TENSOR TOMOGRAPHY ON CARTAN-HADAMARD MANIFOLDS
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ABSTRACT. We study the geodesic X-ray transform on Cartan-Hadamard manifolds, generalizing
the X-ray transforms on Euclidean and hyperbolic spaces that arise in medical and seismic imaging.
We prove solenoidal injectivity of this transform acting on functions and tensor fields of any order.
The functions are assumed to be exponentially decaying if the sectional curvature is bounded, and
polynomially decaying if the sectional curvature decays at infinity. This work extends the results
of [Leh16] to dimensions n > 3 and to the case of tensor fields of any order.

1. INTRODUCTION

1.1. Motivation. This article considers the geodesic X-ray transform on noncompact Riemannian
manifolds. This transform encodes the integrals of a function f, where f satisfies suitable decay
conditions at infinity, over all geodesics. In the case of Euclidean space the geodesic X-ray transform
is just the usual X-ray transform involving integrals over all lines, and in two dimensions it coincides
with the Radon transform introduced in the seminal work of Radon in 1917 [Rad17].

X-ray and Radon type transforms in Fuclidean space are widely used as mathematical models
for medical and industrial imaging methods, such as CT, PET, SPECT and MRI (see [NatO1]).
In these applications one is interested in reconstructing unknown coefficients in a bounded region.
However, it is often convenient to model the problems in terms of compactly supported functions
in the noncompact space R", which makes it possible to use Fourier transform based methods for
instance.

Another important class of imaging problems arises in geophysics, when determining interior
properties of the Earth from acoustic scattering or earthquake measurements. In these problems
one encounters X-ray transforms over general families of curves, which often correspond to geodesic
curves of a sound speed profile within the Earth. Moreover, if the sound speed is anisotropic
(depends on direction), then one needs to consider geodesic X-ray transforms of tensor fields [Sha94].
A typical feature is that rays originating near the Earth surface eventually curve back to the surface.
A simple mathematical model, which has been used as a first approximation for this behaviour,
is to think of the domain as embedded in hyperbolic space H" and to consider the geodesic X-
ray transform in H" [Bal05]. The hyperbolic geodesic X-ray transform also appears in Electrical
Impedance Tomography in connection with the method of Barber and Brown [BCT96] and in
partial data problems [KS14].

Another setting where X-ray transforms on noncompact manifolds appear is inverse scattering
theory (for instance in quantum mechanics, acoustics, or electromagnetics). The connection be-
tween scattering theory and Radon type transforms goes back at least to Lax and Phillips [LP89],
and the X-ray transform of a scattering potential can be determined from measurements of the full
scattering amplitude at high frequencies (see e.g. [Wed14]). The X-ray transforms that appear in
these contexts are often FEuclidean. However, in inverse scattering applications related to general
relativity and black holes one encounters more general manifolds that resemble asymptotically hy-
perbolic ones [JSB00], and in recent results on phaseless inverse scattering problems more general
geodesic X-ray transforms also arise (see [Klil7] and references therein). We remark that both
in quantum mechanics and general relativity, the functions that one would like to reconstruct are
often not compactly supported and thus it is important to deal with noncompact manifolds.
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In this article we will study the invertibility of geodesic X-ray transforms on noncompact Rie-
mannian manifolds. Our results will include Euclidean and hyperbolic space as special cases, but
will apply to more general manifolds with nonpositive curvature (Cartan-Hadamard manifolds).
This work also follows the long tradition of integral geometry problems as discussed for instance in
[GGGO3, [Hel99, Hel13|]. Here one of the main points is that our results apply to manifolds that do
not need to have special symmetries (see the recent preprint [GGSUILT] for related results).

1.2. Results. For Euclidean or hyperbolic space in dimensions n > 2, one has the following basic
theorems on the injectivity of this transform (see [Hel99], [Jen04], [Hel94]):

Theorem A. If f is a continuous function in R™ satisfying |f(x)] < C(1+ |x|)”" for somen > 1,
and if f integrates to zero over all lines in R™, then f = 0.

Theorem B. If f is a continuous function in the hyperbolic space H" satisfying |f(z)| < Ce~4®0),
where o € H" is some fized point, and if f integrates to zero over all geodesics in H™, then f = 0.

We remark that some decay conditions for the function f are required, since there are examples
of nontrivial functions in R? which decay like |z|~2 on every line and whose X-ray transform
vanishes [Zal82], [Arm94]. Related results on the invertibility of Radon type transforms on constant
curvature spaces or noncompact homogeneous spaces may be found in [Hel99], [Hell3].

The purpose of this article is to give analogues of the above theorems on more general, not
necessarily symmetric Riemannian manifolds. We will work in the setting of Cartan-Hadamard
manifolds, i.e. complete simply connected Riemannian manifolds with nonpositive sectional cur-
vature. Euclidean and hyperbolic spaces are special cases of Cartan-Hadamard manifolds, and
further explicit examples are recalled in Section [2} It is well known that any Cartan-Hadamard
manifold is diffeomorphic to R", the exponential map at any point is a diffeomorphism, and the
map T d(x,p)2 is strictly convex for any p € M (see e.g. [Pet06]).

Definition. Let (M, g) be a Cartan-Hadamard manifold, and fix a point o € M. If n > 0, define
the spaces of exponentially and polynomially decaying continuous functions by

E,(M) = {f e C(M); |f(z)| < Ce =) for some C' > 0},
Py(M)={feC(M);|f(z) <C(+d(x,0))" " for some C > 0}.
Also define the spaces
EY(M) = {f € CY(M); |£(@)] + [V £(2)] < Ce~19) for some C > 0},
Py(M) ={f e C'(M); |f(z)| < C(1+d(z,0)" and
IVf(z)] < CA+d(z,0)) " for some C > 0}.
Here V =V, is the total covariant derivative in (M, g) and | - | =| - |4 is the g-norm on tensors.

It follows from Lemma that if f € P, (M) for some n > 1, then the integral of f over any
maximal geodesic in M is finite. For such functions f we may define the geodesic X-ray transform

Iof of f by
Iyf(y) = / f(y(t))dt, v is a geodesic.

The inverse problem for the geodesic X-ray transform is to determine f from the knowledge of Iy f.
By linearity, uniqueness for this inverse problem reduces to showing that Ipf = 0 implies f = 0.

More generally, suppose that f is a C'-smooth symmetric covariant m-tensor field on M, written
in local coordinates (using the Einstein summation convention) as

f=Ffijm@)de? @ @ da?m.
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We say that f € P,(M) if |f]; € Py(M), and f € P}(M) if |f|; € Py(M) and |V f|, € Pyi1(M),
etc. We recall that, in terms of local coordinates,

@)l = (975 @) g5 @)y () frr o ()

where (¢7*) is the inverse matrix of (g;x).
Now if f € P,(M) for some n > 1, then the geodesic X-ray transform I,,, f of f is well defined
by the formula

1/2

Inf(v) = /_ Ty (Y(@)s -, 4(2)) dt, ~ is a geodesic.

This transform always has a kernel when m > 1: if h is a symmetric (m — 1)-tensor field satisfying
h e P&(M) for some 1 > 0, then I,,(cVh) = 0 where ¢ denotes symmetrization of a tensor field
(see Section . We say that I, is solenoidal injective if I,,f = 0 implies f = oVh for some
(m — 1)-tensor field h.

