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ABSTRACT. We consider the anisotropic Calderén problem of recovering
a conductivity matrix or a Riemannian metric from electrical boundary
measurements in three and higher dimensions. In the earlier work [8],
it was shown that a metric in a fixed conformal class is uniquely deter-
mined by boundary measurements under two conditions: (1) the metric
is conformally transversally anisotropic (CTA), and (2) the transversal
manifold is simple. In this paper we will consider geometries satisfying
(1) but not (2). The first main result states that the boundary mea-
surements uniquely determine a mixed Fourier transform / attenuated
geodesic ray transform (or integral against a more general semiclassical
limit measure) of an unknown coefficient. In particular, one obtains
uniqueness results whenever the geodesic ray transform on the transver-
sal manifold is injective. The second result shows that the boundary
measurements in an infinite cylinder uniquely determine the transversal
metric. The first result is proved by using complex geometrical optics
solutions involving Gaussian beam quasimodes, and the second result
follows from a connection between the Calderén problem and Gel’fand’s
inverse problem for the wave equation.
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1. INTRODUCTION

The anisotropic Calderén problem consists in determining the electrical
conductivity matrix of a medium, up to a change of coordinates, from cur-
rent and voltage measurements made at the boundary. More generally the
problem may be posed on a smooth Riemannian manifold with boundary. In
this case the question is to determine the geometric structure of the manifold
from the Cauchy data of harmonic functions. The purpose of this paper is

Date: May 6, 2013.



CALDERON PROBLEM IN TRANSVERSALLY ANISOTROPIC GEOMETRIES 2

to study the anisotropic Calderén problem in transversally anisotropic ge-
ometries, where the manifold admits a distinguished Euclidean direction,
and to prove uniqueness results for inverse problems in this setting.

Let (M,g) be a compact oriented Riemannian manifold with smooth
boundary M. Harmonic functions in M are solutions of the Laplace-
Beltrami equation

Agu=0 in M.

Here, the Laplace-Beltrami operator is given in local coordinates by

0 0 Ou
Au = lgl~1/2_2 1/2 jk 9U
gt = 9] oz, 91" %g oz,
where (g;) is the metric in local coordinates, (¢/%) = (g;jx)~!, and |g| =
det(g;r). Here and below we are using the Einstein summation convention.
The boundary data of harmonic functions on M is given by the Cauchy
data set

Cy = {(ulonar, Duulonr) ; Agu=0in M, u e H'(M)}.

The normal derivative d,ulgyr = (du, v)|snr, where v is the 1-form corre-
sponding to the unit outer normal of OM, is interpreted in the weak sense
as an element of H~/2(9M). Tt is clear that if 1) : M — M is a diffeomor-
phism satisfying ¢|ans = Id, then Cy+y = Cy. On manifolds of dimension
> 3, the anisotropic Calderén problem [26] amounts to proving that Cy
uniquely determines g up to isometry.

Conjecture. Let (M, g1) and (M, gs) be two compact Riemannian mani-
folds with smooth boundary, and let dim(M) > 3. If Cy, = Cy,, then

92 =90
where ¢ : M — M is a diffeomorphism with ¥|5y, = Id.

This statement has only been proved for real-analytic metrics [26] with
topological assumptions relaxed in [24], [25], and for Einstein metrics (which
are real-analytic in the interior) [12]. The general case remains a major open
problem, and we refer to [8] for a discussion and further references. The
corresponding two-dimensional result, involving an additional obstruction
arising from the conformal invariance of the Laplace-Beltrami operator, is
known [25]. See [4], [5] for another interesting approach to this problem.

The work [8] introduced methods for studying the anisotropic Calderén
problem in manifolds which are not real-analytic, but where the metric has
certain form. This was based on the concept of limiting Carleman weights,
introduced earlier in the Euclidean case in [23]. One of the main results of [§]
states that on a simply connected open manifold, the existence of a limiting
Carleman weight is equivalent to the existence of a nontrivial parallel vector
field for some conformal metric. Locally, this condition is equivalent with
the manifold being conformal to a product of a Euclidean interval and some
(n — 1)-dimensional manifold. We formalize this notion in two definitions:

Definition. Let (M, g) be a compact oriented manifold with C*° boundary.
In this paper we always assume that n = dim(M) > 3.
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(a) (M,g) is called transversally anisotropic if (M,g) CC (T, g) where
T =R x My, g =e® go, (R,e) is the Euclidean line, and (Mo, go)
is some compact (n — 1)-dimensional manifold with boundary called
the transversal manifold.

(b) (M, g) is called conformally transversally anisotropic (CTA) if (M, cg)
is transversally anisotropic for some smooth positive function c.

Examples of CTA manifolds include compact subdomains of the model
spaces R", sphere S™ minus a point, or hyperbolic space H", compact sub-
domains of locally conformally flat manifolds such as 3D symmetric spaces
as long as they are contained in a conformally flat coordinate neighborhood,
and conformally warped products

(Mag) ccC (R X MOag)’ g = 6(669 fg())

where f is a positive function depending only on the Euclidean variable in
R x My. See [8], [9], [28] for more details.

The first main theorem in this paper considers the anisotropic Calderén
problem in a fixed conformal class. Since any conformal diffeomorphism
fixing the boundary must be the identity map, there is no obstruction to
uniqueness arising from isometries in this case (see [29]). The article [8] gave
a uniqueness result for this problem on CTA manifolds if additionally the
transversal manifold (My, go) is simple, meaning that any two points in M)
are connected by a unique geodesic depending smoothly on the endpoints
and that dMj is strictly convex (its second fundamental form is positive
definite). Moreover, a reconstruction procedure was given in [22]. The
proof used the fact that the geodesic ray transform is injective on simple
manifolds. On general transversal manifolds we use the following definition.

Definition. We say that the (geodesic) ray transform on the transversal
manifold (M, go) is injective if any function f € C(My) which integrates to
zero over all nontangential geodesics in My must satisfy f = 0. Here, a unit
speed geodesic segment y : [0, L] — My is called nontangential if 4(0), (L)
are nontangential vectors on My and ~(t) € M for 0 < t < L.

Theorem 1.1. Let (M, g1) and (M, g2) be two CTA manifolds in the same
conformal class. Assume in addition that the ray transform in the transver-
sal manifold is injective. If Cy, = Cy,, then g1 = go.

In fact this result is a consequence of a corresponding result for the
Schrodinger equation. Let ¢ € L (M), and define the Cauchy data set
for the Schrodinger operator —A, + ¢ by

Cyq = {(Wlors, Bulon) ; (—Ag + qu=0in M, u € H'(M)}.

Again, the normal derivative d,u|gys is interpreted in the weak sense as an
element of H~1/2(0M).

Theorem 1.2. Let (M,g) be a CTA manifold, and let ¢1,q2 € C(M).
Assume in addition that the ray transform in the transversal manifold is
injective. If Cy 4, = Cy 4, then q1 = qo.
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Starting from the pioneering works [7], [41], the standard approach for
proving uniqueness results for the Calderén problem is based on special
complex geometrical optics solutions to elliptic equations. The paper [8]
presented a construction of such solutions on CTA manifolds and proved
Theorems 1.1 and 1.2 under the additional restriction that the transversal
manifold (M, go) is simple. Some parts of the argument, for instance the
Carleman estimates required for the construction of correction terms, were
valid without this additional restriction. However, in the end the simplicity
assumption was used to produce solutions that concentrate near geodesics in
(Mo, go) and also to show that the potentials can be determined by inverting
the geodesic ray transform (actually with attenuation) in the transversal
manifold.

In this paper we remove the simplicity assumption on the transversal
manifold in the construction of complex geometrical optics solutions, and
prove Theorems 1.1 and 1.2 on any CTA manifold for which the ray trans-
form is injective. Injectivity of the ray transform is known to hold in the
following classes of manifolds (My, go):

(a) Simple manifolds of any dimension (see [37]).

(b) Manifolds of dimension > 3 that have strictly convex boundary and
are globally foliated by strictly convex hypersurfaces ([44]).

(c) A class of non-simple manifolds of any dimension such that there are
sufficiently many geodesics without conjugate points and the metric
is close to a real-analytic one (see [39] for the precise description of
this class).

(d) Any manifold having a dense subset that is covered by totally geo-
desic submanifolds in which the ray transform is injective (injectiv-
ity of the ray transform follows immediately from the injectivity in
the totally geodesic submanifolds). Examples include subdomains
of (N1 X Na, hy @ hg) where (N1, h1) has injective ray transform and
(N2, ha) is any manifold.

(e) There are counterexamples to injectivity of the ray transform. The
standard one is the sphere with a small cap removed: any function on
the sphere that is odd with respect to the antipodal map and vanishes
near the removed cap integrates to zero over nontangential geodesics.
See also [2], [40] for microlocal analysis of the ray transform in some
non-simple geometries.

In fact, Theorems 1.1 and 1.2 involving the ray transform will be ob-
tained as a special case from a more general complex geometrical optics
construction on CTA manifolds. If (M, g) is a CTA manifold, so (M, g) CC
(R x My, g) for some compact manifold (My, go) where g = c(e & gp), we
denote points on M by x = (x1,2’) where 27 is the Euclidean variable and
x € My. If ¢ € L>®(M), we will consider solutions of the Schrodinger
equation (—Ag + ¢)u =0 in M of the form

u= es”"lc_%(vs +7rs)

where s is a slightly complex large frequency,

s =T+ i),
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where the real parameter 7 will tend to infinity while A € C is fixed, and
where vg = vg(2') € C2(M0) is a quasimode, or approximate eigenfunction,
with frequency s in the transversal manifold. The correction term r; will
satisfy |7s|lp2) — 0 as 7 — oo. The concentration properties of the
quasimodes wvg in the high frequency limit as 7 — oo will be crucial in
determining properties of the potential.

Definition. If A € C, we denote by M the set of all bounded measures p
on My for which there is a sequence (7;)72; with 7; — oo and a sequence

(Uj);i1 C C?(My) satisfying

(=g = (75 +iN)*)v5ll 20ty = (1) vl z2(a10) = O(1)
as j — oo, such that in the weak topology of measures on My one has
lim |v;] dVy, =
jglolo‘”ﬂ Voo = 10
where dVj, is the volume form of (M, go).

Theorem 1.3. Let (M,g) be a CTA manifold, and let ¢1,¢q2 € C(M). If
Cyq1 = Cy,q0, then

/Mo [/OO e 2T (o(qy — o)) (w1, 2') dey | dp(a’) = 0

—00

for any A € C and any u € M. Here q1 — ¢2 is extended by zero to R x M.

The measures p € M, are called semiclassical defect measures, or quan-
tum limits, of the families of quasimodes (v;y;x). The properties of such
measures are the central object of interest in the study of high frequency
limits of eigenfunctions and in quantum ergodicity. In general, the dynamics
of the geodesic flow of the underlying manifold (M, go) will be visible in the
semiclassical measures. These topics have a large literature, and we refer
to [17], [45], [46] for surveys. However, our situation seems to be somewhat
different from most of these works for the following three reasons:

(1) We only have access to limit measures in the base manifold M
instead of the more usual phase space measures in 1™ Mj.

(2) The measures M, are associated to a family of quasimodes in a
manifold (My, go) with boundary, but there is no boundary condi-
tion imposed on the quasimodes. This leads to a certain amount of
flexibility in our setting.

(3) It is useful to consider measures for slightly complex frequencies
T + i\ where Re(\) is nonzero.

Theorem 1.2 will be obtained from Theorem 1.3 by a rather direct con-
struction of Gaussian beam quasimodes that concentrate on a given non-
tangential geodesic. This construction goes back at least to [1], [14] and has
been developed by many authors (often for hyperbolic equations), see for
instance [18], [32]. In our case, the relevant result is as follows. The fact
that the frequency is slightly complex leads to the attenuated geodesic ray
transform with constant attenuation —2A, but eventually analyticity will
allow to make a reduction to the case A = 0.
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Theorem 1.4. Let (M, go) be a compact oriented manifold with smooth
boundary, let v : [0, L] — Mj be a nontangential geodesic, and let A € R. For
any K > 0 there is a family of functions (vs) C C*°(My), where s = 7 + i\
and 7 > 1, such that

—K)

1(=2gy = s%)vsll 2 (at) = O5), Nlvsll z2asy) = O(1)

as 7 — 00, and for any ¢ € C(Mj) one has

L
i [ Jofodvy, = [Pt
T—00 Mo 0

We remark that a similar Gaussian beam quasimode construction was
used to deal with partial data inverse problems in the paper [20] which
was in preparation simultaneously with this manuscript. It is an interesting
question whether other quasimode constructions could be used to extract
more information about the potentials via Theorem 1.3. In particular, the
following question is of interest. (By Theorem 1.4 we know that this question
has a positive answer if A\ = 0 for any (M, go) in which the ray transform
is injective; on the other hand having A # 0 might help.)

Question. Let (M, go) be a compact oriented manifold with smooth bound-
ary, and let A € R. Under which conditions on (M, go) is the set M dense
in the set of all bounded measures on M,?

