THE ANISOTROPIC CALDERON PROBLEM AT LARGE FIXED
FREQUENCY ON MANIFOLDS WITH INVERTIBLE RAY
TRANSFORM
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ABSTRACT. We consider the inverse problem of recovering a potential from the Dirichlet
to Neumann map at a large fixed frequency on certain Riemannian manifolds. We extend
the earlier result of [G. Uhlmann and Y. Wang, arXiv:2104.03477] to the case of simple
manifolds, and more generally to manifolds where the geodesic ray transform is stably
invertible. The argument involves an invariantly formulated construction of Gaussian
beam quasimodes with uniform bounds for the underlying constants.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let (M,g) be an n-dimensional (n > 2) compact Riemannian manifold with smooth
boundary, and let A > 0 be a frequency. We consider the boundary value problem

{Eq)\u:: (—Ag+q—)\2)u:0 in M,

u=f on JOM, (L.1)

where A, is the Laplace-Beltrami operator on M. In local coordinates,
_1 1
Agu=1g/729;(|9|2 " o),
where (¢%) = (g;x)~" and |g| = det(g;r). Suppose A? is not a Dirichlet eigenvalue of
—Ay+qin M, and let uw € C°°(M) be the unique solution of (1.1) for a Dirichlet boundary
condition f € C°°(OM). The Dirichlet to Neumann map (DN map) associated to (1.1) is
given by ‘
A;‘ : C®(OM) — C*°(0OM), A;‘f = Oyulgn = g]kujﬁku]aM. (1.2)

The inverse problem we are interested in is to recover g from A;‘ for a large but fized .

Before going to the statement of our main result, we first define an admissible class of

perturbations for which we establish our uniqueness result. For any nonzero p € H*(M),
we introduce a frequency function Ng(p) of p by

Il can
Ns(p) i= ————=.
®) = oo

If p = 0 we define Ng(p) = 0. For any number B > 0 and any s > 0, we define a set A(B)
of admissible perturbations by

Ay(B) == {p € H*(M) : Ny(p) < B}. (1.3)

Note that p € As(B) implies p € C*(M) or p € C°(M) if s > % + 1 or s > %, respectively,
by Sobolev embedding [Tay11, Proposition 4.3].

We establish two main results in this work. Our first result is for simple manifolds
(see e.g. [PSU23]). A compact Riemannian manifold (M, g) with boundary is said to be
simple if (i) (M, g) is nontrapping (every geodesic reaches the boundary in finite time), (ii)
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OM is strictly convex (the fundamental form of OM is positive definite), and (iii) (M, g)
has no conjugate points. Examples include strictly convex simply connected domains in
nonpositively curved manifolds. Our first main result is as follows.

Theorem 1.1. Let (M, g) be a simple manifold of dimensionn > 2. Let B > 0 and assume
gl zs(ary < B, Pl sy < B, and p € As(B), where s > 5. There is a positive constant
Ao = Mo(M,g,s,B) such that if A;‘er = A;‘ for at least one A > g, then p =0 in M.

Remark 1.1. The assumption that p € A,(B) is similar to the assumption that the per-
turbation is angularly controlled in [RU14, Theorem 2] or horizontally controlled in [RS20].
This assumption is always satisfied for some B if p lies in a finite dimensional space, since the
norms ||p||z2(ary and |[p|| gs(ar) are equivalent in finite dimensional spaces. See the example
after [RU14, Theorem 2| for infinite dimensional expansions satisfying such a condition.
Moreover, the assumption p € A,(B) for some s > § is not optimal. It might be possible
to modify the argument so that p € As(B) or even p € Aj.(B) is sufficient. However, some
bound on the frequency of the perturbation is needed in order to have a uniform estimate
for Ag. This places a restriction on the perturbations that can be treated with this method.

We note that Theorem 1.1 can also be reformulated as follows.

Corollary 1.2. Let (M, g) be a simple manifold of dimensionn > 2, and let q1,q2 € H*(M)
where s > 5. Then there exists a positive constant \o depending on M, g, s, ||q;|l s,

and Ns(q1 — q2) such that if Aél = A2 for at least one X > X\, then ¢ = g2 in M.

2

To state the second result, let us recall the notation for the geodesic ray transform
following [Sha94,PSU23]. Assume that (M, g) is nontrapping with strictly convex boundary.
For a function f on (M, g), its geodesic ray transform is defined by

If(v)== [ [f(s)ds
sey

where 7 ranges over the maximal geodesics on (M, g). The geodesic ray transform I on
(M, g) is called stably invertible (in terms of the H' norm of the ray transform) when there
exists a slightly larger manifold M; with M embedded in Mi™ and a positive constant C;
such that

Il z2any < CLllLf | 1oy 50m0) (1.4)
holds for all f € H*(M;) with supp(f) C M, for some s > § + 1. On simple manifolds
(Mji,g) of dimension n > 2 the estimate (1.4) may be found e.g. in [PSU23, Theorem
4.7.8], and related estimates even with H'/2 norm on the right are proved in [AS20,PS21].
In dimensions n > 3, if (Mj,g) has strictly convex boundary and is globally foliated by
strictly convex hypersurfaces, an estimate similar to (1.4) is proved in [UV16]. Finally, for
strictly convex manifolds with no conjugate points and hyperbolic trapped set, estimates
similar to (1.4) follow from [Guil7]. We also need the following continuity result of the

geodesic ray transform which holds true at least on strictly convex nontrapping manifolds
[Sha94, PSU23],

1 fll 20, 50m) < Coll fll2(an)- (1.5)
We present more details on the geodesic ray transform in Section 2. The constraint in
Theorem 1.1 that the manifolds must be simple can be relaxed under (1.4) and (1.5). As a
result, a more general theorem follows.

Theorem 1.3. Let (M, g) be a compact nontrapping Riemannian manifold of dimension
n > 2 with smooth boundary. Suppose the geodesic ray transform is stably invertible and
continuous, i.e. (1.4) and (1.5) are satisfied. Assume ||qllgsary < B, Ipllasmy < B,
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p € As(B) with s > 1+ 5. Then there exists a positive constant \g = \o(M, g, s, B) such

that if A{I\Jr,p = Ag holds for at least one A > Ao, then p =0 in M.

We now provide a brief survey of the existing results of the Calderén problem. In the
Euclidean setting there is a substantial literature on such problems and we refer the readers
to the survey [Uhl09]. In this work we are interested in the anisotropic problem, which can
be understood as an inverse problem for the equation V - (yVu) = 0 where ~ is a positive
definite matrix function, or as an inverse problem for the Laplace-Beltrami equation or for
the Schrédinger equation (—Ag + ¢)u = 0 on a Riemannian manifold. If the manifold and
coefficients are real-analytic, they can recovered from the DN map [LU89, LUO1, LTUO3].
In the smooth case it is known for n = 2 that a potential ¢ can be determined from the
DN map Aé for a fixed frequency A > 0 [GT11]. For m > 3 this is an open problem,
however there are partial results in the class of admissible manifolds as well as conformally
transversally anisotropic (CTA) manifolds.

We say that (M, g) is a CTA manifold if (M, cg) C (R x My, e go), where ¢ is a smooth
positive scalar function, e is the Euclidean metric, and (M, go) is an (n — 1)-dimensional
manifold. We say (M, g) is admissible if additionally the transversal manifold (Mpy, go) is
simple. Theorem 1.1 for any A > 0 has been proved on admissible manifolds in [DSFKSUQ9],
whereas [DSFKLS16] proved the corresponding uniqueness result on CTA manifolds. These
methods are based on a geometric version of complex geometrical optics solutions introduced
in [SU87| in the Euclidean case. Related recent results are given in [CFO23,FKO23].