Our first theorem proves solenoidal injectivity of I, for any m > 0 on Cartan-Hadamard mani-
folds with bounded sectional curvature, assuming exponential decay of the tensor field and its first
derivatives. We will denote the sectional curvature of a two-plane II C T, M by K, (II), and we
write —Kp < K <0 if —Ky < K;(IT) <0 for all x € M and for all two-planes IT C T,, M.

Theorem 1.1. Let (M,g) be a Cartan-Hadamard manifold of dimension n > 2, and assume that
—Kyg <K <0, for some Ky > 0.

If f is a symmetric m-tensor field in E%(M) for somen > ”7“ Ko, and if I, f =0, then f = oVh
for some symmetric (m — 1)-tensor field h such that h € E,_.(M) for any e > 0. (If m =0, then
f=0.)

The second theorem considers the case where the sectional curvature decays polynomially at
infinity, and proves solenoidal injectivity if the tensor field and its first derivatives also decay
polynomially.

Theorem 1.2. Let (M,g) be a Cartan-Hadamard manifold of dimension n > 2, and assume that
the function

K(z) =sup {|K (II)|; Il C T, M is a two-plane}
satisfies KK € Po(M) for some k > 2. If f is a symmetric m-tensor field in Pnl(M) for some
n > ”T”, and if I, f =0, then f = oVh for some symmetric (m — 1)-tensor field h € P,_1(M).
(If m =0, then f=0.)

The second theorem is mostly of interest in two dimensions because of the following rigidity
phenomenon: any manifold of dimension > 3 that satisfies the conditions of the theorem is isometric
to Euclidean space [GW82]. See Section [2| for a discussion. We will give the proof in any dimension
since this may be useful in subsequent work.

We remark that Theorems [1.1H1.2] correspond to Theorems A and B above, but the manifolds
considered in Theorems [1.1H1.2| can be much more general and include many examples with non-
constant curvature (see Section . The results will be proved by using energy methods based
on Pestov identities, which have been studied extensively in the case of compact manifolds with
strictly convex boundary. We refer to [Muk77], [PS88|, [Sha94], [Kni02], [PSUI14] for some earlier
results. In fact, Theorems [1.1H1.2| can be viewed as an extension of the tensor tomography results
in [PS88|] from the case of compact nonpositively curved manifolds with boundary to the case of
certain noncompact manifolds. We remark that one of the main points in our theorems is that
the functions and tensor fields are not compactly supported (indeed, the compactly supported case
would reduce to known results on compact manifolds with boundary).

3



More recently, the work [PSUI3| gave a particularly simple derivation of the basic Pestov identity
for X-ray transforms and proved solenoidal injectivity of I,,, on simple two-dimensional manifolds.
Some of these methods were extended to all dimensions in [PSUL5| and to the case of attenuated
X-ray transforms in [GPSUIL6]. Following some ideas in [PSU13], the work [Leh16] proved versions
of Theorems [LTHL.2] for the case of two-dimensional Cartan-Hadamard manifolds.

In this paper we combine the main ideas in [Leh16] with the methods of [PSUI5| and prove
solenoidal injectivity results on Cartan-Hadamard manifolds in any dimension n > 2. However,
instead of using the Pestov identity in its standard form (which requires two derivatives of the
functions involved), we will use a different argument from [PSUTH] related to the L? contraction
property of a Beurling transform on nonpositively curved manifolds. This argument dates back
to [GK80a, I[GK80b], it only involves first order derivatives and immediately applies to tensor fields
of arbitrary order. The C' assumption in Theorems is due to this method of proof, and the
decay assumptions are related to the growth of Jacobi fields. We mention that Theorems
also extend the two-dimensional results of [Leh16] by assuming slightly weaker conditions.

This article is organized as follows. Section [1] is the introduction, and Section [2| contains ex-
amples of Cartan-Hadamard manifolds. In Section [3| we review basic facts related to geodesics
on Cartan-Hadamard manifolds, geometry of the sphere bundle and symmetric covariant tensors
fields, following [Leh16], [PSU15], [DS10]. Section 4] collects some estimates concerning the growth
of Jacobi fields and related decay properties for solutions of transport equations. Finally, Section
includes the proofs of the main theorems based on L? inequalities for Fourier coefficients.

Acknowledgements. All authors were supported by the Academy of Finland (Finnish Centre of
Excellence in Inverse Problems Research, grant numbers 284715 and 309963), and J.L. and M.S.
were also partly supported by the European Research Council under the European Union’s Seventh
Framework Programme (FP7/2007-2013) / ERC Starting Grant agreement no 307023.

2. EXAMPLES OF CARTAN-HADAMARD MANIFOLDS

In this section we recall some facts and examples related to Cartan-Hadamard manifolds. Most
of the details can be found in [BOG69], [KWT74], [GWTI], [GW82], [Pet06]. We first discuss the case
of two-dimensional manifolds, which is quite different compared to manifolds of higher dimensions.

2.1. Dimension two. Let K € C®(R?). A theorem of Kazdan and Warner [KW74] states that
a necessary and sufficient condition for existence of a complete Riemannian metric on R? with
Gaussian curvature K is
(2.1) lim inf K(z) <0.
T=00 |z|2r

This provides a wide class of Riemannian metrics satisfying the assumptions of Theorem in
dimension two. However, this does not directly give an example of a manifold satisfying the
assumptions of Theorem since the condition (2.1]) is given with respect to the Euclidean metric
of R?.

Examples of manifolds satisfying the assumptions of Theorem can be constructed using
warped products. Let (r,6) be the polar coordinates in R? and consider a warped product

(2.2) ds® = dr* + f*(r)d6?,
where f is a smooth function that is positive for » > 0 and satisfies f(0) = 0 and f’(0) = 1. This

is a Riemannian metric on R? having Gaussian curvature
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which depends only on the Euclidean distance |z| := r(z) to the origin. We remark that distances
to the origin in the Euclidean metric and in the warped metric coincide. It is shown in [GWT9,
Proposition 4.2] that for every k € C*°([0,00)) with k& < 0 there exists a unique warped metric
of the form such that k(|z|) = K(x). Hence warped products provide many examples of
two-dimensional manifolds for which C(z) < C(1 + |z|)™" with k > 0, i.e. K € P,(M).

2.2. Higher dimensions. Warped products can also be used to construct examples of higher di-
mensional Cartan-Hadamard manifolds satisfying the assumptions of Theorem see e.g. [BOGY.
In the case of Theorem it turns out that the decay condition for curvature is very restrictive

in higher dimensions: the only possible geometry is the Euclidean one. This follows directly from a
theorem by Greene and Wu in [GW82]. If M is a Cartan-Hadamard manifold with n = dim(M) > 3,
k(s) = sup{ K(z);x € M,d(x,0) = s}, where o is a fixed point, and one of the following holds:

(1) n is odd and liminfs o s%k(s) — 0 or

(2) nis even and [J* sk(s)ds is finite,

then M is isometric to R™.

3. GEOMETRIC FACTS

Throughout this work we will assume (M, g) to be an n-dimensional Cartan-Hadamard manifold
with n > 2 unless otherwise stated. We also assume unit speed parametrization for geodesics.

