INVARIANT DISTRIBUTIONS, BEURLING TRANSFORMS AND

TENSOR TOMOGRAPHY IN HIGHER DIMENSIONS
GABRIEL P. PATERNAIN, MIKKO SALO, AND GUNTHER UHLMANN

ABSTRACT. In the recent articles [PSUT4c], a number of tensor tomography
results were proved on two-dimensional manifolds. The purpose of this paper is to
extend some of these methods to manifolds of any dimension. A central concept
is the surjectivity of the adjoint of the geodesic ray transform, or equivalently the
existence of certain distributions that are invariant under geodesic flow. We prove
that on any Anosov manifold, one can find invariant distributions with controlled
first Fourier coefficients. The proof is based on subelliptic type estimates and a
Pestov identity. We present an alternative construction valid on manifolds with
nonpositive curvature, based on the fact that a natural Beurling transform on such
manifolds turns out to be essentially a contraction. Finally, we obtain uniqueness
results in tensor tomography both on simple and Anosov manifolds that improve
earlier results by assuming a condition on the terminator value for a modified Jacobi
equation.
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1. INTRODUCTION

Let (M, g) be a compact oriented Riemannian manifold with or without boundary,
and let X be the geodesic vector field regarded as a first order differential operator
X : C®(SM) — C>(SM) acting on functions on the unit tangent bundle SM. This
paper is concerned with weak solutions u to the transport equation Xu = f under
various conditions on the metric g. A good understanding of the transport equation
is essential in many geometric inverse problems such as tensor tomography, boundary
rigidity and spectral rigidity. It also plays a fundamental role in the study of the
dynamics of the geodesic flow. For example, ergodicity of the geodesic flow on a
closed manifold is just the absence of non-constant L? functions w with Xw = 0.
Similarly, certain solvability results for the equation Xu = f on a manifold with
boundary are equivalent with nontrapping conditions for the geodesic flow [DHT72].

For the most part, we will consider closed manifolds (M, g). In this paper we are
going to exhibit many invariant distributions (distributional solutions to Xw = 0)
having prescribed initial Fourier components and Sobolev regularity H 1. This will be
possible when (M, g) is either Anosov or a rank one manifold of non-positive sectional
curvature. Both cases contain in particular manifolds of negative sectional curvature.
Invariant distributions will be constructed by two mechanisms: one emanates from
a fundamental L2-identity, called the Pestov identity, and subelliptic type estimates
for certain operators associated with the transport equation. The other mechanism
consists in the introduction of a Beurling transform acting on trace-free symmetric
tensor fields. The key property of this transform is that it is essentially a contraction
when the sectional curvature is non-positive. This paper merges and expands ideas
developed in [GK80a, [GK80b, I(GK80c, [Sh94l, [DS11, [PSUT3| [PSU14d].

Let us recall that the rank, rank(v), of a unit vector v € T,,M is the dimension of
the space of parallel Jacobi fields along the geodesic v determined by (x,v) € SM.
Since 7 is trivially a parallel Jacobi field, rank(v) > 1 and rank(v) > 2 if and only
if there is a non-zero parallel orthogonal Jacobi field J along 7. Given such a field,
the sectional curvature of the 2-plane spanned by J(t) and 4(¢) is zero for all ¢. The
rank of (M, g) is defined as the minimum of rank(v) over all v.

Our metrics will be free of conjugate points, but we shall require at various points
enhanced conditions in this direction. To quantify these stronger conditions we intro-
duce following [Pe03] [Da06l, [PSUTI4c] a modified Jacobi equation. Let R denote the
Riemann curvature tensor and let S € R.

Definition. Let (M,g) be a Riemannian manifold. We say that (M, g) is free of
B-conjugate points if for any geodesic ~y(t), all nontrivial solutions of the equation
J + BR(J, %)y = 0 with J(0) = 0 only vanish at t = 0. The terminator value of
(M, g) is defined to be

Brer =sup{p € [0,00] : (M, g) is free of 3-conjugate points}.

Clearly 1-conjugate points correspond to conjugate points in the usual sense. For
a closed manifold (M, g), we will show in Section [] that
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o if (M, g) is free of fy-conjugate points for some [y > 0, then (M, g) is free of
p-conjugate points for 5 € [0, 5o,

e (M, g) is Anosov if and only if Sre. > 1 and every unit vector has rank one
(see Corollary below; this seems to be a new geometric characterization
of the Anosov property generalizing [Eb73l Corollary 3.3));

e (M, g) has nonpositive curvature if and only if Sr., = oo, see Lemma [6.11]
below.

Recall that a closed manifold (M, g) is said to be Anosov, if its geodesic flow
¢; is Anosov. This means that there is a continuous invariant splitting TSM =
E° @ E* @ E°, where E° is the flow direction, and there are constants C' > 0 and
0 < p <1 < nsuch that for all ¢ > 0

ld¢—e|pell < Cn™"  and || do,

Another relevant characterization of this property states that (M, g) is Anosov if and
only if the metric ¢ lies in the C*-interior of the set of metrics without conjugate
points [Ru91].

By considering the vertical Laplacian A on each fibre S, M of SM we have a natural
L*-decomposition L*(SM) = @,,>0H,,(SM) into vertical spherical harmonics. We
also set Q,,, = H,,(SM) N C>(SM). Then a function u belongs to €, if and only if
Au = m(m + n — 2)u where n = dim M. There is a natural identification between
functions in 2, and trace-free symmetric m-tensors (for details on this see |[GK80c,
DS11] and Section . The geodesic vector field X maps €2, to Q2,1 & Q11 and
hence we can split it as X = X + X_, where X; : Q,, = Q41 and X7 = —X_.
The operator X, is overdetermined elliptic, i.e. it has injective symbol, and its kernel
consists, under the identification mentioned above, of conformal Killing tensor fields.
The operator X_ is of divergence type.

Assume that (M, g) has no nontrivial conformal Killing tensors (this holds on any
surface of genus > 2 and more generally on any manifold whose conformal class con-
tains a negatively curved metric [DS11] or a rank one metric of non-positive curvature,
see Corollary . Then the operator X_ is surjective, so one could attempt to find
solutions to the transport equation Xw = 0 as follows. Start with an element wy € 2,
with X_wy = 0 (i.e. a solenoidal trace-free symmetric k-tensor). Surjectivity of X_
means that there is a unique wyo € Qo such that wy,o is orthogonal to Ker X _
(equivalently, wy,» has minimal L? norm) and

< Cp.

Es

X,’U}kJrQ + Xerk =0.

Continuing in this fashion we construct a formal solution w = wy + wgio + ... to
the transport equation Xw = 0. This formal solution can be conveniently expressed
using what we call the Beurling transform.

Definition. Let (M,g) be a closed manifold without nontrivial conformal Killing
tensors. Given k > 0 and fi € Qy, there is a unique function frio € Qo orthogonal
to Ker X_ such that X_ fr1o = — X4 fr. We define the Beurling transform as

B Q= Qo fo = frao
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The terminology comes from the fact that if M is two-dimensional, then bundles of
symmetric trace-free tensors can be expressed in terms of holomorphic line bundles
and X4 correspond to 0 and 0 operators. If X, are split in terms of the 7, opera-

tors of Guillemin-Kazhdan [GKS80a], then —B corresponds exactly to 9 '9and 919
operators as in the classical Beurling transform in the complex plane [AIM09]. See
Appendix [B] for more details. Related transforms have been studied on differential
forms in R™ [IM01], on Riemannian manifolds [Lil1], and in hyperbolic space [Hel2].
The Beurling transform considered in this paper (which is essentially the first ladder
operator in [GK80b] when n = 2) seems to be different from these.

Let us return to invariant distributions:

Definition. Let (M, g) be a closed manifold without conformal Killing tensors, and
let f € Qy, satisfy X_f = 0. The formal invariant distribution starting at f is the

formal sum
w = Z B f.
=0

At this point we do not know if the sum converges in any reasonable sense. However,
if the manifold has nonpositive sectional curvature it converges nicely. This follows
from the fact that the Beurling transform is essentially a contraction on such manifolds
and this is the content of our first theorem.

Theorem 1.1. Let (M, g) be a closed n-manifold without conformal Killing tensors
and with non-positive sectional curvature. Then for any m > 0 we have

IBfllzz < Co(m)| fllz2,  f € Qm,
where

Co(m) = { \f’ Z

Y
Y

AVANI

0
1
1 1/2

C! =11
3(m) [ - (m+2)2(2m + 1) ’
Cn(m) <1 forn>4.
If mg > 0 and if f € Q,,, satisfies X_f = 0, then the formal invariant distribution

w starting at f is an element of LiHJl/%E for any € > 0. Moreover, the Fourier
coefficients of w satisfy

[wWmo+2kll 22 < An(mo)l[ fllzz, k>0,

where A, (mo) = [[;2, Cu(mo + 23) is a finite constant satisfying

V2, mg =0,
AQ(mO)_{ 1 m2>1

A3<m0) S 113,
Ap(me) <1 forn > 4.
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In the theorem we use the mixed norm spaces

o0

1/2
L;Hy(SM) = {u € D'(SM) : |ullzms < 00}, ullrzms = <Z<m>2sllumlliz) ,

m=0

where as usual (m) = (1 + m?)/2. Note that the norm of the Beurling transform
is always < 1 in dimensions n > 4, is < 1 in two dimensions unless m = 0, and is
sufficiently close to 1 in three dimensions so that formal invariant distributions exist
in nonpositive curvature.

We shall see below that a rank one manifold of non-positive sectional curvature
must be free of conformal Killing tensors and thus by Theorem given any f €
with X_ f = 0 there is w € ijHv_l/g_a with Xw = 0 and wy, = f.

Our next task is to discuss distributional solutions to Xw = 0 replacing the hy-
pothesis of sectional curvature K < 0 by the Anosov condition. This makes the
problem harder but nevertheless we can show by using the Pestov identity and a
duality argument:

Theorem 1.2. Let (M, g) be an Anosov manifold. Given any f € Q for k = 0,1
with X_f = 0 (if k = 0 this is vacuously true), there exists w € H'(SM) with
Xw=0 and wy = f.

Let us compare the invariant distributions in Theorems and for the case
k = 0, solving the equation Xw = 0 with wy = fy for given f; € . The formal
invariant distributions in Theorem exist on manifolds with K < 0, they lie in
L:H Y > and they are the unique invariant distributions whose Fourier coefficients
wy are minimal energy solutions of X_wg,o = —X,wg. On the other hand, by the
results in Section [§| the invariant distributions in Theorem exist on any Anosov
manifold, they lie in L2H !, and they are the unique invariant distributions for which
the quantity >~ m |wpn||32 is minimal. It is an interesting question whether
there is any relation between these two classes of invariant distributions.

Theorem extends [PSUl4c, Theorem 1.4 and Theorem 1.5] to any dimension,
and as explained in [PSUI4c] the result should be regarded as the analogue of the
surjectivity result for the adjoint of the geodesic ray transform on simple manifolds
acting on functions and 1-forms [PUO5, [DUL0]. Let us next describe the ray transform
in the context of closed manifolds. Let G be the set of closed geodesics on (M, g),
parametrized by arc length. The ray transform of a symmetric m-tensor field f on
M is defined by

T
Inf(v) = /0 f(y(@),...,4(t))dt, ~ € G has period T.

It is easy to check that I,,(dh)(y) = 0 for all v € G if h is a symmetric (m — 1)-tensor
and d denotes the symmetrized Levi-Civita covariant derivative acting on symmetric
tensors. The relevant question is whether these are the only tensors in the kernel of
I,,,. When this occurs 1, is said to be solenoidal injective or s-injective. Our main
result in this direction is:
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Theorem 1.3. Let (M,g) be a closed Riemannian manifold such that every unit

vector has rank one. Suppose in addition that Bre, > % where m 1s an integer
> 2 andn = dimM. Then I, is s-injective.

Note that the hypotheses imply by Corollary that (M, g) is an Anosov mani-
fold. In [DS03] it was shown that Iy and [; are s-injective on any Anosov manifold.
Theorem was proved earlier for negative curvature in [GK80a] for n = 2 and in
[CS98| for arbitrary n. For an arbitrary Anosov surface, s-injectivity of Iy was estab-
lished in [PSUI4c], and earlier the same result was proved in [ShUQ0] if additionally
the surface has no focal points. It is also known that for any n and m the kernel of
I, is finite dimensional on any Anosov manifold [DS03]. Note that for m = 2 the
condition in Theorem becomes [Sre, > % and hence for any Anosov manifold
with fre, € [2,00], I3 is s-injective.