In our setting the manifolds do not satisfy the additional product structure mentioned
above, and thus complex geometrical optics solutions are not available. However, when
the frequency A\ > 0 is very large there exist traditional geometrical optics type solutions,
and one can construct such solutions that concentrate along geodesics. If one could take
the limit A — oo then one could recover the geodesic ray transform of the perturbation
p. In our case the frequency A is large but fixed, and we will instead use the condition
p € As(B) to recover the ray transform. These ideas were used in [UW21] combined with
an analysis of the semiclassical resolvent in order to prove a similar result for nonpositively
curved manifolds when n = 3. We give a direct argument based on geometrical optics and
Gaussian beam constructions, and obtain results on any manifold with stably invertible
geodesic ray transform in any dimension.

In Section 6 we present a Gaussian beam construction with uniform bounds for the
underlying constants. This is a key component for proving Theorem 1.3. To achieve this,
we express the Riccati and transport ODEs for the phase and amplitude functions of the
Gaussian beam in an invariant manner. This ensures that the bounds will not depend on
choices of (Fermi) coordinates. Finally, by utilizing energy estimates we are able to obtain
the desired uniform bounds.

The rest of the article is structured as follows. Section 2 contains some preliminary results
related to the geodesic ray transform. In Section 3 we present the proof of a resolvent
estimate on non-trapping manifolds. Section 4 gives a construction of special solutions of
(1.1) on simple manifolds and proves Theorem 1.1. The proof of Theorem 1.3 is contained in
Section 5. In Remarks 5.1 and 5.2 we discuss the stability of the inverse problem. Section
6 gives the invariant construction of Gaussian beams with uniform bounds required for
Theorem 1.3.
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Krupchyk and Simon St-Amant for several helpful discussions, in particular related to
uniform bounds for Gaussian beams. The last two authors would also like to thank the Isaac
Newton Institute for support and hospitality during the programme Rich and nonlinear
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2. PRELIMINARIES ON GEODESIC RAY TRANSFORM

In this section, we recall the geodesic ray transform and several facts related to it. We
refer readers to [Sha94,PSU23] for more information on the geodesic ray transform.

Let M be a compact manifold with smooth boundary and let T, M be the tangent space
attached to the point € M. We write the g-inner product for tangent or cotangent vectors
as (-, )= (-, )g. Wealsowrite |- |[=]"|g:=(-, -);/2. Sobolev spaces such as H*(M),
HE(M) and L2(M) can be defined in a similar manner as in the Euclidean setting, and
readers may refer to [Tayll, Chapter 4] for more details.

The unit sphere bundle SM of M is defined as

SM := U SeM  where S, M :={(x,v) € T, M; |v] = 1}.
xeM

If the dimension of M is n then the dimension of SM will be 2n — 1. The boundary of SM,
denoted as J(SM), is defined as I(SM) = {(x,v) € SM ; x € OM}, and it is the union of
the sets of inward and outward pointing vectors,

0+SM = {(z,v) € 0(SM); £(v,v) < 0}.

Here v is the outward unit normal to the boundary OM. We equip SM with the Sasaki
metric induced by ¢, and this yields natural volume forms d(SM) and d(0SM).

A unit speed geodesic starting at x and moving in the direction v is denoted by ¢ —
v(t,z,v). Let 7(x,v) be the time when v exits M. We say that (M,g) is nontrapping
if 7(x,v) is finite for all (z,v) € SM, and that (M,g) is strictly convex if the second
fundamental form on OM is positive definite. We also define the geodesic flow ¢; on SM

by (pt(xa 1}) = (V(ta Zz, U)v ;Y(ta xz, U))
Let (M, g) be strictly convex and nontrapping. The geodesic ray transform I : C*°(M) —
C*®(04SM) is a linear map given by

(zv)
= [ o)
We recall the Santalé formula and the expression of the adjoint of 1.

Lemma 2.1. Let F': SM — R be a continuous function. Then we have

7(z,0)
/Fd(SM>= / / Flpu(,0)) ulz, ) dt d@SM), (2.1)
SM o.M Jo

where p(z,v) := —(v,v(x)).
Lemma 2.2. Let f € C°®°(M) and h € C§°((0+SM)™™). Then

(Lf,h) 120, sm) = (f, I7h). (2.2)
Here I*h is given by I[*h(x) = / hy(z,v) dv where hy(x,v) = h(p_r(z,—)(T,v)) for all
(x,v) € SM, and LZ((%SM) is t}j@ L? space with measure ud(OSM).

Lemma 2.3. For every non-negative integer k, the ray transform I is a bounded linear
operator from H*(M) to H¥(0,SM).
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The proofs of these results can be found in [PSU23, Chapters 3 and 4]. We will also
need the following facts on the normal operator of the geodesic ray transform on simple
manifolds which follow from [SU04] (see also [PSU23, Chapter 8]).

Lemma 2.4. Let (M, g) be a simple manifold. Then I*I is an elliptic pseudodifferential
operator of order —1 in M™t. Given s € R and a compact set K C M™, there is C > 0 so
that one has the inequalities

C U sy S WLl rssr oy < CllFllasany
for any f € H*(M) with supp(f) C K.

3. RESOLVENT ESTIMATE

The proofs of the main theorems are based on constructing approximate geometrical
optics or Gaussian beam type solutions. In order to convert these approximate solutions to
exact solutions, we will need the following solvability result at high frequencies.

Proposition 3.1. Let (M, g) be a compact nontrapping manifold with smooth boundary, and
let g € L>°(M) with ||q||poc(ary < B. There are C = C(M,g) > 0 and Ao = X\o(M, g, B) > 0
so that for any A > \g and any f € L*(M), the equation

(=Ay =N+ qu=fin M
has a solution u € H*(M) with
Mullpzary + ldull L2 ary + )‘_IHVQUHLQ(M) < Clfllz2 -

The estimate given in Proposition 3.1 resembles a resolvent estimate in scattering the-
ory, where it is well known that a nontrapping assumption is required for such an estimate
to hold. These estimates are typically given on noncompact manifolds with suitable as-
sumptions at infinity. See e.g. [Wunl12] for a discussion on such estimates (note that if one
excludes a small set of frequencies, this kind of estimate may hold for general geometries
[LSW21]). Our estimate on compact manifolds with boundary is even simpler, and we give
a proof based on a positive commutator argument. For the proof it is convenient to switch
to semiclassical notation and write h = A~1. See [Zwo12] for the semiclassical analysis facts
used below.

We may assume that M is embedded in a closed manifold (N, g) having the same dimen-
sion, and for all s € R we may consider the semiclassical Sobolev norm

lullzzs, vy = 1T = B2 Ag)*"ul| 2y

where (I — h?A,)*/? is defined via the spectral theorem. Proposition 3.1 will follow by a
standard duality argument from the next a priori estimate with s = 0 (see e.g. [DSFKSU09,
Proposition 4.4] for this duality argument). We employ a generic constant C' throughout
the manuscript, the value of which may vary from line to line.

