A = 0. By the discussion in this section, we need to
solve the equation

e (-A+ Q)" R) = —
where
F=(-A-s2+Q)A
Decomposing the k-form part of A as A¥ = n A (A%)" + (A¥)” as in Lemma 7.4, where n* = da!,
we obtain that
Pk = 771 A(=Dgr — 32)(Ak)/ +(=Ag — 52)(Ak)” + (QA)k-

Let n',...,n" and {n} be orthonormal frames as in the statement of the result. We can use

Lemma 7.5 to find, for any (}_) functions b’;(6) and for any (") functions ¥’/(6), quasimodes

O e T e N A ()UK
Jc{2,...,n}
|J|=k—1

(AF)" =e"go| 7t DT (0’

JC{2,...,n}
[T]|=k
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Recalling that A* = ' A(A*)'+(AF)” and relabeling functions, this shows that for any (}) functions
by € C°°(S"~?) we may find A* of the form

Ak — eisr|go|71/4 Z b[(e)nl
I1c{1,...,n}
|T|=k
with [|(—=A = s2)A¥|| 2 = O(1), | A*|| L2(ar) = O(1) as |7| — oo. Repeating this construction for
all k, we obtain the amplitude

A= e go(r,0)] 7Y br(O)n'
1

with the same norm estimates as those for A¥. Then also ||F||z2(ar) = O(1). Then Proposition 7.3
allows us to find R with the right properties. This finishes the proof. O

Note that if Z is a solution to (—A + *@Qx~1)Z = 0 in M, and Z has relative boundary values
that vanish on I'Y., then *Z is a solution to (~A+ Q) * Z = 0 in M, and xZ has absolute boundary
values that vanish on I'Y. Thus this construction also gives us solutions with vanishing absolute
boundary values on I'].

8. THE TENSOR TOMOGRAPHY PROBLEM

Now we can begin the proof of Theorems 2.1 and 2.2. First we will use the hypotheses of Theorem
2.1 to obtain some vanishing integrals involving (Q2 — Q7).

Lemma 8.1. Suppose the hypotheses of Theorem 2.1 hold. Using the notation in Lemma 7.6, let
Z; € L*(M,AM) be solutions of (—A+ Q1)Z1 = (—A+ Q2)Z> =0 in M of the form

Zy = e 5 e |go| M lz cr()n' | + R
I

b

Zy =™ [ei"|go|_1/4 [Z dr(0)n"| + Rs
I

with vanishing relative boundary conditions on I'C. and ' respectively. Then
((Q2 - Ql)Z1|Z2)M =0.

Proof. Let Y be a solution of (—A + @2)Y = 0 in M with the same relative boundary conditions
as Z7; such a solution exists by the assumption on (2. Then consider the integral

(NEA = NEM(X21,152,)|(tind * Za, tin * Za))om-

By definition of the N4 map, this is

((t * (Zl — Y),t5 * (Zl — Y))|(thd * Zz,tiN * ZQ))@M
= (t*(Z1 = Y)tind* Za)on + (10 % (Z1 = Y)|tin * Za)on-

Recall from the section on notation and identities that

(—Aulv)yy = (u] — Av)a + (tulti,dv)gy
+(t6 * ulti, * v)on + (t* ulti,d * v)anr + (Eoulti,v)an-
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Since the relative boundary values of (Z; —Y") vanish, by definition, the integration by parts formula
above implies that

(tx(Z1 = Y)|tind * Za)on + (16 % (Z1 = Y)|tin * Z2)om
CA(Zy =Y Zo)at — (Z1 — Y] — AZo)mt

Q2Y — Q1 Z1|Zo) i — (Z1 = Y| — Qo Z2)

(Q2 —Q1)Z1|Z2) M-

o~ o~ o~ o~

Meanwhile, by the hypothesis on N5 and NJ#, we have that NJ4(Z, —Y) = N§A(Z, —Y) on
I'y. Therefore

((t*(Z1 = Y)|tind * Z2)oar + (t6 % (Z1 = Y)|tin * Z2)om
= ((tx(Z1 =Y)|tind * Zg)pi + (tdx (Z1 = Y)|tin * Zg)pi.
Now by construction, Z, has relative boundary values that vanish on I'S . But
tin * Z2|1~c+ =0& (>|<Z2)J_|pc+ =0
& *(Zg)uh"gr =0
& (Z9))
& tZQ|pi =0.

re =0

Similarly,
tiNd * 22

Therefore the fact that Z; has relative boundary values that vanish on I'S implies that

piZO@té*ZQ‘Fi =0.

Therefore
(Q2—Q1)Z1|Z2)m =0
for each such pair of CGO solutions Z; and Z,. O

Working through the same argument with xZ; and *Z5 gives us the following lemma as well.

