INVERSE PROBLEMS FOR SEMILINEAR ELLIPTIC PDE
WITH MEASUREMENTS AT A SINGLE POINT
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ABSTRACT. We consider the inverse problem of determining a potential
in a semilinear elliptic equation from the knowledge of the Dirichlet-
to-Neumann map. For bounded FEuclidean domains we prove that the
potential is uniquely determined by the Dirichlet-to-Neumann map mea-
sured at a single boundary point, or integrated against a fixed measure.
This result is valid even when the Dirichlet data is only given on a
small subset of the boundary. We also give related uniqueness results
on Riemannian manifolds.

1. INTRODUCTION

In this article we study inverse problems for semilinear elliptic equations,
with measurements given by the nonlinear Dirichlet-to-Neumann map (DN
map) measured at a single point or integrated against a fixed measure. The
method is based on higher order linearizations of the DN map. This method
was introduced in inverse problems for hyperbolic PDE in [ | where
a source-to-solution map was used. It was observed in [ ] that in
the hyperbolic case it may be sufficient to measure a DN map integrated
against a suitable fixed function. The work | | proved a result showing
that measurements of the source-to-solution map at a single point suffice.

The higher order linearization method in inverse problems for nonlinear
elliptic PDE was introduced independently in [ | and | ]. We note
that the first linearization has been used extensively since the work [ 1,
and the second linearization had also been used in | , , ,

, ]. The works | , , | studied related inverse
problems for semilinear elliptic equations with partial data, with | ]
addressing fractional power nonlinearities. In | , , , ,

| the authors study nonlinear conductivity or magnetic Schrodinger
type equations. All these results use the nonlinear DN map with data given
on open subsets of the boundary.

In this note we observe that in some of the elliptic results above it is
enough to measure the DN map at a single point, or integrated against a
fixed measure. Let 2 C R™, n > 2, be a bounded domain with C'*® boundary,
and let m > 2 be an integer. Consider the semilinear elliptic equation

(11) Au+q(x)u™ =0 in §,
u=f on 0,

where ¢ € C%(Q) is a potential, and C* with 0 < a < 1 denotes the space
of a-Hélder continuous functions. Let f € Us, where

Us := {f € C**(00) : |fllcanon < O
1
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If § > 0 is small enough there is a unique small solution u = uy € C*>*(Q)
of (1.1), see e.g. | , Proposition 2.1]. One can then define the corre-
sponding nonlinear DN map A, by

A, : Us — CH(09), [ Buuglyg

where 0, denotes the normal derivative on 0. In | , | it was
proved that the full DN map A, uniquely determines ¢q. This was extended
in [ , ] to the case where one knows A,(f)|r, for f supported
in I'y where I'1, T’y C 0€) are open sets.

We show that it is enough to measure |, a0 Ng(f) du for a fixed measure p
on 0F). When p = 6, this corresponds to measurements at a fixed point.

Theorem 1.1. Let Q) C R™, n > 2, be a connected bounded open set with
C® boundary, let m > 2 be an integer, and let I' C OS2 be a nonempty open

set. Suppose that p # 0 is a fized measure on Q. If q1,q2 € C*(Q) for
some 0 < a < 1 satisfy

(12) A= [ Ap(f)dn
o0 oN

for all f € Us with supp(f) C T where § > 0 is sufficiently small, then
@1 = q2 n Q.

In particular, choosing j1 = 0z, for some fixed xy € 0L, we see that the
condition

Ag, (f)(z0) = Mgy (f)(20) for all f € Us with supp(f) C T’
implies that q1 = q2.