Lemma 3.2. Let (M, g) be a compact nontrapping manifold with smooth boundary, and let
M be embedded in a closed manifold (N, g) having the same dimension. Let s € R. There
are C >0, hg > 0 such that for 0 < h < hg, one has

hHUHHSCTQ(N) < CH(—hQAg — I)uHHqu(N)’ = CEO(Mint).
Proof. We first prove the estimate for s = 0. Write P = —h%2A, and decompose u as
u=DBu+(I—-B)u

where B is a semiclassical pseudodifferential operator obtained by quantizing the symbol
b(z,&) = Y(|¢]y) € C®°(T*N) where ¢ € C*(R) with ¢(t) = 1 near t = 1 and ¢ = 0
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outside a small neighborhood of ¢t = 1. Denote the semiclassical principal symbol of P — I
by r(z,€), so r(x,§) = |§]3 — 1. Since P — I is semiclassically elliptic away from {|{|; = 1},
we can find a symbol q(x, &) of order —2 such that ¢ = r~! in supp(1 — b). This implies
1 - b(l‘,f) = (1 - b(%@)‘l(%f)”(%ﬁ)? (w,f) € T'M.

By semiclassical calculus, see [Zwol2, §14.2], we have

I—B=0p((1-b)q)O0p(r) +h¥~! =O0p((1 —b)g)(P —1I)+h¥ .
From this one obtains the estimate

(I = B)ull gz, vy < 10p((1 = b)q)(P = Dullg2 () + Chllullg (v

< C(P = Dullgz(ny + ChHUHHl
valid for u € C*°(N). Writing v = (I — B)u + Bu on the right, it follows that
1T = Byl vy < CI(P = Dullizgy + ChllBull gy (3.1)

We now proceed to an estimate for Bu, which is mlcrolocallzed to a small neighborhood
of {|¢]g = 1}. To do this we invoke the positive commutator method. Assume that we can
find a formally self-adjoint linear operator A : C*°(N) — C°°(N) such that

[Aul[p2(n) < C||U||H51C1(N)

for any u € C2°(M™) and 0 < h < hg. We can then make the followmg computation:
hl|Bul%s () — ORIl BYull% () < GIP Alu,w) = [P — I, AJuu)
=i(Au, (P — Iu) —i((P — I)u, Au).

By using Cauchy-Schwarz with €, and since || Aul[ 2y < C|lu]| HL,(N), We have

chllBullls ) < ehllullZs oy + P = Dullagy + ORI = Byl ) (32

(N ) ch
Therefore,

W2l ) < 202 Bul vy + 2020 = Byuld )
< Ol )+ Ce—1||<P Dl + ORI~ Blul ) (by (3:2))
< h*(Ce + Chz)HuH?qslcl +(Ce b+ CRA)||(P — I)UH%Q(N). (by (3.1))
Choosing the value of € so that Ce = 1/2, we obtain the estimate
W2l ) < CIP — Dullan.

valid for all u € C°(M™) as long as one can find an operator A satisfying the conditions
given above.

We construct the conjugate operator A as a first order semiclassical pseudodifferential
operator, obtained as the Weyl quantization of a real valued symbol a € C*°(T*N). The
semiclassical principal symbol of ih™1[P, A] is {p,a} = Hpa, where p = |§\3 is the principal
symbol of P and H, is the Hamilton vector field of p. The assumption that (M,g) is
nontrapping means precisely that there is a function a € C*°(S*M) (escape function) with
Hpa > 0in S*M, where S*M denotes the unit cosphere bundle. See e.g. [DH72, Theorem
6.4.1]. We extend a smoothly to T*N as a symbol that is homogeneous of degree one for
|¢] > 1. By continuity the function Hpa satisfies

Hya(z,€) > clé]?, §eT*My, [¢ly~1, (3.3)
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for some compact set M; C N with M C Mi®. Note that (3.3) holds only for |¢|, away from
0, and we shall only apply this to Bu which is supported near ||, = 1 in the phase space.
Quantizing a gives a semiclassical operator A of order one. Using the semiclassical Garding
inequality [Zwo12, Theorem 4.30] for (ih~![P, A|Bu, Bu) and Cauchy-Schwarz with e for
the other terms gives that
(ih =P, AJu,u) = (ih '[P, A|Bu, Bu) + (ih '[P, A]Bu, (I — B)u)
+ (ih~YP, A|(I — B)u, Bu) + (ih '[P, A](I — B)u, (I — B)u)
> | Bullfp — i P Al Bul =13 | (I = B)ul g ()

— [0 [P AT~ Byul o1 o (1Bull g vy + 1T = Blullge )
> ¢|Bull?y ~ CI(T - Blull%: | (3.4)

for all u € C2°(M™). Here we used that ih [P, A] is of order 2 so it is a bounded map
from HL (N) to H (N). This completes the construction of A. We have so far proved the
following estimate for all u € C°(M™Y):

Bl vy < CICP = Dl -

To prove the analogous estimate for general s, we may apply the above estimate in a small
extension (M, g) of (M, g) (which is still nontrapping) to the function x(I—h?A,)%/?u where
X € C2°(Mit) satisfies x = 1 near M, and u € C°(M™*). Commuting the cutoff y to the
other side of P — I produces commutator terms that are O(h™) by pseudolocality and the
support properties of u and dy, and these can be absorbed. See e.g. [DSFKSU09, Lemma
4.3] for details. This argument gives

Bllull e vy < CI=R2Dg = Dullgs vy, w € C2(MM™). (3.5)

Finally, to improve the left hand side of (3.5) from s + 1 to s + 2, we do the following
computation:

hllull gtz = BlI(=h*Ag = I +2D)ull s, (v) < BII(=h*Ag = Dullgs, () + 2hllull s, v)
< (=28 — Dull iy ) + N (~F2Ag = Dl e,
< Cl[(=h2Ag — Dullgs (v, € C(M™),
where in the second last line we used (3.5). The proof is complete. ]

Corollary 3.3. Assume the conditions in Lemma 3.2, let —2 < s <0, and let ¢ € L*°(M)
with ||q|| oo (ary < B. Then there are C = C(M,g,s) > 0 and ho = ho(M, g,s, B) > 0 such
that for 0 < h < hg one has

Wl g2y < CI=R*(Dg = () = Dull gz vy, u € CZ(M™).

Proof. We have ||qul g

scl

W) < llgullzevy < llallzeenllull go42 () provided =2 < s < 0.
Then by Lemma 3.2 we have

I(=r*(Ag = q(2)) = )ul

scl

) 2 I(=h*Ag = Dullag, ov) = h* laullug, o)
> chllull otz vy = lallpoe iyl ot -
Choosing hg = ¢/(2B) completes the proof. O

Now we are ready to prove Proposition 3.1.
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Proof of Proposition 3.1. Denote E = L, ;,-1(C2°(M™")). Then E is a subspace of H;IQ (N),
and for h small any element of E can be written uniquely as £, j,-1u for some u € C°(M™)
by Corollary 3.3. Let f € L?(M), and define the linear operator T: E — R by

T(E:;,hflz) = <f; Z>L2(M), = Cgo(Mint)’
where C; ,—1 is the dual operator of L, j,-1. We have EZ p—1 = Lqp-1. Corollary 3.3 gives

(Lo -2 < [ fllzzan 12l 2y < 120 CRILG h-1 2l g2y

This implies 7" is a bounded linear operator on E, thus by the Hahn-Banach theorem there
exists a linear functional 7 on H_Z(N) that extends T from E to H_{(N) such that

1T < Chllfll2(an)-
Because H_7(N) is the dual space of H2,(N) and it is a Hilbert space, by the Riesz
representation theorem there exists a function v € H2,(N) such that 7'(z) = (v, z) for all
z € O°(M™). Furthermore, ||v\|H21(N) = |T']] < Chl|fllr2(ar)- Now set v|pr = u, then for
all z € C°(M™) we have

(Lon-1u,2) = (u, L -12) = (0, L] -12) = T(C;h_lz) =T(L,p-12) = (f,2).