There are numerous motivations for considering the tensor tomography problem for
an Anosov manifold but perhaps the most notorious one is that of spectral rigidity
which involves I,. In |[GK80a] Guillemin and Kazhdan proved that if (M, g) is an
Anosov manifold such that I5 is s-injective then (M, g) is spectrally rigid. This means
that if (gs) is a smooth family of Riemannian metrics on M for s € (—¢,¢) such that
go = g and the spectra of —A,, coincide up to multiplicity,

Spec(—A,,) = Spec(—Ay), s€ (—¢,¢),
then there exists a family of diffeomorphisms v : M — M with ¢y = Id and
9gs = Vs 9o-
Hence directly from Theorem [1.3] we deduce:

Theorem 1.4. Let (M,g) be a closed Riemannian manifold such that every unit

vector has rank one. Suppose in addition that Bre, > 2(:;;1) where n = dim M. Then
(M, g) is spectrally rigid.

All our discussion up to this point has been about closed manifolds, but our tech-
niques also apply to the case of simple manifolds with boundary. In fact in [PSU14c]
we advocated a strong analogy between simple and Anosov manifolds and this has
proved quite fruitful. Recall that a compact oriented Riemannian manifold (M, g)
is said to be simple if its boundary is strictly convex and any two points are joined
by a unique geodesic depending smoothly on the end points. The notion of simple
manifold appears naturally in the context of the boundary rigidity problem [Mi81]
and it has been at the center of recent activity on geometric inverse problems.

The tensor tomography problem on simple manifolds is well known and we refer
to [Sho4, [PSU14b| for extensive discussions. Geodesics going from dM into M are
parametrized by 0, (SM) = {(z,v) € SM ; x € OM, (v,v) < 0} where v is the outer
unit normal vector to M. For (z,v) € SM we let t — ~(t,z,v) be the geodesic
starting from x in direction v. The ray transform of f is defined by

7(z,v)
Lo (20,0) = / F(énle.0))dt,  (x,0) € 0. (SM),
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where 7(x,v) is the exit time of v(¢,z,v). If h is a symmetric (m — 1)-tensor field
with h|apy = 0, then [,,(dh) = 0. The transform I,, is said to be s-injective if these
are the only elements in the kernel. The terminology arises from the fact that any
tensor field f may be written uniquely as f = f® + dh, where f® is a symmetric
m-tensor with zero divergence and h is an (m — 1)-tensor with hlsy = 0 (cf. [Sh94]).
The tensor fields f* and dh are called respectively the solenoidal and potential parts
of f. Saying that I, is s-injective is saying precisely that I, is injective on the set of
solenoidal tensors.
We can now state our last theorem.

m(m+n—1)

smin_a Where

Theorem 1.5. Let (M, g) be a compact simple manifold with Bre, >
n = dimM and m s an integer > 2. Then I, is s-injective.

This theorem improves the results in [Pe03, [Da06] in which s-injectivity of I, is
proved under the weaker condition Bre, > ;"ﬂf::fi It is also known that I, is always
s-injective on simple surfaces [PSU13|, and I5 is s-injective for a generic class of simple
metrics including real-analytic ones [StU05], but it remains an open question whether
15 is s-injective on arbitrary simple manifolds of dimension > 3.

Continuing on this theme, here we list some open questions related to the topics of

this article:

e Is I, s-injective on simple manifolds with dim M > 37

e Is I, s-injective on Anosov manifolds with dim M > 37

e Do Anosov manifolds with dim M > 3 have no nontrivial conformal Killing
tensors? Can one find more general conditions to ensure this?

e [s there any relation between the formal and minimal invariant distributions

in Theorems [I.1] and [L.2F
e Can one say more about the norm of the Beurling transform?

Much of this paper deals with multidimensional generalizations of the results in
[PSU13, [PSU14¢c]. The paper is organized as follows. Section |1] is the introduction
and states the main results. In Section [2] we prove the Pestov identity following the
approach of [PSU13|. The result is well known, but we give a simple proof based on
three first order operators on SM and their commutator formulas which are multidi-
mensional analogues of the structure equations on the circle bundle of a Riemannian
surface. Section follows [GK80d, [DS11] and discusses spherical harmonic expansions
in the vertical variable, which generalize Fourier expansions in the angular variable
for dim M = 2. Section [4] considers the notion of a-controlled manifolds (introduced
in [PSUI4c] for surfaces), and contains certain useful estimates.

In Section [5| we consider the Beurling transform and show that it is essentially a con-
traction on nonpositively curved manifolds. Section [6]studies S-conjugate points and
terminator values, and Section [7| shows that Sr.. > [ implies (8 — 1)/f-controlled.
Sections [§ and [9] are concerned with subelliptic estimates coming from the Pestov
identity and the existence of invariant distributions related to surjectivity of I}, and
in Section [10| we discuss solenoidal injectivity for I,,,. All the work up to this point has
been on closed manifolds; Section|11|considers analogous results on compact manifolds
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with boundary. There are two appendices. The first appendix contains local coor-
dinate formulas for operators arising in this paper and proves the basic commutator
formulas. The second appendix considers the results of this paper specialized to the
two-dimensional case, mentions a relation between Pestov and Guillemin-Kazhdan
energy identities, and connects the present treatment to the works [PSUIL3| [PSUT4c].

Acknowledgements. M.S. was supported in part by the Academy of Finland and an
ERC starting grant, and G.U. was partly supported by NSF and a Simons Fellowship.
The authors would like to express their gratitude to the Banff International Research
Station (BIRS) for providing an excellent research environment via the Research in
Pairs program and the workshop Geometry and Inverse Problems, where part of this
work was carried out. We are also grateful to Hanming Zhou for several corrections
to earlier drafts, and to Joonas Ilmavirta for helping with a numerical calculation.

2. COMMUTATOR FORMULAS AND PESTOV IDENTITY

In this section we introduce and prove the fundamental energy identity which is
the basis of a considerable part of our work. This identity is a special case of a
more general identity already in the literature. However we take a slightly different
approach to its derivation which emphasizes the role of the unit sphere bundle very
much in the spirit of [PSUL3]. For other presentations see [Sh94], [Kn02|, [DP08al,
Theorem 4.8].

Let (M, g) be a closed Riemannian manifold with unit sphere bundle 7 : SM — M
and as always let X be the geodesic vector field. It is well known that SM carries a
canonical metric called the Sasaki metric. If we let V denote the vertical subbundle
given by V = Ker dm, then there is an orthogonal splitting with respect to the Sasaki
metric:

TSM=RX®H®V.

The subbundle H is called the horizontal subbundle. Elements in H(z,v) and V(z,v)
are canonically identified with elements in the codimension one subspace {v}+ C
T, M. We shall use this identification freely below (see for example [Kn02l, [Pa99] for
details on these facts).

Given a smooth function u € C*°(SM) we can consider its gradient Vu with respect
to the Sasaki metric. Using the splitting above we may write uniquely

h v
Vu = ((Xu)X,Vu, Vu).

h v

The derivatives Vu and Vu are called horizontal and vertical derivatives respectively.
Note that this differs slightly from the definitions in [Kn02, [Sh94] since here we are
considering all objects defined on SM as opposed to T'M. One advantage of this
is to make more transparent the connection with our approach in [PSU13] for the
two-dimensional case.

We shall denote by Z the set of smooth functions Z : SM — TM such that
Z(x,v) € T,M and (Z(x,v),v) = 0 for all (z,v) € SM. With the identification

h \4
mentioned above we see that Vu, Vu € Z.
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Observe that X acts on Z as follows:
DZ(¢t(£7 U)) ‘
dt =0
where ¢, is the geodesic flow. Another way to describe the elements of Z is a follows.
Consider the pull-back bundle 7*T'M — SM. Let N denote the subbundle of 7*T M

whose fiber over (z,v) is given by N,y = {v}*. Then Z coincides with the smooth
sections of the bundle N. Observe that N carries a natural L?-inner product and with

v h
respect to this product the formal adjoints of V : C*(SM) — Z and V : C*(SM) —

XZ(x,v) =

v h
Z are denoted by —div and —div respectively. Note that since X leaves invariant
the volume form of the Sasaki metric we have X* = —X for both actions of X on
C*(SM) and Z.

The next lemma contains the basic commutator formulas. The first three of these
formulas are the analogues of the structure equations used in [PSUIL3| in two di-
mensions. Let R(z,v) : {v}* — {v}* be the operator determined by the Riemann
curvature tensor by R(x,v)w = R(w,v)v and let n = dim M.

Lemma 2.1. The following commutator formulas hold on C*(SM):
\4 h
(X, V] =-V,
h \4
(X, V] =RV,
h v v h
divV —divV = (n - 1)X.
Taking adjoints, we also have the following commutator formulas on Z:
\ h
(X, div] = —div,
h v
[X,div] = —divR.

These commutator formulas can be extracted from the calculus of semibasic tensor
fields [Sh94l [DS1I]. For completeness we also prove them in Appendix [A] which
contains local coordinate expressions for many operators arising in this paper.

We next prove the Pestov identity, following the approach of [PSU13]. We briefly re-
call the motivation for this identity which comes from showing that the ray transform
Iy on Anosov manifolds is injective. If f € C°°(M) satisfies [pf = 0, meaning that
the integrals of f over periodic geodesics vanish, then the Livsic theorem [dMMS6]
implies that there exists u € C*°(SM) with Xu = f. Since f only depends on z, we

have Vf = 0, and consequently u is a solution of VXu =0 in SM.
The Pestov identity is the following energy estimate involving the norm ||V Xwul|?. Tt

implies that a smooth solution of VXu = 0 on an Anosov manifold must be constant,
and thus by the above argument any smooth function f on M with Iyf = 0 must be
zero. All norms and inner products will be L?.
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Proposition 2.2. Let (M, g) be a closed Riemannian manifold. Then
IVXul|* = [ XVul* = (RVu, Vu) + (n — 1)|| Xul|*

for any u € C*(SM).

Proof. For u € C*(SM), the commutator formulas in Lemma [2.1] imply that

IV X |2 — | X V|2 = (VXu, VXu) — (XVu, X V)

(XdIVVX — divX XV)u, u)

h v v h
(—divVX + divX'V)u, u)

(

(

(
h v v h v v

((—divVX + divVX + divRV)u, u)

= —(n—1)(X%u,u) + (d‘i’VR%u, u)

— (n—1)|| Xul? = (RVau, Va).

This is the required estimate. [l

Remark 2.3. The same identity holds, with the same proof, for (M, g) a compact
Riemannian manifold with boundary provided that u|3(5 )y = 0.

3. SPHERICAL HARMONICS EXPANSIONS

Vertical Laplacian. In this section we consider the vertical Laplacian

A C®(SM) = C=(SM), A= —divV.

If we fix a point x € M and consider S, M with the inner product determined by
gz, then (Au)(z,v) coincides with the Laplacian of the function v +— u(z,v) on the
manifold (S, M, g.).

Let us recall that for S"~! endowed with the canonical metric, the Laplacian Agn-1
has eigenvalues \,, = m(n +m — 2) for m = 0,1,2,.... The eigenspace H,, of A\,
consists of the spherical harmonics of degree m which are in turn the restriction to
S"=1 of homogeneous harmonic polynomials of degree m in R™. Hence we have an

orthogonal decomposition
L*(S"") = 5 H.

m>0
Using this we can perform a similar orthogonal decomposition for the vertical Lapla-
cian on SM,

L*(SM) = @5 H,.(SM)

which on each fibre over M is just the decomposition in S*~!. We set €, =
H,,(SM)NC*®(SM). Then a function v is in €, if and only if Au=m(m+n —2)u



INVARIANT DISTRIBUTIONS AND BEURLING TRANSFORMS 11

(for details on this see [GK80d, [DS11]). If u € L?(SM), this decomposition will be
written as

U= Zum, U € Hp(SM).

Note that by orthogonality we have the identities (recall that all norms are L?)

lull* = leumll2
o0

IVull? = DIVUmII2 > mm+n—2)]un|.

m=0

Decomposition of X. The geodesic vector field behaves nicely with respect to
the decomposition into fibrewise spherical harmonics: it maps €2, into €2,,_1 & Q41
[GK80d, Proposition 3.2]. Hence on €2, we can write

X == X_ + X+
where X_ : Q,, — Q1 and X5 @ Q,, — Q1. By [GKS80d, Proposition 3.7] the
operator X is overdetermined elliptic (i.e. it has injective principal symbol).

Lemma 3.1. X} = —-X_.

Proof. Since X preserves the volume of SM, X* = —X and hence for f € €, and
h € Q11 we have

The self-adjoint operator X_ X, is elliptic and its kernel coincides with the kernel
of X;. (This is also considered in [DS11].)
Lemma 3.2. We have an orthogonal decomposition €2, = X €2, 1 @ Ker X _.