In this section we collect some preliminary facts on geodesics on Cartan-Hadamard manifolds,
derivatives on the unit tangent bundle and related Jacobi fields, and tensor fields. These facts will
be used in the subsequent sections.

3.1. Behaviour of geodesics. By the Cartan-Hadamard theorem the exponential map exp, is
defined on all of T, M and is a diffeomorphism for every x € M. Hence every pair of points can
be joined by a unique geodesic. Let SM = {(z,v) € TM; |v| = 1} be the unit sphere bundle,
and if (z,v) € SM denote by 7, , the unique geodesic with 4(0) = = and 4(0) = v. The triangle
inequality implies that

(3.1) dg(Vz,0(t), 0) 2 [t] = dy(, 0)

forallt € R,o € M.

We say that a geodesic v is escaping with respect to the point o if the function ¢ — dg4((t), 0)
is strictly increasing on the interval [0,00). The set of all such geodesics is denoted by &,. For
Yo € Eo the triangle inequality gives

dy(z,0), if 0 <t <2dy(z,0),
t —dg(z,0), if 2d4(z,0) < t.

(3'2) dg(')’:v,v(t)yo) > {

However, since (M, g) is a Cartan-Hadamard manifold, Jacobi field estimates give a stronger bound.
For 7, € &, one has (see [Jos08, Corollary 4.8.5] or [Pet06, Section 6.3])

(3.3) dg(Yz0(t),0) > y/dg(x,0)? + 12, t>0.

The following lemma is proved in [Leh16] in two dimensions. The proof in higher dimensions is
identical, but we include a short argument for completeness.

Lemma 3.1. Suppose o € M. At least one of the geodesics Yy and Vg —y is in &,.

Proof. Since (M, g) is a Cartan-Hadamard manifold, the function h(t) = dg(vz(t),0)? is strictly
convex, h” > 0, on R. If A'(0) > 0 then ~, , is escaping, and if A'(0) < 0 then 7, _, is escaping. [
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3.2. On the geometry of the unit tangent bundle. We first briefly explain the splitting of
the tangent bundle of SM into horizontal and vertical bundles. Then we give a short discussion on
geodesics of SM. Finally, we include a proof that SM is complete when M is.

3.2.1. The structure of the tangent bundle. The following discussion is based on [Pat99], [PSUL5|,
where these topics are considered in more detail. We denote by w: T'M — M the usual base point
map 7(z,v) = x. The connection map Kv: T(TM) — TM of the Levi-Civita connection V of M
is defined as follows. Let § € T, ,TM and c: (—e,e) — T'M be a curve such that ¢(0) = §. Write
c(t) = (v(t), Z(t)), where Z(t) is a vector field along the curve 7, and define

Ky (&) == DyZ(0) € T, M.
The maps Kv and dr yield a splitting
(3.4) T, TM = H(z,v) ® V(z,v)

where H(z,v) = ker Ky is the horizontal bundle and V(z,v) = kerd,,7 is the vertical bundle.
Both are n-dimensional subspaces of T}, , 7M.
On T'M we define the Sasaki metric gs by

(v, 0)g, = (Kv(v), Ky (w))g + (dm(v), dr(w))g,

which makes (T'M, gs) a Riemannian manifold of dimension 2n. The maps Ky : f/(:c,v) - T, M
and dr: H(z,v) — T, M are linear isomorphisms. Furthermore, the splitting is orthogonal
with respect to gs. Using the maps Ky and dm, we will identify vectors in the horizontal and
vertical bundles with corresponding vectors on 71, M.

The unit sphere bundle SM was defined as

SM:= ] S:M,  S.M:={(z,v) € TuM;|v|, =1},
xeM

We will equip SM with the metric induced by the Sasaki metric on T'M. The geodesic flow
di(x,v): R x SM — SM is defined as

or(w,v) = (%:,v (t), Ve, ().

The associated vector field is called the geodesic vector field and denoted by X.
For SM we obtain an orthogonal splitting

(3.5) Ty wSM = RX (z,v) ® H(z,v) & V(x,v)

where RX @ H(z,v) = H(z,v) and V(x,v) = kerd,,(n|sar). Both H(x,v) and V(z,v) have
dimension n — 1 and can be canonically identified with elements in the codimension one subspace
{v}l C T, M via drm and Ky, respectively. We will freely use this identification.

Following [PSUT15|, if u € C1(SM), then the gradient Vgpsu has the decomposition

h v
Vsmu = (Xu)X + Vu + Vu,

h \4
according to (3.5)). The quantities Vu and Vu are called the horizontal and the vertical gradients,

v h
respectively. It holds that (Vu(z,v),v)y = 0 and (Vu(z,v),v)y = 0 for all (z,v) € SM.
As discussed in [PSUIH|, on two-dimensional manifolds the horizontal and vertical gradients
reduce to the horizontal and vertical vector fields X | and V via

%u(x,v) = —(X u(z,v))vt and %u(:c,v) = (Vu(z,v))vt
6



where v is such that {v,v'} is a positive orthonormal basis of T,,M. In [Leh16] the flows associated
with X | and V were used to derive estimates for X | v and Vu. We will proceed in a similar manner
in the higher dimensional case.

Let (z,v) € SM and w € S, M, w L v. We define ¢y, ,: R — SM by ¢, ,(x,v) = (2,0 (1), V (1)),
where V (t) is the parallel transport of v along 7 .. It holds that

d 4 - d —
(3.6) Ky <dt¢w’t(x’v)‘to> =0 and dr <dt¢w’t(x’v)‘to> =w.
We define ¢, ,: R — SM by ¢}, (z,v) = (z, (cost)v + (sint)w). It holds that

d d ., _
(3.7) Ky ((ﬁﬁbw,t(%v)‘t_()) =w and dm (dtéw’t(%v)‘t—0> =0

The following lemma states the relation between d)fw and ¢y, , and the horizontal and the vertical
gradients of a function.

Lemma 3.2. Suppose u is differentiable at (x,v) € SM. Fiz w € S;M,w 1 v. Then it holds that

<%u(:c, v),w)g = %“(%,t(x’v))‘t:o

and
v d
(Vu(w, v), why = u(dh(@,0))]

Proof. Using the chain rule and the equations (3.6) we get

=0

d d h
@l )| = (Tsaru(@ha(e,0), S ohale 0| = (Vule, )0,
For % we use the equations (3.7) in a similar fashion. O

The maps gi)ﬁ,’t and ¢y, , are related to normal Jacobi fields along geodesics. We can define

JE(t) = %ﬂ CACNER)) ’3:0 = dgy(a0)T <(i5¢t(¢2’75(x’ v)) s=0> '

Since I'(s,t) = m (¢(dh, 4(x,v))) is a variation of 7., along geodesics, J&(t) is a Jacobi field along
Yzw- 1t has the initial conditions J2(0) = w and D;J2(0) = 0 by the symmetry lemma (see
e.g. [Lee9T]).

Replacing ¢y, ; with ¢}, ; gives a Jacobi field JJ(t) with the initial conditions .J3(¢)(0) = 0 and

D;J;(t)(0) = w. In the both cases the Jacobi field is normal because (v, w), = 0.
By the symmetry lemma

d
Ky <d9¢t(¢fu,s(% U))LO) = DsOvgn, (2.0 (t)L:O = Dtas’Y%S(x,v)(t)L:O = DiJy(1).