This gives existence of a solution with the desired estimate. (I

4. THE CASE OF SIMPLE MANIFOLDS

In this section we construct special solutions of (1.1) on a simple manifold following
arguments in [DSFKSU09], and give the proof of Theorem 1.1.

4.1. Special solutions on simple manifolds. Let (M, g) be a simple manifold. We wish
to construct solution of (1.1) in the form of u = ¢*?a + R. A straightforward computation
gives

Laa(€%a) = PG — a— ATy g0 — (Ag — q)a], Ty := 2i(dg.d)g +idy0. (4.1)

Here 7, 4 is a first-order linear differential operator depending on g and ¢. Substituting the
ansatz u = ¢*%a + R into (1.1), with the help of (4.1) we see that £, yu = 0 provided that

LoaR = e[ =N (|dg]2 — 1)a + ATy pa+ (Ag — q)a] in M. (4.2)

We shall construct a real-valued phase function ¢ and an amplitude a by making the coef-
ficients of A2 and \ in (4.2) to be zero so that (4.2) can be simplified.

First, we solve |d¢|3 = 1. This non-linear PDE is known as the eikonal equation. Since
M is simple, we can extend M to a larger simple compact manifold M; such that M C M int,
where MI™ signifies the interior of M. Let y € 9M;. By the properties of simple manifolds
[PSU23, Section 3.8], any x belonging to M; can be expressed as x = exp, (rf)) with certain
r>0and 0 € SyM = {{ € T,M; [{|; = 1}. Here the map exp,, parameterized by y, is
the exponential map defined on Mj, and it defines the so-called polar normal coordinates
on M by identifying « with the coordinates (r,0) € RT x Sy M. In these coordinates, the
metric g can be represented as

g‘(r’g) = d?“2 + go(?“, 9)(192

where go is another positive-definite Riemannian metric, and there holds |g| = |go|. The
coordinate r can be used to define a distance function from a point x to y by setting
distg(x,y) := r. We now choose

¢(x) = tdisty(x,y) = £r, x € M, ye oM, (4.3)
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thus 9p¢ = 0, and so |d¢|§ = (+0,7)? = 1. Hence the eikonal equation is solved, and we
can simplify (4.2) to
LR = e*\T, pa+ (A, — q)al. (4.4)
Second, we fix an integer J € N, set a_; = 0 and look for an amplitude a having the
form a = ijfl AJa;. After substituting this into (4.4), it follows that

J
Lo R = e Z AfjJrl['Tg’(z,aj + (Ag — q)aj_l] + ei)‘d))\iJ(Ag —q)ay, in M. (4.5)
§=0
Because a_; = 0, the following transport equations for a; can be solved iteratively starting
from j = 0 until j = J:
Tgs0; = (=8¢ + q)aj-1. (4.6)
Recall (4.3) and 7, 4 defined in (4.1). By the choice of ¢ we have (d¢,da;), = +0a;. This
reduces the equation (4.6) to

. o1 1 1 N
+£2i0ra; £ilg|720,(l9]2)a; = (=Ag +q)aj—1 < 0Or(|g|7a;) = Filgli(=Ag + q)aj-1/2,
which implies for j =0,1,--- ,J,

_ i [
a;(r,0) = |g(r,0)|~"*[b;(0) F 3 /0 905, )1 (=2g + a(5,0))aj1(s,0)ds],  (4.7)
where b; are any smooth functions. Especially, due to a_; = 0 we have
ao(r, 0) = |g(r,0)|~/*b(0), (4.8)

where b is a smooth function. Readers may note that ag is independent of the potential.
After solving a;j, we can substitute (4.6) into (4.5) to further reduce the original equation
to

LoaR =N (A, —q)ay in M,
where a is determined by (4.7). By Proposition 3.1, for ) large there is R € H2(M) solving
the above equation such that || Rl ;2. < CATH €A™ (Ay — q)as | 12(ar)- We summarize
the construction above as follows. For our purposes we choose J = 0.

Proposition 4.1. Let (M, g) be a simple manifold and M C MI™ where My is also simple.
Let y € OM; and (r,0) be the polar normal coordinates in My with center at y. Let also
gl oo (ary < B. Then for A > X\o(M, g, B) the equation Lqu = 0 in M has a solution of the
form

u=e"a+R, (4.9)
where a solves the transport equation Ty,ra = 0 defined in (4.1), and R satisfies
IRl 2y < CA YAy — a)alz2(nr),

for a constant C = C(M, g) independent of X. The solution a of Ty,ra = 0 in polar normal
coordinates is given by a = |g|~V/*b(0), where b(A) is any smooth function in 6.

4.2. Proof of Theorem 1.1. We now give the proof of Theorem 1.1. Assume A}, = Aé

q+p
for some A > \g, where Ay shall be determined later. Since Aé = Ag_ 52 and Aé‘ 4p = )\2 a2
a standard integration by parts (see e.g. [DSFKSU09, Lemma 6.1]) implies that
/ puULUY dVg = (()\;\_H, - )\é)ul, UQ)L2(8M) =0 (4.10)
M

whenever u; and ug are any H'(M) solutions of (1.1) corresponding to ¢+ p and ¢, respec-

tively. We also note that the condition A</1\ yp = Ag together with a boundary determination

result imply that p|gas = 0. This is proved for smooth potentials e.g. in [DSFKSU09] and for
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Holder continuous potentials in [GT11, Proposition A.1] (recall that ¢,p € H*(M) where
s> 45,50 q,p€ C*M) for some a > 0 by Sobolev embedding).

Due to the conditions ||q||gs < B, ||p|lgs < B stated in Theorem 1.1 and Sobolev
embedding, we have ||¢||p~ < CB, ||/q¢ + p|/z~ < CB where C = C(M, g, s). By Proposition
4.1, for A > A\o(M, g, s, B) we can choose solutions wuj, us having the form

ui(r, 0) = e*[g(r, )|~ *b(0) + 71,
up(r,8) = ™ |g(r, )] 7 + 1y,
where (r,6) are polar normal coordinates in M; with center at some y € M, and b(f)
shall be chosen later. In these coordinates, dVj = | g|*/? dr df. Proposition 4.1 also gives
71l 2y < CATH bl 20, 8, 000) Ir2ll2(ary < CATY (4.11)

Substituting w1, uz into (4.10), we have
0=/ purtiy dV =/ (g™ 4b(6) +r1) (e |g| TV + ) AV,
M M
= / pllgl™26(0) + e (g T 4 € |g| T Ab(0)7 + i) AV, (4.12)
M

Recall dV, = [g|'/?drdf and fTMl w2 p(r,0)dr = Ip(y,0) where I is the geodesic ray
transform on M1 Here we assume that p is extended by zero to M;. Thus we also have

| ot 0p@)lotr o) 2 av, = [ Ip(y.0)b(6) . (4.13)
M 848y M;

n

From p € A (B) where s > § and from the Sobolev embedding we can conclude that
Pl oo (ary < Cllpllasary < CBlpllz2(ary- Therefore, from (4.11), (4.12) and (4.13) it follows
that, with implied constants dependmg on B,

‘/ Ip(y,0)b(0) d0| < lIplln2an Irill czcary + 1ol e an 101l 22 (any 172l 22 (s
.Sy M:

+ Pl any 71l L2 any 172l L2 (any
S ellezony rillzzan + (bz2o, 5,00 + il zan) 72l 2]
S ATl 2 101l 20, 8,010
where we used (4.11). This estimate further gives

| Ip(y, 6)b(6) A(OSM)| < / | Ip(y, 6)b(6) 46| dy
8. SM oMy Jo, S,M

< Al e /6 o, s, o
1

Note that the function b(#) depends on y.