Proof. Given f € (), consider X_f € €Q,,_;. Clearly X_f is orthogonal to the
kernel of X_X since the kernel of X_ X, coincides with the kernel of X,. Hence
by ellipticity there is a smooth solution h € €, 1 such that X_X,h = X _f. Define
q:= f — Xh, then clearly X_q = 0. O

Lemma 3.3. Given u € €,, we have
(X1, Alu=—2m+n—1)X,u,
[X_,AJu=(2m+n — 3)X_u.
Proof. This is obvious once we know that X : Q,, = Q,,,41. O

Identification with trace free symmetric tensors. There is an identification
of €, with the smooth trace free symmetric tensor fields of degree m on M which
we denote by O, [DS11], [GK80c]. More precisely, as in [DS11] let A : C*(S*7") —
C>®(SM) be the map which takes a symmetric m-tensor f and maps it into the
function SM > (z,v) — fi(v,...,v). The map A turns out to be an isomorphism
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between €2, and ©,,. In fact up to a factor which depends on m and n only it is a
linear isometry when the spaces are endowed with the obvious L2-inner products, cf.
[DS11l Lemma 2.4] and [GK80c, Lemma 2.9]. If § denotes divergence of tensors, then
in [DS11, Section 10] we find the formula
X_u= L/\(S/\_lu,
n—+2m—2

for u € €,,. The expression for X, in terms of tensors is as follows. If d denotes
symmetrized covariant derivative (formal adjoint of —d) and p denotes orthogonal
projection onto ©,,,1 then

Xiu = Apd\tu

for u € 2,. In other words, up to A, X is pd and X_ is .—n-—0. The operator X,
at least for m = 1, has many names and is known as the conformal Killing operator,
trace-free deformation tensor, or Ahlfors operator.

Under this identification Ker X consists of the conformal Killing symmetric tensor
fields, a finite dimensional space. The dimension of this space depends only on the
conformal class of the metric.

Remark 3.4. Consider m = 2. In the literature of General Relativity the decompo-
sition in Lemma[3.2)is called the York decomposition [Yo73|]. The elements in Ker X_
are called TT-tensors: transverse trace free tensors. “Transverse” because zero diver-
gence (solenoidal) means it is a tangent vector transverse to the orbit of the metric
under the diffeomorphism group.

Pestov identity on (),,. We will see in Appendix [B| that in two dimensions, the
Pestov identity specialized to functions in €2, is just the Guillemin-Kazhdan energy
identity [GK80a] involving n, and n_. We record here a multidimensional version of
this fact.

Proposition 3.5. Let (M, g) be a closed Riemannian manifold. If the Pestov identity
15 applied to functions in €),,, one obtains the identity

h v v
(2m +n — 3)[| X_ul]® + ||[Vu|®* — (RVu, Vu) = (2m +n — 1)|| X ul]?
which 1s valid for any u € §Q,,.

For the proof, we need a commutator formula for the geodesic vector field and the
vertical Laplacian.

Lemma 3.6. The following commutator formula holds:

v h
(X, A] = 2divV + (n — 1)X.



INVARIANT DISTRIBUTIONS AND BEURLING TRANSFORMS 13
Proof. Using Lemma [2.1]| repeatedly we have
(X,A] = —XdivV + divV X
— _XdivV + d‘i,v(X% + %)
— _divXV + dlilv% + d‘i,v(X% + %)
= d?v% + d‘i,V%
— 2divV + (n— D)X, O

v v h
Proof of Proposition[3.5 Let u € Q,,. We begin with XVu = VXu — Vu and use
Lemmas [3.3] and [3.6] to derive

IXVul? = [VXulf? = 2Re(VXu, Vi) + |V
— IVXu? + Re(Xu, 2divVu) + ||V
— VXl + Re(Xu, [X, Alu — (n— 1)Xu) + [Vul]?
— VXl = (n — D)[|Xu|?® + Re(Xu, [X+, Alu+ [X_, Alu) + [Vul]?
— [ VXulP = (n = D Xul]® = (2m +n — | Xyl + @m+n — 3)[| X _ul]?
[Vl

The result follows directly from Proposition [2.2| and the calculation above. 0

The Pestov identity on €2, immediately implies a vanishing theorem for conformal
Killing tensors. The following result is proved also in [DS11, Theorem 1.6] (except
for the observation about rank one manifolds).

Corollary 3.7. Let (M, g) be a closed Riemannian manifold of non-positive sectional
curvature with a transitive geodesic flow. Then there are no non-trivial conformal
Killing tensors (CKTs). In particular if (M, g) is a rank one manifold of non-positive
sectional curvature, there are no non-trivial CKTs.

Proof. Consider u € €2, such that X, u = 0 and m > 1. Since the sectional curvature

\4 )4 h
is non-positive, (RVu, Vu) < 0 and Proposition gives X_u =0 and Vu = 0. In
particular Xu = X_u+ X,u = 0. If the geodesic flow is transitive, this implies u = 0.
In [Eb72, Theorem 3.11], P. Eberlein proved that the geodesic flow of a closed rank

one manifold of non-positive sectional curvature is transitive, hence these manifolds
do not have CKTs. O
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4. a-CONTROLLED MANIFOLDS

From the Pestov identity in Proposition 2.2 one would like to obtain good lower

bounds for |[VXu|®. On the other side of the identity, the term (n — 1)||Xwul||? is
always nonnegative. The next definition is concerned with the remaining terms (this
notion was introduced in [PSUl4c| for two-dimensional manifolds).

Definition 4.1. Let a € [0,1]. We say that a closed Riemannian manifold (M, g) is
a-controlled if

IXZ|* = (RZ,Z) > | X Z||?
forall Z € Z.

We record the following properties.

Lemma 4.2. Let (M, g) be a closed Riemannian manifold. Then
e (M, q) is 0-controlled if it has no conjugate points,
e (M,g) is a-controlled for some o > 0 if it is Anosov,
o (M, g) is 1-controlled iff it has nonpositive sectional curvature.

Proof. (M, g) is 1-controlled iff (RZ,Z) < 0 for all Z € Z, which is equivalent with
nonpositive sectional curvature. The fact that manifolds without conjugate points
are 0-controlled will be proved in Proposition [7.1} Similarly, the fact that Anosov
manifolds are a-controlled for some a > 0 will be proved in Theorem [7.2] O

We conclude this section with a lemma that will allow to get lower bounds by using
the a-controlled assumption.

Lemma 4.3. Ifu e C*(SM) and w=">_" w, then

v (m=1)(m+n-2)% Xu). 12+ m(m+4n—1)2 Xu 2 > 9
||Xvu||2 Z , m+n—3 ||( )m 1|| e ||( )mH , > 2,
251X ]2, m— 1.

If u € Q,,, we have

v (m—1)(mt+n=2? |y 12 | mAmin=1) iy 12 S o
||XVu||2 Z m+n—3 || —UH + m-+1 || +U|| y M = 4,
%HX-FUHQv m = 1.

The proof relies on another lemma:

Lemma 4.4. If u € C*(SM) and w; € , then

h v
(VU, le) = ((l +n— 2)X+Ul_1 — lX_’LLH_l, wl).

As a consequence, for any u € C*°(SM) we have the decomposition

h v SN /1 1
Vu=V [Z (7X+Ul_1 — H—n——QX_uH_l)

=1

+ Z(u)

where Z(u) € Z satisfies div Z(u) =0.
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Proof. By Lemmas [3.3] and [3.6]

h v v h 1 n — 1
(Vu, Vuy) = —(divVu, w;) = —5([){7 Alu, wy) + T(Xu7wl)

1 -1

= —5([X+,A]u + [ X, Alu,wy) + r (Xu,w)
1 n—1

= —5([X+7 Ay + [ X, Aluggq, wy) + (Xiu—1 + X_upq, wy)
204+n—-3 204n—1

= T +Up—1 — TX—UH-L wy

n—1

(Xjpw—1 + X wgq, wy)

which proves the first claim. For the second one, we note that

o0

h v
(Vu, Vw) = Z((l +n—2)X uq —IX _upq,w)
=1

[e.e]

1
— l(l+n—2)(

v

Vv [(l +n— 2)X+Ul,1 — lX,ulH] ,%U}l)

SO

v

h v & 1 1
(VU Y [Z (7X+U11 — mXul+1> ,Vw) =0

=1

for all w € C>*(SM).
Proof of Lemma[{.3 Let u =" w with m > 2. First note that
v v h
| XVul|? = [|[VXu — Vul)*.
We use the decomposition in Lemma [4.4] which implies that
v h
VXu—Vu=

(1 + ﬁ) (Xt)mr + (1 + ﬁ) Xt 3w

v

\%

where w; € {; for [ > m + 1 are given by

1
w; = (Xu); — = Xypu—q +

l l+n—2
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and where Z € Z satisfies div Z = 0. Taking the L? norm squared, and noting that
the term V() is orthogonal to the div-free vector field Z, gives

v —1)(m+n—2)? m(m+n—1)2
X 2 — (m X . 2 X " 2
XVl T (X P+ T (X
+ ) IVl + 112>
l=m+1
The claims for m = 1 or for u € €2, are essentially the same. U

5. BEURLING TRANSFORM

In this section we will prove Theorem[I.1} The main step is the following inequality,
where the point is that the constant in the norm estimate is always < 1 in dimensions
n > 4,is < 1 in two dimensions unless m = 1, and is sufficiently close to 1 in three
dimensions for all practical purposes.

Lemma 5.1. Let (M, g) be a closed Riemannian manifold having nonpositive sec-
tional curvature. One has for any m > 1

(X ul| < Dp(m)|| Xyull,  ueQp,
where
_ \/57 m =1,
Do )_{ 1, m>2,
1 1/2
D = |1
3(m) [ Trem—1]

D,(m) <1 forn>4.

Recall that the Beurling transform can be defined on any manifold (M, g) that is
free of nontrivial conformal Killing tensors. We know that this holds on any surface
of genus > 2, and more generally on any manifold whose conformal class contains a
negatively curved metric [DS11] or a rank one metric of non-positive curvature (cf.
Corollary .

If (M, g) has no nontrivial conformal Killing tensors, the operator X _ : Q) — )
is surjective for all kK > 2. Hence given k > 0 and f; €  there is a unique function
fri2 € Qgio orthogonal to Ker(X_) such that X_frio = —X, fr. We defined the
Beurling transform to be the map

By — Qiga, fo = fryo

The next lemma shows that a norm estimate relating X_ and X, implies a bound
for the Beurling transform whenever it is defined.
Lemma 5.2. Let (M, g) be a closed Riemannian manifold, let m > 0, and assume
that for some A > 0 one has

IX_ul < AlXoull,  u€ Q.
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If additionally (M, g) has no conformal Killing (m + 1)-tensors, then the Beurling
transform is well defined €2, — i0 and

IBA < Allfll, f € Q.

Proof. Let f € Q,, and u = Bf, so that X_u = —X, f and v L Ker(X_). Then by
Lemma [3.2] u = X v for some v € Q,,11. We have

||u||2 = (U7X+U) = —(X_U,U) = (X+f7 'U) = _(fv X_’U).
By Cauchy-Schwarz and by the norm estimate in the statement, we have
[ull* < AN IX=vll < ANFIIX 0l = ALF] lull.
This shows that ||ul| < A||f]| as required. O

Lemma 5.3. Let (M, g) be a closed Riemannian manifold, and let m > 2. If (M, g)

18 ac-controlled with
(m—2)(m+n—3)
(m—=1)(m+n-2)

o >

then
(5.1) | X_ul? < CZI X ull®,  u€ Qp,

where C,, is the positive constant satisfying

m2(m+n—1)
n—1—m+1)(m+n—1)+a — 5

(m—1)(m+n—2)2 "

C?=—

07

Moreover, if (M, g) is a-controlled for some o« > 0 and if m = 1, one has

+1

n —as
(5.2) X -ul? < #|]X+u]\2, u € .

In particular, if (M, g) has nonpositive sectional curvature and if n # 3, then one has

| X ull?,  weQ, withm > 2,

2
(5.3) [ Xul” < { 22X ]2, we Q.

Forn =3 and (M, g) of nonpositive sectional curvature one has

(5.4) -l < (14 iy ) 1l

foru e Q,, and m > 1.

Proof. Let v € €, with m > 2. The Pestov identity in Proposition and the
a-controlled assumption imply that

IV Xul? = [|XVul]? = (R Vu, Vu) + (n — 1)[| Xul]
> ol XVul]? + (n — 1)]| Xul]®
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Since Xu = X u+ X_u and u € §Q,,, orthogonality implies that
X ull® = [|X | + (| X,
IVXull? = (m+ 1) (m +n — DX qul? + (m — 1) (m +n - 3)| X_ul*
Also, Lemma applied to u € €, yields

(m—1)(m+n—2)?
i3 IX-ult+

Collecting these facts gives

m?*(m+n—1
m+1

IXVal? > Xl

n—1—(m-1)(m+n—-3)+a«a

(m = )(m + n— 2

m+n—3 1X-ul®

m2(m+n—1
m+1

The constant in brackets on the right is always positive since a < 1, and the constant
in brackets on the left is positive if « satisfies the condition in the statement. This

proves (5.1)).