We can give a similar result for semilinear elliptic PDE on manifolds.
Let (M,g) be a compact Riemannian manifold with smooth boundary, let
q € C*°(M), and let m > 2. We consider the Dirichlet problem

Agu+q(z)u™ =0 in M,
u=f on JdM.
Again, if Us := {f € C>*(OM) : [fllcz.aonry < 0}, then for any f € Us
with § small enough the Dirichlet problem has a unique small solution u €
C**(M) (see e.g. | , Proposition 2.1]). We may define the DN map
Ay :Us — Cl’a(E)M), f— &,uﬂaM,

where 0, denotes the normal derivative with respect to the metric g on OM.
We have the following result where f can be supported on all of M, but
we only measure the DN map at a single point or integrated against a fixed
measure.

(1.3)

Theorem 1.2. Let (M, g) be a compact Riemannian n-manifold with smooth
boundary, let m > 2 be an integer, and let u Z 0 be a fixred measure on M.
Assume that one of the following conditions is satisfied:

(1) (M,g) is transversally anisotropic as in | , Definition 1.1],
and m > 4; or

(2) (M,g) is a complex manifold satisfying the conditions in [ ,
Theorem 1.4].
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If g1, q2 € C°(M) are such that g1 = qa to infinite order on OM and

(1.4) /a ()= /B A

for all f € Us where § > 0 is sufficiently small, then q1 = g2 in M.

The proofs of Theorems 1.1-1.2 are based on the higher order linearization
method in | , |. From [ , Proposition 2.2] one obtains the
identity

(1.5) /a (D780 = (DB )) e o) i dS

= —(m!)/ (@1 —q2)v1 -+ Vg1 dV
M

where (D™A,)o denotes the mth Fréchet derivative on A, at 0 considered as
an m-linear form, f; are Dirichlet data, and v; are solutions of the linearized
equation Agv; = 0 in M with vj|sar = fj. The single point measurement
case formally corresponds to choosing fi,+1 = 0z, with 29 € OM. The
corresponding solution vy, ;1 is in L!(£2) but it is not bounded, and this will
require some additional arguments.

If one has equality of the DN maps for ¢; and ¢o as in Theorems 1.1-1.2,
the identity (1.5) implies that

/ fvlvg dV =0
M

where f := (¢q1 —¢2)v3 - - UmUm+1 and v; are as above. We choose vs, ..., vy,
to be smooth nonvanishing solutions, and v,,+1 will be the (nonvanishing)
L(£2) solution whose Dirichlet data is a measure. It is then enough to show
that f = 0, which will imply ¢; = ¢o. For the partial data result in Theorem
1.1, we need the following extension given in | , Section 4] of the
fundamental result of | ] on the linearized local Calder6n problem
that was originally proved for f € L>().

Theorem 1.3. Let Q) C R", n > 2, be a connected bounded open set with C'*°
boundary, and let T' C S be a nonempty open set. Suppose that f € L'(£2)

1s such that
/ fl)ﬂ)g dr =0
Q

for all v; € C*(Q) solving Avj = 0 in Q with supp(vjlaq) CT. Then f =0
in .

For Theorem 1.2 we will invoke the results in | , | instead.
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2. PROOF OF THEOREM 1.1

For the proof of Theorem 1.1, we give a lemma related to solving the
Dirichlet problem when the boundary value is a finite Borel measure p on
0f). We use the norm given by the total variation,

il ooy =10 = sup | [ oan
lellcany=1 1V 09

We need the fact that the solution is in L"(Q2) for 1 <r < 5.

Lemma 2.1. Let Q C R™, n > 2, be a bounded open set with C*° boundary,
and let u be a finite complex Borel measure on 0X). Consider the function

() = /d Pag)du).  wen

where P(x,y) is the Poisson kernel for A in Q. Then ¥ € L"(2) where
1 <r < -2 and it solves the Dirichlet problem

n—1’
{ AV =0 in €,

2.1
21) U =u ondQ

where the boundary value is understood as follows: for any w € C%(Q) with
w|pn = 0 one has