Choosing b(6) = (vy,0)I(I*Ip), inserting this in the above inequality, and using the
Santalé formula (Lemma 2.1) and boundedness of I and I*I (Lemmas 2.3 and 2.4), we
obtain

||I*Ip||%2(M1) S >\_1||p||L2(M)||I(I*Ip)||H2(a+SM1) S )‘_IHPHLQ(M)HI*IPHH?(Ml)
S A Upln - (4.14)

Here we also used the condition p|gys = 0, which allows us to consider p as a function in
H!(M;) with support in M. Using the interpolation HfH%{l(Ml) < Cllfllceaey I f 2oy

[Tayll, Proposition 3.1] between Sobolev spaces, we see ||I*Ile2ql(M1) can be bounded by
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the product of ||I*Ip|[2(ps,) and ||[I*Ip||g2(ar,)- The L? norm of I*Ip can be estimated from
(4.14), while the H? norm of I*Ip can be estimated by using the continuity of I*I, thus

HI*IpH%ﬂ(Ml) < O Ipll L2y 1T Ipll 2 (aryy S /\_1/2\’17”%{1(1\41)-
Recall that p € As(B) with s > n/2 > 1, so ||pl|g(ar) S PNl 2(ar,)- This together with the
inequality above gives
HI*Ip”%rl(Ml) S A_l/ZHPH%Z’(Ml)'
Because (M, g) is assumed to be a simple manifold, by Lemma 2.4 we know that [*I

is stably invertible, namely, ||p|lz2) < CII*Ip|lgi(ar)- Combining this with the last
displayed equation above, we arrive at

1/2

_ 1/2\—
1032y < CoA 2 0l320n) = (1= CF* Al 2asy) < 0.

By setting A\o(M, g, B) := 2C% and choosing A > A\o(M, g, B), we can conclude from the
above that [|p|lz2(ar) <0, s0o p =0 in M. This completes the proof of Theorem 1.1.

5. PROOF OF THEOREM 1.3

In this section, we present the proof of Theorem 1.3. As in the proof of Theorem 1.1, the
assumption A}, = Aé leads to the integral identity

q+p
/ puUIUL dVg =0. (5.1)
M

Here, u; and ug solve (1.1) with potentials being ¢+ p and ¢, respectively. We will choose
and wug to be Gaussian beam quasimodes concentrated near a geodesic v based on Theorem
6.2. According to Theorem 6.2, u; (j = 1,2) can be represented as u; = v + r;, where v is
the leading term and r; are the corresponding remainder terms. Here v is the leading term
of both u; and us. Note that u; and us have the same leading term because the leading
term depends only on the metric and the geodesic. Since the leading term v concentrate on
the geodesic 7, the term [, p |v|? can be estimated using Theorem 6.1. This implies

|| phlav, = 1p()] < Clplleranh” )

where Ip stands for the geodesic ray transform of p. Next substituting u; = v + r; into
(5.1) for j = 1,2, we obtain

/Mp|v|2 dVy = — /M p(Tr1 + vT + r172) dV, (5.3)

where 71 and ro are error terms that can be estimated using the following result.

Lemma 5.1. Let ry and ro be given as above. There exists a constant C uniformly with
respect to v such that [|rjl[r2(r) < CA7t for A\ > N\o(M,g,B), j =1,2.

Proof. We only give the proof for r1, and that of ry is similar. By Proposition 3.1 we
have [|r1][ 2y < CATH|Lg vl 12(ar)- The quantity £, 3v can be expressed in terms of h as

M (=h?Ay —1)v+ qu. From Theorem 6.2 we can bound the L?*-norm of both (—h?A, —1)v
and v, thus

711l z2ary < CIAH (N2 (=P*Ag = Dol 2ary + llavllz2an))
< O HCoN RS + Calgl e (ar)) < AT

The constant C; comes from the resolvent estimate given in Proposition 3.1, so it does not
depend on the choice of the geodesic . The uniformity of Cy with respect to v is guaranteed
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by Theorem 6.1, respectively. Therefore, C3 is uniform with respect to the choice of the
geodesic . The proof is done. ([l

The combination of (5.2), (5.3) and Lemma 5.1 entails
1)1 < OW 2 plcsan +| [ plors + o7 + i) v

< Ch 2 Ipller ary + [I0ll2an OO + O] Ipll oo s

Since p € As(B) and s > 14 5, we have [|pl[r) < lIpller(n) S HPlle(M) < Bllpllz2(ar
By Theorem 6.2 we also have that lvllL2ary < C The Comblnatlon of these with the above
inequality imply

[Ip(y)| < Ch!/? 1Pl 2 (ar)
This further gives (writing A = h™1)

1pl 220, 531,y < BONTY2)Ipll 2 as (5-4)

Here we considered M to be embedded into a slightly larger manifold M; and extended p
by zero to M as in Section 4.2. Then by using: (i) the stable invertibility of I with respect
to the L2(M;) and H'(0,SM;) norms (cf. (1.4)), (ii) the interpolation ||30H§{1(a+5M1) <
el L2, sam)llell 2, sar), (iii) the estimate (5.4), (iv) the continuity of I: H?*(M;) —

H?(04SMj) (cf. (1.5)), (v) and the assumption p € As(B) sequentially, we can make the
following derivation,

||PH%2(M1) < ||IP||%{1 @smy) < Mpllz2o, sam) 1Pl 20, 5011
< O )bl 2 Il 52y < ONY2)IplT200ys YA = Abrg -
The implicit constant also depends on B. Therefore, there exists a constant C' such that
(1= CXYYIpll 2oy <O, VA Marg,. (5.5)
Hence, we conclude p = 0 in M. This concludes the proof of Theorem 1.3.

Remark 5.1. When A}

7 A)‘, by (4.10) and the arguments in Section 5 we obtain

Ip(v) = (Ayy, — Ad)ur, u2) reqanry + 1Pl L2y O(A™)
for any a € (1/3,1/2), where we used the assumption p € As(B) for s > n/2+1. We denote
e:=|AY,, — A9||H1/2(8M)_>H,1/2(8M), and uj =v+r; (j =1,2) as in Section 5, then
12l 2ary) S PN a1 05 50m) S €llv 4+ all garzonny v + r2ll vz oan) + Pl 20 A
S E(HUH?—P(M) + vl 17l 70 (ary + ||7“HH1(M)) + Ipll2(anA™

In the derivation above, because both 71 and ro follow the same estimate with respect to
>\ and 0, we don’t distinguish them by simply represent both of them as r. Absorbing the
“llpll2(ary term by the left-hand-side, we finally obtain

(1 - )HPHL? M) < CHAq—l-p A2||H1/2(6M)HH71/2(3M)
< ([l ) + 1l ol any + 171 ) (5.6)

The L? norm of v and r can be investigated using the estimates given in Theorem 6.2. To
obtain their H' norm, we need to analyze their gradients, which shall give certain growth
of order \b16%2 for certain by, by € R. We defer this to future works.
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Remark 5.2. Our method can also be utilized to obtain stability estimates in certain
Sobolev spaces. However, in this case one can obtain Holder-type stability estimates by
examining the difference between the DN maps at large frequency. This is consistent with
the phenomenon of improved stability for high frequency Schrédinger operators on R”™,
which has already been investigated in the literature; see for instance [INUW14] and the
references therein.