When m = 1 the Pestov identity and Lemma yield, by the argument above,
n
20| Xsull® > aglIXiul® + (n = D(IXul® + [ Xeul?)

(m+1)(m+n—-1)—(n—1)—

JEER

which implies (5.2]).
If (M, g) has nonpositive sectional curvature, then one can take o = 1. Computing
C, in this case gives, for u € €, with m > 2,

m(m +n — 3)(2m + n)
(m+1)(m+n—-2)2m+n—4
Simplifying the constant further implies that

2m3 4+ (3n — 6)m? + n(n — 3)m
—2m3 4+ (3n—6)m?+n(n—3)m+ (n —2)(n —4)
The constant is always = 1ifn=2orn =4,is < 1ifn > 5, but is > 1 when n = 3.

Thus we have proved . ) for n # 3 and m > 2, and the case m = 1 follows by (/5.2 .
The inequality (/5.4] - for n = 3 follows in a s1m11ar manner.

[

)||X+UI|2-

IX—ull* < Xl

There is an immediate consequence of the previous lemma to the existence of
conformal Killing tensors:

Lemma 5.4. Let (M, g) be a closed manifold with transitive geodesic flow. If m > 2
and (M, g) is a-controlled with

(m —2)(m+n—3)

(m—1)(m+n-—2)
orifm =1 and (M, g) is 0-controlled, then (M, g) has no nontrivial conformal Killing
m-tensors (and the same is true for any manifold conformal to (M, g)).

a >
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Proof. By Lemma the conditions imply that any solution v € €2, of X u =0
also satisfies X_u = 0. Thus Xu = 0, and transitivity of the geodesic flow implies
that u is a constant. Since u € €Q,,,, we get u = 0. O

It is now easy to give the proofs of Lemma [5.1] and Theorem [1.1]
Proof of Lemma [5. 1. This result follows directly from Lemma [5.3| O

Proof of Theorem[1.1. Let (M, g) be a closed manifold without conformal Killing ten-
sors and with non-positive sectional curvature. By Lemmas [5.1] and [5.2] we have

[1Bfll2 < Cu(R)[ fllz2, f e, k=0

where C,(k) := D,(k + 1) and coincides with the definition in the statement of
Theorem . Let w be as in Theorem . Since W12k = B*f. the estimate on
Fourier coefficients follows immediately from the fact that the Beurling transform
satisfies the inequality above. If ¢ > 0 we have

(== lwel?) " < (S 07=2) " Al = il

where A is any constant such that A, (k) < A for all n and k. This shows that
we L2H, " 0

6. SYMPLECTIC COCYCLES, GREEN SOLUTIONS AND TERMINATOR VALUES

In this section we wish to give a characterization of the Anosov condition that
involves a very simple one parameter family of symplectic cocycles over the geodesic
flow. The characterization will not require a perturbation of the underlying metric
and it will be in terms of a critical value related to conjugate points of the 1-parameter
family of cocycles. The results here are generalizations to arbitrary dimensions of the
the results in [PSUI4d, Section 7].

Let (M, g) be a closed Riemannian manifold of dimension n and let ¢, : SM — SM
denote the geodesic flow acting on the unit sphere bundle SM. Given (z,v) € SM,
we let R(x,v) : {v}t — {v}+ denote the symmetric linear map defined by R(x,v)w =
R, (w,v)v, where R is the Riemann curvature tensor.

Let W (z,v) denote the kernel of the contact 1-form « at (x,v). Using the vertical
and horizontal splitting we have W (z,v) = H(z,v) & V(z,v) and each H(z,v) and
V(z,v) can be identified with {v}t C T,M. Given & € W(z,v) we write it as
¢ = (&, &) in terms of its horizontal and vertical components and we consider the
unique solution J¢ to the Jacobi equation

J + R(¢y(z,v))J =0

with initial conditions (J(0),J(0)) = & = (&,&). In the horizontal and vertical
splitting we can write the differential of the geodesic flow as

di(§) = (Je(t), Je(t).
For details of this we refer to [Pa99]. The linear maps d¢; : W(z,v) — W (p(x,v))
define a symplectic cocycle over the geodesic flow with respect to the symplectic form



20 G.P. PATERNAIN, M. SALO, AND G. UHLMANN

w := —da|y. We can now embed the derivative cocycle into a 1-parameter family by
considering for each 8 € R, the -Jacobi equation:
(6.1) J + BR(¢y(z,v))J = 0.

This also defines a symplectic cocycle (on the symplectic vector bundle (W, w) over
SM)

\I]tﬂ : W(ZE,U) - W(¢t(xuv))
by setting
(€)= (J (1), J (1))
where Jf is the unique solution to 1) with initial conditions & = (Jf (0), Jéﬁ (0)).

Clearly ¥} = dg¢;. The cocycle \Iff is generated by the following 1-parameter family
of infinitesimal generators:

(6.2) Ap(w,v) = ( _BRO(Q;,U) IS)

and since R(x,v) is a symmetric linear map, it is immediate that \Ilf is symplectic
(see [Ka01] for information on cocycles over dynamical systems). In this section we
shall study this family of cocycles putting emphasis on two properties: absence of
conjugate points and hyperbolicity. For completeness we first give the following two
definitions.

Definition 6.1. The cocycle \I/f 15 free of conjugate points if any non-trivial solution
of the 5-Jacobi equation J + BR(pi(x,v))J = 0 with J(0) = 0 vanishes only at t = 0.

Definition 6.2. The cocycle \Iff is said to be hyperbolic if there is a continuous
mwvariant splitting W = E* & E°, and constants C' > 0 and 0 < p < 1 < n such that

for all t > 0 we have
192, gl < Cn* and |7

Es S Cpt

Remark 6.3. It is well known that the bundles E* and E" are (n — 1)-dimensional
and Lagrangian. For the purposes of Definition [6.2| one could use any norm on W
since they are all uniformly equivalent due to the compactness of SM (the constants
C', n and p would be different though). There is however an obvious choice of inner
product on W = H & V: on each ‘H and V we have the inner product induced by g on
{v}*; this is the same as the restriction of the Sasaki metric on T{,,)SM to W (z,v).

Of course, saying that W} is hyperbolic is the same as saying that (M, g) is an
Anosov manifold. The two properties are related by the following:

Theorem 6.4. If \I/f s hyperbolic then E° and E" are transversal to V and \Ilf s
free of conjugate points.
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Proof. For f = 1 this is exactly the content of Klingenberg’s theorem mentioned
in the introduction [KI74]. For arbitrary [ this can proved, for example, using the
results in [CGIP03] on the asymptotic Maslov index as we now explain. Let A(SM)
denote the bundle of Lagrangian subspaces in W. The subbundles V, E™* are all
Lagrangian sections of this bundle, but with £** only continuous. The key property
of \I/f is that it is optical or positively twisted with respect to V. This means that for
any Lagrangian subspace A in W (z,v) intersecting V(x,v) non-trivially, the form

(&mn) = —w <€, %h;e(@ﬁ))
restricted to A N V(x,v) is positive definite. Here the term & indicates that along
a curve £(t) = (&(t),&(t)) we just take covariant derivatives of each one of the
components &,(t), &,(t). It is very well-known that the geodesic flow is optical with
respect to the vertical distribution, and we can now quickly check that the same is
true for \Il'f . Indeed, take n € V(x,v), then using the 5-Jacobi equation

D

E|t:0(‘1’f77) = (Jf(O), —B R(z,v)J2(0)).

Since 7 is vertical
(J(0), =B Rz, v)J(0)) = (1, 0).
Thus

D
o (o o)) = P

so we have the desired positive twisting with respect to the vertical distribution.
We are now in good shape to apply Theorem 4.8 in [CGIP03] to either E* or E* to
conclude that there are no S-conjugate points and that both £ and E* are transversal
to V. Strictly speaking Theorem 4.8 in [CGIP03]| is stated for the derivative cocycle
of a Hamiltonian flow, but it is plain the proof works just the same for symplectic
cocycles as in our context. [

Let us describe now the Green limit solutions when \Ilf is free of conjugate points
[Gr58]. For two dimensions these constructions are due to E. Hopf [Ho39]. We shall
follow the elegant and short exposition in [[t02] to construct our solutions.

Set Ep(z,v) == ¥, (V(¢r(z,v)). Since dr : Ep(x,v) — {v}* is an isomorphism,
there exists a linear map Sy (z,v) : {v}+ — {v}* such that Er is the graph of Sr; in
other words, given w € {v}*, there exists a unique w’ € {v}* such that (w,w’) € Er
and we set Srw := w'. Since the cocycle is symplectic Er is Lagrangian. This is
equivalent to S being symmetric. The claim is that S7 has a limit as T" — oo.

Recall that it is possible to give a partial order to the set of symmetric linear maps
by declaring that A = B if A— B is positive definite. Then we need to show that Sy is
monotone and bounded. For ¢ < s, the linear map Ss —.5; is obviously symmetric and
we observe that its signature does not change in the region 0 < ¢ < s since \I/f has no
conjugate points. An elementary estimate shows that S, = —%Id + O(s?) and hence
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Ss — S is positive definite for 0 < t < s. Consequently S is monotone increasing as
T goes to co. A similar argument shows that Sp is bounded by S; for t < 0. We let

U™ := lim ST'

The graph of U~ determines an invariant Lagrangian subbundle E~ (stable bun-
dle) which is in general only measurable. Moreover U~ is measurable, bounded and
satisfies the Riccati equation

U+U?+BR=0.

These claims are all proved as in the case of § = 1 (geodesic flows). Similarly, by
considering W2.((¢_r(x,v)) we obtain an invariant subbundle E* (unstable bundle)
and a symmetric map U™ also solving the Riccati equation above along geodesics.
By construction Ut — U~ is non-negative. We summarize these properties in the
following lemma.

Lemma 6.5. Assume \Pf 18 free of conjugate points. Then there exist symmetric
linear maps U*(x,v) : {v}t — {v}+ such that (z,v) — U*(z,v) are measurable,
bounded and t — U*(¢;(x,v)) satisfy the Ricati equation

U+U?+BR=0.
Moreover, UT — U~ is a non-negative operator.

We call the symmetric maps U* the Green solutions and often we shall use a
subscript 8 to indicate that they are associated with the cocycle \Iff .

Theorem 6.6. Assume that \I!f 18 free of conjugate points. Then \I!f 18 hyperbolic if
and only if Eg (x,v) N Eg (z,v) = {0} for all (x,v) € SM (equivalently U+ = U~ for
all (z,v) € SM ).

Proof. For B = 1 this was proved by Eberlein in [Eb73]. To prove the theorem
for arbitrary 8 we shall make use of Theorem 0.2 in [CI99]. When applied to our
situation, it says that \Ilf is hyperbolic if and only if

(6.3) sup [T (€)|| = +oo forallé e W, € #£0.
teR

We shall also need the following proposition:

Proposition 6.7. Assume \Iff is free of conjugate points and let v be a unit speed
geodesic. Given A > 0 there exists T = T(A,~) such that for any solution w of
W+ BR(7y,y)w = 0 with w(0) = 0 we have

jw(s)| = Alw(0)|
foralls > T.

Proof. The proof of this is exactly like the proof of Proposition 2.9 in [Eb73] and
hence we omit it. OJ
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Suppose now we have a solution .J to the 8-Jacobi equation J + SRJ = 0 that
is bounded in forward time, i.e., there is C' such that |J(t)] < C for all t > 0. We
claim that Uy (z,v)J(0) = J(0). For r > 0, consider the unique matrix solution
Y, of the -Jacobi equation with Y,(r) = 0 and Y,(0) = Id. The Lagrangian bundle
P (V(¢,(x,v))) does not touch the vertical for ¢ < r, hence it gives rise to symmetric

linear maps U~ (x, v, t) satisfying the Riccati equation for ¢t < r. Moreover, it is easy

to check that Y, (t) = U= (z,v,t)Y,(t)

Let w(t) := J(t) — Y,.(t)J(0). Since w(0) = 0 we may apply Proposition to
derive for any A, the existence of T such that

w(s)| > Alw(0)]
for all s > T'. Consider r large enough so that » > T'. Then
C = J(r)| = w(r)| = Alw(0)| = A[J(0) — U, (z,v,0)J(0)].

T

Now let r — 0o to obtain

C > AlJ(0) = Uj (x,v)J(0)|

and since A is arbitrary the claim Uy (z,v)J(0) = J(0) follows.

Similarly, if there is a solution J to the $-Jacobi equation that is bounded backwards
in time we must have Ug (z,v).J(0) = J(0). Thus if there is a solution .J bounded for
all times then U ; — Uy has zero as an eigenvalue along 7.

Now it is easy to complete the proof of the theorem. Suppose \Ilf is hyperbolic.
Then if we consider a solution of the -Jacobi equation corresponding to the stable
bundle, it must bounded forward in time by definition of hyperbolicity and hence by
the above the graph of U; must be E®. This implies E~ = E*. Similarly the graph
of U ; is E* and E* = E". Since E* and E" are transversal it follows that £+ and
E~ are also transversal.