Lemma 8.2. Suppose the hypotheses of Theorem 2.2 hold. Using the notation in Lemma 7.6, let
xZ; € L*(M,AM) be solutions of (—A+ Q1) * Zy = (—A+ Q2) * Zo =0 in M of the form

Zy = eS| e go| 71/ [Z cr(@n'| + Ry
I

b

Zy =™ [em|go|_1/4 [Z dr(0)n"| + Ro
I

Then
((Q2 — Q1) Z1|Z2)m = 0.

Therefore both of the main theorems reduce to using the condition (QZ1,Z2)r2(a) = 0 for
solutions of the type given in Lemma 7.6 to show that @ = 0.

The next result shows that from the condition (QZ1, Z2)12(ary = 0 for solutions of the type given
in Lemma 7.6, it follows that certain exponentially attenuated integrals over geodesics in (My, go)
of matrix elements of (), further Fourier transformed in x;, must vanish.
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Proposition 8.3. Assume the hypotheses in Theorem 2.1 or 2.2, with Q = Q2 — Q1 extended by
zero to R x My. Fix a geodesic vy : [0, L] — My with v(0),v(L) € 0My, let 0, be the vector field
in My tangent to geodesic rays starting at v(0), and suppose that {n'} is an orthonormal frame of
A(R x M) with n* = dat, n? = dr, and Vo, 1’ =0 for 3 < j < n. (Such a frame always exists.)
Then for any A € R and any I,J one has

L oo
/ e 2 U e 2 Qan, v(m)n',n”) dxl] dr = 0.
0 —00

Proof. Using the notation in Lemma 7.6, let Z; € L?(M,AM) be solutions of (—A + Q1)Z; =
(=A+Q2)Zs =0 in M of the form

Zy=e % leis"Ig(ﬂl/4 lz cr(0)n’
I

e’ |go| 71/ lz dr(0)n'
I

where s = 74 i)\, 7 > 0 is large, A € R, and ¢;,d; € C>(S™?). We can assume that ||R;|[12() =
O(r~ ') as T — 00, and that the relative (absolute) boundary values of Z; are supported in F and

the relative (absolute) boundary values of Zy are supported in B. By Lemma 8.1 (Lemma 8.2), we
have

0= lim (QZl,ZQ L2(M) = / / —2Ar
T—+00 gn—2

1,J

+ Ry

)

Zy = e®*t + Ry

Y

We now extend the Mj-geodesic v to Mo, choose w = y(—¢) for small ¢ > 0, and choose 6 so
that y(t) = (¢,6p). The functions ¢; and d; can be chosen freely, and by varying them we obtain

that - -
[T [ [ et oy an dr =0
0

—00
for each fixed I and J. Since Q is compactly supported in M, this implies the required result.

It remains to show that a frame {n’} with the requlred properties exists. Let w = v(0), and let
(Mo,go) be a simple manifold with (Mg, go) CC (Mo,go) such that the M- geodesic starting at w
in direction v(w) never meets My. (It is enough to embed (Mo, go) in some closed manifold and to
take M, strictly convex and slightly larger than Mj.) Let (r,6) be polar normal coordinates in M,
with center w = ~(0), fix o > 0 so that the geodesic ball B(w,7¢) is contained in M, and let
6 € 5™2 be the direction of v(w). Choose some orthonormal frame 1?, ..., n" of the cotangent space
of 0B(w,ro) \ {(ro, é)}, and extend these as 1-forms in M{™ by parallel transporting along integral

curves of 9,. We thus obtain a global orthonormal frame n?,...,n" of T*M{" with n?> = dr and
Vo, n? =0 for 3 < j < n. Moreover, n!,...,n" will be a global orthonormal frame of T*(R x M)
inducing an orthonormal frame {1’} of A(R x M{™). O

We will now show how the coefficients are uniquely determined by the integrals in Proposition 8.3.
This follows by inverting attenuated ray transforms, a topic of considerable independent interest
(see [ABK98], [No02], [BS04] and the survey [Fi03] for results in the Euclidean case, and the survey
[PSU13b] and references below for the manifold case). The transform in Proposition 8.3 is not exactly
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the same kind of attenuated ray transform/Fourier transform as in the scalar case for instance in
[DKSaU09], since the matrix element of @ that appears in the integral may actually depend on
the geodesic v (note that the 1-forms 7 depend on 7). To clarify this point, we fix some global
orthonormal frame {e!,...,e"} of T*(R x My) with e! = dz', and let {e’} be the corresponding
orthonormal frame of A(R x Mp). Define the matrix elements

qr.; = (Qe!, 7).
Define also
o .
Qr,s(&1,2") = / e~y (21,2) day.