(2.2) &,wdu:/(Aw)\I/dx.
[2}9] Q

Proof. By applying a partition of unity, boundary flattening transformations
and convolution approximation, we can produce a sequence 1); € C*°(99Q)
such that ¢ dS — gl pyaq) — 0. Let W; € C(Q) solve AW, = 0 in O
with W;laq = ;. If w is as in the statement of the lemma, integration by

parts gives

/ (&,w)lbj ds = /(Aw)\I/j dx.
oN Q
It is thus sufficient to show that ¥ € L"(Q) and ¥; — ¥ in L"(Q2) for

1 <r < 5. We apply the Poisson kernel estimate (see e.g. [ )]
dist Q
P(x,y)gc ist(z, 0 )S C -
|z —y|" |z —y|"

for some C > 0. If Qs = {x € Q : dist(z,0Q2) > J}, the Minkowski

inequality in integral form gives

(@) Lr (o) < /89 1PC )y ikl ()

C 1/r
S sup </ d:l?> .
yeoa \Ja, lx —y|(n=Dr ”'UHM(E)Q)

The quantity in brackets is finite uniformly over § > 0 when r < 5. Thus
we may let 6 — 0 to obtain that ¥ € L"(€2). Applying the same argument
to

() — () = /a Pa)(45(3) 45() — du(y)
shows that ¥; — ¥ in L"(Q). O



INVERSE PROBLEMS FOR SEMILINEAR ELLIPTIC PDE 5

Proof of Theorem 1.1. Let first ¢ € C%(Q2) be fixed. Consider Dirichlet data
of the form f. = e1hi1+...+emnhy, where hj € C°(0Q) satisfy supp(h;) C T,
and € = (€1,...,&m) where ¢; are sufficiently small. Let u. be the solution
of (1.1) with Dirichlet data f.. By | , Proposition 2.1] the map
€ — ue is smooth. By uniqueness of small solutions one has ug = 0, and by
differentiating (1.1) with respect to ¢; one has 0. uc|-=0 = v; where v; is
the solution of

(2‘3) { A’Uj =0 in Q,

v; = h; on 9Q.

Moreover, applying O, ... 0., to (1.1) and evaluating at € = 0 implies that
W = gy - .. 0Ok, Uc|e=0 SOlves the equation

{ Aw = —(mlquy - vy, in Q,

2.4
(2:4) w =0 on Of).

By elliptic regularity, v; € C*°(Q) and w € C*%(Q2). The DN map satisfies
(2.5) Ocy - 0z, (Ng(f2))|e=0 = Oz, - .. Os,, (Opuic)|e=0 = Dpwlaq.

Now assume that g1, g2 € C*(2) are such that (1.2) holds. Let w; be the
solution of (2.4) for ¢ = ¢;. By (1.2) and (2.5), one has

al/(wl - U)Q) d/*L =0.
[2/9]
Let ¥ € L"(Q) with » < "5 be the solution of AV = 0 in Q with ¥|spq = 1
in the sense of Lemma 2.1. It follows from (2.2) that

O:/QA(wl—wg)\Ifdx: —(m!)/ﬁ(ql—qQ)vl...vm\Pdw.

Now choose hs, ..., hp € C*(0R) so that supp(h;) CT', h; >0, and h; >0
somewhere. By the strong maximum principle v; > 0 in €2 for 3 < j < m.
We obtain that

(2.6) /Q[(ql — q2)v3 - vy P)vivadr =0

for any hi,hy € C*°(0Q) with supp(h;) C I'. Note that the function in
brackets is in L"(Q2) for » < 5. Now we invoke Theorem 1.3, which implies
that (q1 —q2)vs - v, ¥ = 0in Q. Since vs, ..., vy, are positive we must have
(g1 — q2)¥ = 0 in Q. Finally, since p # 0, the solution ¥ cannot vanish in
any open subset of {2 by unique continuation (otherwise (2.2) would imply
that 1 = 0). Thus W is nonzero in a dense set of points in €. Since g¢; are
continuous, this shows that ¢ = ¢o. O