Suppose now ET and E~ are transversal everywhere. By the argument above, any
non-trivial solution J of the g-Jacobi equation must be unbounded. Since

17 @I = [T + T (@),

where J is the unique solution to the f-Jacobi equation with (J(0),J(0)) = &, it
follows that (6.3) holds and hence ¥ is hyperbolic. O

Let us agree that given two symmetric linear maps A and B, A > B means that
A — B is a non-negative operator. Below we will find convenient to use the following
well-known comparison lemma (cf. [Re7ll, p. 340)):

Lemma 6.8. Let U;(t), i = 0,1 be solutions of the matrixz initial value problems
Ui +U? + Ri(t) =0, Uj(0)=w;, i=0,1

with R; symmetric for i = 1,2. Suppose wy = wy, Ri(t) =< Ro(t) fort € [0,to], and
Uo(to) is defined. Then Uy(t) = Uy(t) fort € [0,1o].
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Theorem 6.9. Let 5y > 0. If \If?0 is free of conjugate points, then for any 5 € [0, Bol,
\Iltﬁ is also free of conjugate points. If \Ilfo is hyperbolic, then for any 5 € (0, Bo), \Ilf
15 also hyperbolic.

Proof. Let U éi be the Green solutions associated with W/, Given a € [0,1] we have
X(aUg) + (aUg )* + afoR = (Ug )?a(a — 1) < 0.
This already implies that the cocycle \I/fﬂ ° is free of conjugate points. Indeed, let
gt = aBR — (Uﬁio)%(a —1). Then
X(aUs) + (aU3 )? +¢* =0

and ¢t = ayR. Lemma implies that the cocycle \I/?B ? is free of conjugate points.
Moreover, it also implies that
Udsor(@,0,1) = aUg (x,v,1)
for all t > —r. By letting r — oo we derive
+ +
Uab’o = aUBo

and similarly

aUg, = Ugg,-
Putting everything together we have
- - — -
(6.4) Uy, = aUg = aUg = Uyy .

Suppose now that \Iff ¢ is hyperbolic. Then by Theorem 6.4} ‘Il'f ¢ is free of conjugate
points and by Theorem Ug; = Up, everywhere. For a € (0,1], the chain of

inequalities 1' implies that U;rﬁo = Up,p, everywhere and again by Theorem ,
U is hyperbolic. O

This theorem motivates the following definition.

Definition 6.10. Let (M, g) be a closed Riemannian manifold. Let Bre, € [0, 0]

denote the supremum of the values of B > 0 for which \I/t’B is free of conjugate points.
We call Bre, the terminator value of the manifold.

We complement this definition with the following lemma:

Lemma 6.11. The manifold (M, g) is free of Brer-conjugate points. Moreover, Bre, =
oo if and only if (M, g) has non-positive sectional curvature.

Proof. The first claim follows from the following general observation: if \Iff ° has con-
jugate points, then there is & > 0 such that for any 8 € (8y — ¢, By + €) the cocycle
\I/f has conjugate points. This is proved in the same way (in fact it is easier) as the
proof that the existence of conjugate points is an open condition on the metric ¢ in
the C*-topology for any k > 2; see for example [Ru91l, Corollary 1.2].

For the second claim note that obviously sectional curvature K < 0 implies that
Brer = 00. For the converse, suppose that there is a point x € M and a 2-plane o C
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T, M such that the sectional curvature K,(o) > 0. Let {v,w} denote an orthonormal
basis of 0. Let v denote the geodesic defined by (x,v) and let e(t) be the parallel
transport of w along 7. Consider the 2-plane o, spanned by 4(t) and e(t). Since
K,(o0) > 0 we can find r,6 > 0 such that K,4(o,) > 6 for t € [—r,r]. Consider
a smooth function f defined on [—r,r] such that f vanishes around r and —r and
f(t)=1fort € [-r/2,r/2]. Consider the vector field W (t) = f(t)e(t) along ~y. Since
there are no f-conjugate points for all 5 > 0 we must have (see for example [Pe03),
p.46] or [Da06l Lemma 5.3]):

/T(IW\Q — B(R(W, %)%, W))dt > 0.

Equivalently
Wkdt — 8 | 2K, (o)) dt >0

-r -r

for all 5 > 0. And this implies
/ (W2 dt > rB6

for all 8 > 0 which is clearly absurd. O

We now have the following purely geometric characterization of hyperbolicity (the
parameter [ is always > 0 in what follows).

Theorem 6.12. The cocycle \Ilf is hyperbolic if and only if 5 € (0, Brer) and there
s no geodesic with a nonzero orthogonal parallel Jacobi field.

Proof. We know that if \Iff is hyperbolic then § < Bre.. Since hyperbolicity is an
open condition we must have § < fr... Finally if there is a geodesic with a nonzero
orthogonal parallel Jacobi field .J, then \Ilf cannot be hyperbolic as such a field is
bounded and solves the §-Jacobi equation for any /.

Consider 3 € (0, Bre-) and assume that \I!f is not hyperbolic. By Theoremthere
is a geodesic v along which E+ = E~. Equivalently there is a non-zero -Jacobi field
J such that J = U~J = U*J along 7. Let a := /frer. Using (6.4) for Sy = Brer we
deduce that along v we must have

J=UjJ=aU} J=aU;, J=U;J.

Differentiating the equality Uy J = aUg J with respect to ¢ and using that J=U 5]
we derive

UfJ+ (USPT =aUg J+a* (U )2
Using the Riccati equation we arrive at (Uy )?J = a(Ug,_)*J and hence (U, )*J =
0. Since UET ., 1s symmetric this implies that U;T _J = 0 and hence J = 0 which
contradicts our hypotheses. O

We can certainly rephrase this theorem using the definition of the rank of a unit
vector given in the introduction. The condition of having no geodesic with a nonzero
orthogonal parallel Jacobi field is equivalent to saying that every unit vector has rank
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one. As an immediate consequence we obtain the following geometric characterization
of Anosov manifolds.

Corollary 6.13. A closed Riemannian manifold (M, g) is Anosov if and only if every
unit vector has rank one and Bre, > 1.

It is interesting to note that the main example in [BBB8T7] has the property of
being a non-Anosov closed surface with no conjugate points such that every vector
has rank one. Hence for this example Sr., = 1.

7. ANOSOV MANIFOLDS ARE a-CONTROLLED

Consider > 0 such that there are no -conjugate points and let U be one of the
Green solutions satisfying the Riccati equation

U+ U+ BR(¢y(z,0)) = 0.

Recall that U is measurable, bounded and differentiable along the geodesic flow, see
Lemma The next identity is very similar to [DP08b, Theorem 3.1], but here we
give a short self-contained proof.

Proposition 7.1. Let (M, g) be a closed manifold without (-conjugate points for
some 3 > 0. Then for any Z € Z

(7.1) IXZ -UZ|* = IXZ|* - B(RZ, Z).

As a consequence if B € (0, Brer], the manifold (M, g) is %—contmlled.

Proof. Let us write
|IXZ -UZ|”=|XZ|* -2(XZ,UZ)+ |UZ|.
All we need to show is that
2AX2Z,UZ)=|UZ|*+ B(RZ, Z).

For this note that X* = —X and that U is a symmetric operator, hence using the
Riccati equation we derive

(XZ,UZ)=—(Z2,X({UZ))=—(Z,(XU)Z+U(XZ))
=(Z,U*2)+ B(RZ,2) — (Z,U(X 7))
=UZ|*+B(RZ,Z) — (UZ,XZ)

and ([7.1) is proved. The last statement in the proposition follows from the fact that
| XZ|? — B(RZ,Z) > 0 is equivalent to (M, g) being %—controlled. O

Theorem 7.2. Let (M, g) be an Anosov manifold. Then there ezists c > 0 such that
IXZ||* = (RZ,Z) = o(| X Z|* + || Z2]%)
forall Z € Z.
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Proof. Since the geodesic flow is Anosov we have continuous stable and unstable
bundles. It is well known that these are invariant, Lagrangian and contained in the
kernel of the contact form. Moreover, by Theorem the subbundles are transversal
to the vertical subbundle. Thus we have two continuous symmetric maps U™* and
U~ satisfying the Riccati equation with the property that the linear map U™ (z,v) —
U~ (x,v) is positive definite for every (z,v) € SM.

Let A:= XZ —-U"Z and B := XZ — U*%Z. Using equation we see that
Al = || B||- Solving for Z we obtain

7 =Ut-U)YA-B).
Since U* are continuous, there is a constant a > 0 independent of Z such that
1Z]| < allA]l.

Since XZ = A+ U~ Z we see that there is another constant b > 0 independent of Z
for which
[ XZ]| < b]|All

From these inequalities and (|7.1)) the existence of « easily follows. O

8. SUBELLIPTIC ESTIMATE AND SURJECTIVITY OF I}

In this section we will show that the Anosov condition allows to upgrade the Pestov
identity in Proposition [2.2]to a subelliptic (H' to L?) estimate for the operator

P—VX.

Recall from the discussion before Proposition that uniqueness results for P imply
injectivity for the geodesic ray transform I,. The subelliptic estimate may then be
viewed as a quantitative injectivity result for Ij.

If F is a subspace of D'(SM), we write E, for the subspace of those v € F with
(v,1) =0.

Theorem 8.1. Let (M, g) be an Anosov manifold. Then
lullar S I Pullz2, w e CF(SM).
More generally, for uw € H'(SM) with Pu € L*(SM) one has
[ = (w)sallmr S || Pul| 2
where (u)sy = W Joas v is the average of u.

Proof. Let u € C>*(SM). Combining the Pestov identity in Proposition with
Theorem [7.2] we derive:

1Pul]* > (n = DI|Xul? + a([Vul* + | X Vul]?).
\4 h
Using the commutator formula [ X, V] = =V we deduce

h )
IVull < [[Pul] + [ XVul
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From these facts it follows that

h
IVul S ([ Pull.
Hence . i}
[Pull® 2 IVl + | Vul® + [ Xull® = [Vsarul*.
By the Poincaré inequality for closed Riemannian manifolds, one also has
lull® < IV sarul®
for all u € C°(SM). Hence
[l S (| Pull

for all w € C(SM) as desired.
Using a different Poincaré inequality in the above argument,

lw = (w)sull> S IVsuwll, — we C=(SM),
we also obtain the inequality
lw = (w)sullgr S [|PwlL2, we CF(SM).

Since P has smooth coefficients, this last inequality holds also for any w € H'(SM)
with Pw € L*(SM) by convolution approximation and the Friedrichs lemma [H683),
Lemma 17.1.5] (one covers SM by coordinate neighborhoods, uses a subordinate

partition of unity, and performs the convolution approximations in the coordinate
charts). O

We now use the subelliptic estimate to obtain a solvability result for P* = Xdiv.
In [PSU14c| this was done by a Hahn-Banach argument in the two-dimensional case.
Here we give an alternative Hilbert space argument based on the Riesz representation
theorem, and we also give a notion of uniqueness for solutions.

Lemma 8.2. Let (M, g) be an Anosov manifold. For any f € H;'(SM) there is a
solution h € L*(SM, N) of the equation
P'h=f inSM.
There is a unique solution satisfying one of the following equivalent conditions:
(a) h is in the range of P acting on {u € H'; Pu € L*}.
(b) h is L*-orthogonal to the kernel of P* on L*.
(c) h has minimal L* norm.

The unique solution h satisfies ||h||r2 < || flla-1-
Proof. Define the space
A={ue€ H(SM); Puc L*(SM)}
with inner product
(u, w)4 = (Pu, Pw)pe.
This is an inner product space, since (u,u)4 = 0 for u € A implies u = 0 by Theorem
B.1] It is also a Hilbert space: if (u;) is a Cauchy sequence in A then it is a Cauchy
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sequence in H' by Theorem , hence (u;) converges in H' to some u € H' and also
(Pu;) converges to some w in L?. Then Pu; — Pu in H~! and also Pu; — w in
H~!, showing that Pu=w € L? and u; — u in A.

Given f € H;'(SM), define the functional

[:A—C, l(w)=(w,f)Le.