The previous results are all based on extensions of the complex geomet-
rical optics method. In the final results of this paper, we will use a com-
pletely different approach and reduce the anisotropic Calderén problem to
an inverse problem for the wave equation. To motivate this, note that the
Laplace-Beltrami operator A, in a product type manifold (R x My, g), where
g = e ® go and we now write ¢ for the Euclidean variable, has the form

07 + Ay,
By formally complexifying the ¢ variable by ¢t — it (Wick rotation), we arrive
at the wave operator
07 — Ay,
Let us next describe a standard inverse problem for the wave equation.
If (Mo, go) is a compact oriented manifold with smooth boundary, if ¢y €
C(My), and if T > 0, consider the initial-boundary value problem

(07 — Ay +qo)u=0 in (0,T) x My,
u(0) = Jyu(0) = 0,
uloryxonm, = f-

This problem has a unique solution u € C*°((0,7) x M) for any f €
C((0,T) x OMy), and we can define the hyperbolic DN map

A;{)% : C2°((0,T) x OMo) — C™((0,T) x OMy), f — Suul(o.1)xomo-

The inverse problem is to determine the metric gy up to isometry and the
potential qp from the knowledge of the DN map Ag,%. This problem is
closely related (and often equivalent) to an inverse boundary spectral prob-

lem [18], to a multidimensional Borg-Levinson theorem [31], and also to an
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inverse problem posed by Gel'fand [11]. In this paper, the wave equation
inverse problem will be called the Gel’fand problem.

The Gel’fand problem in the above formulation has a positive answer,
under the natural necessary condition that 7' > diam(Mjy, go). This follows
from the boundary control method introduced by Belishev [3] and later
developed by several authors; we refer to the book [18] for further details.
The boundary control method is based on three components:

(1) Integration by parts (Blagovestchenskii identity): recover inner prod-
ucts of solutions at a fixed time from the hyperbolic DN map.

(2) Approximate controllability based on the unique continuation theo-
rem of Tataru [43]: solutions u(tg, - ) are L? dense in the appropriate
domain of influence.

(3) Recovering the coefficients: this uses a boundary distance represen-
tation of (Mp, go) together with projectors to domains of influence
and special solutions such as Gaussian beams.

An elliptic analogue of the Gel'fand problem is given by the following
version of the anisotropic Calderén problem. Let (M, go) be a compact
oriented manifold with smooth boundary, let gy € C*°(M), and let T =
R x My be an infinite cylinder equipped with the metric g = e @ gg. Write
(t,z) for the coordinates in R x Mp. Let also Spec(—Ag, + qo) = {;}52;
where Ay < Ay < ... is the set of Dirichlet eigenvalues of —Ay) + ¢p in
(Mo, go). Consider the Schrodinger equation in T,

(_at2 _Ago +CI0—)\)u:O in ’T7 U‘BT — f

For simplicity, in this introduction we assume that A € C\ [\, 00), that
is, A is outside the continuous spectrum of —A, + g in 7" (see Section 6 for
the more general case A € C\ Spec(—Ay, + qo)). Then for any f € C°(97T)
the above equation has a unique solution C*°(T) N H*(T), and there is a
linear DN map

ABL (X)) : C(T) — C=(AT), f — dyular.

90,90
The next result shows that one can reconstruct the isometry class of an

unknown manifold (Mjy, go) and also a potential gy from the knowledge of

dMy and the DN map AL ().

Theorem 1.5. Given the data (0T, AP ()\)) for a fixed A € C\ [\, 00),

90,90

where 0T = R x dMjp and Ag)lfqo(/\) : CX(0T) — C°°(9T) corresponds to
the Schrodinger operator —A, +¢p on 7', one can reconstruct a Riemannian

manifold (Mo, Jo) isometric to (My, go) and the potential gq.

We obtain a uniqueness result as a consequence (5\1 is the first Dirichlet
eigenvalue of —Ag, + go in My):

Theorem 1.6. Let (My, go) and (Mp, go) be two compact manifolds with
boundary 0My, and let qo,Go € C°(My). If

AEU (\) = AZL (\) for some A € C\ ([A1,00) U [\, 00)),

90,90 90,90
then go = ¢ggo for some diffeomorphism g : My — My with ¥glans, = Id,
and also gy = qo.
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As mentioned above, the proof involves a reduction from the elliptic DN
map to the hyperbolic DN map and the boundary control method. We also
use the elliptic DN map on the transversal manifold, defined for A outside
Spec(—Ay, + qo) by

AgT(;qo(/\) 2vlom, = Ouvlang,  (—Agy + g0 — A)v =0 in M.

The argument proceeds roughly as follows:

(1) Extend Aﬂfqo(}\) to act on weighted Sobolev spaces on 0T
(2) If k > 0, obtain AL" (X — k?) for any h € C*®(0M,) via

90,90

ATr ()\ o kQ)h — efiktAEll ()\)(elkth)

90,90 90,90

(3) Recover A" (1) for u € C from {AI" (A—k?)} x>0 by meromorphic

VEL Ago,90 90,40
continuation.
(4) Recover ANV from {AL7 o (1)} pec by Laplace transform in time.

(5) Use the boundary control method to determine (Mo, go) up to isom-
Hyp
etry and go from Ag,%,-

It was proved in [19] that knowing the transversal DN maps {A1”, (1)} ec

is equivalent to knowing the DN map for the following equations:

e Wave equation (97 — Ay, + go)u = 0 in (0,00) x Mo,

e Heat equation (0y — Ay, + go)u =0 in (0,00) x Mo,

e Schrodinger equation (i0; — Ay, + qo)u = 0 in (0, 00) x M.
Our results show that the elliptic equation (—07 — Ay +¢qo)u = 0 in R x M
can be added to this list.

Note that Theorems 1.5 and 1.6 are valid for arbitrary transversal mani-
folds My without any restriction on the geometry, and they allow to recover
both the transversal metric and the potential from the elliptic DN map.
They are also the first uniqueness results for the Calderén problem that we
are aware of which employ control theory methods (in particular approxi-
mate controllability based on unique continuation for the wave equation).
At the moment we can only show these results by going through the wave
equation. It would be interesting to understand if there is a proof that would
work with the elliptic equation directly.

However, there is a severe restriction: the potential gy has to be indepen-
dent of the ¢ variable, unlike in Theorems 1.1-1.3 where the scalar coefficient
may depend on the Euclidean variable. In fact, the analogue of Theorem 1.6
on a fixed compact manifold (M, g) CC (R x My, e® gg) with two potentials
independent of the ¢ variable can easily be reduced to standard boundary
determination results [8, Section 8]. Of course, in the infinite cylinder T
boundary determination is not so helpful and we use a reduction to the
wave equation instead.

The Wick rotation ¢ — ¢t suggests that the potential gy should indeed be
independent of the t variable, or at least real analytic in ¢, for this reduc-
tion to the wave equation to work. The boundary control method for the
wave equation also requires the coefficients to be independent of the time
variable, although a variant of this method due to Eskin [10] allows lower
order coefficients that are real analytic in time. The Gel’fand problem for
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time-dependent coefficients is interesting in its own right; see [33], [35], [3§]
for some results when the background metric is Euclidean.

This paper is structured as follows. Section 1 is the introduction, and Sec-
tion 2 gives the construction of complex geometrical optics solutions based
on quasimodes and proves Theorem 1.3. Section 3 contains a direct con-
struction of Gaussian beam quasimodes and the proofs of Theorems 1.1, 1.2
and 1.4. In Section 4 we give an alternative construction of Gaussian beam
quasimodes based on a microlocal reduction via Fourier integral operators.
The Calderén problem in an infinite cylinder is considered in the last two
sections. Section 5 discusses the case where the spectral parameter is out-
side the continuous spectrum and gives the proofs of Theorems 1.5 and 1.6,
and Section 6 extends these results to the case where the spectral parameter
may be in the continuous spectrum but not in the set of thresholds.
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of Excellence in Inverse Problems Research), and M.S. is also supported by
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stitute program on Geometry in Inverse Problems in 2012, and the Institut
Mittag-Leffler program on Inverse Problems in 2013 where part of this work
was carried out. D.DSF. would like to acknowledge the hospitality of the
University of Jyvéskyla.

2. COMPLEX GEOMETRICAL OPTICS

In this section we explain the construction of complex geometrical optics
solutions based on quasimodes in (M, go) and use this construction to prove
Theorem 1.3. The argument is close to [8, Section 5].

We will assume that (M, g) is CTA with (M,g) CC (R x My, g) where
g =c(ed go), and (My, go) is a compact (n — 1)-dimensional manifold with
boundary. Let also ¢ € L*°(M). We first note the identity

n+2

¢ (—Ag+ @) (T a) = (~Ag + Qi

where

n—2 n—2
g=e®go, G=clg—c T Ag(c 7))
This shows that it is enough to construct solutions to (—Az + ¢)a = 0.
Writing x = (x1,2’) for coordinates in R x My, the function p(z) = x1 is
a limiting Carleman weight in a neighborhood of M [8]. In particular, we
have the following solvability result which follows from [8, Section 4] (see
also [21, Section 4] where one obtains H? solutions).

Proposition 2.1. Let § € L*>°(M). There exists 7o > 1 such that whenever
|7| > 70, then for any f € L?(M) the equation

By + e = in M
has a solution r € H'(M) satisfying the estimates
Il ey < CIr* N flzzany, 0 <a <1
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Consider complex frequencies
s =741\, 7 real with |7| large, A complex and fixed.
We are interested in finding complex geometrical optics solutions to the
equation (—Aj + ¢)u = 0 in M, having the form
u=-e " v+r).
Here v = v, will be an amplitude type term, and r = 7, is a correction term
with [|r{|z2(ar) — 0 as [7| — oco. Further, we require certain asymptotic

properties of vg as || — oo when A is kept fixed.
A function u of the above type is a solution provided that

T (—Ag + ij)e_Tml (e—i)\mlT) _ f
where the right hand side is
f — 76—2‘)\931633:1 (*Ag + (f)e_smlv.

The point is to choose v so that || f||z2(ar) does not grow when |7| — oo, and
to choose r so that e~*17 is the solution given by Proposition 2.1.
At this point we use the product structure on (R x My, §) where § = e®go,
which implies that Az = 87 + Ay,. Consequently
eI (—=Ag + §)e v = (=07 + 2501 — 52 — Aygy + §)v.

This expression simplifies if we choose v independent of x1, that is, v = v(2'),
and in this case

f = =0 (<A, — 82 + o
Now |[|fllz2(ary will not be too large with respect to |7] if v = ws(z') is

a quasimode or an approzimate eigenfunction in the transversal manifold
(Mo, go), in the sense that

1(=Ag, = 5*)vsll 20ty = 017D, sl z2(ary) = O(1)

as |T| — oo.
The following result describes the complex geometrical optics solutions.

Proposition 2.2. Let ¢ € L>°(M), let 79 be sufficiently large, and let \ be
a fixed real number. Suppose that {vs; s = 7 + i\, |7| > 79} is a family of
functions in L%(My) satisfying

1(=2g5 = 8%)vsll 2y = o(I71), llvsllz2(ary) = O(1)

as |7| — oo. Then for any 7 with |7| > 7 there is a solution u € H'(M) of
(=Ag 4+ q¢)u =0 in M having the form

u= efsxlcfnTﬁ(vs +7s)
where ||7s]|L2(ar) = o(1) as |T] — oo.

Proof. We first produce a solution of the equation (—Aj + )& = 0 having
the form @ = e "1 (vs + 75) as in the preceding discussion, and then define

u=c""T" to obtain a corresponding solution of (—Ay + ¢)u = 0. O

The next result is slightly more general than Theorem 1.3.
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Proposition 2.3. Let (M,g) cC (R x My, g) be a CTA manifold, where
g =cle®go), and let q1, g2 € C(M). Let A1, A2 € C, let (Tj)]o-il be sequence
of positive numbers with 7; — oo, and let

Sj:Tj+i>\1, tj:Tj-f-’L'j\Q.
Suppose that (vs;), (wy;) € C*(Mp) are sequences satisfying

H(—A - 2-)’033 22 (Mo) = O(Tj) ”USjHLQ(MO) =0(1),
1(=Agy = thwill2(ar) = o(13)s w2 (aa) = O(1)
as j — oo, and in the weak topology of measures on My,

lim v .wt.dV = UX{ N\
j 00 S5 g 90 2 1,72

for some bounded measure py, », on My. If

Cg,ql = Cg,qz»
then

[e.@]
/ [/ NN (g — o)) (w1, 2') dr | dpang p, () = 0,
My —00
Here ¢ — ¢2 is extended by zero to R x Mj.
Proof. We use Proposition 2.2 to find solutions of (—Ay + ¢1)us;, = 0 and
(—=Ay +@)uy; = 0, of the form

g, = e %%

2
i T (v, + 1),

tjxy

n—2
ug, = eITeT T (wy; 4 1)

where |75, z2(ar), 7411220y = 0(1) as j — oo. Note that @, solves the
equation (—A + g2)ty; = 0in M.
Next follows the usual integration by parts: we have

/M(ql — q2)us; Uy, AV = /M [(Agusj)ﬂtj — U, (Agﬂtj)] dVv

_ / (s, e, — s, (By,)] dS
oM

where the normal derivatives of the H'! solutions are interpreted in the weak
sense as elements in H~'/2(9M). Using the condition Cyq1 = Cy g, there
is some @ € H'(M) with (—A, + ¢2)@ =0 in M and

Ulon = us;lom,  Oiilon = Oyus;|om-
This shows that

/ (@1 — q2)us;tiy; dV = — u(0yuy,)] dS
M

~(Agm)] v

Il
g\i\m\

(g2 — q2) (s dVv = 0.
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Substituting the forms of the solutions us; and 1, in the last identity, we

see that
(1 — go)e ™ N7 5 T dV = o(1)
M

using the norm estimate for the correction terms rs; and ry, and the L?
estimates for Us; and (9 We now extend g1 — g2 by zero to R x My and
note that dV,(z) = ¢"/?dxydVy,(z'). Then, taking the limit as j — oo
and using the assumption that vs,we; converges in the weak topology of
measures, we obtain

/ [/ e~ 1(A1+A2)71 (c(qr — q2))(x1,$/)d$1 d,uAl,,\Q(x’) =0.
My —00

To be precise, we would like that the expression in brackets is a continuous
function with respect to 2’ in My in order to take the limit. However, the con-
dition Cy 4, = Cy 4, implies by boundary determination that gi|on = g2]onm,
and thus the zero extension of ¢; — g9 is in fact a continuous compactly
supported function in R x My. The boundary determination result is essen-
tially contained in [13, Proposition A.1] for the case n = 2, and a similar
argument works also for n > 3 (see [8, Section 8| for the case of DN maps
with smooth ¢; and ¢3). O

Proof of Theorem 1.3. This follows from Proposition 2.3 by taking A\ = Ao
real and taking Us; = Ws;- O

At this point it is useful to compare the solutions in Proposition 2.2 to
the ones appearing in [8, Section 5|, where the additional assumption that
(Mpy, go) is simple was imposed. The complex geometrical optics solutions
in (8], satisfying (—A, + ¢)u = 0 in M, have the form

w=e " (e " a + 7).