From the definition of the Sasaki metric we then see that

(Vsmu(z,v), %qﬁt( s (T,0)) >gs = <%u(w,v), Jf;(t)>g + <%u(:{:,v),Dth(t)>g.

s=0
and

(Vsmu(z,v), %(Z)t(gi):’v,s(m, U))L >gs = <%u(m, v), J;’,(t)>g + <%u(w, v), Dy J3 (1))

Remark 1. The constructions in this subsection remain valid at a.e. (z,v) € SM if one assumes that
u is in the space T/VI})COO(SM ). Functions in Wli’coo(SM ) are characterized as locally Lipschitz func-
tions, and further by Rademacher’s theorem, differentiable almost everywhere and weak gradients
equal to gradients almost everywhere (see e.g. [Evad8, Chapters 5.8.2-5.8.3]).
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3.2.2. Geodesics on the unit tangent bundle. Next we describe some facts related to geodesics on
SM (see e.g. [BBNVO3| and references therein). Let R(U,V') denote the Riemannian curvature
tensor. A curve I'(t) = (z(t),V(t)) on SM is a geodesic if and only if

Vi = —R(V,V3V)i
(3.8) {

ViViV = — ]Vg;«V]g V, ]V¢V]3 is a constant along z(t)

holds for every ¢ in the domain of T' (see [Sas62, Equations 5.2]). Given (x,v) € SM, the horizontal
lift of w € T,;M is denoted by w®, i.e. the unique vector w® € T}, ,(SM) such that d(m|sar)(w?) = w
and Ky (w®) = 0, and the vertical lift w" is defined similarly. Initial conditions for x, &,V and V;V
at t = 0 with g(V(0), Vi)V (0)) = 0 and [V(0)|, = 1 determine a unique geodesic I' = (z, V), by
, which satisfies the initial conditions T'(0) = (2(0), V(0)) and I'(0) = #(0)* + (Vi)V(0))"
where the lifts are done with respect to (x(0),V(0)) € SM. The geodesics of SM are of the
following three types:

(1) V40V (0) = 0, then I is a parallel transport of V' (0) along the geodesic z on M (horizontal
geodesics).

(2) If #(0) = 0, then T is a great circle on the fibre 7=!(2(0)) and x(t) = x(0) (vertical geodesics,
in this case one interprets the system via Vi = Dy).

(3) All the rest, i.e. solutions of with initial conditions #(0) # 0 and V3V (0) # 0
(oblique geodesics).

We state the following lemma for the sake of clarity.

Lemma 3.3. Fiz (z,v) € SM and w € S;M, w Lv. Then ¢y(x,v) and ¢y, ,(x,v) are horizontal
unit speed geodesics and ¢y, ,(w,v) is a vertical unit speed geodesic with respect to t.

Proof. The fact that ¢;(x,v) and ¢}, ;(x,v) are horizontal geodesics and ¢y, ;(x,v) is a vertical
geodesic follows immediately from their definitions and the above discussion based on the system
of differential equations . The fact that ¢¢(z,v), ¢§ ;(z,v) and ¢}, ,(z,v) are unit speed follows
from the equations and and the definition of the Sasaki metric. g

Lemma [3.3] allows us to derive the following formulas which are used in the proof of Lemma [.7]
Corollary 3.4. Let (z,v) € SM. Assume that Y € T, ,(SM) has the decomposition
Y =aX(z,v)+ H+V, He€H(z,v),VeV(x,v),ack.
Then
(D¢t)ap(aX (,v)) = aX(¢i(x,v)),
(Dg1)a.o(H) = |H|y, | (5,0 + (D3, (1))7]
(D9)2a(V) = V]g, [ (0, (O + (DeT5, (1)),

where Dy is the differential of ¢, wn = dr(H)/|dr(H)|, and wy = Kv(V)/|[Kv(V)|,. Moreover,
(Do) z0(X(x,v)) is orthogonal to (D) n(H) and (Dgg)ew(V).

Proof. Lemma gives that ¢s(z,v), ¢ . (z,v) and Py, s (2, v) are unit speed geodesics on SM.

Wh,S

If T'(s) = ¢s(,v), then T'(s) is a unit speed geodesic on SM, I'(0) = X (z,v), and

(
(Dot)s0(X (2,0)) = De(L(0)) = (¢ 0 T)'(0) = X (¢e(, v)).
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Moreover, using the unit speed geodesic I'(s) = ¢% . (z,v) on SM, and using the formulas after

Lemma [3:2] gives "
(Dét)s0(H) = Doy(|H|g,I'(0)) = |Hlg, (¢ 0 T)'(0)
= |Hlg, [(J2, ()" + (Do, (1)]
which is orthogonal to X (¢¢(x,v)). Finally, the unit speed geodesic I'(s) = &Ws(a:, v) on SM gives
(Dr)aw(V) = Dr([V1]g,1(0)) = [Vlge (60 0 TY (0)
= V], [ (75,00 + (DeT3, (8))7]
which is also orthogonal to X (¢¢(z,v)). O

3.2.3. Completeness of the unit tangent bundle. We will need the fact that SM is complete when
M is complete. This need arises from theory of Sobolev spaces on manifolds (see Section . We
could not find a reference so a proof is included.

Lemma 3.5. Let M be a complete Riemannian manifold with or without boundary. Then SM is
complete.

Proof. Let (y(j)) be a Cauchy sequence in (SM,dy ). We show that it converges in the topology
induced by ¢gs. The definition of the Sasaki metric implies that

L= [

where T : [0, 7] — SM is any piecewise C''-smooth curve. Hence
(3.9) dg,(a,b) = dg(m(a), 7 (D))

dmp () (f(t))’g dt = Lg(m o T') > dy(m(I'(0)), 7(I'(7)))

for all a,b € SM. The above inequality implies that (7(y\?))) is a Cauchy sequence in (M, g) and
converges, say to p € M, by completeness of M.

Consider a coordinate neighborhood U of p in M, so that 771 (U) is diffeomorphic to U x ™71,
Choose an open set V and a compact set K so that p € V ¢ K c U. Now 7~ !(K) is homeomorphic
to K x S™ ! which is compact as a product of two compact sets. Since W(y(j)) — p, there exists
N such that 7(y\)) € V for all j > N, and this implies y) € 7~ (K) for all j > N. Hence (yU))
has a limit in (771(K), dg|=—1(K)) since it is a Cauchy sequence, and thus (y9)) converges also in
(SM,dy,). O

3.3. Symmetric covariant tensor fields. We denote by S™ (M) the set of C''-smooth symmetric

covariant m-tensor fields and by SI*(M) the symmetric covariant m-tensors at point x. Following
[DS10] (where more details are also given), we define the map A, : S7' (M) — C*°(S M),

Az (f)(0) = fo(v,... v)

which is given in local coordinates by
Ne(fiyoip dz™ @ -+ @dz'™)(v) = fi,.4, ()0 .. 0™,

The map A smoothly depends on x and hence we get an embedding A\: S™(M) — C'(SM). The
map A identifies symmetric trace-free covariant m-tensor fields with spherical harmonics (with
respect to v) of degree m on SM. More precisely, if S7*(M) and C*°(S, M) are endowed with their
usual L%-inner products, then ), is an isomorphism, and even an isometry up to a factor, from the
set of trace-free symmetric m-tensors at x onto the set of spherical harmonics (with respect to v) of
degree m on Sy M (see [DS10, Lemma 2.4 and subsequent remarks]). We will use this identification
and do not always write A explicitly.
9



The symmetrization of a tensor is defined by

1
C@1® QW) = — Y We(1) @+ ® Waim),
" relly,

where II,, is the permutation group of {1,...,m}. From the above expression we see that if a
covariant m-tensor field f is in E}I(M ) or Pnl(M ) for some 7 > 0, then so is o f too. Furthermore,
for f € S™(M) one has

(3.10) AoV f) = XA(f).