(The expression on the right is the distributional pairing.) This functional satisfies
by Theorem

L) < wllasll flla— S Tlwllall flla--

Thus [ is continuous on A, and by the Riesz representation theorem there is u € A
satisfying

Hw) = (w,u)a,  ulla S Sl
For any w € C*(SM) we have

(w, f)rz = (w,u) 4 = (Pw, Pu)r2 = (w, P*Pu)p2

Therefore h = Pu solves P*h = f in SM (since both f and P*h are orthogonal to
constants) and ||h||zz < || fllg-1-

We next observe that h is the unique solution of P*h = f which is in the range
of P acting on A. Indeed, if both A~ = Pu and h = Pa solve the equation, then
P*P(u—1u) =0so (P(lu— 1), Pw)rz = 0 for smooth w. We can use the Friedrichs
lemma to approximate u — @ by smooth functions in the A norm as in the proof of
Theorem 8.1} This shows || P(u—1)||> = 0, so u = @ by Theorem 8.1} The equivalence
of (a), (b), (c) follows since any h € L? can be expressed as the orthogonal sum
h = Pu+w where u € A and w € L? with P*w = 0 (this follows since P : A — L? is
bounded with closed range and the orthocomplement of Ran(P) is Ker(P*), one can
again approximate u by smooth functions in the .4 norm). O

Let w,_1 denote the volume of the (n — 1)-dimensional unit sphere. Given w €

D'(SM), let wy € D'(M) be defined by

(wo, ) = ——(w,pom), e (M),

n—1

We can now prove surjectivity of Ij.

Theorem 8.3. Let F' € H;'(SM) and f € L*(M). There exists w € L2H'(SM)
satisfying
Xw=F in SM, wo = f.

oo 1

m=1 memH2 is minimal,

There is a unique such w for which the quantity
and this w satisfies ||wl|pa g1 S| F|lz-— + || fllz2-

Proof. By Lemmathere ish € L?(SM, N) such that h = Va for some a € L*(SM)
and

P*h=F - Xf.
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Then w = divh + f is in L2H ' (since > °_, memHQ = |[Val|j3. = ||R]]?),
and it satisfies

Xw=Xdivh+ Xf=F
and wy = f. To check the last equality it suffices to observe that

(div b, o) = 0

since V(¢ o ) = 0 (the function ¢ o 7 only depends on = € M). The uniqueness
of w with the minimality property, together with the norm bounds, follow from the
corresponding properties of h in Lemma [8.2] O

9. SURJECTIVITY OF I},

Let (M, g) be a closed Anosov manifold of dimension n > 2. We wish to prove a
quantitative injectivity result for I,,, when m > 1, if (M, g) is Anosov and a-controlled
for suitable a. To this end, we consider the operator

Q- TomC¥(SM) = Z, Qutt = VTsm i Xu

where

o
Ts,u = E Uy, -
m=r

The next theorem is a subelliptic estimate for @),,,. It may be viewed as a quantitative
injectivity result for 7,,, and it implies a surjectivity result for I7,.

Theorem 9.1. If (M, g) is closed Anosov, if m > 1, and if (M, g) is a-controlled for
a > oy, where
(m—1)(m+n—2)
Gmin = m(m+n—1)

Y

then we have
Jullgr S [|@mull2,  u € T5nC(SM).

Proof. Assume that u € T%,,C>°(SM). The Pestov identity applied to u reads
IVXul2 = (n — D)[|Xu|® + | XVul® — (RVu, Vu).
The decomposition
Xu= (Xtu)m-1+ (Xtt)y + T>mi1 Xu
implies that
1Xull® = (X w)mr[I* + (X w)l* + 1 T2 X
and

IVXull? = (m = 1)(m +n = 3)[(Xu)n |+ mm +n = 2)[(Xw)

+ | VTs 1 Xl
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Using these facts in the Pestov identity above shows that
1Qmull® + (m — 1)(m + n = 3)[(Xw)m-r[|* +m(m +n — 2)[|(Xu)m]*

— (0= 1) X2 XDl + [ Tomsr Xul]2] + [ X V2~ (RVu, V).
Applying the a-controlled assumption and Lemma yields for m > 2

[Quul? 2 =1 m = 1)m = 3) + o IERZI oy,
+ {n —1—m(m+n—-2)+ am(;:j:_—;) } (X )l

+ (n = D[ Topma Xulf”.
If & > oy, the constants in brackets are positive and it follows that
[ Xull S 1Qmull

If m =1 we obtain

1Quull* = (n = DI (Xu)oll* + I T2 Xul*] + (Xu) |

an? ||
-1

and thus we also have
[ Xul| S Quull-

From the definitions of P and (),, we see that

Pu= Z %(Xu)l + Qnu

=1
and hence

1Pull® = 1T+ n = 2)[(Xu)il| + | Quul.
=1

The subelliptic estimate for (),, now follows from the above discussion and the basic
subelliptic estimate for P given in Theorem [8.1] O

The subelliptic estimate implies a solvability result for @)y, = X7%,,.1div. The
next results could be made slightly more precise as in Section [8 we omit the details.

Lemma 9.2. Assume the conditions in Theorem[9.1 For any f € Ts,, H*(SM),
there is H € L2(SM, N) with Q:nH = f and HHHLQ(SM,N) 5 HfHH_l(SM)

Proof. If f is as above, define a linear functional
L Qu(T>nC®(SM)) C L*(SM,N) — C, (Qnu) = (u, f).
Then [[(Qnu)| < |f|lz-1||@mul by Theorem thus [ has a bounded linear ex-

tension [ : L*(SM,N) — C by Hahn-Banach and there is H € L*(SM,N) with
[H| > S 1 fllz-+ and

UZ)=(Z,H)2(s0m,n), 7Z € L*(SM, N).
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But now for any u € C*°(SM) we have

3

(14, Q1) = (@t H) = (@ — S ) H) = (w— S, ) = (u, f)

l

Il
=)

so Q. H = f as required. 0
This leads to invariant distributions starting at any a,, with X_a,, = 0:

Proposition 9.3. Assume the conditions in Theorem[9.1. Let a,, € Q,,, with X_a,, =
0. There isw € H Y(SM) with Xw =0 and w,, = ay,.

Proof. Let f = —X,a,,, and use the previous lemma to find H € L*(SM, N) with
Q. H = f. Then

X(TomardivH) = —Xay,

and so Xw =0 for w = a,, + T2m+1(d¥vH) where w € H™'. O

10. INJECTIVITY OF I,

In this section we would like to prove the following injectivity result.

Theorem 10.1. Let (M, g) be closed Anosov, let m > 2, and let (M, g) be a-controlled
for a > auy,., where

N :(m—l)(m—i-n—Q)
o m(m+n—1)

If additionally (M,g) has no nontrivial conformal Killing (m + 1)-tensors (this is
always true if @ > oy, by Lemma , then I, is s-injective.

This has two immediate corollaries stated in terms of the terminator value of (M, g).

Corollary 10.2. Let (M,g) be a closed Riemannian manifold such that every unit

vector has rank one, and let m > 2. Suppose in addition that Pre, > % and

that there are no non-trivial conformal Killing tensors of order m + 1 (this is always

true if Bre, > %) Then I, is s-injective.

Proof. Observe first that % > 1 and by Corollary [6.13| the manifold (M, g) is

Anosov. Moreover, if Bre, > % then the manifold is %—controlled.

The corollary now follows from Theorem [10.1] U

Corollary 10.3. Let (M,g) be a closed Riemannian manifold such that every unit
vector has rank one, and assume that Bre,. > 2(:—;1) Suppose in addition that there

.o y7- . . 2(n+1
are no non-trivial conformal Killing 3-tensors (this is always true if Bre, > (n:_FQ)).
Then (M, g) is spectrally rigid.

Proof. Follows from Corollary and [GKS80a]. O
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Proof of Theorem[10.1]. Suppose f is a symmetric m-tensor in the kernel of I,,,. Then
f gives rise to a function f(z,v) = f(v,...,v) € C*°(SM) that integrates to zero
over periodic geodesics and has degree m (meaning that f =", f;). By the Livsic
theorem [dMMS86], there is a € C*(SM) with Xa = f. Letu=a—3 ., , @. Then

Xu has degree m and @, u = V15,11 Xu = 0.

If we examine the proof of Theorem and include some additional positive terms
from the proof of Lemma [4.3] the following inequality emerges for an a-controlled
manifold:

[Qul? 2 [~ 1= (= 1(m +n =) + oD v,y
+ {n —1-m(m+n-2)+ am(gfj__:__;) } (X ) |?

+ (0= D Tomp Xul® +a( > |[Vurl* + 2]
I=m+1

The assumption on « implies that the first constant in brackets is positive and the
second is nonnegative. If we use that @, u = 0 we derive: (Xu),,—1 =0, (Xu); =0

and %wl =0 foralll >m+1, and Z = 0. This implies (by the proof of Lemma D

v —1v
XVu =27 G xw),,
m-+n—2

h _ v
Vu = V(Xu),,
U o (Xu)

Using the commutator formula in Lemma [3.6| we may write

-2 v v
XAu—AXu=———divV(Xu),, + (n — 1) Xu
m+n—2
m(Xu)m + (n—1)Xu

=2
=(2m+n—1)Xu.

But since AXu = A(Xu),, = m(m+n — 2)Xu we obtain
X(Au— (m(m+n)+n—1)u) =0.
The geodesic flow is Anosov and therefore transitive. This implies
Au= (m(m+n)+n—1)u.

From this we easily derive that uy = 0 for all £ # m + 1. Thus Xu = Xy =
X _Uy,1 which implies that X, u,,,1 = 0. It follows that u,,,, is a conformal Killing
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tensor of order m + 1. By hypothesis u,,,1 = 0 and hence v = 0. This implies that a
has degree m — 1 and f = Xa is a potential tensor. O

11. MANIFOLDS WITH BOUNDARY

As mentioned in the introduction, the methods in this paper also apply to manifolds
with boundary. The main changes when going from closed manifolds to the boundary
case include the assumption that test functions need to vanish on the boundary
whenever appropriate, and that in the boundary case there are no nontrivial conformal
Killing tensors vanishing on the boundary [DS11]. We now indicate what kinds of
results can be achieved in the boundary case.

In this section we will assume that (M, g) is a compact oriented Riemannian man-
ifold with smooth boundary, and n = dim M > 2. The results in Section [2| are valid
in the boundary case, and the Pestov identity

IVXul* = [XVul* = (R Vu, Vu) + (n = 1)|| Xul|*
now holds for any u € C*(SM) with u|gsmy = 0. The spherical harmonics ex-
pansions u = » >~ u,, and the decomposition X = X, + X_ in Section [3| remain

m=0

unchanged. One has the adjoint identity
(X-i-ua ’LU) = —(U, X_U))

when u € Q,,,, w € Q,,11, and one of u, w vanishes on 9(SM). Notice that in general
one only needs boundary conditions in the x variable, since one can integrate by parts
freely in the v variable (the fibres are compact with no boundary).

Lemma 11.1. Let (M, g) be a compact manifold with smooth boundary.
(a) If Xjum = 0 where wm, € Quy, Um|osmy =0, m > 1, then u,, = 0.
(b) If fm € Qum, m >0, there exists w1 € Qa1 with X i1 = fin.
(¢) Any fn € Qp, m >0, has the orthogonal decomposition

Jm = @m + X U1, X Gm =0, Umfl‘a(SM) =0.

Proof. By the results of [DS11], the problem

X,XJFU = f in SM, u|3(SM) =h

is an elliptic boundary value problem on sections of trace-free symmetric m-tensors
(hence on €,,), with trivial kernel when m > 1. This shows (a) and also (b) since
X_ X, {u € Qu; ulpsmy = 0} — Qy, is surjective for m > 1 (if m = 0, the
equation X_ X wy = fo reduces to d*dwy = fo which can always be solved). For (c),
if fm € Qp, it is enough to solve X_X v,y = X_f,,, with vn,—1|asary = 0 and to set
dm = fm - X—i—vm—l- O

As in Section , the manifold with boundary (M, g) is said to be a-controlled if
IXZ|* = (RZ,Z) > | X Z||?

for all Z € Z with Z|ssmy = 0. Lemmas and remain true, and Lemma
takes the following form.



INVARIANT DISTRIBUTIONS AND BEURLING TRANSFORMS 35

Lemma 11.2. Let (M,g) be a compact nontrapping manifold with strictly convex
boundary. Then

e (M, q) is 0-controlled if it has no conjugate points,

o (M, qg) is a-controlled for some o > 0 if it is simple (and moreover one has
IXZ|]? = (RZ,Z) > o(| X Z|* + || Z]]?) for Z € Z with Z|asary = 0),

e (M, g) is 1-controlled iff it has nonpositive sectional curvature.

Proof. If (M, g) is as in the statement, one has the Santalé formula [Sh99, Lemma
3.3.2

]
7(z,v)
AMle;M“A F(elz,0)|(w,0) | e d(O(SM)),  f € C=(SM).

Given Z € Z with Z|asm) = 0, we define
Yoult) = Z(pi(,0),  (5,0) € 0,(SM), t € [0, 7(z,0)].

Then Y, , is a vector field along the geodesic v,, : [0,7(z,v)] — M starting from
(x,v), it is orthogonal to 4 and vanishes at the endpoints, and we have

DyY,u(t) = X Z(y(x,0)).
It follows from the Santald formula that

HXZW—«Rzzwzé(mﬂuma@mnWWuunamSM»
+

where [, is the index form on a geodesic v : [0, 7] — M,
T
L) = [ (D) = (VA W) ar
0

for normal vector fields V', W along ~ that vanish at the endpoints.