Here v is a real function chosen as a solution of an eikonal equation, and
the amplitude a solves a complex transport equation in M. Since (Mo, go)
is simple these equations can be solved globally in M, and in fact ¢ only
depends on 2’. Then e~ "%q satisfies

™ (—Ag)e T (e a) = Opz(ary (1)

as T — co. If a would be independent of 1, then e~ g (z’) would be
an approximate eigenfunction in M in the sense that

(=Agy = 7*)(e7"™Va) = Orz(as) (1)

However, such functions are not quite sufficient to prove uniqueness results
for the inverse problem. In [8] one instead employed amplitudes of the form
a(xy, ') = e”*1a(2") which allow to exploit the Fourier transform in .
There are two differences between Proposition 2.2 and the construction
in [8], although the two are very closely related. The first one is that we use
large complex frequencies s = 7+14 instead of large real frequencies 7, which
amounts to incorporating the factor e=**1 from the amplitude a as part the
complex frequency (thus making it possible to use the Fourier transform
in 7). The second difference is roughly that instead of using approximate
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eigenfunctions e_”w(x,)a(x’ ) with real frequency, we consider more general
approximate eigenfunctions vs(z’) with slightly complex frequency. This ap-
proach loses some generality since v is not allowed to depend on x1, but has
the benefit that one can use much more general approximate eigenfunctions
vg(2') than those of the form e~"™¥(*)q(z’) obtained from a global WKB
construction on M.

We end this section by noting that in Section 5 we will show that the
semiclassical limit measures arising in Theorem 1.3 are invariant under the
geodesic flow in a suitable sense. To do so, we will lift the measures associ-
ated with the quasimodes v, ;) to the cotangent bundle T* My and introduce
the corresponding semiclassical measures.

3. (GAUSSIAN BEAM QUASIMODES

We will now give the Gaussian beam construction of approximate eigen-
functions, or quasimodes, with desirable concentration properties. In fact,
these quasimodes will concentrate near a geodesic in the high frequency
limit. On a compact manifold without boundary, it is well known that one
can find quasimodes concentrating near a stable closed geodesic for large
real frequencies. We refer to [45, Section 10] and the references therein.

The setup here is more flexible since there are no boundary conditions or
global conditions on a closed manifold required of the family {vs}. Therefore,
a construction of local nature is sufficient. We will give a direct argument
analogous to the construction of Gaussian beams, which are approximate
solutions of the wave equation localized near a geodesic [18]. The fact that we
need approximate eigenfunctions with slightly complex frequencies instead
of real ones will not present any complications. A version of this construction
that also takes into account possible reflections is given in [20].

For most of this section we will write (M, g) for the transversal mani-
fold instead of (My, go) in order to simplify notation. Let (M, g) be an m-
dimensional compact oriented manifold with smooth boundary (thus m =
n —1 > 2). Recall that a unit speed geodesic v : [0, L] — M is called non-
tangential if 4(0),%(L) are nontangential vectors on M and ~(t) € Mt
for 0 <t < L. Theorem 1.4 is the following statement.

Proposition 3.1. Let « : [0, L] — M be a nontangential geodesic, and let
A € R. For any K > 0 there is a family of functions (vs) C C°°(M), where
s=71+1A and 7 > 1, such that

2 -K
1(=8g = s7)sll L2y = O(T7), sl L2(ar) = O(1)
as 7 — oo and for any ¢ € C'(M) one has
L
lim / |vs |22 AV = / e M ((t)) dt.
T—00 M 0
In the case where (M, g) is simple, the method in [8] (although it was not
written exactly in this way) reduces to using approximate eigenfunctions
of the above type to recover attenuated geodesic ray transforms of desired
quantities. In fact, a version of Proposition 3.1 on simple manifolds follows
easily from the methods in [8].
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Proposition 3.2. Let (M, g) be simple, let A be a fixed real number, and
let v : [0, L] — M be a nontangential geodesic. For any 0 < az < 1 there is
a family {vs; s =7+ @A, 7 > 1} in C°(M) such that

1(=Ag = s*)vsllz2ary = O(T%),  llvsllz2(ary = O(1)
as T — 00, and for any ¢ € C(M)

L
/ vy rin|?2 dV, —>/ e"Plp(y(t)) dt  as T — 0.
M 0

Proof. One first embeds (M, g) in a slightly larger simple manifold (D, g)
and considers polar normal coordinates (r, ) centered at a point w € D~ M.
There exist w € D~ M and 6y € S™ ! so that v is part of the geodesic
r +— (r,6p) in D (any nontangential geodesic in M arises in this way for
some w and ). By using a WKB ansatz and choosing suitable solutions of
the eikonal and transport equations as in [8, Section 5], the quasimodes at
frequency s = 7 4+ i\ can be chosen as

vs(r,8) = ¢ |g(r,0)| " *b7(0)
where b, € C°°(S™1) is an approximation of the delta function so that

[0 llL2(5m-1y =1, [[brlw2oo(gm-1)y = O(T%),
by |2 dS — 6, weakly as T — oo.
0

A direct computation shows the required norm bounds, and we have for any
v e CE (M

L
/ ]’UTHA]Qw dVy —>/ 6_2)"”1#(7“, Oo) dr as T — oc.
M 0
O

We now move to the proof of Proposition 3.1. The main difference to the
case where (M, g) is simple is that the quasimodes can not be constructed
using the WKB ansatz by solving eikonal and transport equations globally
in M. Instead, we follow the construction of Gaussian beams: the eikonal
and transport equations are only solved to high order on the geodesic, and
we employ a complex phase function with Gaussian decay away from the
geodesic. The phase function will be obtained by solving a matrix Riccati
equation.

We first record a few elementary lemmas (for proofs see [20, Section 7]).

Lemma 3.3. Let (M, g) be a closed manifold, and let 7 : (a,b) — M be a
unit speed geodesic segment having no loops. Then there are only finitely
many times t € (a,b) for which + intersects itself at v(t).

Lemma 3.4. Let F' be a C*° map from a neighborhood of (a,b) x {0} in
R™ into a smooth manifold such that F'|(, )« 0} is injective and DF(t,0) is
invertible for ¢ € (a,b). If [ag, bo] is a closed subinterval of (a,b), then F' is
a C* diffeomorphism in some neighborhood of [ag, bp] x {0} in R™.

The next lemma gives a system of Fermi coordinates near a geodesic that
will be useful for the construction of Gaussian beam quasimodes. If the
geodesic self-intersects, one needs several coordinate neighborhoods.
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Lemma 3.5. Let (M ,g) be a compact manifold without boundary, and
assume that v : (a,b) — M is a unit speed geodesic segment with no loops.
Given a closed subinterval [ag, bo] of (a,b) such that 7|4, s, self-intersects
only at times ¢; with ap < t; < ... <ty < by (set to = ap and ty41 = by),
there is an open cover {(Uj, goj)}jy:'gl of v([ao, bo]) consisting of coordinate
neighborhoods having the following properties:

(1) ¢;(U;j) = I; x B where I; are open intervals and B = B(0,4’) is an

open ball in R”~! where §’ can be taken arbitrarily small,

(2) »i(v(t)) = (¢,0) for t € I;,

(3) t; only belongs to I; and I, NI, = () unless |j — k| <1,

(4) ¢ = gron ¢ ((I; N 1) x B).

Further, the metric in these coordinates satisfies gjk\v(t) = o'k, 8Z-gjk|7(t) = 0.

Proof. The proof is based on Fermi coordinates. Choose {vg,..., vy} in
TW(GO)M such that {¥(ap),v2,...,vn} is an orthonormal basis of TW(aO)M.
Let E,(t) be the parallel transport of v, along the geodesic . Since #(t)
is also parallel along ~, the set {§(t), Fa(t),..., En(t)} is an orthonormal
basis of Tv(t)]\Zf for t € (a,b).

Define the function

F: (a7 b) x R - M? F(t7y) = eXpry(t)(yaECM(t))'

Here exp is the exponential map in (M ,g) and «, B run from 2 to m. Then
F(t,0) = ~(t) and (with e, the ath coordinate vector)

D Pt sea)] g = Eall), S F(1,0) = 3(0).
Thus F' is a C* map near (a,b) x {0} such that DF'(¢,0) is invertible for
t € (a,b).

In the case where 7y does not self-intersect, F'|(,p)x0} is injective and
Lemma 3.4 implies the existence of a single coordinate neighborhood of
v([ao, bo]) so that (1) and (2) are satisfied (then (3) and (4) are void). In the
general case, by Lemma 3.3 the geodesic segment 7|(4, 3, only self-intersects
at finitely many times ¢; with ag < 1 < ... <ty < by . For some sufficiently
small §, v is injective on the intervals (a,t;—0), (1 —26,t2—0), ..., (ty—20,b)
and each interval intersects at most two of the others. Restricting the map F
above to suitable neighborhoods corresponding to these intervals (or slightly
smaller ones) and using Lemma 3.4, we obtain the required coordinate charts
with ¢; = F*1|Uj.

It remains to check the form of the metric in the coordinates x where
! =tand 2% = y® with @ = 2,...,m. Since the set {§(t), E2(t),..., En(t)}
is orthonormal, it follows that

ikl () = Ojk-
Thus also 01g;k|+) = 0. We compute
9agjk = 0al0;,0k) = (Va,0;,0k) + (0;, Vo, 0k)
where V is the Levi-Civita connection. Since Vy,0p = Vg, d;, we have

Voo ily) = Vo, 9alyy = Vi) Ealt)]y@) =0
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because E, is parallel along ~. Thus 8agn\,y(t) =0, and also

Bag1ly(t) = (01, Vo, 08) |y = Lap(y(t))

where Fé.k are the Christoffel symbols. Considering the geodesic z(s) =
exp (1) (sa® Ea(t)) for some constants a®, so that z(s) is given in the z coor-

dinates by z(s) = (t,sa?,...,sa™), the geodesic equation
él(s) + Fék(z(s))zj(s)zk(s) =0
implies that for all a, 3 =2,...,mand [ =1,...,m we have

Iy (v(1)a%” = 0.

Since a® were arbitrary and Flaﬁ = I‘% o We obtain

Los(v(1) = 0.

Thus Oag1sly () = 0. Finally,

0agpsly(ty = (Vo.08, s) + (95, Vo, 05) () = Do (v(8)) + T25(v (1))
=0.

We have proved that 8Z-gjk]7(t) =0 for all 7, j, k. O

Proof of Proposition 3.1. We begin by embedding (M, g) in some closed
manifold (M ,9), and extend v as a unit speed geodesic in M. Let € > 0
be such that y(t) € M ~ M for t € [~2¢,0) U (L, L 4 2¢] (here we use the
fact that v is nontangential). Our purpose is to construct a Gaussian beam
quasimode near y([—¢, L + ¢]).

Fix a point pg = v(t9) on v([—¢, L +¢]) and let (¢,y) be coordinates near
po, defined in a set U = {(t,y); |t —to| < 0, |y| < '}, such that the geodesic
near po is given by I' = {(¢,0) ; |t — to] < J}, and

g*lr =%, 9ig*r = 0.
Here we write x = (t,y) where t = x; and y = (z2,...,%m). (Of course we

will later use the coordinates in Lemma 3.5.) We will construct a quasimode
vg concentrated near I', having the form

where s = 7 + ¢\, and © and a are smooth complex functions near I' with
a supported in {|y| < ¢§'/2}.
We compute

(—A— 52)113 =f
where

f=e"9(s%[((dO®,dO) — 1)a] — is[2(dO, da) + (A®)a] — Aa).