It follows from the last identity and the fundamental theorem of calculus that if f € Pnl(M ) for
some 1 > 0, then I,,,(cV f) = 0. This shows that I,, always has a nontrivial kernel for m > 1, as
described in the introduction.

The next lemma states how the decay properties of a tensor field carry over to functions on SM.

Lemma 3.6. Suppose f € S™(M) and n > 0.
(a) If f € EY(M), then
h v
sup |X f(z,v)|g € Ep(M), sup |Vf(z,v)|g € Ey(M) and sup |Vf(z,v)|y € E,(M).
vESE M vESy M vESE M

(b) If f € PL(M), then

h v
sup | X f(z,v)|g € Pp41(M), sup |Vf(z,v)lg € Ppr1(M) and  sup |Vf(z,v)|y € Py(M).

vES; M vESy M veES M
Proof. (a) The result for X f follows from (3.10f). To prove the other statements we take x € M and
use local normal coordinates (z',...,2") centered at z and the associated coordinates (v, ..., v"™)

for T, M. In these coordinates f(z) = fi,..i,, (¥) da" @ - @ da’™ and V f(x) = Oy, fi;..iny (x) d2? @
dzt @ - @ dz'™. We see that
1/2 1/2

F@lg={ D firoin (@) and [Vf@)lg=| > |00 firin(@)]

i1 i i1 yeeeyim

h v
For X f,Vf and Vf at = we have coordinate representations (see [PSUL5, Appendix A])
Xf(fE, U) = Ujaxjf’
h . .
Vi (ev) = (6% f = (0500, F)7) O,
Vi(x,v) = 0% 0.
We get that

h . .
Xf(z,v)X(2,v) + Vf(x,0) = 0% fOr; = 0" fiy ip, (x)V" ... 0"y,

h
and, using the orthogonality of X f(x,v)X (z,v) and V f(x,v) and the Cauchy-Schwarz inequality,
1/2
h 2
sup [Vf(z,0)lg < | Y |0 fuan@] | = V@)

vesa M Joit i

h
This implies that sup,cg, 1|V f(z,v)|g € E;(M).
10



For V[, the identity 8,,v" = 5;? — v;v* (see [PSUTH]) implies that

Vi(z,v)= Z(fmmimvi? vt — f(z,0)v)0 -+ Z (firoimerg0™ 0" = f(2,0)0;) 0y,
7j=1

Thus orthogonality and expanding the squares gives

Vf@,0)f =m® Y g ()0 o [ < m? Z [fir i @)[* = m? |f ()]
7j=1 U1yeeeyim
which in turn implies that supveSIM|%f(x, v)|g € Ey(M). The proof for (b) is the same. O

4. GROWTH ESTIMATES

Throughout this section we assume that f is a symmetric covariant m-tensor field in P,(M) for
some 1 > 1. The main results in this section are Lemmas [4.3 and [4.7] They state that if f is such
a tensor field, possibly with some additional decay at infinity, then the corresponding solution u/
of the transport equation will have decay at infinity.

We begin by observing that the geodesic X-ray transform is well defined for such f.

Lemma 4.1. Let f € Py(M) for somen > 1. For any (x,v) € SM one has

/ | et (Yzw(t), -+ Yz (t))] dE < 0.

Proof. The assumption implies that |f,, ) (Yzw(®),- s F20(t))] < C(1 + d(v2,(t),0))~". One can
then change variables so that ¢ = 0 corresponds to the point on the geodesic that is closest to o,
split the integral over ¢ > 0 and ¢ < 0, and use the fact that the integrands are < C'(1 + |¢|)™" by
the estimate (3.3]). d

If f e P,(M) for some > 1, we may now define

of (2,0) = /0 Foo 0 G (0), - A1) d.
It is straigthforward to see that
uf(aj,v) + (_1)muf($7 _U) = mf(xvv)

for all (z,v) € SM.
We have the usual reduction to the transport equation.

Lemma 4.2. Let f € Py(M) for somen > 1. Then Xul = —f.
Proof. By definition

Xuf (z,v —hm—/ Frew® Vzw(t), - Yz w(t) dt = = fo(v, ... v). O

s—0

Next we derive decay estimates for uf under the assumption that I,,f = 0.

Lemma 4.3. Suppose that I, f = 0.
11



(a) If f € Ey(M) forn >0, then

o (2,0)] < OO+ dy (i, 0) ¢ =)
for all (x,v) € SM.

(b) If f € Py(M) forn > 1, then

C

(2, 0))""

W (@,0)| <
(1+d,

for all (x,v) € SM.

Proof. Since I,,f = 0, one has ‘uf(a;,v)‘ = ‘uf(a:, —v)‘. By Lemma possibly after replacing
(x,v) by (x,—v), we may assume that 7, is escaping. We have

/ i) G (B Ao (1)) | < / 1 O (0] dt.
0 0

The rest of the proof is as in [Leh16, Lemma 3.2]. O

)uf(ac,v)) =

Lemma 4.4. Let f € Py(M) for somen > 1. If I,,f =0 and ul is differentiable at (x,v) € SM,
then

%uf(x, —v) = (—1)m_1%uf(1:,v) and %uf(:n, —v) = (—1)m%uf(x,v).
Proof. From I, f = 0 it follows that
uf (z,0) + (=1)™uf (x, —v) = 0.
Fix w € S, M, w 1 v. We note that
ul (@ (2, =) + (= 1)™u (¢, _y(2,0)) = 0

and hence
d h _ m d h _ m d h
@uf( w,s(‘r7 —’U)) s=0 - _(_1) &(U’f(¢fw,fs(xﬁv))) s=0 - (_1) %(uf(éfw,s(xﬁv))) s=0
By Lemma [3.2]
(Va (2, ), w) = (=1 (Va! (&, v), —w) = (1) (Va (2,0), w).
For %uf we use that
wl (63, (2, —0)) + (=1)"u! (¢7,, 4(2,v)) = 0
and by Lemma [3.2] we get that
(v (2, —v),w) = (— 1) YVl (2,0), —w) = (—1)™(Va! (,v), w). O

We move on to prove growth estimates for Jacobi fields. These estimates will be used to derive
h \
estimates for Vu/ and Vu/.

Lemma 4.5. Suppose J(t) is a normal Jacobi field along a geodesic 7.
(a) If all sectional curvatures along v([0,7]) are > —Kq for some constant Ko > 0, and if
J(0) =0 or D:J(0) =0, then
sinh(v/Kot)
J(t)]y < |J(0 h(v/Kot) + | D¢ J(0)|g —————
[T ()] < [J(0)]g cosh(v/ Kot) + [DiJ (0)]g NI

fort e [0,7].
12



(b) Ifto € (0,7), then

Dy +12 Dy, <

| D¢ (to)|g + ’JEZO) — D J (o)

] 2 iy K (1(5)) ds
g

fort € [to, T], where K is as defined in Theorem .