3. PROOF OF THEOREM 1.2

We now describe how to prove Theorem 1.2. The proof is very similar to
that of Theorem 1.1 and we indicate the required modifications. First we
note that Lemma 2.1 extends to the case where 2 is replaced by a compact
Riemannian manifold (M, g) with smooth boundary and A is replaced by
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Ag. This relies on estimates for the Poisson kernel P(z,y) on compact
manifolds with boundary:
C
k k
In fact the case k = 0 follows e.g. from | , Lemma 2.2]. The general

case follows by writing ¢ = d4(z,y) and by inserting u(-) = P(-,y) into the
elliptic estimate

HkaHLoo(BEM(z)ﬂM) < Cre " HUHLN(BE/Q(:B)HM) :

The last estimate is valid by standard elliptic regularity after rescaling into
a ball of radius one.

Assuming the conditions in Theorem 1.2, the same argument that leads
to (2.6) yields the identity

(3.2) / (@1 —@)vi - v ¥dVy =0
M

where v; € C°°(M) are arbitrary solutions of the equation Ajv; =0 in M,
and ¥ € L"(M) for 1 <r < -5 is the solution of

AV =0 in M,
U =p ondM.

Note that by elliptic regularity, ¥ is smooth in M™ and it is also smooth
up to the boundary near points z € 9M so that yu = 0 near z. To study the
situation near supp(u), we observe using (3.1) that for any z € M™" one

has

1

()| < \ | Pepa) <c | Ty el

Write f := (q1 — g2)¥. Using the assumption that ¢; = g2 to infinite order
on OM, for any N > 0 there is Cy > 0 such that

1
|f(2)] < Cndg(z,0M)Y /8M &y

< Cndy(x, dM)N==D| 4 (9 M).

Choosing N > n gives that f is bounded in M and vanishes on OM. Ap-
plying similar estimates to derivatives of f in M™ proves that f is actually
C° up to the boundary in M and it vanishes to infinite order on OM.

We rewrite (3.2) in the form

/ for...0,dVy=0
M

where f = (¢1 — ¢2)¥ and v; € C*°(M) are any solutions of Aju; = 0 in
M. It now follows from | , Proposition 5.1], if (M, g) is transversally
anisotropic and m > 4, or from | , Theorem 1.4], if (M, g) is a complex
manifold satisfying the assumptions of that theorem, that f = 0. Since y # 0
and M is connected, ¥ cannot vanish in any open set in A/ by the unique
continuation principle. Thus we must also have ¢ — g2 = 0 in M, which
concludes the proof of Theorem 1.2.

<C

d|ul (y)
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Remark 3.1. Under assumption (1) in Theorem 1.2, the condition that
q1 = g2 to infinite order on OM can be weakened. In fact it would be
enough to suppose that g1 = g2 to suitable finite order near supp(u) on OM,
since in that case the argument above shows that (q1 —q2)¥ is in C*(M) and
hence | , Proposition 5.1] applies. In a similar vein, under assumption
(1) and in the special case p = 0g,, it would be enough to assume that
VFqi(z0) = VFga(z0) for finitely many k.

APPENDIX A. PROOF OF THEOREM 1.3

As mentioned, Theorem 1.3 is proved in | , Section 4], and the
proof relies on a Runge approximation result given in | , Lemma 2.6].
In this appendix we give a slightly shorter proof for f € L"(Q2) for r > 1,
which is already sufficient for all the results in this article. Later we also
give an alternative argument that works for f € L(Q).

We begin with a version of the Runge approximation result given in
[ , Lemma 2.2] where the approximation is in the LP norm where
p is large. A stronger result for the WP norm is in | , Lemma 2.6].

Lemma A.1. Let Q1 C Q9 be bounded open sets with smooth boundary, and
let 1 <p<oo. Let Go,(x,y) be the Dirichlet Green’s kernel associated with
Qy. Then the set

R= { Gy~ y)aly) dy : a € C(Q), supp(a) € Dz \ 9}
Q2

is a dense subspace, with respect to the LP (Q1) topology, in the space S of
harmonic functions uw € C* (1) with u|an,neq, = 0.