Here, the g-inner product (-, -) has been extended as a complex bilinear
form to complex valued tensors. We first choose © so that

(d©,dO) =1 to Nth order on I (3.1)
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In fact we look for © of the form © = Zj’vzo ©; where

0ty = Y el

a!
lal=j
We also write g/* = Z{io gl]k + r%"’ﬂ where

ik
" 91,5(t) " N
gl"(ty) = A v’ e = O(ylN .
1Bl=t

By the properties of our coordinates, ggk = 6% and g{k =0.
Choose ©¢(t) =t and O1(t,y) = 0. With the understanding that j, k run
from 1 to m and «, 8 run from 2 to m, we have

g*0;00,0 —1=(1+g' +.. )1+ 002+ ..)1+ 802+ ...)
+2(g3% + .. )1+ 0O +...)(0,, 02 +...)
+ (0% 4 957 4+ .. )(0ya©2 + 0y, O3 + .. )(Dy; O + O3 +...) — 1
= [20,02 4 V,05 - V07 + g31]

N p
+3 [2at@p +2V,0:-V,0,+ > gi' Y 80,00,

p=3 1=0 Jt+k=p—1
J:k<p
D p—2
12301 Y 90,0.00+ > g7 Y0 0.0,050] +O(yN ).
=2 Jtk=p+1—1 =0 j+k=p+2—1
k>2 2<j,k<p

We want to choose ©2 so that the first term in brackets vanishes. Writing
O (t,y) = 3H(t)y -y where H(t) is a smooth complex symmetric matrix, it
follows that H should satisfy the matrix Riccati equation

H(t)+ H(t)?> = F(t)

where F(t) is the symmetric matrix such that gi!(¢,y) = —F(t)y-y. Choos-
ing H(ty) = Hy where Hy is some complex symmetric matrix with Im(Hy)
positive definite, it follows that the Riccati equation has a unique smooth
complex symmetric solution H () with Im(H (¢)) positive definite [18, Lemma
2.56]. This completes the construction of ©2. From the lower order terms
we can find Og, ..., Oy successively by solving linear first order ODEs on I
with prescribed initial conditions at tg. In this way, we obtain a smooth ©
satisfying (3.1).
The next step is the find a such that, up to a small error,

s[2(dO,da) + (ABO)a] —iAa =0 to Nth order on I'.
We look for a in the form

m—1

a=T7 1 (ap+8 ta_1+...+ S_NG—N)X(y/(S/)
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where x is a smooth function with x = 1 for |y| < 1/4 and x = 0 for
ly| > 1/2. Writing n = A®, it is sufficient to determine a; so that

2(dO, dag) + nap =0 to Nth order on I',
2(dO,da_1) + na_1 —iAay =0 to Nth order on T,

2(dO,da_n) +na_n —ilAa_y_1) =0 to Nth order on T
Consider ag = ago + ... + agn where ag;(t,y) is a polynomial of order j in
y, and similarly let n = ng + ...+ nny. The equation for ag becomes

21+ git 4+ .. ) (1 + 302 + ...)(Brago + rapy + - . .)
+4(g3* + .. )1+ 9O + .. ) (Dy a0 + Dy, a0z + ...
+2(0% + 657 4 .. )9y O2 + 9y O3 + .. )(Dyya01 + Dyya0z +...)
+ (mo+m+...)(aoo +ao1 +-..)
= [20ra00 + Moaoo] + [20ca01 +2VyO2 - Vyaor + noaot + niago] + - - ..
Here
no(t) = AO(t,0) = 3y, (Hap(t)ys) = tr H().
We want to choose agg so that the first term in brackets vanishes, that is,
1
Orago + i(tr H(t))agp = 0.
This has the solution
1 rt
aoo(t) = C()ei5 ftO br H(s) ds, aoo(to) = ¢p.
For later purposes we choose the constant as

4/det Tm(H (to))

Cy = . (3.2)

\ /meil e—lyl? dy
We obtain ag1, ..., aon successively by solving linear first order ODEs with
prescribed initial conditions at ty. The functions a1,...,an may be deter-

mined in a similar way so that the required equations are satisfied to Nth
order on I'. This completes the construction of a.
We have constructed a function vy = ¢**€q in U where

1 -

Ot.y) =t+ H(t)y y+6,

a(t,y) = T (ag+s a1+ ... +s Na_n)x(y/d),
1 rt

ao(t,()) — e 2 fto trH(s)ds.

Here © = O(|y|®) and © and each a; are independent of 7. Also, f =
(—A — s?)v; is of the form

f= eiseTmT_l(s2h2a +shi+...+ s_(N_l)h_(N_l) —is NV A(a_nx(y/5)))

where for each j one has h; = 0 to Nth order on I'.
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To prove the norm estimates for vs in U, note that

‘eis(%’ _ ef)\Re@efTIm@ _ e*/\tef%TIm(H(t))ygef)\O(\yP)6770(\y|3).

Here Im(H (t))y -y > c|y|? for (t,y) € U where ¢ > 0 depends on Hy and 6.
This implies that for ¢ in a compact interval, after decreasing ¢’ if necessary,
we have

os(t,y)| S 77T e 1T (y/8).
This shows that

m=1 _ 1 2
osll 2y S 775 e 5T 2y = O(1),
m=1 1,112 _ 3-N
I(=A = )osll 2wy S 17T e 3Ty N 4 77| 2y = O(7 )
as 7 — 0o. The norm estimates for vs in U follow upon replacing N by
2K +3.

For later purposes we record an additional estimate: if U N OM # (0, the
fact that the geodesic is nontangential allows to write OM locally in the
(t,y) coordinates as {(t(y),v);|y| < €} for some smooth function ¢ = ¢(y).
By choosing §’ small enough, we then have

1

m—1
loslisonn = [ il ase) £ [ et ay
lyl<e Rm—1

= 0(1) (3.3)

as T — 00.

We will now construct the quasimode vg in M by gluing together quasi-
modes defined on small pieces. Let vy([—e, L + €]) be covered by open sets
U© ..., U™ asin Lemma 3.5 corresponding to intervals 1 () (with the same
&' for each UY)) such that one can find quasimodes in each UU), We first
find a function v§°) = €150 50) jp U0 a5 above, with some fixed initial
conditions at ¢t = —e for the ODEs determining ©(®) and a(?). Choose some
th with y(th) € UO N UM and construct a quasimode ol = €10V () i
UM by choosing the initial conditions for the ODEs for ©1) and a(!) at to
to be the corresponding values of ©©) and a(® at to- Continuing in this way
we obtain UL(QQ), . ,vé”. Let {x;(t)} be a partition of unity near [—¢, L + €]
corresponding to the intervals {7}, let X;(t,y) = x;(t) in UG, and define

T
Vs = Z vagj)'
=0

Note that the ODEs for the phase functions and amplitudes have the same
initial data in U and in UG+ which shows that we actually have qu ) =

9 i U0 A UG, I particular, if pi,...,pgr are the distinct points
where the geodesic self-intersects, if 0 < ¢; < ... < tg are the times when
the geodesic self-intersects, and if Vi, ..., Vg are small balls centered at p;,

then choosing ¢’ small enough we have a covering

supp(vs) " M C (UleVj) U (UleWk)
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where, in each Vj, the quasimode is a finite sum

vs!vjz Z ng%

v(t)=p;j
and in each Wy, there is some [(k) so that the quasimode is given by

I(k
v8|Wk = vs( )

This shows that L? bounds for vs and (—A — s?)vs in M follow from the

corresponding bounds for each vgl) .

We still need to verify the limit

L
/ [vrin 24 dV, —>/ e Pp(y(t)) dt  as T — 00
M 0

for any ¢ € C(M). By a partition of unity, it is enough to consider functions

Y with ¢ € Ce(V;NM) and ¢ € C.(WNM) (thus ¢ may be nonzero on OM).

Let us begin with the case where ¢ € C.(Wj N M) for some k. Then vy =
- m—1

e"®q where © = t+1H(t)y-y+O(ly|*) anda =7 1 (ap+O(771))x(y/5).

Let p = |g|*/2. We have

/Mrvfmrzw av,

L
= / / 6—2)\te—TIm(H(t))y-y€7-O(|y|3)eO(ly\Q)Tmz_1 (|a0’2 + O(T_l))x(y/5')2¢p dt dy
0 Jrm-1

L .
Y B SV o~ Im(H()yy m~/20(yl?) ;7 O(l?) o
0 Rm—1

(lao(t, 77 2y) 2 + O(r 1) x(y/m/28' )0 (t, 7 2y) p(t, 7~/ %y) dt dy.

Since Im(H(t)) is positive definite and ¢ is sufficiently small, the term
e Im(H®))yy dominates the other exponentials and one obtains

lim / o7 a9 dVy
M

T—00

L
= [T ([ e mmomay) jaute o)t o)p(e.0) .

Evaluating the integral over y and using that p(t,0) = 1 gives
lim / o7 a9 dVy
M

_ </ €*‘y|2d > Le*2)\t |a0(t’0)|2 w(t 0) dt
= Ugmos ) ) Jdet m(H@)

1t
Here ag(t,0) = agp(tp,0)e 2 Jio rH(9ds  Now we use the fact in [18, Lemma
2.58] that solutions of the matrix Riccati equation have the property

ds
det Tm(H (1)) = det Tm(H (tg))e > Jio REH (D ds.

It follows that |ag(t,0)|?/+/det Im(H (t)) is constant in time. The choice
(3.2) fixes this constant and proves the limit for ¢ € C.(Wj, N M).
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Now assume that ¢ € C.(V; N M), so that

= Y nsupp(e), oY = 0Vl

It follows that

o= 3 ROP+ 3 oD,
v(t)=p; 1A
Y(t)=(t))=p;

The computation above gives the right limit for each |v§l) |2 term. Therefore,
it is enough to show that limits for the cross terms vanish as 7 — oc.

Since all self-intersections must be transversal, and since dO® (y(t;)) is the
covector corresponding to (t;) with respect to the metric, we may assume
(by decreasing the sets V; in the original construction if necessary) that
Re(d0Y) —d0") is nonvanishing in V; if v(t;) = y(ty) = p; but I # I'. The
cross terms lead to terms of the form

/ v dv = / e OwWDwy dV
V;NM

i V,NnM

where ¢ = Re(0@") — @) has nonvanishing gradient in V;, and w() =

eisIm(0() c=ARe(®) (") We wish to prove that

lim e w Dy dv =0, 141, (3.4)
T—00 VJﬁM

showing that the cross terms vanish in the limit. To show (3.4), let ¢ > 0,
and decompose 1) = 11 + 1P where 11 € C°(V; N M) (11 may be nonzero
on OM) and |92 peo(v;nary < €. Then

[ ey v € a0z 2l S 2
V;NM

since ||w |2 < [v]|2 < 1. For the smooth part 11, we employ a non-
stationary phase argument and integrate by parts using that

) 1 )
€™ = ZL(e"?), Lw = (|dp|2d¢, dw).

iT
This gives
/ e O @y ay = [ %0 im0y TTy, dS
V,nM on iT|de)|
+ l e LHwDw @) dV.
1T ijM

Since \\v(r)\|L2(aM) = O(1) by (3.3), the boundary term can be made arbi-
trarily small as 7 — oco. As for the last term, the worst behavior is when the

isIm(©(")

transpose L! acts on e , and these terms have bounds of the form

1A (@) o] 2 o] [ |1]| o=
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Here |d(Im(©®))| < |y if (t,y) are coordinates along the geodesic segment
corresponding to v, and the computation above for ||v¥)|| ;2 shows that

1d(@m(©D)) v g2 |0 | |1 || e S 7712
This finishes the proof of (3.4). O

In the end of this section, we switch back to writing (My, go) for the
transversal manifold. Instead of using injectivity for the attenuated ray
transform (see [8, Section 7] and [36] for injectivity results), we will reduce
matters to the unattenuated ray transform.

Proof of Theorem 1.4. This is exactly Proposition 3.1. O

Proof of Theorem 1.2. Assume the conditions in Theorem 1.2, and write
q = c(q1 — q2). As discussed in the end of the proof of Theorem 1.3, we can
extend g by zero to R x My so that the extension, also denoted by g, is in
C.(R x Mp). Now, the combination of Theorems 1.3 and 1.4 implies that

/Q(2A,fy(t))e2/\t dt =0 (3.5)
.
for any A € R and for any nontangential geodesic v in My, where

g2\, 2') = / e 2N () a!) day.

Thus the attenuated geodesic ray transform of ¢(2), -), with constant at-
tenuation —2)\, vanishes over all nontangential geodesics in M.

Assume now that the unattenuated ray transform in My (the case A = 0)
is injective. Evaluating (3.5) at A = 0 shows that

/ §(0,(t)) dt = 0

for all nontangential geodesics . Injectivity of the ray transform then gives
that ¢(0, -) = 0 in My. Next we differentiate (3.5) with respect to A and
evaluate at A = 0, to obtain

/v [22?;(077(75)) —2tG(0,7(t))| dt = 0.

But since §(0, -) = 0, this implies the vanishing of the ray transform of
%(0, -) and hence also the vanishing of %(0, -) in Mjy. Taking higher
derivatives with respect to A in (3.5) and continuing this argument implies

that

2
and for all £ > 0. Using that ¢( -, 2’) is analytic as the Fourier transform of
a compactly supported function, we see that ¢(&1,2") = 0 for all & € R and
' € My. Thus ¢ =0, or ¢ = ¢o as required. O

Proof of Theorem 1.1. First note that C, = {(f,A,f); f € HY?(dM)},
where A4 is the DN map

o k
< > G(0,2"y =0 for all 2/ € My

Ay ulony — Opulon, Agu=10in M.



CALDERON PROBLEM IN TRANSVERSALLY ANISOTROPIC GEOMETRIES 23

If (M, g1) and (M, g2) are two CTA manifolds in the same conformal class
with Cy, = Cy,, we write go = g and g1 = cg where c is some positive
function. Then

Aeg = Ay

Boundary determination [8, Proposition 8.1] implies that c|spp; = 1 and
dyclopr = 0. Using [8, Proposition 8.2], this implies the following identity
for DN maps of Schrodinger equations in (M, g),

Agyfc(Ic = Ag,Oa

where ¢, = C%Acg(c_%). Since (M, g) is a CTA manifold and the ray
transform in the transversal manifold was assumed to be injective, we can
now use Theorem 1.2 to conclude uniqueness of the potentials, —cg. = 0.
But this implies that

n—2 n—

Agg(c™ T )=0in M, ¢ 42]3M:1.