Now if (M, g) has no conjugate points, the index form is positive definite and thus
(M, g) is O-controlled by the above discussion. Similarly, if (M, g) is simple, it was
observed in [DKSUQ9, proof of Theorem 7.1] that there is € > 0 such that

($7’U)
uwanOZs/ VPR, (2.0) € O, (SM),
0

for all normal vector fields Y along v, , vanishing at the endpoints. Thus

7(x,v)
Xzl - wz2)ze [ [Tz ) Plem)] dia(sn) = e 2]
oy (sm) Jo
for Z € Z with Z|psay = 0. If now C' > 0 is such that (RZ, Z) < C||Z||? for Z € Z,
and if 0 < 0 < 1, then
IXZ|* = (RZ,Z) = (1 = 0)e|| Z|* + 8| X Z||* = Cd| 2| ?

which is > a(|| X Z||* + || Z||?) for some a > 0 by choosing ¢ small enough. Finally,
nonpositive sectional curvature is equivalent with having (RZ,7) <0 forall Z € Z
with Z|gsay = 0, which is equivalent with 1-controlled. O
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Remark 11.3. The same proof as above shows that if there are no [-conjugate
points (5 > 0), then (M, g) is %—con‘crolled. The key ingredient is the positivity of

the index form with parameter 5 which was established for example in [Pe03] p.46]
or [Da06, Lemma 5.3].

If (M,g) is compact with boundary, by Lemma we can define the Beurling
transform for any m > 0 by
B: Qm — Qm+2a fm = fm+27

where f,,12 € (12 is the unique solution of the equation

X_fmi2 = —Xifm

that is orthogonal to Ker(X_) (equivalently, the unique solution with minimal L2
norm, or the unique solution of the form X, v,,,; where Um+1|a(s M) = 0). Lemma
remains true if one considers u € 2, with u|6(5M) = 0. The arguments in Section
now show that in nonpositive curvature, the Beurling transform is essentially a
contraction and formal invariant distributions starting at any f exist.

Theorem 11.4. Let (M, g) be a compact manifold with boundary, and assume that
the sectional curvatures are nonpositive. The Beurling transform satisfies

[Bfllze < Colm)|[fllL2 € O,

Cy(m) = { V2,

m
1, m

where

Y
Y

(AVANI

0
1
1 1/2

C =1
3(m) [ * (m+2)2(2m+1) ’

Cn(m) <1 forn>4.
If mo >0 and if f € Qyp, satisfies X_f =0, then there is a solution of

Xw=0 i SM, Wiy = [,

given by w = > 2 B¥f. One has w € LiHv_l/Z_E(SM) for any € > 0, and the
Fourier coefficients of w satisfy

[Wmgv2rll2 < An(mo)|| fllz2, k=0,
where A, (mo) = [[;2, Cu(mo + 23) is a finite constant satisfying

V2, mg =0,
AQ(mO)Z{ 1 m2>1

A3<m0) < 1137
An(mo) <1 forn > 4.
We have seen in Lemma that simple manifolds are always a-controlled for

some positive a. For these manifolds, the methods in Sections [§ and [9 yield the
following subelliptic estimates and existence results for invariant distributions.
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Theorem 11.5. Let (M, g) be a simple manifold. Then
ull S IPullzzy @€ C=(SM), ulagsan = 0.
If f € L*(M), there exists w € L2H,*(SM) satisfying
Xw=0 i SM, wy = f.

Theorem 11.6. Let (M, g) be a simple manifold, let m > 1, and let (M, g) be a-
controlled for o > oy, ,, where

N :(m—l)(m+n—2)
o m(m+n—1)

Then we have
ullm S N @mullzz,  u € TonCP(SM), ulosm) = 0.
If ay, € Q,, with X_a,, =0, there is w € H*(SM) with Xw = 0 and w,, = a,,.

Remark 11.7. In the case of simple manifolds, one actually expects to find invariant
distributions that are C'*° functions. One has the following results in the direction of

Theorems [T.4HIT.6
o If (M, g) is simple and fy € C*°(M), there is w € C*°(SM) with Xw = 0 in
SM and wy = fo [PUOT].
e If (M,g) is simple and f; € ©; with X_f; = 0, there is w € C*°(SM) with
Xw=01in SM and w, = f; [DUIL0].
o If (M, g) is a simple surface and if f,, € Q,, where X_f,, = 0 and m > 1,
there is w € C*°(SM) with Xw =0 in SM and w,, = f,, [PSUl4al.

These results rely on the ellipticity of the normal operator I I, and a solenoidal
extension argument. If (M, g) is simple, the ellipticity of I’ I,, acting on solenoidal
tensor fields is known for any m [SSUO5], but it is not clear how to perform the
solenoidal extension as in [DUI0]. Thus, at present, we are not able to produce
C® invariant distributions in the setting of Theorem if dim M > 3 (although a
weaker result similar to [PU04b, Theorem 4.2] seems possible).

Finally, modifying the arguments in Section [L0] appropriately yields the following
solenoidal injectivity result.

Theorem 11.8. Let (M, g) be simple, let m > 2, and let (M, g) be a-controlled for
o > oy, where

N :(m—l)(m+n—2)
e m(m+n—1)

Then I, is s-injective.

Theorem in the Introduction follows directly from Theorem [11.8 and Remark
U1ol
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APPENDIX A. PROOFS OF THE COMMUTATOR IDENTITIES

In this appendix we give the proofs of the commutator identities in Section[2, This
is done via local coordinate computations, and we also give coordinate expressions
for the relevant operators which have been defined invariantly in Section 2 The
arguments are not new and they arise in the calculus of semibasic tensor fields as in
[Sh94]. The main points here are that the basic setting is the unit sphere bundle SM
instead of T'M, and that all computations can be done on the level of vector fields
instead of (higher order) semibasic tensor fields.

Vector fields on SM. If x is a system of local coordinates in M, let (x,y) be
associated coordinates in T'M where tangent vectors are written as g’ Oz,;. One has
corresponding coordinates (z,y, X,Y) in T(TM) where vectors of T'(T'M ) are written
as X70,, +Y79,,. It is convenient to introduce the vector fields

5y, = Oy, — T f0),

where Fé- .. are the Christoffel symbols of (M, g). The Sasaki metric on 7'M is expressed
in local coordinates as

<Xj5~”0j + Ykaykv Xjéwj + Y/kayﬁ = gijij + gjkyji/k'

The horizontal and vertical subbundles are spanned by {d,,}}_, and {3,, }}_,, respec-
tively. We will freely identify horizontal and vertical fields on T'M with vector fields
on M via the maps X’6,, — X79,, and Y*0,, — Y*9,,. We will also raise and lower

indices with respect to the metric g;p.
The hypersurface SM in TM is given by SM = f~1(1) where f: TM — R is the
function f(z,y) = g;x(z)y’y*. A computation gives

df (X768, + Y 0,,) = 2y Y™
Then T'(SM) is the subset of T'(T'M) given by
T(SM) = {X’6,, + Y*0, € T(TM); (z,y) € SM, y,Y" = 0}.

To be precise, we identify vector fields V' on SM with the corresponding fields i,V on
TM, where i : SM — TM is the natural inclusion. Equip SM with the restriction
of the Sasaki metric from T'M. The identity dgyi*U = i*drpU for functions U on
T'M implies that the gradient on SM is given by

(Vsmu, V) = (8,,2) X7 + (0, 0)Y", u € C°(SM),

where @ € C*°(TM) is any function with @|sy, = u and where the vector field V' on
SM is expressed as above in the form V = X7, +Y"*9,, .
We define vector fields on SM that act on u € C*(SM) by

5ju = 5zj (u o p)|SM,

Opu = Oy, (uop)lsm
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where p : TM \ {0} — SM is the projection p(x,y) = (z,y/|ylg()). We see that the
decomposition Vgpru = (Xu)X +%u+%u has the following form in local coordinates:

Xu = v'§u,
%u = (67u — (V*5u)v7) 0,
Vu = (0%u)0,, .

Commutator formulas. Direct computations in local coordinates give the following
formulas for vector fields on T'M:

[5acja 637k] - _Rjklmylayma [513'7 ayk] - Fé’kayw [ayj7ayk] =0.

We wish to consider corresponding formulas for the vector fields 6; and 9; on SM. If
u e C®(SM), write u(z,y) = (uop)(z,y) = u(x,y/|ly|,). Homogeneity implies that

(5ju>~<$7 y) = 533;‘&(1:7 y)? (aku)N(xa y) = \y]gayk&(a:, y)‘

Since also ., (|yly) = 0 and 9y, (|yly) = y;/|ylg, We obtain
[5j, 5k] = —Rjklmvlam, [5j, ak} = Fékal, [8j, 8k] = vjﬁk — vk(‘)j,
[aj,vk] = 5jk — vjvk, [5j,vl] = —ngvk.
We also note that
'Ujaj =0.

Using the identity 8xjg“b + gl ?m + gbmF?m = 0 we also obtain

[05,0'] = —g" Rjikpgv?0? + (0r,9™)0k,  [0;,0'] = =T, 0",

We can now compute [X %] Note that

v . h .
VXu=0(v6;u)d, = Vu+v70'6ud,,
and (by the formula (A.2) below)
XVu = (v76,;0Mu + Fé-kvjﬁku)a@l.
Thus

v

h ] h
X, V]u = —Vu+v’([0,, OMu + F;ka’“u) = —Vau.
h
Moving on to [X, V], we observe that

h
VXu=(0"(Xu) — (X?*u)v")o,,
and (again by (A.2))
h .
XVu = (X(8'u — (Xu)v') + Tl (6% u — (Xu)v*))d,,.
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In the second term we have —(Xu)(Xv') — I v/(Xu)v* = 0, and when taking the
commutator the terms containing X?u cancel. It follows that
h . . .
[X, V]u = (v/8;0'w — &' (07 0;u) 4+ L0 6 u)d,,
= (V[07,8"Tu — ¢ [6,, v']6ju + Tl 6*u) 0,
= (—glkRjkpqvjvpaqu + [(ajglk)vjéku + glrfimvméju + gkmf‘?kvjému])axl.

h v
The part in brackets is zero, which yields [X, V]u = R, (0%u)v*v°d,, = RVu.

Adjoints. To prove the last basic commutator formula, it is useful to have local

h v
coordinate expressions for the adjoints of X, V.,V on the space Z. The first step is
to compute the adjoints of the local vector fields d; and 0;: if u,w € C*°(SM) and w
vanishes when z is outside a coordinate patch (and additionally w vanishes on 9(SM)
if M has a boundary), we claim that in the L?(SM) inner product

(A1) (O5u, w) = =(u, (0; + Tjw),  (Fyu,w) = =(u, (95 — (n = v;)w).

Here I'; FJ o

Assummg these identities, one can check that the adjoint of X on C*(SM) is —X.
Moreover, if Z € Z is written as Z(z,v) = Z/(x,v)0,,, the vector field XZ is the
covariant derivative (with respect to the Levi-Civita connection in (M, g))

(A.2) XZ(x,v) = Dy(Z(¢e(x,0)))]im0 = (X Z7)0,, + T 0 2%0,,.

Then the adjoint of X on Z is also —X. The adjoints of V and V are given in local
h \
coordinates by —div and —div, where
h . v .
divZ = (5] + Fj)ZJ, divZ = (9ij.
Given these expressions we get the final commutator formula:
d1VVu — d1VVu = (6, + ') (0Fu) — O (6Fu — (Xu)v®)
= [k, OF|u + T u 4 (Xu) (Op0")
=(n—-1)Xu.
It remains to check (A.1)). To do this it is enough to prove that

Oz, </ udSz) :/ dudS,, / djudS, = (n — 1)/ uv; dS;.
Se M Se M SoM SoM

(The proof of (A.1) also uses the identity |g|~'/20,,(|g|'/*) = T;.) To show the first
formula, let u € C°°(SM) vanish when z is outside a coordinate patch, and define

f(a:):/ Mu(x,v)de(v).

Write @(z,y) = u(x,y/|yly), and choose ¢ € C((0,00)) so that [~ ¢(r)r" ' dr = 1.
Write g(x) for the matrix of g in the z coordinates. We note that w ~ g(x)~"/2w is
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an isometry from S™~! (with the metric induced by the Euclidean metric e in R")
onto S, M (with the metric induced by Sasaki metric on 7, M, having volume form

dT, = |g(z)|*/? dx). Therefore
fa)= [ et / (e 0)dS.(0)dr
= [ et i) ) dw i
/numy< o)) d
/nw lylg)i(z, y)lg (=)' dy.