Proof. Suppose that ¢ is a bounded linear functional on LP() with ¢|z = 0.
We need to show that £|g = 0. By duality there is v € L (Qy), where p/ is
the dual Holder exponent of p, so that

U(u) = (v,u)q,.

Denote by G the solution operator for A in £ with vanishing Dirichlet data,
and write Egv for the zero extension of v to Q9. The assumption ¢|gp = 0
ensures that for any a € C2°(22 \ 1) we have

(A1) 0 = (v, Galg,)a, = (Eov, Ga)q,.

Now, let w = G(Egv) € W2 () solve Aw = Egv in Qy with w|sg, = 0.
For any f € WL (Qy) and h € W~'P(Qy), one can check the duality
statement

<Gf> h>QQ = <f7 Gh>92
Using this duality statement in (A.1), we obtain that

(A.2) wlg,\g, =0
Let now u € S, and let Eu be any function in C*(Qy) with Fulg, = u.
We wish to show that ¢(u) = 0. We may compute
(A.3) l(u) = (v,u)q, = (Egv, Bu)q, = (Aw, Eu)q,
= (Oyw, Eu)sq, — (Vw, V(Eu))q,.
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Here we used that Vw € Wh4(Qy) for ¢ = nrﬁ;, when p’ < n (and for any

q < oo if p’ > n), showing that d,w is in the Besov space B;,gl/q(ﬁﬁg) by
the trace theorem [ , Section 4.7]. We integrate by parts once more and
use the condition w|gn, = 0 to obtain that

(u) = (0w, Eu)pq, + (w, A(Eu))q,

Since u € S, we have Eulpn,nsqn, = 0 and A(Eu)|q, = 0. On the other
hand, (A.2) implies that J,w|sn,\00, = 0. It follows that {(u) = 0 as
required. O

Proof of Theorem 1.3 for f € L"(2), r > 1. The proof of [ , Theo-
rem 1.1] for f € L*(Q) proceeds in three steps:

1. Reduction to a case where () is strictly convex near some xg € I'.
2. Local result showing that f = 0 near xg.
3. Tteration of the local result to show that f = 0 everywhere.

Step 1 works equally well for f € L'(2). We may thus assume that we are
in the setting in | , Section 3] where zg = 0, Tp(9Q2) = {x1 = 0},

Qc{zeR": |Jz+e| <1}, TC{zxed: x> —2c},

for some ¢ > 0. (Note that our I" corresponds to 9 \ I in | 1.)
Let us indicate the necessary changes in | , Section 3] in order to
do Step 2 for f € L'(€2). We consider harmonic functions

u(z,¢) = e +w(z,Q)

where h > 0 is small, ( € C" satisfies ¢ - ( = 0, and w solves

Aw =0 1in Q, wlgn = —€~ X|8Q

where x € C®(00Q) satisfies y = 1 for 1 < —2¢ and supp(y) C {z1 <
—c}. Then supp(u) C I'. Now, instead of using a H' estimate for w as in
[ , formula (3.6)] we use an L estimate (i.e. maximum principle):

]l ooy < lle™ Xl oo) < e e when Im ¢y > 0.
Here we write ¢ = (1, (") where ¢’ € C*~L. Since we have
/f x,n)de,  C-C=n-1=0,
we get for Im {1, Imn; > 0 the estimate

_ i (C+n)

d| <111l s (le™ 5 e [l m) | o

_izm
e e flw(@, Oll g + llw(@, Oll oo llw(@, m)ll o)
< 3£l e~ min(Im ¢1,Im 1) 3 ([m ¢+ Imy'])
Then, using the same notations as in | ], formula (3.8) in [ ]
gets replaced by