Uniqueness in the Dirichlet problem implies that ¢ = 1 in M, which shows
that g1 = g2. U

In the next section, we outline an alternative method for constructing
quasimodes concentrating near a geodesic. The method is based on mi-
crolocal reductions instead of the direct construction that was given above.

4. MICROLOCAL CONSTRUCTION

Another possible approach to constructing quasimodes is a microlocal
one; canonical quantization by a Fourier integral operator allows one to
reduce the semiclassical operator A, + s? to a simple form and construct
the corresponding quasimodes. It will be convenient to use semiclassical
conventions, and choose h = 771 as a small parameter. We refer to [30] and
[47] for a general presentation in semiclassical analysis. Let us nevertheless
begin, for the convenience of the reader and to set our notations, by recalling
a few definitions and results, which we will need in our exposition.

4.1. Elements of semiclassical analysis. Semiclassical Sobolev spaces
HP, on a closed Riemannian manifold (or in Euclidean space) are defined like
classical Sobolev spaces but are endowed with the following norms depending
on the semiclassical parameter h € (0, 1],

k 1
. 2
lullaz, = ( 319l

Jj=0

where V7 are covariant derivatives on the Riemannian manifold. Semiclas-
sical symbols of order k on T*R™ are smooth functions a on R?*™ depending
on a parameter h € (0, 1] for which for all multiindices (o, ) € N x N we
have

ket

271020 alw, &, )] < .

Cop = sup (1+1¢P)
(z,£)eT*R™ he(0,1]
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The linear space of such symbols is denoted S% (T*R™). Pseudodifferential
operators are defined through the semiclassical Weyl quantization

(Opp ayula) = (2t [ [ ehte- (“y,s h) (v) dy de

of asymbol a € S (T*R™) and we denote ¥* (R™) the corresponding space
of operators. Symbols on the cotangent bundle on a compact manifold are
smooth functions on T*M x (0,1] which after cutoff to a coordinate patch
pull back under local coordinates to symbols on T*R™, Pseudodifferential
operators of order k£ on a compact manifold M are operators Ay, : C°(M ) —
C*°(M) such that for all pairs of coordinate patches U,V and all cutoff
functions ¢ € C°(U), ¢ € C(V)

° ||1/1Ahg0\|L(H;fv7HS]\Cf]) = O(h®>) for all integers N if the supports of ¢

and v are disjoint,
e Ay written in local coordinates is a pseudodifferential operator
Opy, @ on R™ with symbol a € S*(T*R™).

We write \IJSCI( A) for the linear space of semiclassical pseudodifferential
operators of order k on M. Using a partition of unity and local coordinates,
it is possible to quantize any Semlclassmal symbol a € SSCI(T M ) into a
pseudodifferential operator Op;, a € \Ifsd( ) Conversely, one can define a

map which to any pseudodlfferentlal operator Ay € Uk (M ) associates a

scl
class [a] of symbols in S& (M)/ thd L(M) called the semiclassical principal

symbol of A such that A, — Op,a € h\Iffcll( ). As usual one identifies a
class of symbols with any of its representatives.

Definition. A family u = {up }o<n<p, of distributions on a closed compact
manifold M or on R™ is said to be tempered if there exists an integer N
such that ||Uh||H—N = O(h™N).

The Semlclasswal wavefront set WFg(u) of a tempered family of distri-
butions v = {up }o<n<n, on a compact manifold M (resp. R™) is the com-
plement of the set of points (g, &) € T*M (resp. T*R™) for which there
exists a symbol a € Sgcl such that, for some constant ¢ > 0 independent of
h, one has |a(zg, )| > ¢ and

[(Opy a)un||z2 = O(h™).

If Ay, = Opy, a, one traditionally denotes by WFg.(Ap) the essential sup-
port of a, i.e. the complement of points (z,£) in the cotangent bundle for
which 836?@ = O(h®) near (z,¢) for all a, §.

In the Euclidean space R™, there is an equivalent definition involving the
semiclassical Fourier transform

Fale) = [ ¢ #r%uty) dy

Definition. A point (z9,&) € T*R™ does not belong to the semiclassical
wavefront set of a tempered family of distributions on R™ if there exist
smooth compactly supported functions y, 1 which equal 1 near xg, respec-
tively &y such that

YFn(xu) = O(h™).
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Remark. From the previous definition, the behaviour of the semiclassical
wavefront set with respect to tensor products is clear:

WFscl(u®w) = {(xvya§777) : (.1‘,45) S WFscl(u)a (yﬂ?) € WFSCI(U)}-

Example 4.1. The following examples of semiclassical wavefront sets of
functions in the Euclidean space will be useful to our purposes: both are
easily deducible from the definition involving the semiclassical Fourier trans-
form.

1. Coherent states or wave packets
WFy ((ﬂ-h)*%e*ﬁ\xf:po|2+%(zf:vo)-£0) = {(z0, &)}

(This is example (i) page 195 section 8.4.2 in [47]).
2. Smooth functions independent of the semiclassical parameter h :

WFg(u) = suppu x {0}
(see Remark (ii) page 195 section 8.4.2 in [47]).

We also recall the action of semiclassical Fourier integral operators whose
canonical relation is the graph of a canonical transformation. Fourier in-
tegral operators are operators whose Schwartz kernels are semiclassical La-
grangian distributions associated with a Lagrangian manifold. We will con-
sider Fourier integral operators associated with a Lagrangian manifold which
is the graph of a canonical transformation. We denote m; : T*R"™ — R the
first projection. A Fourier integral operator of order k associated with the
graph

G = {(2.6,5(2,0) : (2,6) € V}
of a canonical transformation ¢ : V — W between two open sets V, W of
T*R™ is an operator which maps distributions on X = 71 (V) to distributions
onY = 7 (W) whose kernel can be written modulo a smooth function which
is O(h*°) as the sum of terms of the form

Un(e,y) = (21h) " / eH @OV (€. ) de

where a € S¥(T*R™) and ¢ is a generating function of the canonical trans-

formation ¢. We recall that a function ¢ : V. — W is a generating function
of G if

G = {(z,00p(x,€), O p(,€), &) : (2,6) € V}
in other words, the relation between the canonical transformation ¢ and the
generating function ¢ is given by

o(2,0:0) = (Oep, €)-

For notational purposes, one needs to introduce the twisted relation

G ={(z,y,6,—n): (z,&,y.n) € G}.
Indeed, the semiclassical wavefront set of the kernel Uy, is contained in G’ C
T*(X xY).
One denotes I* (X x Y, G’) the space of such Fourier integral operators.
The reason for adopting this notation is that one abuses notations by iden-
tifying Fourier integral operators with their kernels which are semiclassical
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Lagrangian distributions on X x Y with semiclassical wave front set con-
tained in the Lagrangian submanifold G’ of T*(X x Y). If one or the other
of the sets X, Y is a manifold without boundary, then the previous form has
to be understood in local coordinates in x or .

Lemma 4.1. Let U, € I¥,(X x Y,G') be a Fourier integral operator as-
sociated with the graph G of a canonical transformation ¢ : V +— W
(mapping distributions on an open set X = m1(V) C R™ to an open set
Y = 1 (W) C M), then the semiclassical wavefront set is transformed un-

der the action of Uy in the following way
WFscl(Uhuh) C C(WFsd(uh) N V)
We will also need a semiclassical version of Egorov’s theorem.

Theorem 4.2. Let U, € I¥(R™ x M,G"), Vj, € IS_C{“(M x R™ (G71)’) be
two semiclassical Fourier integral operators respectively associated with the
graph G of the canonical transformation ¢ and the graph G~! of ¢!, and A €
\Iléd(M ) a pseudodifferential operator then Vj, AU} is a pseudodifferential
operator in M with principal symbol X(s*a) where x is the principal symbol
of the pseudodifferential operator V},Uj, € W (M ).

scl

In the classical setting, this is Theorem 25.3.5 in [16], for semiclassical
versions one can refer to [27, Theorem 4.7.8] and [47, Theorem 11.5].

4.2. Semiclassical defect measures. It is time to introduce the notion of
semiclassical defect measures which our introduction evoked and which lifts
the measure used in our proofs to the cotangent bundle. Let (M, g) be a
compact Riemannian manifold with boundary. We refer to [6] for a survey
on semiclassical measures and to [47, Section 5.3].

Definition. Let (v;);2; be a bounded sequence of L? functions on M and
(hj)52, a sequence of reals in (0,1] (called a sequence of scales) converging
to 0. There exist subsequences (v, )72, (hj,)i>,; and a positive Radon
measure g on T* M™ such that for all a € C°(T* M™*)

klggo /M Ap;, 05, U5, dV = /*M adp
where Ahjk is a semiclassical pseudodifferential operator with principal sym-

bol a and parameter hj,. Such a measure is called a semiclassical defect
measure associated to the sequences (v;)32; and (h;)72;.

We are interested in the semiclassical defect measures associated with
our family of quasimodes (vs; );";1 for a sequence s; = h;l + 4\ with (hj);?‘;l
converging to 0

120y — (14 M)l 2oy = o), llollizan = O(1)  (4.1)
as j — 00.

Lemma 4.3. All semiclassical measures associated to the sequence of quasi-
modes (4.1) are supported in the cosphere bundle S*M™*,
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This is a consequence of Theorem 5.3 in [47] since the semiclassical princi-
pal symbol of —h?Ay— (14iXh)? is |(]2— 1. The adaptation to the manifold
case is straightforward.

Lemma 4.4. All semiclassical measures associated to the sequence of quasi-
modes (4.1) satisfy the following transport equation

t(Hp),U =4
where H, is the Hamiltonian vector field of the symbol p(z,&) = [¢[2 =
9" (2)€5Ex-

Proof. Let a € C°(T*M™) be real-valued, and choose ¢ € C°(M int) which
equals one on the projection of suppa on M™. Since a is real valued, the
pseudodifferential operator Ap; = Oph]_ a is self-adjoint and we have

1 2 2
Z'Tj Im(*thg(@ZWj)vAhj(ﬁwj))Lz(M)

([An,, —h5 Aglvrvj, ¥v5) 1oy h;
2
h;

Im( — h3Agvj, An,vj) 1oy + O(BSF)

= 4)\(Ahjvj, Uj)LQ(M) + 0(1). (4.2)

The principal symbol of the commutator ih;l[A, —h?Ag} is the Poisson
bracket {a, [¢ |§} = —H,a therefore the left-hand side term equals

( Ophj (Hpa)vjv UJ)LQ + O(hj)
Passing to the limit in the equality (4.2), we finally get

/ (Hpa)dp = 4)\/ adp
*M *M

which proves the claim. U

Remark. If we were considering the semiclassical defect measure ji associ-
ated with quasimodes on a closed manifold M then the transport equation

would imply qg;f o = e[, where & denotes the cogeodesic flow on (M ,9)-

4.3. Microlocal quasimodes. As in the previous section, to simplify no-
tations we will write (M, g) for the transversal manifold instead of (M, go)-
Thus, let (M, g) be an m-dimensional compact oriented manifold with smooth
boundary and let v be a non-tangential geodesic. Once again, we embed
(M, g) in some closed manifold (M ,g), extend  as a unit speed geodesic in
M and let € > 0 be such that v(t) € M ~ M for t € [~2¢,0) U (L, L + 2¢].
We recall that h = 77! is our semiclassical parameter. After factorization
of the operator

Ay + (1 +iN? = 72(h? A, + (1 +i\h)?)

= (/=m0 + 1+ iAR) (\/=h2A, — 1 - ixR)

it becomes clear that one has to seek vg such that

H (,/—hmg 1 i/\h)vs »

scl

= O(h5*2), s=h"14i
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In fact, we will construct an O(h*>) quasimode. First, we will need the
following proposition from [16], which is a global version of the microlocal
canonical reduction of a principal type operator.

Proposition 4.5. Let I be a compact real interval and I' : I — S*M be
a non-closed cogeodesic curve, let €, = (0,...,0,1) € R™, one can find
a neighborhood V of the segment A = {((x1,0),e,,) : 71 € I} C R?™
and a smooth canonical transformation ¢ : V. — ¢(V) from V to an open
neighborhood (V') of I'(I) such that

§(<$170);€m) :F(x1)7 §*(\/gj—1)(x,€) = &1

This is (a non-homogeneous version of) Proposition 26.1.6 in [16] applied
to the symbol a = /¢7*(x)&;&, — 1. The proof follows Hormander’s book
and we provide it in the non-homogeneous case. Note that bicharacteristic
curves of a are cogeodesic in the cosphere bundle.