6. (GAUSSIAN BEAMS WITH UNIFORM CONSTANTS

In this section we give an invariant construction of Gaussian beam quasimodes with
uniform bounds for the underlying constants. Let (M,g) be a compact manifold with
smooth boundary. For any (z,v) € 04SM let v, : [0,7(x,v)] = M be the maximally
extended unit speed geodesic starting at = in direction v. We allow the manifold to have
trapped geodesics (i.e. 7(x,v) may be +oo for some (z,v)), but below we will only work
with (z,v) € Gr where

Gr = {(z,v) € 0+ SM : 1(z,v) <T}.

The following result states the existence of Gaussian beam quasimodes concentrating near
Ve, With uniform bounds over (z,v) € Gr. Recall that I denotes the geodesic X-ray
transform on (M, g).

Theorem 6.1. Let (M, g) be a compact oriented manifold with smooth boundary. FizT > 0
and k, K > 0. There is a constant C = C(M,g,T,k,K) > 0 such that for any (z,v) € Gr
and h € (0,1), there is u = uy,p € C(M) satisfying

| 1oty = Iee0)| < Cliglcrani!, (61)
1(=R22 = Dl sy < OB,
uniformly over 0 < h <1 and ¢ € CY(M).

Theorem 6.1 is sufficient for proving Theorem 1.3. For later purposes, we also state a
result that describes the form of w,, ; more precisely and involves normalization in LP.
Below, for a tensor A at x and a subspace F' of T, M we write A|r for the multilinear form
that only acts on vectors in F.

Theorem 6.2. Let (M, g) be a compact oriented manifold with smooth boundary. Fix con-
stantsT > 0,p € [1,00), k > 0, and K > 0. There is a constant C = C(M,g,T,p,k, K) >0
such that for any (x,v) € Gr and h € (0,1), there is u = ug,, € C°(M) associated with
Y = Yo and satisfying
lullr(ary < C,
[(=h*Ag = Dullywrran < CRE,
supp(u) C {y € M : disty(y,7([0, 7(z,v)])) < C7'},

uniformly over all 0 < h < 1.

There is also a symmetric complex (1,1)-tensor H(t) = Hyo(t) on Ty,M, depending
smoothly on t € [0, 7(x,v)] and satisfying

Im(H(t)’) >0, Tm(H()")]5)> > C gl

such that w = ug ., has the following form. If xg € ([0, 7(x,v)]) and if t1 < ... < ty, are

the times in [0, 7(xz,v)] when y(t;) = xo, then in a small neighborhood U of xy we have

uly = u® 4. 4 o)
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where each u) satisfies
u(l)]U = hf%eiém/h(ag) + hagl) 4+ ...+ hNag\l,))p.

Here N = N(M,g,T,p,k,K), and p is a smooth cutoff function supported near |j, ¢ 4,+e|-
The phase ® = ®WU is independent of h and satisfies for t near ¢

O(y() =t. VO((1) =4(t), Ve(y(t) =H(), 1]l ey < C-
O]

The amplitudes a;’ are independent of h, and for t near t; one has

1 t
a) (4(t)) = exp [_2/0 trg(H(s)) ds} : Hag'l)Hck(U) <C

If p = 2, then cpu satisfies the conditions in Theorem 6.1 with ¢, = (/ e~ dy)_l/Q.
Rn—1

Remark 6.1. We note that if (M, g) is compact and nontrapping, i.e. 7(z,v) < oo for all

(x,v) € 0+SM, then Gr = 0;SM for sufficiently large T. If OM is strictly convex, this

follows from the continuity of 7. In general one can argue as follows: suppose 7(z;,v;) — 00

for some sequence (xj,v;) € 04+SM. After choosing a subsequence, we have (z;,v;) —

(x,v) € 0+ SM. Since T is upper semicontinuous,

lim7(z;,v5) < 7(z,v).
This is a contradiction, since 7(z,v) < 400 by the nontrapping condition.

We will prove Theorems 6.1 and 6.2 in two parts: first in the case of non-self-intersecting
geodesics, and then in the self-intersecting case.

6.1. No self-intersection case. Let (M, g) be a compact oriented manifold with smooth
boundary. Fix 7" > 0 and define
Gr = {(x,v) € Gr : Ya, does not self-intersect}.
We will prove Theorem 6.2 for all (z,v) € Gr, and in Section 6.2 we reduce the general case
(z,v) € Gr to this case.
Let (x,v) € Gr and let v = ;.. We look for v = ug , p, in the form

u = hinTiple@/h(ao-i-hal + ...+ hNan)p (6.2)

where p is a suitable cutoff function. The functions ® and a; will be constructed in an
invariant fashion, but in order to do this we need some preparations.

We assume that (M, g) is embedded in a closed manifold (.S, g) of the same dimension.
We will also consider a cutoff function xy € C°(R) with 0 < x <1, x(x) =1 for |z| < 1/2,
and x(x) = 0 for |z] > 1. We consider (S,g¢) and x to be fixed once and for all. The
constructions and constants below will depend on the choice of (5, g) and x but we will not
write out this dependence.

Define

Uz, 0) ={(t,y) = t € (=0,7(x,0) +0), y L Jz0(t), [yl <0}, (6.3)
and let 6., be the supremum of § > 0 such that the map F,, : U(yzp,0) = S, (t,y) —
exp,, 1) (y) is a diffeomorphism onto its image. By the inverse function theorem, since
dFy|(t,0) corresponds to the identity map, there is a positive lower bound for &, that
depends on the C? norm of Fj, on U(yz4,1) (see e.g. [PSU23, Lemma 11.2.6] for a similar
argument). Hence, the constant

injp(M, g) 3:( ir)lefg Oz,
T, v T
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is positive due to the compactness of M. Below we fix 6 = injp(M, g)/2.
The phase function @ is specified in the following lemma.

Lemma 6.3. Let N > 0 be an integer. For any v = vy, with (z,v) € Gr there is
a unique function ® = ®,, n € C(M;C) satisfying the following conditions for any
€[4, 7(x,v) +]:

(a) VI({(d®,d®) — 1)(y(t)) =0 for 0 < j < N +2,

(b) ®(v(1) =t, d®(y(1)) = (3(1))%,

(c) V22(7(0)) |50y = igls)ts V?@(4(0))l50)r =0 for3<j <N,

(4) (exps () = x(Iyl/9) S M in U(7,0),

(e) ® =0 outszde U(,9).
There are constants C,c > 0 only depending on (M,g), T and N such that

1[lenary < C, Im(VZ®)[5491 > cgls e (6.4)
whenever t € [—9, 7(z,v) + J].

Define the transport operator L by
1
Ly := -(2(d®, dv) + (AyP)v).

i
The amplitudes a, are given as follows.