(C+”7) ca 2Cea

2| SClfllprgye e =

(A.4)
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We now proceed to Section 4 in | ]. Note that for f € LY(Q),
equation (4.1) in [ ] is replaced by

L |Im 2|2
ITf(2)] < ez™ | £l 11 g

for z € C". Using the condition supp(f) C {z1 < 0}, equation (4.2) in
[ ] is replaced by

ITf(2)] < exnMmelP=@®ez)? g o

for Rez; > 0. Finally, using (A.4), equation (4.7) in | ] is replaced
by
(TF(2)| < C || fll g €27 1m 2 IRe=P= %),

From the three estimates above we see that the estimate (4.8) in [ ]
holds with A~! [ f1l oo () replaced by [|f||11(q). The proof of Step 2 is now
completed as in | , Section 4].

It remains to explain how to do Step 3 for f € L"(f2), r > 1. Inspecting
the arguments in | , Section 2], it is sufficient to prove that the set
described in | , formula (2.2)] is dense for the LP(€);) topology, for
any p < oo, in the subspace of harmonic functions u € C°°(£2;) such that
u|a0,neq, = 0. This follows from Lemma A.1. O

In the remainder of this section we prove Theorem 1.3 for f € L'(2). We
have seen in the proof above that Steps 1 and 2 already work for f € L'(1),
so it is enough to consider Step 3 and an analogue of the Runge approxima-
tion argument of Lemma A.1 but in the L* norm. Such a result was proved
in [ , Lemma 2.6], but here we give an alternative argument where
Qo will have nonsmooth boundary.

Let us briefly explain the rationale behind this. In the LP approximation
proof above we used (A.3), where w solves Aw = Eyv in s with w|go, = 0,
and Fu is a sufficiently regular extension of u € S. For approximation
in L, the quantity v will be in the dual of L* (i.e. a finitely additive
measure) and one would require additional work to make sense of the normal
derivative d,w|sq, in (A.3). We will instead construct the extension Eu so
that Fu|pn, = 0. When Q5 is a smooth domain such an extension does not
exist in general, but for suitable nonsmooth domains it does.

Let 0 < a < 1. We say that a domain  has a C1* edge singularity along
a subset £ C 0N if for any zg € E there is a neighborhood U of zg in R™
and a diffeomorphism F : U — U C R” such that F(xp) = 0 and one has
bijective maps

F:QNU — {(z1,22,2") : x93 < (x1)}NU,
F:ENU = {(0,0,2))}nU,

where ¢ : R — R is smooth away from 0 with ¢(¢) = 0 for ¢ < 0, and the
function 1 (¢)/t! T is smooth in [0, 00) and nonvanishing at 0. Here we write
x = (w1, 19, 2") for points x € R", where 2/ € R" 2,

Lemma A.2. Let Q1 C Q9 C R™ be bounded open sets, let 1 have smooth
boundary, and assume that Qy has smooth boundary except at (91 NONs)
where it has a CY® edge singularity. Also assume that if xo is a point on
the edge and Qg is locally near xo given by {x2 < ¢ (x1)} as above, then
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is locally near xo given by {x2 < n(z1)} where n € C°(R) satisfies n(t) =0
fort <0 and n(t) < (t) fort > 0.

Let Gq,(x,y) be the Dirichlet Green’s kernel associated with Qo. Then
for1 <p<1+2/a the set

R={ [ GaCmati)dy : aeCE@), suppla) < 02\ |
Qo
is a dense subspace, with respect to the WLP(Qq) topology, in the space S of
harmonic functions u € C* (1) with u|an,neq, = 0.
We begin with an extension result in a model case.