— 00

Then the conclusion in Proposition 8.3 implies that

L
/ eG4 1 (20 (e Ve Y dr = 0
0

for any A € R, for any I, J, and for any maximal geodesic v in My. (Note that the inner products
(n', &) do not depend on z1.)

Up until now everything discussed in this paper has held for any dimension n > 3. Now, however,
we will invoke the assumption that n = 3. Then g ; is an 8 X 8 matrix. In this case we may choose
nt =dz', n* = dr, and n® = x4,dr, where dr is the 1-form dual to 4 on the geodesic 7. Let also {e;}
be the orthonormal frame of vector fields dual to {7} (which is assumed to be positively oriented).
It follows that

<7717€1> =1, <771752> =0, <7717€3> =0,
<7727€1> =0, <772’52> = <€25;}/>7 <7727€3> = <€37;7>7
<773»51> =0, <7737€2> = —<637’;/>, <773753> = <627’3/>.

The relations for nt1:2} = pt A n2 pt31} {23} and {12} 313 {23} can be determined from the
above relations by duality. Finally, (n°, &) = 1 if I = 0 and 0 otherwise, and the other relations for
n0750, 77{1’2’3}, and 1123} are similar.

Now choosing I = J =1 (here we identify 1 with {1}) we obtain

L
/ e G112\, y(r))dr =0 for all A and ~.
0

This means that the usual attenuated geodesic ray transform of the function §11(2), -) in My
vanishes for all A. First we have ¢11(2), -) € C°(Mp) for all A [FSU08, Proposition 3], and then
G1,1(2X, -) = 0 for all A by the injectivity of the attenuated ray transform [SaUll] and so ¢11 = 0.
The same argument applies for all pairs (I, J) where

I,J €{0,1,{2,3},{1,2,3}}.

Now consider the case where I =1 and J = 2. Then

L
/0 6_2/\T((j1’2(2)\, ’7(7’))<627;7> + 61,3(2>‘a 'V(T))<e37 7>) dr = 0.

Then the injectivity result for the attenuated ray transform on 1-tensors [SaU11] together with the
regularity result [HS10, Proposition 1] says that

(j172(2)\, .13)52 + (j173(2)\, l‘)&g =0
for all A # 0, from which we can conclude that

qi2=q3=0.
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The same argument then applies for all pairs (I,J) where I € {0,1,{2,3},{1,2,3}} and J €
{2,3,{1,2},{3,1}}, or vice versa.

Finally, consider the case when I = J = 2. For brevity, we’ll write (e;,%) as ¥;. Then I = J =2
gives

L
(8.1) / e (G2,2%5 + 2,372 Y3 + Gs.2¥3%2 + G3.393) dr = 0,
0
The integrand here can be represented as the symmetric 2-tensor

22 .= ( A 42,2 A %((22,%"‘ 3,2) )
%(%73 + §32) 43,3
(in coordinates provided by {e2,e3}) applied to (%,). This shows that the attenuated ray transform
of the 2-tensor 22 in (Mo, go), with constant attenuation —2)\, vanishes identically.

We will now make use of the methods of [PSU13a] in this tensor tomography problem. We only
give the details in the case where @ (and hence f2) is C*°. The result also holds for continuous Q
by using an elliptic regularity result for the normal operator, but in the present weighted case for
2-tensors the required result may not be in the literature. We only say that such a result can be
proved by adapting the methods of [HS10] to the 2-tensor case (in particular one needs a solenoidal
decomposition f = f* 4+ df of a 2-tensor f and a further solenoidal decomposition 5 = 3% 4+ d¢ of
the 1-form S, and one then shows that the normal operator acting on ”solenoidal triples” (f*%, 8%, ¢)
is elliptic because the weight comes from a nonvanishing attenuation).

Since f%2 is C°, the injectivity result for the attenuated ray transform on symmetric 2-tensors
(see [As12], following [PSU13a]) says that

2?2 = —Xu+ 2\

where X is the geodesic vector field on (M, go), and u is a smooth function on the unit circle bundle
S My that corresponds to the sum of a 1-tensor and scalar function, with
u|3]\40 =0.

Here we have identified f%? and u with functions on SMj as in [PSU13a]. We can also express u
and f?? in terms of Fourier components as in [PSU13a],

U =U_1+ Uy + U1

fR= R R
Here ug € C°°(My), u1 + u_; corresponds to a smooth 1-tensor in My, and ug, u1,u_1 vanish on
O0Mjy. Then
—X(u_1 +ug +ur) + 2Mu_1 +ug +w) = 25 + fok + f32

Now parity implies the following two equations:

2A(u—1 +u1) = Xug
and

~X(uy +w) +2Muo) = 25+ 7+ [
Assume that A is non-zero. Using the first equation in the second one implies that
X (uo)
2\

where X?2uq corresponds to the covariant Hessian VZug of ug. The first equation implies that wg
vanishes to first order on dMj.