Proof. (a) follows from the Rauch comparison theorem [Jos08, Theorem 4.5.2]. For (b), we follow
the argument in [Lehl6]. Consider an orthonormal frame {¥(t), E1(t),..., En—1(t)} obtained by
parallel transporting an orthonormal basis of T,y M along . Write J(t) = v/ (t)E;(t), so that the
Jacobi equation becomes

(4.1) i(t) + R(t)u(t) =0
where u(t) = (ul(t),...,u""1(¢)) and Rjk = R(E;,¥,7, Ex). We wish to estimate v(t) = @, and
we do this by writing v( ) = A(t) + B where

By using the equation (4.1]), we see that

A(t) — Alty) = — / SR(s)u(s) ds,

to

t
B(t) — B(ty) = / s2R(s)v(s) ds.

to

Write g(t) = |A(t)| + ‘@‘ If t > to one has

< glty) +2 / SIR(s)llg(s) ds

to

i1 \Buo) v ' PR(s)u(s) ds

to

o(0) = At - [ SR(s)o(s) ds

to

The Gronwall inequality implies that
t
(t) < glt)e o IR
The result follows from this, since || R(s)|| = supj¢|=1 R(s)€ - § = sups(s)en K (1) < K(v(s)). O

Corollary 4.6. Suppose that (M,g) is a Cartan-Hadamard manifold. Let v be a geodesic and
J a normal Jacobi field along it, satisfying either J(0) = 0 and |DJ(0)| < 1 or |J(0)| < 1 and
D;J(0) = 0.

(a) If =Ko < K <0 and Ko > 0, then
1J(t)]y < CeVE?r  and |DyJ(t)|, < CeVEot

for t > 0 where the constants do not depend on the geodesic 7.
(b) If K € P,(M) for some k > 2, then

T(t)]y < Ct+1) and |DJI()], < C

fort > 0. If in addition v € &,, then the constants do not depend on the geodesic .
13



Proof. (a) The estimate for |J(t)|, follows directly from Lemma Using the same notations as
in the proof of that Lemma we have |D;J(t)|, = |u(t)| and by integrating (4.1]) from 0 to t we get

t
a(t)] < |a(0)] +/O [B(s)[[[u(s)| ds

t
ﬂmﬂw+/JMAﬂ®
0
< CeVEot,

(b) For a fixed geodesic, the estimates follow from Lemma[L.5| If K € P.(M) for £ > 2, then

A= sup / sK(~v(s))ds < C sup / s(1+dg(v(s),0)) "ds < o0
v€E JO ¥€EL JO

by using (3.3). Let us fix tg = 1 and suppose that J is a Jacobi field along a geodesic in &, whose
initial values satisfy the given assumptions. From Lemma and (a) we then get that

[T (t)]g < e** (21D J ()] + [T (1)) t
< e2ACeVEoy

for t > 1, where Ko = sup,¢ K(x).
For t € [0,1] we can estimate |J(t)|y < CeVEo. By combining these two estimates we get

|J(t)]y < C(1+e*At) < Ce*A(1 4 1)

for t > 0, and the constants do not depend on v € &,.
For |D;J(t)|y, Lemma (4.5 gives the estimate

DI ()]g < 4 (2D (1)]g + (1))
fort > 1, and for t € [0, 1] we get a bound from (a). Neither of these bounds dependson vy € &,. O

Lemma 4.7. Suppose that I, f = 0.
(a) If Ko < K <0, Ko >0 and f € E%(M) for some n > /Ky, then v/ is differentiable
along every geodesic on SM, uf € WH>°(SM) and

h

Vul (z,0)| < Ce(=VEo)dg(w.0)

g

for a.e. (x,v) € SM.
(b) If K € Py(M) for some k > 2 and f € Pnl(M) for some n > 1, then ul is differentiable
along every geodesic on SM, uf € WH°(SM) and

h

vu! (z,v) ¢

<
g (L+dy(z,0)""

for a.e. (x,v) € SM.

v
The same estimates hold for Vu! with the same assumptions.
14



Proof of ul € W) °°(SM). We show that u/ is locally Lipschitz continuous. Fix (xg,v9) € SM,

loc

and suppose that I'(s) is a unit speed geodesic on SM through (zg,vp). We have for any r > 0

L)~ ) _ [ LMo — SO

(42) -3 / T F(@u(D(s))] ds

=[5 [ a0, Do) (o) ds.

We write . .
I'(s) = (I'(s), X (T'(5))) g X (U'(s)) + Hp(s) + Vir(s)
where Hy.(s) € H(T'(s)) and Vi(s) € V(I'(s)) When we apply Corollary [3.4] to the right hand side
of (4.2) ( and omit the 1dent1ﬁcat10ns , we find that

ul (T(r)) — uf (T >
(I( >> / 1 / [Xf & (T(s)))(D(5), X (T(5)))s,
(4.3) + <%f<¢t<r<s>>>, | Hp(8)lgo T () (&) + [Vi(8) g T, () (E))g

+ (VF(G(T()), [HE(8) g Do, ) (1) + Vi ()l g, DeTZ, (5 (B))g | st

where wy(s) = Hp(s)/|Hp(5)|g, and wy(s) = Vi(s)/|Vi(s)|g,- Here the Jacobi fields are along
the geodesic yp(s)(t) := 7(¢:(I'(s))). By definition their initial values fulfill the assumptions of

Corollary

From this point on we will work under assumptions of (b). The proof under assumptions of
(a) is similar but simpler. We fix a small ¢ > 0. We show that the integral has a uniform
upper bound for every r € (0,1] and every geodesic I' through a point in B, ,,)(¢) C SM. For
(z,v) € SM we denote by G(z,v) the set of unit speed geodesics on SM through (x,v), and define

J (w0, v0,€) = {I' € G(z,v); (T,v) € Bagg,0,)(€)}-
For all I' € J(zg,v0,¢€),I'(0) = (z,v), and s € (0,r] the estimate (3.9) gives that dy(z,z9) < ¢

and
dg(1r(5)(0), ®) = dg(m(I'(s)), x) < dg,(I(s), (z,v)) < s.
The estimate implies that
dg(m(¢¢(I'(5))), 0) = dg(Vr(s)(t), 0) = t — dg(r(5)(0), Zo)

(4.4) >t — sup dy(yp(s)(0),0) >t —dg(x,0) =7
' s€(0,r]

>t —dg(xg,0) —e—7

for all t > ty where tg = dg(xo,0) +r + . We can use a trivial estimate dg(7(¢¢(I'(s))),0) > 0 on
the interval [0, tg]. Further, the estimate (4.4)) gives

C C
(4 o) = GG e @0 = W T dy(ag.0) < 1

for all t > ty where the constant C' does not depend on s € (0, 7] or the geodesic I" € J(xg,vo,€),
and hence

(4.6) sup / t(yr(s) (1)) dt < oo.
FGJ(CBo,vo,s), 0
s€(0,7]
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Using the proof of Corollary together with (4.6)), we can find a constant C' which does not
depend on s € (0,7] so that one has
|J1}11)h(s) (t)|g < Cta |DtJ11:)h(s) (t)’9 <C
forallt > 0and I" € J(xg,vg,€). Similar estimates hold also uniformly for T (s) (t) and DiJ3 () (t).