Lemma A.3. Let u € C}({zo < 0}) be such that u|,—¢ is supported in
{z1 > 0}. Given 0 < a < 1 and 6 > 0, there is an extension 4 of u to R"
such that @ € WYP(R™) for 1 <p <1+ 2/a and

supp(@i) C {zg <0} U{(z1,22,2") : 11 >0, 3 < 6777}
Proof. Let Eu be any C}(R") extension of u, and define

u(z), 9 <0,
i(x) == < x(xa/x] ) Bu(x), x1 >0, 29 >0,
0 elsewhere,

where x = x5 € C°(R) satisfies x(¢) = 1 for |t| < 6/2 and x(t) = 0 for
[t| > 6. Then @ is C! away from {27 = 2o = 0} and continuous in R" since
u(0,0,2") = 0. If ¢ € C°(R™), we may compute the weak derivatives of @
via

/ udjp dr = lim udjp dx
n e—0 ‘($1,J32)|>E
= lim tpr; dS — lim Ojup dx.
e70J | (21,22) | =¢ £20 J)(@1,22)|>e

The first term on the right vanishes by continuity of %, and hence the weak
derivative 0;u is given by

dju(x), x2 <0,
05i(x) == < 9j(x(v2/x1 ) Bu(x)), 1 >0, z9 >0,
0 elsewhere.

It is enough to verify that 9;(x(w2/x1"*)Eu(x)) € LP({x1,22 > 0}) for
p <14 2/a. This is clear for j > 3. For j = 2 we compute

Do (w2 /1) Bu) = x(a /w1 )0 B+ X (/)7 = Bu

The first term is in LP. For the second term we use that [t| ~ ¢ on supp(y’),

which gives that |za| ~ d217 on supp(x/(z2/217®)). Using the fact that

Eu € CLR"), in {x1,22 > 0} we have

oo /gt Moo /o ite
D) puto)| = [P (B, ) - Bu(0.0.4)
CEl 551
/ I+a / 1+a
K (z3/a1+) (/)
< 0| R o 4 )| < 0 | EL
331 1:1
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The last quantity is in LP({z1,22 > 0} N B;) when p < 1 + 2/a since
29 ~ 6x'T® in the integration set. The behaviour of 0,@ is even better.
This proves that @ € WP for p < 1+ 2/a. O

Corollary A.4. Let Q1 C Q9 be bounded open sets having the properties
stated in Lemma A.2. Suppose that v € C'(Q1) has vanishing trace on
00 NONy. Then for 1 < p < 1+ 2/a, u has an extension i € WHP(R™)
supported in Qy.

Proof. Since ulgo,non, = 0, by using smooth cutoff functions it suffices to
construct the extension near any point of the submanifold 9(9; N 9€).
By the assumptions on €27 and s, we can use a diffeomorphism to map
a neighbourhood of any zp € 9(92; N INs) into R™ = {(x1,x2,2")} where
locally Q1 = {z2 < n(x1)} and Qo = {z2 < ¥(z1)} with ¢ and 7 having
the properties stated above. Choose new coordinates so that y1 = x1, yo =
xo—n(x1), and y' = 2’. Then locally Q1 = {y2 < 0} and Qo = {y2 < ¥1(y1)}
where 11 (t) = 9 (t) — n(t) is such that vy (¢)/t'T* is smooth in [0, 00) and
positive at 0, using that n vanishes to infinite order at 0. Now apply the
previous lemma in the y coordinates. U

Proof of Lemma A.2. We only indicate the modifications required in the
proof of Lemma A.1. Now /£ is a bounded linear functional on WP (€;),
and hence it is represented by v € W1 (R™) with supp(v) C Q1. We now
wish to solve the Dirichlet problem

Aw = vlq, in Qo, wlan, = 0.

Since Q is a O domain and v|g, € W1 (), by | , Theorem 1.1]
there is a solution w € Wol’p/(Qg) whenever 1 < p < co. As in (A.2) we
obtain w‘QQ\ﬁl =0.