(8.2) + 2 = f22,
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Unfortunately, this is not enough to conclude that the coefficients of f2?2 are 0. However, going
back and choosing (I,J) = (2,3), (3,2), and (3, 3) gives us three additional equations of this type
with the same elements g; ;. More specifically,

28 = ( ) 42,3 5(d3,3 — G2.2) )
3 ’

43,3 — G2,2) —{3,2
2 = ( . 43,2 A %(ﬁ:ﬁ,?,f Go,2) )
5(d3,3 — G2,2) —G2,3 ’
and
£33 = ( X AQ3,3 A —%(5213 + d3,2) ) .
—5((]2,3 + Q3,2) qz2,2

are all of the same form. Therefore it follows that f22 + 33 and f23 — 32 are as well. But these
are both scalar matrices, and if
X2 (uo)
2
is a scalar matrix, then also the covariant Hessian V2uy is a scalar matrix in the {e2, 3} basis.

To make the previous statement more explicit, identify (Mg, go) with the unit disk in R? and
choose an isothermal coordinate system (x!,2?) in which the metric is given by 62“5jk for some
p € C(My). Choosing e = e #9; and ez = e #0y, the condition V2ug(ez, e2) — VZug(es,e3) = 0
implies that

+ 2/\U0

8fu0—822u0+b~Vu0:0 in My

for some vector field b € C°°(My,R?) depending on p. Since ug vanishes to first order on dMj,
extending ug by zero to R? we have

812U07622U0+b'V’UJ0:0 in R?

where ug € H?(R?) is compactly supported and b is some smooth compactly supported vector field.
Uniqueness for hyperbolic equations [Ta99, Section 2.8] implies that ug = 0.

The above argument shows that f22 + f33 and f23 — f32 are 0. Thus gao + g3 3 = 0 and
G2.3 — g3,2 = 0, showing that f%? and f?3 are trace free. Taking traces in (8.2) and using that ug
vanishes to first order on dMy implies that uy = 0 by unique continuation for elliptic equations.
Thus f?2 = 0 and similarly 23 = 0, which shows that 42,2, 42,3, 43,2, and g3 3 are zero as well.

The same argument now works for the remaining entries of ¢, and this finishes the proof.

9. HIGHER DIMENSIONS

In higher dimensions, n > 3, as noted above, everything up to and including the proof of Propo-
sition 8.3 still holds. However, this does not reduce easily into a tensor tomography problem, as in

the three-dimensional case, because we cannot choose the basis {1’} so that 73,...,7* to depend
on n? = dr in a tensorial manner.
More precisely, in general we lack tensors T; for which n® = T;(n?,...,n?) for i > 3, as is the case

in three dimensions. Moreover, even if the results of Proposition 8.3 can be reduced to a tensor
tomography problem, there is no guarantee that it will be one for which there are useful injectivity
results, since there are very few such results for k-tensors with k& > 2.

However, in the Euclidean case we can do better, since we have the extra freedom to vary the
Carleman weight . In particular, we can construct CGOs to reduce the problem in Lemmas 8.1 and
8.2 to a Fourier transform, as has been done for inverse problems for scalar functions, e.g. in [BUO1].
Therefore we can conclude this paper by a proof for higher dimensions, in the Euclidean case.
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Proof of Theorem 2.3. Fix coordinates x1,...,x, on R™. The corresponding basis for the cotangent
space is dz',...,dz™, and this gives a corresponding basis {dz!} for AM.

Now note that if f is a scalar function, A(fdx!) = (Af)da!. Therefore if o and 8 are unit
vectors such that a- 8 = 0, then

e R (= A + Q)(eTF dal) = O(h?)da!.
Therefore Proposition 7.1 implies there exists » € L?(M, AM) such that
A+ Q)
. (a+iB)-x
with [|7[|z2(ar) = O(h), and Z = e+
onI'S.

Now if k& and ¢ are mutually orthogonal unit vectors which are both orthogonal to «, then we can
set By = £+ hk and By = £ — hk, and create Z; = e+ 2 (dz! +71) and Zo = e 02 (da! +1a)
so that (A + @Q1)Z1 = (A 4+ Q2)Z> =0, and Z; and Zs have relative boundary conditions that
vanish on I'? and I'Y respectively.

Then Lemma 8.1, together with the hypotheses of Theorem 2.3 implies that

(Q1 — Q2le™F*) = 0.

This can be done for any k orthogonal to «. Since a can be varied slightly without preventing the

relative boundary conditions of the solutions from vanishing on the correct set, this is in fact true
for k in an open set, from which we can conclude that @1 = Q2 on M.

The absolute boundary value version works similarly, with the appropriate change in the CGOs.

|

(dz’ + 7)) =0,

(dz! + r) has relative boundary conditions which vanish
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