Recall that [Hp(s)]g., [Vi(5)]gs < IT'(s)|g = 1, and that wy(s), wy(s) depend on T'. By combining

the above estimates for Jacobi fields with estimate (4.4) and Lemma we get for the integrand
in (4.3)) that
| X F(¢1(T()){L(5), X (I(5)))s,

T (VF T (), ()] T 1) () + Vo) ) ()
+ (VF(GuT (), [Hp(5)l g DT (1) + Vi (9)lgs Del ) (0|

< 1XF O ()l + IV o) Ol (5) 2 T2, 1) () + Vi () g T2 gy D)
+ IV £ ) (DN () g DT, () + [V () g DTl ) (D)

< (X TG )lg + IV G )lg (1750 Ols + 172,00 (D]

+ VLol (1DeT o Ols + 1D, ) (D)
Ct C

=< +

T (1+t—dg(zg,0) —e—r)1tt (14t —dg(xg,0) —e —1)"
for all ¢ € [tg,00), s € (0,7] and I € J(xp,vp,€). On the interval [0, to] we also get a uniform upper
bound since f, its covariant derivative and sectional curvatures are all bounded.

We can conclude that integral on the right hand side of (4.3)) converges absolutely with some

uniform bound C' < oo over 7 € (0,1] and the set J(zg,vo,€). This shows that u/ is locally
Lipschitz, i.e. uf € VVli’so (SM) (cf. Remark . Moreover, the uniform estimate together with the

dominated convergence theorem guarantees that the limit » — 0 of (4.2) exists for all geodesics '
on SM. This finishes the first part of the proof. O

(4.7)

Proof of the gradient estimates. By Rademacher’s theorem u/ is differentiable almost everywhere,
and thus we can assume that u/ is differentiable at (z,v) € SM. By Lemmas and we
h

can assume that (z,v) satisfies v = 7,, € &. We may also assume that Vu/(z,v) # 0. Since

h h h
Vul (z,v),v), =0, we can take w = Vu/ (z,v)/|Vu! (z,v)|, in Lemma [3.2 and get that
g g

w,s

[Vl (2, )]y = 107 (05,42, 0)

(4.8) 5=0

= /Ooo&f(@(w, 0), T 1))y + (VI (1, 0), DT (1) g

where J® is again a Jacobi field along v fulfilling the assumptions of Corollary Under the
conditions in part (a), the estimate (3.3) implies

’%uf(:c, v)lg < C/OO e e (110 VROt gy < /OO e MV do(@0)*+2 VRO g,
0 0
Writing r = dg4(z, 0) and splitting the integral over [0,7) and [r, c0) gives

h r oo
|Vuf(a:,’v)!g <C [/ e MMeVEot gy +/ e MteVEot dt] < Ce~(—VEo)dg(w,0),
0

r
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h
The above estimate also shows that |Vu/|, is bounded. Similarly, under the conditions in part (b),

Lemma Corollary and (3.3) imply

. = 141 > ¢
e 20 [ e O, aranm e

T+t < 14t
< - - < —(n—1)
<ol [ e [ arpm ] scen

where = dg(x,0). The same arguments apply to Vul. Hence uf € Wheo(SM) in the both cases,
(a) and (b). O

Lemma 4.8. (a) If —Ko < K <0 and Ky > 0, then
Vol S,(r) < CenDvEKor

for allr > 0.
(b) If K € Py(M) for k > 2, then

Vol S,(r) < crnt
for allr > 0.

Proof. We define the mapping f: SoM — S,(r),

f(v) = (w0 ¢r)(0,v) = exp,(rv).
We denote by d¥ the volume form on S,(r) and have that

Vol S, (r) = / as= [ ) = / 1dS,
So(r) So M

SoM

where dS denotes the volume form on S,M (induced by Sasaki metric) and p: SoM — R.
Let v € S,M and {wi}?:_f be an orthonormal basis for T,,S,M with respect to Sasaki metric.
By the Gauss lemma {d, f (wi)}?;f is an orthonormal basis for T'(,)S,(r) and

f*(dE)U(wl, e ,wn_l) = de(U)(dvf(wl), e ,dvf(wn_l)).

It holds that d, f(w;) = Ji(r) where J; is a Jacobi field along the geodesic v,, with initial values
Ji(0) = dym(w;) and Dy J;(0) = Ky (w;). We get that

n—1 n—1
()] < T1duf (wi)lg = TT1:(r)s-
=1 =1

Since the tangent vectors w; lie in V(o,v) we have |J;(0)|, = 0 and |D;J;(0)|; = |w;|g, = 1, and
the estimates for the volume of S,(r) then follow from Corollary O

5. PROOF OF THE MAIN THEOREMS

In this section we will combine the facts above to prove Theorems and We begin by
introducing some useful notation related to operators on the sphere bundle and spherical harmonics.
One can find more details in [GK80b], [DS10] and [PSUIL5]. We prove the main theorems of this
work in the end of this section.
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The norm || -|| in this section will always be the L?(SM)-norm. We define the Sobolev space
H'(SM) as the set of all u € L?(SM) for which ||u| g1 (spr) < 00, where

o 1/2
lull ez sary = (lull® + [V sarul?)

h v 1/2
_ (Hu||2 Xl + [Vl + ||w|2> .

Let C°(SM) denote the smooth compactly supported functions on SM. It is well known that if
N is complete Riemannian manifold, then C°(N) is dense in H'(N) (see [Eic88, Satz 2.3]). B
Lemma SM is complete when M is complete. Hence C2°(SM) is dense in H*(SM).

For the following facts see [PSULS]. The vertical Laplacian A : C*°(SM) — C*°(SM) is defined
as the operator

v v
A = —divV.
v v
Here div denotes the vertical divergence which is the adjoint of —V (see [PSUI5, Appendix A]).

The Laplacian A has eigenvalues A\, = k(k+n —2) for £ = 0,1,2,..., and its eigenfunctions are
homogeneous polynomials in v. One has an orthogonal eigenspace decomposition

L3(SM) @Hk (SM),
k>0

where Hy(SM) = {f € L2(SM); Af = M\ f}. We define Q) = H,(SM) N HY(SM). In particular,
by Lemma [5.1| below any u € H!(SM) can be written as

o0
u:Zuk, up € Qp,

k=0

where the series converges in L2(SM).
One can split the geodesic vector field in two parts, X = X; + X_, so that (by Lemma
+: Q= Hpg1(SM) and X : Qp — Hy_1(SM). The next lemma gives an estimate for X u in
h

terms of Xu and Vu.