Proof. Assume that 0 € I. Using local coordinates (y,n) in a neighborhood
Wr (o of I'(0) € S*M, one can complete

&1 =aly,n) =vgly,n) -1, (y,m) € Wr()

into a system (z,&) of symplectic coordinates near (0,&,,) by the Darboux
theorem. The map

X Vio.em) = Wro)
(z,8) = (y,m)

is a canonical relation from a neighborhood V(g .,y of (0,&;,) in T*R™ to a
neighborhood Wy of I'(0) in T*M such that

x‘a=¢&, x(0,e,)=T(0).
Note that
X((:Cl,()),e’fm) = P(‘xl)

for all 1 close to 0 since both functions satisfy the same system of ordinary
differential equations

or
e =H,oT
88;(1((961, 0),em) = {1, x((21,0),em)} = Hy o x((21,0), &) (4.3)

with same initial condition. In order to prove the lemma, it suffices to extend
x to a neighborhood V of the segment A, by taking the maximal solution ¢
of the system of differential equations

g
— =H,
a1 s (4.4)

g(()’ ;L'/’ g) = X(07 '1‘/76)'
Note that 1 — ¢(x,§) are bicharacteristic curves of a, hence cogeodesic

curves in the cosphere bundle flowing through V. Therefore it follows from
the assumption that I' is not closed that the extension ¢ is a diffeomorphism
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if V' is small enough. Furthermore, it is a canonical transformation: if
(X,Z) = s !(y,n) then we have

H,X1=1 H,X;=0 forj=2,....m, H,Z;=0 forj=1,...,m,
from which we deduce by the Jacobi identity
Ho{X;, Xy} = H{Z;,E,} = Ho{X;,Ex} =0

and therefore these Poisson brackets are constant along integral curves of
H,, in particular

(X5, Xe} = {zj, 2} =0, {Zj,Ep} = {&, &) =0, { X5, E} = {2, &} = — 0
Since ¢ extends y we have

§((:L'1,0),€m) = X(($170),5m) = F(wl)

and since ¢ is a solution of (4.4) we also get

a(g(x, f)) = a(g(O, xlv 5)) = CL(X(O, 93/,6/)) =&

This completes the construction of the canonical transformation . O

Our choice for I is the cogeodesic curve in S*M which projects on the ge-
odesic v in M and we take I = [—¢, L+¢]. The next step is the quantization
of such a canonical transformation.

Proposition 4.6. Let I : T — S*M be a non-closed cogeodesic curve, and
let ¢ be the canonical transformation introduced in Proposition 4.5. For all
A € R, there exist semiclassical Fourier integral operators U, € ISOCI(R’” X
M,G"), V) € ISCI(]\Z[ x R™ (G~1)) associated with the graphs G, resp. G~1,
of the canonical transformation ¢, resp. ¢!, such that WF(UpVy, — 1),
WF (ViU — 1) do not intersect I'(I), resp. A, and such that

Vh(, [—h2A, —1— z’)\h) U, = (hDy — iMh) + Ry + A

where Ry, € h°°W_°(M) and Aj, € W0 (M) is such that WFg(Ap)NA = @.

scl scl

Proof. There exist! semiclassical Fourier integral operators Uy, € Igcl(Rm X

M,G"), Vi, € I% (M xR™, (G1)) such that WFey(UPV,?—1), WFy (VU —

scl

1) do not intersect I'(]), resp. A. By Egorov’s theorem one has

v,?(1 [—h2A, — 1)U,Ej = VOURD, + hRY

where RY € \Ilgd(M ). It remains to improve the remainder RY, and this can

be done by further conjugation by two elliptic pseudodifferential operators
UL vl e ¥ (R™) such that VU — 1,0V} —1 € U_°(R™) and

scl

[hDy1, UL] + hR)UL € h>°T_2°(R™).

scl

1One chooses Uy, to be non-characteristic near A x I'(I) and the construction of V4 is the
standard construction of a parametrix (see Remark on bottom of page 27 after Definition
25.3.4 in [16] for the classical case, Theorem 11.5 in [47] for the semiclassical case).
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This can be done by choosing U} = Opj, a where a ~ Zj>0 hla; is the
asymptotic sum of a sequence of symbols (a;);>¢ satisfying the recursive
equations

;azlaj + ra; = —rj—1

where r is the principal symbol of R?l, r—1 = 0, and r;_1 is a principal
symbol of the operator

R; = h*J*Q([th,oph(aﬁ- -+l a;)]+hR)) Opy(ag+- - .+hjaj)) cw !

This sequence of equations can be explicitly solved and the solutions

Tl
ag = exp </ r(y1, ') dy1>
0
Tl
o = =ian( O [ st .o’ i
0

are symbols of order j.
Taking U, = U, ,?U }1 and V, = Vh1 V,? we finally get

Vh(\ [—h2A, —1 - z’Ah) Up = (hDy — iA) + (ViUp — 1)(hDy — ih) + Ry,

with R, = V! [th, ULl + R)U, € h>°U_°(R™). Because of the wavefront
set properties of UY and V2, the remainder term Ay, = (V2UP —1)(hD1—i)h)
has a semiclassical wavefront set which does not meet A. O

Having reduced the operator, it is now easy to construct quasimodes for
the simple normal form hD; —iAh; in fact, we may as well choose a solution
of the equation (01 + A)v = 0, and take as our quasimode the function

vs = Un(H(z1)e ™ wp(a))),  [lwnllr2@m-1) = O(1) (4.5)

where wy, is smooth and where H is a smooth cutoff function supported in
[~2, +00) which equals 1 on [~1,+00) so that H(x1)e 1wy, (2') is an L?
function. That this could indeed be a possible quasimode is a consequence
of the following relation

Uhvh<w [—h2A, —1— i/\h>v3 — Uy, (hDy — iAR) (H (a1)e ™ wp, (2))
=—i(hOzy H)e 21wy,
+ Up Ry (He A wy (27)) + Up Ap(He ™y, ()

which leads to the estimate

[©Op ) (/=28 =1 =ixn)u|| |

scl

< [I(Op ) Un A (He 1wy, (@) | g1, + O(h)
when y € C°(V) is a symbol which equals 1 close to I'(I). It follows from
WFo (UpAn(He  wy(2')) NT(I) C (s(WFsa(4r))) NT(I) = @

that we have

1(Op X)Un Ap(He ™ wp, ()| g1, = O(h).
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Since x is localized in a neighbourhood of the cogeodesic I', we need
an additional estimate away from I'(/); in order to have such an estimate,
we must impose on our quasimode that its semiclassical wave front set be
contained in I'(I). This means that we require

WFscl(wh) = {(ngm)}' (4'6)

Lemma 4.7. The semiclassical wave front set of the quasimode vs given
by (4.5) with the microlocal constraint (4.6) is contained in the cogeodesic
curve I'(I):

WFa(vp-1440) € T(I).

Proof. Let 1 be a cutoff function. From the remark just after the defi-
nition of wavefront sets involving the semiclassical Fourier transform and
from the example 4.1.2, we deduce that the semiclassical wave front set of
Y(x)e 1wy, (2') is contained in the line A = {(x1,0,e,,) € R?™ : 21 € R}.
The lemma follows then from Lemma 4.1 since the line A is mapped into
the cogeodesic I' by the canonical transformation . O

From the Lemma, we have WFy ((\/—h2Ag —1- i)\h)vhqﬂ»)\) c I'(1)
and since 1 — x is supported away from I'(I), we deduce

H(l — Opy, X)(\/?Ag— 1-— Mh)vs -

scl

= O(h™)

Together with the previous estimate, this proves that v is a quasimode.
Having constructed our quasimode, we proceed to the study of the corre-
sponding semiclassical measure pu. Let a € C°(T*M™), we have

/M(Oph a)Vp~14ix Up-144x dV

= /m Ui (Opy, @)U (H (z1)e M wy, (2') H(zy)e 1wy, (2!) doy da’. (4.7)

By Egorov theorem, the conjugated operator has a simple principal expres-
sion

U (Opy, a)Up, = Opy(xs*a) + hRy,

0

w1+ We choose our

where x is the principal symbol of U;U, and R, € ¥
function wy, to be a wave packet

m—1

wp, = (wh)” 4

o~ an 1@ P+ am

and in the construction of Uy, one can take x to be one on I'(]).

Lemma 4.8. The semiclassical measure associated to the family
Vg = (ﬂ'h)_mT_lH(xl)e_)‘xle_ﬁlmlﬁ"'%xm

is H2($1)672)‘x1 dr1 ® 595/:075:5,%.
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Proof. Let a € C2°(R*™), we have

((Oph a)i}&ﬁs)L?(Rm) = 2_m(7'rh)—3m2*1 /// H(xl)H(yl)e—)\(ml—l-yl)

o o2 (2 PHYR) i (e—y)-(€—em) (fﬂ ; v 5) d dy de.

We can take (x+y)/2 and (z—y)/2 as new coordinates and after integration,
we get

((Opy, @)bs, Bs) 2 (gmy = (Th) ™" /// e A H (21 + y1) H(z1 — 1)
x enn€re i (P2 ! €, €) da dyy de.

We let h tend to 0 and obtain
: ~ o~ _ > 2 —2\x
}ll% ((Oph a)vs, Us)Lz(Rm) = /_OO H*(x1)a(z1,0,em)e tdxy
which completes the proof. O

Using the lemma, Egorov’s theorem and passing to the limit in (4.7), we
get

L+e
/ adp = / x(x1,0,em)s a(z1,0, am)e_”‘xl dx
*M

—€
L .

:/ a(T(z1))e 2 dey,  a € C°(M™)
0

since y equals one on I'(7). One can sum up our construction in the following
theorem.

Theorem 4.9. For any non-tangential geodesic on a compact Riemann-
ian manifold (M, go) with boundary, there exists a family of quasimodes
(Uh-11ix)he(0,1) such that

(h*Agy + (1+iAR)*)vp-1440 = O(R™)
lvn—14anllL2(aa0) = O(1)

with semiclassical wave front set contained in the cogeodesic I' projecting
on v and with associated semiclassical measure p on M}™ given by

L
/ ad,u:/ a(D(x1))e 1 day.
T* Mo 0

From this alternate construction, one can also deduce Theorem 1.4.

5. CALDERON PROBLEM IN A CYLINDER

In this section we will prove Theorems 1.5 and 1.6, which consider an
inverse problem in the infinite cylinder T' = R x My with metric g = e & go.
Here (My, go) is a compact oriented m-dimensional manifold with smooth
boundary, m > 2. We write (¢,x) for coordinates on T where ¢ is the
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FEuclidean coordinate and = are coordinates on My. The Laplace-Beltrami
operator in 7' is given by
2
A=Ay=0;+Ay.
We consider more generally the Schrodinger operator on T,
—A+qo=—8 — Ay +

where qp € C°°(M)) is real valued. It will be crucial that the coefficients go
and ¢g are independent of the ¢ variable.
The first point is to set up boundary measurements related to the Dirichlet
problem
(—0% — Ago+qo)u=0inT, w=hon dT.
The spectral properties of the Schrodinger operator in the infinite cylinder
are different from those on a compact manifold because of the presence of
continuous spectrum. Let A\ < Ay < --- — oo be the Dirichlet eigenvalues
of —=Ag,+qo in My, write Spec(—Agy+qo0) = {A1, X2, ...}, and let {¢}7°, be
an orthonormal basis of L?(Mj) consisting of eigenfunctions which satisfy
(—Agy + q0)d1 = Ny in My, ¢ € Hi(Mp).
We will see the following facts:
o —A + qo with domain H?(T) N H(T) is self-adjoint on L*(T),
e the spectrum of —A + qg is [\, 00),
o if A\ € C~\ [\,00) then for any 6 € R

(=A+qo— N1 LAT) — {u € HZ(T); ulor = 0},

e if A € [A1,00) and A ¢ Spec(—Ay, + qo) then for any 6 > 1/2 the
following limiting absorption principle holds:

(=A+qo—A—i0)"': LA(T) — {u € H25(T); ulor = 0}.

The case of thresholds (or resonances), where A = )\, is special and will not
be considered here.

Let L?(T) = L?(T,dV) be the standard L? space in T, and let H*(T') be
the corresponding L? Sobolev spaces. Since My is compact, we define

Hi (T)=A{f; f € H([-R, R] x Mp) for any R > 0}.
Writing (t) = (1 4 #2)%/2, we introduce for s > 0 the weighted spaces
LY(T) = {f € Lixe(T); (t)°f € LA(T)},
H3(T) = {f € Hipo(T); (1)°f € H*(T)},
Hgo(T) ={f € Hi(T); flor = 0}.
Also, HY(T) = {f € HYT); flor = 0}. We define, in the L*(T) duality,
H™T) = (Hy(T)".
If s > 1/2 define the abstract trace spaces
H*(9T) = H*H'2(T) /(H*V2(T) n Hy (1),
H3(0T) = Hy™2(1) (B3 (1) 0 HY(T).

Since M is smooth and compact, these spaces can also be identified with
standard weighted Sobolev spaces on 0T
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In this section we will assume that A is not in the spectrum [A;, 00) (the
general case A € C\ {A1,\o,...} is considered in the next section). The
following proposition shows that there is a well defined DN map Ag:),qo(/\)
related to the operator —A 4 go — A in the cylinder T'.

Proposition 5.1. If A € C\ [\, 00), then for any f € H32(9T) there is a
unique solution u € H?(T) of the equation

(“Ata-Nu=0 inT, uor=F
If f e C(T) then u € C*°(T) and there is a linear map
AL (X)) : C(AT) — C=(AT), f— dyular.

90,90

For any § € R, this map extends as a bounded linear map

A o) - HY(0T) — B (0T).

The first easy observation is that one has unique solvability of the Dirich-
let problem in T for certain frequencies by the usual Lax-Milgram type
argument. The key point is that 9T is compact in the direction transverse
to t, so it has a Poincaré inequality in the standard Sobolev spaces.