Now for any u € S one has

U(u) = (v, u)gn

where 4 is any function in W1P(R"?) with @|g, = u. If p < 1+ 2/a and we
choose @ to be the extension given in Corollary A.4, we have supp(a) C €2y
and hence we may consider @ as an element of WO1 ?(Q3). On the other hand,
the facts that w € WOLp/(Qz) and w|g \q, = 0 imply that there is a sequence

w; € CX(Q) with w; — w in W' (Qy). Tt follows that
Uu) = (V|a,, W, = (Aw, @)q, = lim (Aw;, @)q, = lim (w;j, Ad)q,.

Since u € S we have Ad = 0 in 7, and thus the last expression vanishes
using that w; € C2°(€1). We have shown that ¢|g = 0, which concludes the
proof. O

It now remains to complete Step 3 in the proof of Theorem 1.3 for
f € LY(Q). We follow the argument of [ , Section 2] with minor
modifications. Let z1 € Q and let 6 : [0,1] — Q be a smooth curve so that
6(0) is the only point of §([0,1]) on 9Q and #’'(0) is normal to 9. Define

O.(t) == {z € Q : d(z,0(0,1])) < e}.
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Thanks to Step 2, there exists € > 0 such that f =0 in ©,(0) N Q2. We may
further decrease € so that U := 0.(1) N9 is a connected small open neigh-
bourhood on 92 containing zy. Locally near xg we may work in coordinates

so that zg = 0, Q@ = {x, < 0} near zo, and Bs(0) N {z, =0} C U. We also
ask that § > 0 is small enough such that 9Q \ T' cC 9Q \ Bs(0). Choose
a < =2 so that 1+ 2 /a > n, and in the previous coordinates choose

n—17
QQ =0 UC’a

where C, is a set in {x,, > 0} so that Qy will have a C%* edge singularity
along 9Bs(0) N {z, = 0}.
For ¢ > 0 fixed above, define
I:={tel0,1] : f=0ae. in O,(t) NQ}.
This is clearly a nonempty set which is closed. We now need to show that
it is open.

To this end, suppose ¢ty € I N (0,1). By our choice of §(-) and &, there is
an open set 1 C Q with smooth boundary so that 9\ Bs(0) = 02N 0Ny,
0002 N 0Q) = 9Bs(0) N {x,, = 0}, and so that near any point of the edge
0(0021 NIN2) = IBs(0)N{xy, = 0} the sets ; and Qs satisfy the conditions
in Lemma A.2. We also ask that Q\ ©.(tg) C Q1 € 2\ 6([0,%g]), that Q\
is connected, and that 0B (6(tg)) N 0O (ty) C 0.

Let G(z,y) be the Dirichlet Green’s function associated to the domain
Q5. Consider the expression

A fW)G(z,y)G(t,y) dy
1
as a function of both x,t € Q3 \ Q. Since f = 0 in Q\ 1, we have that
A fW)G(z,y)G(t,y) dy = /Qf(y)G(% y)G(t,y) dy.
1

For z,t € Q3 \ Q, y — G(z,y) and y — G(t,y) are harmonic functions in
Q which vanish on 992 N9 D 9N\ T'. So by our assumption that f is
orthogonal to products of such harmonic functions, we have

0= A fW)G(z,y)G(t,y) dy
1
for z,t € Qo \ Q. By unique continuation,
0= ; fW)G(z, )G, y) dy
1

for x,t € Q2 \ Q. By integrating in x and t against smooth functions
supported in Qg \ €1 we have that

0= fuv
941

for all u and v harmonic in Q1 of the form [, G(-,y)a(y)dy with supp(a) C
Q5 \ 1. By the density result of Lemma A.2 (since 1+ 2/a > n, we have



INVERSE PROBLEMS FOR SEMILINEAR ELLIPTIC PDE 13

density in WP for some p > n and hence in L), this means that

0= fuv
1951

for all 4 and v harmonic in €} and vanishing on 9y N 9. By applying
the local result in Step 2, we can conclude that f vanishes in an open subset
containing 9B (0(ty)) N 0O:(tp). This shows that ¢y is an interior point of
1, showing that I is open and concluding the proof.
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