Since |g|7/28,,(|g|'/?) = T; = 0,,(T,.y*), we have

Ou, f(2) = | (O, + 0y (D)) [ (lylg) (e, )] g ()| /* dy

= [ leula)ate. o) g(a) | dy.

Now d,,(|ylg) = 0, and it follows by undoing the changes of variables above that

O, f () :/ dju(z,v)dS;(v)

x

as required. The second formula follows from a similar computation as above: now
we define

f(x) = / dpul,) dS. (o)

and compute

f(zx) —/OO (7“)7’"1/ Maju(x,v) dS,(v)dr

/ / 1o, a(w, g(x)” V2000 dw dr
Sn—1
Rnlylgw(\ylg)ayjfb(év,y)lg(x)!”?dy

Write h(y) = |ylge(lyly). Then

== [ it gt dy

——/Sl [/ Oy, h(ro)r™tdr | u(z, v) dS,(v).

The expression in brackets is v; [~ (o(r) +r¢/'(r))r" ' dr = —(n—1)v;, and the result
follows.
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APPENDIX B. THE TWO-DIMENSIONAL CASE

In this section we reconsider the arguments in this paper in the special case of
two-dimensional manifolds. This discussion allows to connect the present treatment
with earlier work in two dimensions, in particular [PSUL3|, [PSUI4c].

Vector fields. Let (M, g) be a compact oriented Riemann surface with no boundary
(the boundary case is analogous, if we additionally assume that test functions vanish
on J(SM) if appropriate). We have n = dim (M) = 2. For any vector v € S, M,
there is a unique vector v € S, M such that {v,iv} is a positive orthonormal basis
of T, M. Let X be the geodesic vector field on SM as before. We can define vector
fields V and X | on SM, acting on u € C*(SM) by

Xiu(z,v) = —(%u(m, v), ),
Vu(x,v) = (%u(x,v),iv).
Note that since (%u, vy = (%u, v) = 0, we have
%u = — (X u)iv,
Vi = (Vu)iv.

Note also that any Z € Z is of the form Z(x,v) = z(z,v)iv for some z € C*(SM).
If v(t) is a unit speed geodesic we have

(DA A1) = B (i3(1). 4 (1))
(DA, #(1)) = 50453(0), #5(1) = 0.

Thus iv is parallel along geodesics, and for Z = z(x,v)iv we have XZ = (X z)iv.
The Guillemin-Kazhdan operators [GK80a] are defined as the vector fields

1 :
Ne = §(X +iX)).

All these vector fields have simple expressions in isothermal coordinates. Since (M, g)
is two-dimensional, near any point there are positively oriented isothermal coordinates
(71, 22) so that the metric can be written as ds? = e*(dz? +dz2) where )\ is a smooth
real-valued function of x = (z1,25). This gives coordinates (z1,x2,60) on SM where
0 is the angle between a unit vector v and d/0x;. In these coordinates we have

0,

0 o 0 ) 0 o\ . O\ 0
V—%, X =e |:COS€8—$1+811198—$2+( a—xlSIIle—i-a—mCOS@) %],
0 0 o\ o\ 0
S B B . 9
X, =-e¢ [ sin 98% + cos Gaxz (_8201 cosf + prs sm@) 89} ,

0z Z%%

= - 0z 0z 00

_ _Aeie{a+.axa}’ = _Ae_w{a ,8)\8}
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1 . — 1 .
where 0/0z = 5(0,, — i0,,) and 0/0%Z = 5(0,, +10,,).

Commuta’%or formulas. The above discussion shows that the commutator formula

(X, %] = —V reduces to
X,V] = X..

Since (R%u) (x,v) = K(z)(Vu)iv where K is the Gaussian curvature, the commutator
h v
formula [X, V] = RV becomes
X, X.] = —KV.
h v
For the last commutator formula we need to compute div and div. First observe that
a local coordinate computation gives for w € C*°(SM) that

/ Vw:/ / (iv)? 9w = 0.
SM M J S, M

Thus the adjoint of V is —V, and the first commutator formula implies that the
adjoint of X | is —X . Consequently

h
div(z(z,v)iv) = =X 2,

d‘ilv(z(x, v)iv) = Vz.

h v v h
The commutator formula divV — divV = (n — 1) X thus reduces to

V,X,]=X.

Spherical harmonics expansions. It is easy to express the operators X4 in terms
of n4. The vertical Laplacian on SM is given by

—divVu = —div((Vu)iv) = —V?u.
The operator —iV on L*(SM) has eigenvalues k € Z with corresponding eigenspaces

E,. We write
L(SM)= @ E..  u= > wu.

k=—o00 k=—o00
Locally in the (z,6) coordinates, elements of Ej are of the form w(x)e®*”. Writing
Ap = C*(SM) N E, the spherical harmonics of degree m are given by

Q=AMN,, DA, m > 0.
If m > 1, the action of X4 on 2, is given by
Xi(em + €om) = iy +Nxem, €5 €A,

and for m = 0 we have X |q, =1+ + 71—, X_|g, = 0. In the two-dimensional case it
will be convenient to work with the Ay spaces (the corresponding results in terms of
the Q,, spaces will follow easily).
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Beurling transform and invariant distributions. Recall that w € D'(SM)
is called invariant if Xw = 0. If the geodesic flow is ergodic, these are genuinely
distributions since any w € L'(SM) that satisfies Xw = 0 must be constant. For
Riemann surfaces, one can look at distributions with one-sided Fourier series; let
us consider the case where w, = 0 for k < kg, for some integer ky > 0. For such
a distribution, the equation Xw = 0 reduces to countably many equations for the
Fourier coefficients (by parity it is enough to look at wy,19; for j > 0):

N-Wky = 0,
N-Wko+2 = — N+ Wk,
N-Wgy+4 = — N4+ Wko+2,

On a Riemann surface with genus > 2, the operator 7, : Ax_1 — Ay is injective
and its adjoint n_ : Ay — Ax_; is surjective for £ > 2 by conformal invariance (there
is a constant negative curvature metric in the conformal class, and these have no
conformal Killing tensors). Also for k > 2 we have the L?-orthogonal splitting

Ay = Ker(n-|a,) ® ny A1
If £ > 0, we define the Beurling transform

Byt A — Niga, fro = frgo

where fi42 is the unique function in Ay, orthogonal to Ker(n_|a,,,) (equivalently,
the L?%-minimal solution) satisfying 1_fri2 = —nyfr. Note that in R? one thinks
of n_ as 0 and of 1, as d, so B is formally the operator —3 ' which is the usual
Beurling transform up to minus sign. Note also that B, is the first ladder operator
from [GK80D].

If £ > 0 one has the analogous operator

B_o:A gy = Ao [ for

where f_p_, is the L?-minimal solution of 1, f_,_s = —n_f_,. The relation to the
Beurling transform in Section [3] is

B(fi + f-x) = By fr. + B_f 4, fi €Ay

On a closed surface of genus > 2, one can always formally solve the countably many
equations for wy,. If we take the minimal energy solution for each equation, we arrive
at the formal invariant distributions. We restrict our attention to B, (the case of B_
is analogous).

Definition B.1. Let (M, g) be a closed oriented surface with genus > 2, let kg > 0,
and let f € Ay, satisfy n—f = 0. The formal invariant distribution starting at f s
the formal sum

w= Z(BJr)jf-

Jj=0
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As before, it is not clear if the sum converges in any reasonable sense. However, if
the surface has nonpositive curvature it does converge nicely. This follows from the
fact that the Beurling transform B, is a contraction on such surfaces, and to prove
this we use the Guillemin-Kazhdan energy identity [GK80a]:

Lemma B.2. Let (M, g) be a closed Riemann surface. Then
lnulP =l = S(K Vi), we C¥(SM).
Proof. In [GK80a] one has the commutator formula
[n-] = %KV-
This implies that, for u € C*(SM),
In-ull® = llnsull® + (-, 04 Ju, w) = [Insull® — %(KVUyu)- 0]

Lemma B.3. Let (M, g) be a closed surface, and assume that K < 0. Then for any
k > 0 we have

[n-ullze < [Insullze,  we Ay,
and
1Bsfllce < | fllz2,  f € A
If ko > 0 and if f € Ay, satisfies n_f = 0, then the formal invariant distribution

w starting at f is an element of Lihﬂ;l/%E for any € > 0. Moreover, the Fourier
coefficients of w satisfy

lwillzz < 1 fllz2, k=0
Proof. Lemma implies that for v € Ay, with k > 0,
7

k
In-ull® = lneul® = 5KV, u) = llngull® + 5 (Ku, w).

Using that K < 0 and k& > 0 we get ||[n_u|| < ||nsul||. The rest of the claims follow as
in Section [0l O

The next lemma considers B instead of B, and shows that the constants in the
first inequality are sharp for flat Riemann surfaces.

Lemma B.4. Let (M, g) be a closed surface, and assume that K < 0. Then
| X ull Lz, u € §y,, with m > 2,
X _ul|z2 <
1%l —{ V2| X, ullpe, we

If K = 0 the constants are sharp. If additionally the genus is > 2 (so there are no
conformal Killing tensors), then

£l 22, f € Qy withm > 1,
B 9 <
"”L—{v@mm,fem.
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Proof. If u € Q,, with m > 2, then u = f,,, + f_,, with f; € A;. Lemma yields
1X—ull® = [l faull® + 0+ fmll?
=l fonll? ol 4 5 (B Fos f) + (K oy fn).

Using that K < 0, this gives || X_u|* < || X ul|* and equality holds for all u € Q,, if
K =0.
If instead u € Qy we have u = f; + f_; with f; € A;, and Lemma again gives

Xl =l fu -+ e Sl < 200l + e o))
=2 |l fll + - fall + 50 fu ) + (K Fa, £)

Since K < 0 we get [|[X_ul]* < 2|| X u|®>. If K = 0 we have equality if and only
if n_fi = nyf_1. Identifying €2y with 1-forms on M, this means that the 1-form
fi — f-1 is divergence free and thus f; — f_1 = *dag + h for some ay € C>®(M)
and some harmonic 1-form h. Consequently, if K = 0 then equality holds exactly
when u = dag + h for some ay € C*(M) and some harmonic 1-form h. (Note that
h = hy + h_; is a harmonic 1-form if and only if n_hy =n h_1 =0.)

The inequalities for B follow as in Section [5] O]

Remark B.5. We note that the inequality || X_u| < v/2|| X ul for u € Q; differs
by the factor v/2 with inequality (5.2) in [GK80c, p. 173] for n = 2 and p = 1 which
gives || X_u|| < ||X;u||. Since our inequality in Lemma is shown to be sharp in

the flat case this indicates an algebraic mistake in the calculation of the constants in
[GK80¢].

Pestov and Guillemin-Kazhdan energy identities. We conclude this section by
discussing the relation between two basic energy identities. The Pestov identity from
Proposition [2.2] takes the following form in two dimensions:

|V Xul|? = || XVul|® — (KVu, Vu) + || Xul?, u e C®(SM).
The Guillemin-Kazhdan energy identity in Lemma looks as follows:

1
Il = Inoull? = S(KVuw),  we C¥(5M).

As discussed in [PSUIL3], the Pestov identity is essentially the commutator formula
[ XV, VX]=—-X?+ VKV, whereas the Guillemin-Kazhdan identity follows from the
commutator formula [ny,n_] = LKV,

We now show that the Pestov identity applied to u € Ay is just the Guillemin-
Kazhdan identity for u € A;. Indeed, we compute

IV Xull? = [Vorul? + [[Vo_ul® = (k4 1)?|Insull® + (k — 1)%[[n-ul?
and

XV ul*=(KVu, Vu)+| Xull® = & (|Inul*+In-ul|*)+ik (K Vu, w)+[Incul*+n-u]*.
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The Pestov identity and simple algebra show that
2k (|| nzull® = |In-ul]?) = ik(KVu,u)

This is the Guillemin-Kazhdan identity if k& # 0.
In the converse direction, assume that we know the Guillemin-Kazhdan identity
for each Ay,

i
I ul” = [In-u]|* = BV, ue),  u € Ay
Multiplying by 2k and summing gives

> 2k(|[nsunl® = [In-unl*) = ik (K Vg, ug).

On the other hand, the Pestov identity for u = 7~ _ u; reads

Z k2 14— + n-wesa ||

= (e (Vur—1) +n- (V)| + ik (K Vi, i) + (14 us-1 + 0 ||*).
Notice that
k2 |nun—1 + n-wen|® = E((Incue|® + n-wen |I*) + 26" Re(n w1, n-wis)

and

I (V1) + n (Vg )l + [ms s + 0o
= (k* = 2k + 2) w1 | + (8% + 2k + 2) - |* + 2K*Re(nswp—r, n-twpr1).
Thus the Pestov identity is equivalent with

> @k =2)lInru [P = 2k + 2)ln-wealP] = Y k(K Vg, w).

This becomes the summed Guillemin-Kazhdan identity after relabeling indices.
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