Lemma 5.2. Let A satisfy —oo < A < A;. For any F € H Y(T) the
equation (—A + ¢o — A)u = F in T has a unique solution v € H}(T), and
one his [[ul 12y < Ol Flli-1cn)

Proof. We consider the bilinear form
B(u,v) = /T(<dt7:r:“7 dy 20) + qouv — Muv) dV, wu,v € Hy(T).
This is a bounded symmetric sesquilinear form on H}(T) and satisfies
Blu,u) = /Oo /M (19l + |doul® + qolul® — Mu[?) dV,, dt.
—o0 J Mo
We note the inequality
/ (Idzvl? + qolv]?) dVgy > N /M v[>dVy,, v € Hy(Mo).
0

My

This shows that B(u,u) > 5Hdu||%2(T) + (M1 —¢) —e€llgollpe — A)HuH%Q(T)
for 0 < ¢ < 1. If ¢ is sufficiently small we see that B is coercive and the

Riesz representation theorem shows the existence of a unique solution of
(—A4+gp—-—Nu=FinT. O

Elliptic regularity for the previous problem, even in weighted spaces, can
be proved by a Fourier analysis argument.

Lemma 5.3. Let A € C~\ [A,00) and let § € R. For any F € LZ(T) there
is a unique solution u € H(%’O(T) of the equation (—A + ¢y — AN)u = F in T.
Further, u € H}(T) and ||u|]H§(T) < Csa

’FHLg(T)'
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Proof. Write 9(t,1) = (v(t, - ), ¢1)12(nm,) for the partial Fourier coefficients.
If F € L4T) we note that

HFH%g(T):/ /M <t>25\F(t,x)\2dvgodt:/ ()2 > | F(t, 1) dt
—oo Mo - =1

= ||F('al)||%§(1g)-

F(-,1) € H(R). Formally, the equation (—A 4 ¢ — \)u = F reduces to a
system of ODEs:
(=02 + XN —Na(-,))=F(-,1) onR,forl=1,2,....

By taking Fourier transforms in ¢ (with dual variable 1), we obtain

a(t.1) = 7! {mﬁ(n, z)} . (5.1)

Uniqueness follows immediately since if u € H iO (T') solves the equation
(=A+go—A)u=0inT for some § € R, then @(-,l) € LZ(R) and by taking
Fourier transforms (n? + A\ — A)i(n,l) = 0 for n € R and for all [. Here
n% + A\ — A is never zero using that A € C \ [\, 00), so @(-,1) = 0 for all [
and u = 0.

We move to existence and let F € L(T). If 4(t,l) is defined by (5.1),
then for k£ > || we have

(-, Dz = 180 Dllas@y < 10? + A =) lwkoo@ IEC Dl ).

We need to estimate the W norm uniformly in [, using the condition
A € C\ [A1,00). Note that

9 -1 i 1 _ 1
M+ XN-XN""= 2 <n—2z 77+Zz> (5.2)
where 22 =X — X\ =a— (A — A1) +if and @ = Re(A\) — Ay, 8 = Im()) (we
assume z; € {z; Re(z) > 0,Im(z) # 0} U {ir; r > 0}). Write

F(8) = fap(t) =Tm((a —t+iB)"/?), t>0.

When o < 0 we have |f(¢)| > [f(0)] for t > 0, and when a > 0 we have
lf(t)] > |f(a)| for t > a and | f(t)| > cq,p for 0 <t < a. This shows that

Im(z;)| > ca,p > 0.

Since

ﬁ g 2 B _1_& 1 - 1
<87’/> (7] + )\l )\) - 2zl <(n _ Zl)j+1 (774‘2’1)]“) ; (53)

and since |z]? = |\ — X| > [Im()\)| if Im(\) # 0 and |A — N\j| > |Re(\) — Ay
when Im(\) = 0, we have

1(* + X = )" lwroe() < Criayse
Thus 5

1a( Dll L2y < CoallF(- Dl L2 (wy-
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We define
N
= alt,ei(x
=1
It follows that when M < N,
N N 3
|war _UNH%g(T) = Z Ha(‘aZ)Hig(R) <C Z ||F('al)‘|%§(R)
I=M+1 I=M+1

Thus (uy) is a Cauchy sequence in L%(T') and converges to some u € L3(T).

Since
N

(—=A+qo— Nun(t,z) = Z (t, 1)y (
=1
we obtain that v is a distributional solution of (—A 4+ ¢y — AN)u=F in T.
We next show that u € H}(T). The expression for u(t,1) together with
(5.2) implies that

196 Dllzz + M= A21a( Dl gz < CIEC Dl
Thus ||8tuHL§ < C||FHL§ and
vaouN(t)H%Z(Mo) = (=Agun(t), un(t)) 2 (ap)

N

= =N, P + (A = a0)un (), un(t)) 12 (sy)-

=1
Consequently HVQOUHLQ < C’HF||L2 (1), and then also u € Héo(T)
Finally, we check that u € H}(T). Note that

~ —_ 22 ~
(N = Na(t, 1) = —F, {2_l2F(n,l)}
n 2]
and so, for k > |9],
1w = Nal-, Dllzz < 122/ = 2D lweee 1EC Dz
We use (5.3) to write

<a>j 4 _ Gt a)t — -z
on) -2 9 (,,72 —22)itt

_ &l Z Cjan? ™" Zl
- 2

”_Zlaon_zl

We choose L = L(\,go) so large that for Re(zl) < 0 for I > L. Then
In? — 22| > |z|? for 1 > L, and also |27/(n? —2%)| < Oy, forl =1,...,L—1.
Also |n/(n* — 22)|, |21/ (n? — 27)| < Ch - It follows that

[ = N Dll < CIEC Dl s
Therefore (—Agy, + go — A)u € L(T). By elliptic regularity
V5wt 2w < Clult, ll2am) + [18g0ults L2 ()
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for almost every t. Consequently Vgou € L(T), which implies that also
du € L}(T). By a short argument we obtain V4 dyu € L3(T) and the proof
is finished. O

The previous lemma also implies self-adjointness.

Lemma 5.4. If g9 € C°°(My) is real valued, then the operator —A + o
with domain H?(T) N H(T) is self-adjoint on L?(T).

Proof. The operator —A + qp with this domain is densely defined and sym-
metric, and by Lemma 5.3 the range of —A + qo £ is all of L?(T). O

Proposition 5.1 is a straightforward consequence of Lemma 5.3 and elliptic
regularity (see also the proof of Proposition 6.1 below). The key point in
the proof of the uniqueness result, Theorem 1.5, is the following connection
between the DN map for Schrédinger operator —97 — A, + g in T and
the DN map for the transversal Schrédinger operator —Ag, 4 go in My. We
define the transversal DN map at energy p € C\ {1, A\g,...} as

Mgt (1) = HY/2(OMo) — HY2(0My), hi 8,0n]onry
where vy, is the unique solution of the Dirichlet problem
(—Agy +qo — p)vp, =0 in My, vplong = h.
Proposition 5.5. If A € C\ [\, 00) and if k¥ € R, then
Agosao A = K = 7 Agy 4, (€™ hlor).
In particular, the expression on the right is independent of the ¢ variable.
Proof. Let h € H3?(0My), and let vy, € H?(My) solve
(-A+q—A=k))op =0 in My,  wvplong = h.

Note that since A ¢ [\, 00), the number A — k2 is not a Dirichlet eigenvalue
of —Ag, + qo and there is a unique solution v,. Define

flt,x) = eikth(x).

Since k is real, we have f € H§/2(8T) for any § < —1/2. The function
u(t, z) = e*luy(z) is in H}(T) and solves

Thus
A N = dulor = e*(D,unlon,) = € AN, (A = K.
This proves the result. n

We can now prove Theorems 1.5 and 1.6, showing that the DN map

Ai),qo(/\) at a fixed energy A ¢ [A1, 00) uniquely determines the metric go up

to isometry and also the potential gg.
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Proof of Theorem 1.5. Suppose one is given the manifold 07 = R x My and
the map AL , (\): C®(9T) — C>®(9T) for some fixed A € C\ [\, 00). We

90,40
may assume that 0Mp is known. Since CS°(97T) is dense in Hg/ 2(8T) for all
4, we also know the map
T 3/2 1/2
Agoqo(A) : Hy'"(0T) — Hg'"(9T)

for all 4.

Since e*h € HE/Q((‘)T) whenever k € R and § < —1/2, we may compute
the map

AMo (X — k%) : H32(dMy) — H'Y?(8My)

90,90
for all k € R from the knowledge of (9T,A% . (X)) by Proposition 5.5.
Since p — A%?qo (u) is a meromorphic operator valued function whose poles
are contained in {\1, Ag,...} [18, Lemma 4.5], this information determines
A%?qo(u) for all u in the complex plane by analytic continuation. This is
equivalent to knowing the DN map for the wave equation 87 — Ay + qo in
My x {t > 0} [18, Chapter 4]. The boundary control method then allows
to construct a manifold isometric to (My, go) and the potential gy from the

DN map for the wave equation. See [18], [19] for more details. O

6. CALDERON PROBLEM IN A CYLINDER: CONTINUOUS SPECTRUM

Assume the conditions in the first paragraph of Section 5. We will next
consider the case when A is in the continuous spectrum [A1, 00) but outside
the set of thresholds {\1, Ag,...}. In this case the Schrédinger equation in
T admits generalized eigenfunctions, and a radiation condition is required
for uniqueness of solutions and for the definition of the DN map.

Proposition 6.1. Let A € [A;,00) \ {A\1,A2,...}, choose g > 1 so that
Ay <A< Njgt1, let 6 > 1/2, and let m > 2. Then for any H;n_l/z(ﬁT), the
equation

(—A+qg—MNu=0 inT, ulor = f

has a unique solution u € H™;(T') satisfying the outgoing radiation condition

(Or Fiv/ A= N)u(t,l) =0 ast— oo forall 1 <1<l
If f e CX(IT), then u € C*°(T') and there is a linear map
AL (N : C®(AT) — C=(AT), f— dyular.

90,90
For any 6 > 1/2, this map extends as a bounded linear map

AT () HPVRT) — BTV (0T).

90,90

Recall that when A € C\ [A1,00), the main point in the reduction from
the Calderén problem in the cylinder to the boundary control method was
Proposition 5.5. This result states that

eFAMo (N — k)b = AT (A\)(e™h|or), h e HY?(OMy).

90,40 90,90
This identity does not directly generalize to the case where A is in the con-
tinuous spectrum, because the boundary value e’**h|sr on the right hand

side is not in Hg’/ 2(aT) for § > 1/2. However, by using suitable cutoff
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and averaging arguments we can still recover the transversal DN maps from
AL ().

90,90

Proposition 6.2. Let A € [A1,00)\{\1, A2, ...}, let k € R, and assume that
A— k2 ¢ {\,\a,...}. There is a family (Ug)g>1 C C°(R) with Ug(t) =1
for |t| < R, such that

R

, 1 ,
ikt A M 2 . T ikt
e Ago?qo(A —k*)h = B}E};o o1 . AgquO(A)(e U (t)hlar) dR'

pointwise on 0T for any h € C*°(9Mp).

Applying this result instead of Proposition 5.5, we obtain an extension of
Theorem 1.5 to the case where A is in the continuous spectrum (but not in
the set of thresholds) with exactly the same proof.

Proposition 6.3. Given the data (97, AZ;(MIO (M) for a fixed A € [\1,00) \

{A1,A2,...}, where 9T = R x My and A , (X) : C2(9T) — C>(dT)
corresponds to the Schréodinger operator —A + gg on T, one can reconstruct

a Riemannian manifold (MO, Jo) isometric to (My, go) and the potential gq.

We now move to the proofs of Propositions 6.1 and 6.2. The first step
is an existence and uniqueness result for the inhomogeneous Schrodinger
equation in the cylinder.

Lemma 6.4. Let A € [A;,00) \ {A1,A2,...} and choose Iy > 1 so that
Mg <A< Ajg41- Let § > 1/2) let p € R, and let m > 0 be an integer. For
any F'= Fy + Fy where Iy € H*(T), F> € H](T) and

lo 00
Fi(t,z) =Y Fit,Do(x), Fat,z)= Y Kt,)é(x),
=1 I=lp+1

there is a solution u = u1 + ug of the equation
(=02 — Ay +q—Nu=F inT
where u; € HTJH(T) N HE&O(T) and uy € HIT“(T) N HAO(T) are of the
form u; = Zg(’zl Uy (-, )¢ and ug = 7%\ Ua(-,1)¢. Further,
lwill gz iy < ClEap @), 2l gz gy < ClER| ap @)

The solution is unique up to an element of the form

lo
Z Cliezl:z\/k—kltgz)l(x)
=1
where clfE are constants. If one assumes the outgoing radiation condition
Oy FivA—N)u(t,l) >0 ast— too forall 1 <[ <ly,

then the solution w is unique.

Proof. For uniqueness, suppose that u € H,}’O(T) for some real number r
solves (—07 — Ay, +qo — A)u =0 in T. Then the partial Fourier coefficients
a(t,l) satisfy

(=2 +XN—Na(-,1)=0 inR,foralll>1.
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If I > lp+ 1, then \; — A > 0 and by taking Fourier transforms we see
that the only tempered distribution solving this equation on R is zero. Thus
a(-,l)=0forl >1lp+1. If 1 <1<y, then \;— A < 0 and an easy argument
shows that the only distributional solution of the above equation for a( -, 1)
is

"’(t l) — C+ei\/)\—/\lt + C—e—i\/)\—)\lt
for some constants cl If the radiation condition holds it follows that cl =0,

concluding the proof of uniqueness.
For existence, let first m = 0. We define

_ _ 1 ~
ao(n,1) = F, {WPE(UJ)}v [>1p+1.