Lemma 5.1. Suppose u € HY(SM). Then X1u € L?>(SM) and

12l + 11Xl < | Xul + |Vl %
Moreover, for each k > 0 one has ux € H'(SM), and there is a sequence (ul(cj))?‘;l C CX(SM)n
Hi(SM) with u(j) — ug in HY(SM) as j — co.
Proof. Let uw € C°(SM). By [PSUL5, Lemma 4.4] one has the decomposition

h v | /1 1
Vu=V [lzl <lX+’LLl_1 - l—f—n—2X_UZ+1> + Z(U)
where Z(u) is such that div Z(u) = 0. Hence
v = Y Il 'x L x 2 Z(u)|?
[Vull* = zz; (I+n-2) JAFU— T AU + 1 Z(w)||
l+mn— l
Z( Xt P = 21, K)o X ) + 12001

=1
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We also have

oo
[ Xul* = | X —u? + Z (X fw—1 + X_wq|?)
=1

oo
X 2 4 S (X 2 4 20X, X o) + X )
=1
by the definition of X} and X_. Adding up these estimates gives that

h oo
IXul? + [ Vull? = 1 Z(u)|? + [ X—w |+ ) (Al DI Xrwi|* + B, D] X —ups %)
=1

where A(n,l) = 2 + %72 and B(n,l) = 1 + 1-5-11%2 Since A(n,l) > 1 and B(n,l) > 1 for all
I =1,2,... and n > 2, the estimate for || X ul/? + || X_u|? follows when u € C°(SM), and it
extends to H'(SM) by density and completeness.

Moreover, if u € C°(SM) and if k£ > 0, then the triangle inequality || Xug|| < || X1ug|| + || X—ugl]
and orthogonality imply that

Jur]l + 1 Xurll + [Vl < lull + [ Xpull + [ X-ull + [V
h
We may also estimate Vuy by [PSUILS, Proposition 3.4] and orthogonality to obtain
2 2 o2 2 o2
[Vug[|* < (2k +n — 1| Xugl| + (S}\14PK)||VUk|| < Cr([[Xpull” + [[Vul]%).
It follows from the first part of this lemma that

ukll 1 sany < Crllull g san u € CZ(SM).

This extends to u € H'(SM) by density and completeness. Finally, if v € H'(SM) and the
sequence (ul)) € C°(SM) satisfies ul)) — u in H'(SM), then also u,(cj) — uy in HY(SM) by the
above inequality. O

Corollary 5.2. Suppose u € H'(SM). Then
Jim (X ]| 22500 = 0-
—00
Proof. By Lemma [5.1] one has
oo
IXrull® =) X ugl|? < oo

k=0
which implies the claim. O

Lemma 5.3. Let u € H'(SM) and k > 1. Then one has that
[ X—ukl| < D (k)| Xy gl

V2, k=1
DQ(k):{1 k> 9

where

1 1/2

Da(k) = [1 T Er 2@k — 1)
D, (k) <1 forn>4.
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Proof. This result was shown for smooth compactly supported functions in [PSUI5, Lemma 5.1].
The result follows for u € H'(SM) by an approximation argument using Lemma O

The estimates from Section {4 allow us to prove the following result:

Lemma 5.4. Suppose that f is a symmetric m-tensor field and either of the following holds:

(a) Ko < K <0, Ko >0 and f € E}(M) forn > VKo
(b) K € P.,(M) for k> 2 cmdePnl(M) forn > 42

Then v/ € HY(SM).

Proof. We prove only (a), the proof for (b) is similar. By Lemma [4.7|we have that uf € W (SM).
Lemma [4.3] gives that

’uf(1:7 U)| < C(l —+ dg(x, 0))6_77‘19(3770)

on SM. By using the coarea formula with Lemma (4.8 we get

/S W@y, <0 /M<1 + dy(x, 0))2e~21a(@) 4y,

= c/ (1+7)2e 2 (/ dS> dr
0 So(r)

< C/ (1+ T)Qe_%’"e("_l)mrdr.
0

The last integral above is finite and hence u/ € L?(SM). Similar calculations using Lemmas
h v

and show that Xu/, Vu/ and Vu/ all have finite L?-norms under the assumption 7 > M,

and therefore the H'-norm of / is finite. O

We are ready to prove our main theorems.

Proof of Theorems and[1.3 Suppose that the m-tensor field f and the sectional curvature K

satisfy the assumptions of Theorem or Recall that we identify f with a function on SM as

described in Section Then u = v/ is in H'(SM) by Lemma and Lemma states that

Xu = —f on SM. Note also that f € H'(SM), which follows as in the proof of Lemma
Since f is of degree m it has a decomposition

F=> fe fo€,
k=0

and u has a decomposition

o0
u:E Up, Up € Q.
k=0

We first show that u; = 0 for &k > m. From Xu = —f it follows that for kK > m we have
Xiup + X _upio =0.
This implies that

(5.1) | Xour) < I X_wigol, k> m.
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Fix kK > m. We apply Lemma and the inequality (5.1]) iteratively to get
[ X—uk |l < D (k) [| Xyl
< D (k)[| X up42]]
< D (k) Dn(k + 2) | X upo|

| X+ upqan]]-

N
< [H D, (k + 21)
=0

By Corollary
lim [| X} ug4o| = 0.
l—o0

Moreover, as stated in [PSU15, Theorem 1.1], one has

[[Dnk+20) < .
=0

Thus we obtain that
| X—ug|| = || Xtug|l = 0.

This gives Xug = 0, which implies that ¢ — ug(¢¢(x,v)) is a constant function on R for any
(z,v) € SM. Since u decays to zero along any geodesic we must have u; = 0, and this holds for
all k > m.

It remains to verify that the equation Xu = —f on SM together with the fact u = EZL_OI Uk
imply the conclusions of Theorems and This is done as in [PSUIL3| end of Section 2].
Suppose that m is odd (the case where m is even is similar). The function f is a homogeneous
polynomial of order m in v and hence its Fourier decomposition has only odd terms, i.e.

f:fm+fm—2+"‘+f1-
It follows that the decomposition of u has only even terms,
U= Up—1+ Un-3 + -+ Up.

By taking tensor products with the metric g and symmetrizing it is possible to raise the degree
of a symmetric tensor: if F' € S™(M), then aF = o(F ® g) € S™2(M). Functions A\(aF) and
A(F') have the same restriction to SM, since A(g) has a constant value 1 on SM.

We define h € S™ (M) by

(m—1)/2
h = — Z a](Um_l_gj),
j=0
where Up,—1-9;(x) is the unique symmetric trace-free (m — 1 — 2j)-tensor field which satisfies
Ae(Um-1-2j(x)) = wm-1-2(x, - ), see Section [3.3|

Then A(h) = —u on SM. Equation gives A(cVh) = X(Ah) = —Xu = A(f) on SM. Since
both f and oVh are symmetric we get f = cVh. To show the decay condition for h, we assume
the conditions of Theorem and observe that Lemma [4.3| implies that for any fixed € > 0,

(5.2) lu(z,v)| < C(1 + dgy(x,0))e (@0 < O e~ (Me)ds(@0),

We next observe that |0 F| < |F| for any tensor F' (this can be seen by using an orthonormal basis

{e"®...®e"™m} for m-tensors, Cauchy-Schwarz and the definitions), and |F ® g| = n'/?|F| (which
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also follows from the definitions). Thus |aF| < n'/?|F|. Consequently, using that the map ), in
Section [3.3]is an isometry up to a factor depending on n and m,

(m—1)/2 (m—1)/2
h(@)2 < Con Y Umo12j(@) < Crn S Mum—1-2i(x, )25, 01)-
j=0 =0

The orthogonality of spherical harmonics and the estimate ([5.2)) imply that
h(@)]? < Com / e, )2 dS < O e 20-S)a(2.0)
Sz M

This shows that h € E,_.(M) as required. The proof in the case of Theorem follows similarly

by replacing (5.2)) with the estimate in Lemma (b) O
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