Lemma 6.4. Let N > 0 be an integer. For any (x,v) € Gr there are unique functions
ar = argon € CP(M;C) with 0 < r < N satisfying the following conditions for any
€[4, 7(x,v) +9]:
(a) VI(Lag)(7(t)) =0 for 0 < j < N,
(b) ao(7(0)) =1, VZao(v(0))[50)r =0 for 1 <j <N,
(¢) VI(La, — Agar—1)(y(t)) =0 for0<j< N and1 <r <N,
(d) ar(7(0)) =0, VZa,(y(0))|50yr =0 for 1 <r <N and1<j <N,
Viay Jeeny .
(¢) ar(exp(4)) = x(Jyl/8) SNy L@ iy 175 5),
(f) ar =0 outside U(~y,?).
There is a constant C > 0 only depending on (M, g), T and N such that
larllevn < C.
Moreover, if H(t) = V2®(v(t))*, one has

anla() = exp [ [ eny ()05 (65)

Proof of Theorem 6.2. We now prove Theorem 6.2 for (z,v) € Gr. By Lemmas 6.3 and 6.4,
the CN (M) norms of ® and a are uniformly bounded over (z,v) € Gr. Moreover, we have
the estimate Im(@(expv(t) () > cly|* — Cly|> where ¢,C > 0 are uniform over (z,v). We
now choose d; = 6;(C, ¢) < § so that

Im (@ (expy ) (1)) = clyl?/2, |yl < 61 (6.6)

The function p in Theorem 6.2 is chosen as p(t,y) = x(|y|/d1). Using the above facts, all
constants below will be uniform over (z,v) € Gr.

We now compute the LP(M) norm of u. Due to the presence of the cutoff function p, it
is enough to calculate the LP norm u in U(7,d). This along with (6.6) entails

T+6 1
P < —cly?/2hp | ,|1/2 < —cplz|?/2
lullZoary S /_5 /|y<51 h(n—l)/2|€ Plgl/=dtdy S (20 +7) /Rnle dz.
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This shows that ||ul|zr(as) S 1 uniformly over (z,v) € Gr.
Let us then denote f = (—h?A, —1)(e!®/?a) where a = (ag + hay +...+hNan)x(|y|/d1).
A direct computation shows that
i ®/h -
[ = L (n—1)/@p) [(!d@lg Dax(lyl/é61) +hfi+ ...+ N v — hNAg(X(y/51)aN)]7

where f; are smooth functions vanishing of order N on 7 for 1 < 57 < N — 1, due to the
properties of a; in Lemma 6.4. Also note that each f; contains two terms: one involves the
operator L acting on aj, and another term is involving derivatives of the cutoff function
x(ly|/61). The term involving derivatives of x(|y|/d1) is O(hF) for all K, due to the Gaussian
nature of ¢/®/". Thus we ignore this term when we compute || || re(m)- Observe that

/1) < B/ i supp(f).

This implies
1
15 (n—1)/(2p)

It is enough to estimate HfHLp(M) in the neighbourhood {(¢,y) : =0 <t < 7+0d,|y| < o}
where f is supported. Here 7 = 7(x,v). Then from (6.7) we obtain

T+4 T+2(5 —elyl2
||f||12p(M) Ay 1/2/ /|<5 |fIPdydt < ( )/2)/||<5|€ |yl /2h(‘y|N+1+hN)‘pdy
ly 1 Yy

S f(f_f)?? [ e B S R e
n—1

< (7 +26) [hw;w / e P12 5| (N+p q 5 4 pNP / e~ PP/ 4]
Rnfl Rnfl

el /2 (| N1 p Ny, (6.7)

)
S(r42on et
Since 7(z,v) < T uniformly over (x,v) € Gr and since § is fixed, we conclude
N+1
I fllrary Sh 2.
In order to estimate the LP(M) norm of higher order derivatives of f, we apply V, on f
and observe that

) N-1
p-1/C0)y § - %e@/h[(‘d@,g — Dax(lyl/81) + Y W f; — b Ag(x(y/d1)an)]
=1
. N-1 )
+ e/, [(1a2[7 — Dax(lyl /1) + Y B f; — BN Ag(x(y/61)an)].
=1

Next, utilizing similar arguments as above, we obtain

1 2 jop 1 1
< —clyl?/2h[ 2 1, | N+1 N N N
Vol S e 5 (1™ + 27 + (™ + 2]

This further entails

(T +26) —elylz/2hrL N+l N N | 2 N\T|p
1967 0y S prssrs /| T ) (]

< (14 29)
~ h(nfl)/Q

< (7 +26) / e—ePlel/2 !
]Rn—l

1
/ |€—c|z\2/2 [E(hNg-l |Z|N+1 + hN) (h2 ’Z‘N + hN)] ’ph dZ
Rn—1

N—-1)p
2

|| N+ %3 |2|VP dz + h(Nfl)p] dz
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(N—1)p

F R+ hNUPY < (2 28)h T

—Dp

N
S (T +20)(h
namely,

IV flloiary S (7 + 28)H7 R

(N+ )p

h=F for the

higher order derivatives of f. After choosing N = N (K, k,p) in a suitable way, this gives
the required bound for the W*P (M) norm of (—h2A, — 1)u.

The condition for supp(u) follows from the presence of the cutoff function p. Writing
H(t) = V2®(v(t))!, the conditions for the phase function and amplitudes follow from Lem-
mas 6.3 and 6.4. The proof is done. (I

Similarly, one can obtain the following bound ||V f||7 L) S S (T +20)h

Proof of Theorem 6.1. We will prove the theorem under the assumption that (x,v) € Gr.
The case of self-intersections will be handled below in Section 6.2. If we denote the function
in Theorem 6.2 by w, we take u = ¢, w where ¢, is the constant in Theorem 6.2. It is then
enough to prove the estimate (6.1) for u.

By Theorem 6.2 we know that u is of the form

u=cph” 1‘1)/’l(ao—}—ha1—I—...+hj\/a]\/)p.
We will work in Fermi coordinates (t,y) in U, where U is the set

U={{ty) : te(=0,7(x,v) +6), y L A2.(t), y| <0} (6.8)
Since p is supported in U, we can represent u in the coordinates (¢,y) by

u(t,y) = eah™ T P M ag(t ) + har(t,y) + .+ BV an(t,y))o(t, ).
Also, u = 0 outside U. We denote v = c,h~ "7 e V) ha (¢, y)p(t y) and write

w=v+hw, where w=cyh 1 e‘(b(ty/hth Yan(t,y).
k=1

Then |v|? = c%h_nT_le*2Im(q’(t’y))/hlao\2(t, y)p?. In the coordinates (t,y) we have the follow-
ing expression for ®:

Bt,y) = 1+ SHOy -y +O(ly) = m(®) = Im(GH(2)y -y + Oyf*)).

Next, we consider

/ P dV, = / / () uf2lg]2dt dy
/ / o(t,y) [v]?]g|/? dt dy

[ ] et hul + 2bRe(om)gl ey
0 Jrn—1

=J1+ Jo. (6'9)
We analyze J; and Jy separately. We start with J;, which may be written as

Iy = // o(t, ) [v[2|g]2dt dy

= Cnhi% / /R ) gp(m y) eiQIm((b(t’y))/h |a0‘2 p2(t’ y) |g|1/2dt dy

n—1 T -
=c2hm 2 / /]R B o(t,y) e~ Im(H®)yy/h LO(lyl*)/h laol2 P2(t, y) ’9’1/2dt dy
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= [ O o) VRO g 2, ) 628, V)l 0, V) i
Next we denote G(t, vhy) := o(t, Vhy) e/ W |ag2(t, /hy) p* (¢, Vhy) |g|2 (. Vhy). By

applying Taylor’s theorem we obtain
P(t, Vhy) = ¢(t,0) + Vhy - V,@(t,ayVh)  for certain o € (0,1).
Note that @(t,0) = ¢(t,0)]ag|?(t,0) using the fact that |g|(¢,0) = 1, and p(t,0) = 1. This

implies

Jp = c,zl/ / ) e I To(t,0)|ag (¢, 0) + Vhy - Vy(t, ayvh)] dy dt
RTL

o(t, 0 (t,0)
—a( [ e [T WO’ / [ O iy 9 (e ay Vi)
Rn—1 det Im(H Rn—1

Recall from Theorem 6.2 that ¢, = (fRn—l e~ v dy)=1/2. This entails

T 2 t 0
J1=/ ©(t,0) laol( / / e mHM)YY \/hy, . V,o(t, ayV'h).
\/ det Im Rn— 1

As in [DSFKLS16, p. 2599] we have that _loolP0) g constant, and by our choices of
det(Im(H (1))

initial data we have _ a0 _ 1. From the above we deduce
det(Im(H (2)))
J1=Tp(x,v) + Ci/ / e mHEOWY /iy .V, 5 (t, ayVh). (6.10)
0 Rn—l