Since \; — A > 0 for [ > [y + 1, the proof of Lemma 5.3 shows that the
function up = Y72, . (-, 1)¢y solves the equation (—07 — Ay, + qo —
Aug = F5 and has the required properties. The function w; is obtained as
up = Ziozl a1(-,1)¢y, where @ (-,1) should satisfy
(=02 + N = Nay(-,0) =Fi(-,]) inR, for1<1<l.
We choose the solution
a1(-,1) = Ro(\ — N\ +i0)Fy(-,1)

where Ry(z) = (—0? — 2) 7! is the resolvent of the Laplacian on the real line,
and Ro(s + 10) is the outgoing resolvent at energy s > 0. If £ > 0 one has
the well known formula (which follows from a direct computation)

(Ro(K + i0) ) /Gt—t Yyt G = oo

Agmon’s limiting absorption principle (see [16, Section 14.3], [34, Section
XIIL.8]) gives that @y (-,l) € H?5(R), and then u; is a solution of (—07 —
Agy+go—A)uy = Fy with the required properties (also satisfying the outgoing
radiation condition). This concludes the proof for the case m = 0.

We show the case of general m by induction: the statement has been
proved for m = 0, and we assume that it holds for values up to m — 1. Let
Fy € H"(T) (the proof for Fy is analogous). Then also F» € H;~'(T), and
by the inductive hypothesis there is a unique solution u € HL”“(T) of

(=07 — Ay +q0—Nu=FoinT, ulspr=0.

Then & u satisfies the same equation with right hand side N Fy e H(T),
so we have &u € H""7/(T) for j > 1 with

107l -3z < ClE2 ey
The equation implies that for almost every t,
—Agult, ) = (0f — qo + Nul(t, -) + Fa(t, ) in M.
Since also u(t, - )|an, = 0, elliptic regularity implies that

ut, )l mezne) < ClOF = qo + Nult, ) + Fa(t, )l mm (a)-
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Multiplying by (t)* and taking the L? norm over R, we obtain
lull 2 & vz (atg)) < Cllull ey + 1 F2ll g ry) < CllE2] g r)

Thus u, Oyu, Vyau € ]'{g”rl(T)7 showing that u € HIT“(T) with the right
bounds. 0]

Proof of Proposition 6.1. Let 6 > 1/2, and suppose that f € Hgnilﬂ(BT).
Choose Ef € Hy'(T) with Ef |7 = f and || Ef|| gy < C||f| ym-1/2
4
We look for a solution of
(-A+gq—-Nu=0nT, ulgr=Ff
having the form v = Ef + w. Thus, we obtain the equivalent equation
(—-A+q@—-MNw=F inT, wlagr =0
— _(_ _ f
where F' = —(—A+go—A)E7. Since HFHH:;PQ(T) < C”fHH;”’l/Q(aT)’ Lemma
6.4 shows that there is a unique solution w € H™(T) N H! 50(T) satisfying
(O FivVA—N)w(t,l) -0 ast— too forall 1 <1 <.

One also has [[wl|gm () < C|| f[ ;m- 125

or)’

Thus we have a unique solution

oT)’
u=El+we H™(T) to the orlglnal problem, satisfying the same radiation

condition as w since (9 FivX — N)ES(-,1) € H}(R) for all I. We also have

[l zrm (1) < CHfHH;nfl/Q(aT).

The result follows. O

Before the proof of Proposition 6.2, we record some further properties of
solutions of the Schrédinger equation in the cylinder having boundary values
of the form

f(t,z) = a(t)h(z)
where h € H™1/2(dMj). Given v € L2 (R x Mp), we define

lo 00
Pyo(t,x) Z (t,D)y(x Py(t,x) = Z o(t, 1) di(x),
=1 I=lg+1

where 0(t,1) = (v(t,-), 1)z (Mo)-

Lemma 6.5. Assume that X € [A\;,00) \ {A1, A2,...}, choose [y > 1 so that
Ay < A< ANg+1, let m > 2, and let Ej : Hm*1/2((9M0) — H™(My) be a
bounded extension operator. Let f(t,z) = a(t)h(x) where a € H)(R) with
p€R and h € H™'/2(dMy), and define
EJ(t, ) = a(t)Egh(z), Fl = (=07 — Ay +q0 — N EY.
Also define
Ei(-:f) = BB, Fi(:f)=FF
If 4 > 1/2, denote by u(t, z; f) the solution of the Dirichlet problem
(=07 = Dgy + a0 = Nu=0nT,  ulgr = f,

(Or Fin/A—N)u(t,l; f) =0 ast— too forall 1 < <lp,
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where @(t,[; f) = (u(t,; f), #1) 12(my)- Then we have
U = uj + u2, Uj:Ej-i-wj,
where w; = w;(-; f) are the solutions of
(_8252_Ag()+qo_)\)w1:F1(’f) inT7 wl’@T:O,
(Or Fin/ A= )wi(t,l) -0 ast— fooforall 1 <1<l
with QDj(t, l) = (wj(t, . ), ¢Z)L2(M0)7 and
(=07 = Dgo+q0—Nwa = Fa(-; f) inT,  walor =0.
If a € H*(R) with 6 > 1/2, then the equation for w; has a unique solution
wy € H™(T) N Hi&O(T) with w; € Ran(P1). Similarly, if ¢ € H(R)
for some p € R, then the equation for we has a unique solution wy €
HM(T) N HﬁyO(T) with we € Ran(P,). We have the norm estimates
15l g () + 1ES 1 mp—2(y < Cllall gy 1ol zrm-12(0010): 1 € R,
and
||U1HHT6(T) + ||w1||HT§(T) < CHG’”H;”(R)Hh”Hm*l/?(BMO)a §>1/2,
luzllzm(ry + lwell ey < Cllallam @) 1P gm-12000): 1 € R
Proof. We note the estimate
la@)e (@) |z ) < Cllallap @)l am (00)-
Consequently
B iy + 1 E N g2y < Cllall sz ) 1Pl zm=1/2(00,)-

The same estimates are true for £; and F}, since the projections P; commute
with 0;, Ay, and with multiplication by (¢)*. The result now follows from
Lemma 6.4 and the standard reduction from the Dirichlet problem to an
inhomogeneous problem with zero boundary values. U

Proof of Proposition 6.2. Assume that A € [A\1,00)\{A1, A2, ...}, and choose
lp > 1 so that \jy < A < Ajy41. Fix & € R so that A — k? is not a Dirichlet
eigenvalue of —Ag + qo in My. Also fix an integer m > dim(7)/2 + 1.

We will show that for any h € H™'/2(dMy), one has the pointwise limit

A 1 R
eAMo (X — k2)h = Jim AL (N fr dR'
_>

90,40 o R—1), "0
where fg is the function on 0T given by
fr(t,z) = e*Up(t)h(z)

and Yg(t) € C°(R) are suitable cutoffs. Below, we will use the notations

in Lemma 6.5. For later purposes we choose the extension operator Ej :
H™12(0My) — H™(Mp) in Lemma 6.5 to be Ey : h +— v(z;h), where
v(z; h) is the unique solution of the problem

(—Agy+q0— (A — k2))v(x; h) =0 in My, wv(-;h)|onm, = h-
The proof below will make use of the splitting

U = U + ug,
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and also the splitting
V="V + V2

where v;(-; h) € H™(My) are the projections v;(-;h) = Qju(-; h). Here, for
Ve L2(M0),

lo 00
QV =) Vau(z), QV= > V()
=1

I=lp+1

with V(1) = (V, ®1)12(Mg)- In fact, we will prove that

R

1 .
1; , e, I ikt , . 1
A g ), Oralifr) AR = RO, sh)lor, (6.1)
I ‘k
Jin 2 [ Bl ) AR = M0t ihlor. (62)

Note that

Ag—('),(IO ()\)fR = al/u(ta €, fR)}aTa
AMo (A= Kb = 8,0(- 1 1) |oa,-

90,90

Thus the proposition will follow immediately from (6.1) and (6.2).

Let us next describe the cutoff functions. If R — oo, the boundary value
e*'W p(t)h(x) converges to e’ h(x), a function in H,T_1/2(8T) for p < —1/2.
Fix some p < —1/2, and let () = 1 for |t| < R, ¥r(t) = 0 for |¢t| > R.
We approximate the functions ¢r(t) by Yr(t) € C°((—R—1,R+1)) that
are functions for which

¥R — YRl L1(®) =0, Vg = 1 gm®) = 0. (6.3)

lim lim
R—o0 R—o0

Such functions can be chosen to be
1 for |t| < R,
Vr(t) = { B(R(|t| — R)) for |t > R,

where ® € C°((—1,1)) is equal to one near 0, and « is a positive constant
chosen so that ma + u+ 1/2 < 0. The norm bounds as R — oo are valid
because Wi — ¥p is supported in R < |[t| < R+ R™“, ¥ — 1 is supported
in [t| > R, |Ug[lwme < CR™, and ([ t* dt)/? < CRFH1/2.
Let us denote
fR(t7$) - eikt‘llR(t)h(x)v f(taa:) - eikth(x)

where h € H™ Y/2(0My). We will now prove (6.2). Note that by construc-
tion we have

Efr — pf — gpfr—f
and thus E;(-, fr) — Ej(-, f) = E;(-, fr — f). The function Fj, w;, and u;
satisfy a similar property. Using Lemma 6.5, we see that
w2 (-5 fr) = w2 (s llm(ry = w25 fr = Hllmr)

< O™ (W R = V)l @) |2l grm-1/2(0015)-
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Similarly,
1E2(-5 fr) = E2(5 )lamry = 1 E2(-5 fr = Pl )
< O™ (Wr = Vll g @) 1ll grm-1/20015)-

Since ug = FE9 4 ws, the estimate (6.3) implies that

luz (-5 fr) = w25 Hllpmer) — 0
and consequently

Rli_r)réo Opus(-; fr) = Opua(-; f)

in H,"™ 3/ 2((9T). By Sobolev embedding this limit also holds pointwise, and
we also have

lim —1 / Ous(-: fr) AR = Byua(-: f). (6.4)

R—>ooR—1

We can connect the last expression to the v component of the time-
harmonic solution v = v(-; h). As in Proposition 5.5, we see that the function
ey (x; h) € Hﬁ(T) solves the equation (—07 — Ay +qgo — N)u =0in T

with boundary value e’**vg|gr. Similarly, the function us = ua(-; f) solves

the same equation with boundary value e’**(QoEoh)|sr, where Ey was the
bounded extension operator. But since we chose Egh(z) = v(z;h), the two
solutions have the same boundary values and by uniqueness one has

us(t, x; f) = e*ua(a; h).

Together with (6.4), this proves (6.2).
It remains to show the identity (6.1) concerning u; and v;. Recall that

lo
tﬂij ZﬁtvlafR ¢l )

We start by giving formulae for Fourier coefficients u(t,[; fr) for 1 <1 <.
If n € H3/2(dT) is compactly supported in the ¢ variable, we have

= (=07 — Dgy + g0 — Nult,51), &1) 2(00)
= (07 N = Nt + [ nft)o6(y) dS(0).
dMy
Since A — \; > 0 for 1 <[ < lp, this and the radiation condition imply that
a(t,l;n) = / Gt —tpt', 1) dt,

where

1 A
Gi(t) = 270\ — \) T 2eVA= AL

Muwzéanma@@w&w.
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Consider the function I1(R) = I1(t,z; R) in Hi/f(f)T) for any § > 1/2,
given by
lo
I(R) = Oy (t,@; fr) = Y ilt,1; fr)Du i ().
=1
Using the expression for Fourier coefficients above, we have

o -\ o, _
() = > A2 ™ e ey ae | )

=1 2i e
lo . —1/2 G
— ()‘;‘i) [/8T o=t \ﬂfR<t’7y)8y¢l(y) at’ dS(y)} Oy (x)
=1
lo N -1/
RO e gt asi | o

=1

Replacing here U by 1r and using the first estimate in (6.3) results in an
o(1) error in L>®(9T) as R — oco. We thus obtain

lo oy —1/2 R . ~
R =% (A;;) { / N e dt’] ()0, éu(x) + o(1)
=1 -

where

(1) = /M h(y)dua(y) dS(y).

For a given t, we assume R so large that ¢t € (—R, R). The ¢’ integral can
be computed explicitly, and we obtain

R .
/ pHlt=t' WA=N ikt gy _ 2i(A — )\1)1/2 ikt

A= —k?
—R l
ci(kHVA=XN)R—it VAN, p—i(k—VA=X) Retity/A=X;
+ —
i(k+vVA=N) ik — VA= N)

The last two terms oscillate with respect to R, but we can remove these
oscillating terms by averaging: since by assumption k 4+ A — A\; # 0, we
have
1 R ,
lim ——— [ *EVAME gRr— ),
R—o0 R - ]. 1
This shows that for any fixed (¢,x) € T, we have

1 R o 1 o
lim / L(RYAR =) ——————*n(1)d,¢(x).
. 1(R) ;A_Al_kz (DOvgu(x)

We can relate the last expression to the time-harmonic solutions v(-;h) of
(—=Agy +qo — (A — k?*)v =0 in My with v|gp, = h. We have
0=((=Ag + g0 — (A= E*))v(-3h), 1) 1215

= (N = (A= KT ) + / h(y)duii(y) dS(y)

IdMy
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which implies

h(l) = (A= X — K)ol h).

This shows that

: 1 R / & ikt ~
ngréoR—l/l Opui(t,x; fr)dR :ge 0(l; h) Oy ¢y ()

eikt&,vl( 3 h).

This shows (6.1), which concludes the proof. O
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