Combining (6.9) and (6.10) we obtain that

/ u dVy — Ip(,v) :ci/ / e mHEMYY \hy G(t ayVh) + Jo. (6.11)
M 0 Rn—1

By utilizing the norm estimates from Lemmas 6.3 and 6.4 we conclude that
/ / I HOW \Vhy . v, 5(t, ayvR)| < CVRl@loran,
Rn—l

Since |h~ T Fei®(ty) /hHL2 )y < C and |lajl[evay < C, we have

Jo < CVRl¢llorar)-

Thus, by combining the preceding estimate with (6.11), we conclude

| /M 20V, — Ip(z,v)| < CVRllelleran

This completes the proof. [l

Finally, we give the proofs of Lemmas 6.3 and 6.4. The conditions for & and a, in
these lemmas will be equivalent with the fact that V/® and VZa, solve certain ODEs along
Yz,0- To derive these ODEs we will use properties of the covariant derivative V x and total
covariant derivative V (see e.g. [Leel8]). These include the formulas VT'(X, -) = (VxT)(-)
and

(VXT)(X1,..., Xp) = X(T(X1, ..., X))
—T(VxX1,Xo, .o, X)) — .= T(X1, ..., Xio1, Vx X3).
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We will also use that Vx commutes with contractions and raising and lowering of indices
with respect to g. If S is a p-tensor and T is a ¢-tensor, we will use the special contraction

C(S,T) = cppr1(S ©TF)

where T? is obtained from T by raising the first index and cpp+1 contracts the pth and
(p + 1)th indices. Equivalently
N
C(S,T) (X1, ... Xp1, Y1, Y1) =Y S(X1,..., X1, B))T(E; Y1, ..., Yy 1)
j=1
where {F;} is any orthonormal basis. Below we will also write R(X,Y )T = (VxVy —
VYVX - V[ij])T and RV(X,Y) = <R(X, V)V, Y>
The following general Riemannian geometry identities will give the invariant ODEs for
VFe.

Lemma 6.5. Let ® be a smooth complex function on M, and let G = grad(®) = (d®)*.
Then

Vg(V2®) 4+ C(V?®,V2®) + Rg = %V2(<G, G)).
If H = (V2®)! is the (1,1)-tensor corresponding to V?®, this identity can be rewritten as
VoH + H? + R, — %(V2((G, )",
For any k > 3 one has
Vo (VED) + Ap(VFD) + F = %V’“((G, Q).

Here Ay, is a linear map taking k-tensors to k-tensors with | A(S)| < C|V2®||S|. Moreover,
Fy. is a k-tensor with |Fy| < Dy where Dy only depends on curvature quantities on (M, g)
and on |[VI®| for 1 <j<k—1.
Proof. Since G = (d®)* is a gradient field, we have for any X, Y that
V2O(X,Y) = (VxG,Y) = (VyG, X). (6.12)
We compute
V2(G,G))(X,Y) = Vx(V{(G,G))(Y) = X(Y((G,G))) - (VxY)((G,G))
=2X({(VyG,G)) —2(Vy,vG,G)
=2(VxVyG,G) +2(VyG,VxG) —2(VeG,VxY).
On the other hand, we have
Va(V2e)(X,Y) = G(VxG,Y)) - (VyG,VeX) — (VxG,VeY)
=(VaeVxGY) - (VyG,VeX)
=(VxVeG,Y) + (Vig,xG,Y) +(R(G, X)G,Y) = (VyG,VgX)

where we used the definition of the curvature tensor R(G, X)G. To simplify the last ex-
pression, we apply X to the identity (VqG,Y) = (Vy G, G) obtained from (6.12) to see
that

(VxVeG)Y) =(VxVyG,G) + (VyG,VxG) — (VaG,VxY)
1
Thus we obtain, using (6.12) and the fact that [G, X] = VX — VxG,
Va(V2e)(X,Y)
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1
= 5 V(G GNX,Y) + (Vv G, (G X]) + (R(G, X)G,Y) = (Vy G, Ve X)

_ %V2(<G, G))(X,Y) = (VyG,VxG) — Ro(X,Y).

Since C(V2®,V2®) = Y (VxG, E; )(VyG, E;) = (VxG,VyG), this proves the identity
for V2&.
We next apply V to the identity for V2®. We also use the identity
V(VeT)(X, ) =VxVeT(-)=VeVxT + V[X,G]T + R(X,G)T

=Vo(VT)(X, )+ VT(VeX, )+ VixgT + R(X,G)T
=Va(VD)(X, )+ VT(VxG, - )+ R(X,G)T
=Va(VT)(X, )+ C(V?*®,VT)(X, )+ R(X,GT

as well as

V(C(S, )X, -) = Vx(cppi1(S @ T = cppr1 (VxS @ TF + S ® (VxT)F)
=C(VS,T) (X, )+oC(S,VT)(X, -)
where o is a permutation, so that 0.S(Xi, ..., Xp) = S(Xs(1),- -+, Xo(n))- Thus we obtain

1
Va(V3®) 4 C(V2D,V30) + C(V3®, V2®) 4 0C(V2D, V3®) + F3 = 5v3(<G, G))

where F3 contains terms depending on curvature quantities and on V/@® for 1 < j < 2. This
is the required equation for V3®. The cases k > 4 proceed in an analogous way. U

We can now prove the main lemma for the phase function ®.

Proof of Lemma 6.3. The first requirements for ® are the conditions ®(y(t)) = t and
d®(y(t)) = 4(t)!. In order to prescribe higher derivatives for ® along v it is convenient
to work with tensors along v that only act in directions orthogonal to 4. For any r,s > 0

S

we define a smooth vector bundle £ = E™® over « such that the fiber E;( " is the space of

multilinear forms on (¥(t)1)®" @ ((¥(t)*)*)®*. Note that any tensor A at (t) gives rise to
an element A|;yL of B, and conversely any element of E, ;) can be identified with the
corresponding tensor at y(¢) that vanishes in the 5(t) direction. Using this identification
one can compute V5 of a section of E, and one can check from the definitions that this
produces another section of E (this uses V44 = 0). Similarly, one can raise and lower
indices of sections of F with respect to g. Below we will assume these conventions and work
with tensors only acting in the 4 directions.
Next we require that V2<I>|,-Y<t)l = H(t)’, where H(t) solves on [0, 7(x,v)] the ODE

ViH+H*+ R =0, H(0) =i(gly )0 )". (6.13)
We will also require that Gg(t) := V’WI)H@)L for 3 <k < N solves the ODE
V4G + Ap(Gg) + F, =0, Gr(0) = 0. (6.14)

As discussed below, (6.13) and (6.14) have unique solutions. By Lemma 6.5, the function ®
will then satisfy the conditions in Lemma 6.3 except perhaps the uniformity of constants.
Thus it remains to verify that the constants are uniform. The main part of the proof will
be to verify that the arguments in [KKLO1, Lemma 2.56] for solving the matrix Riccati
equation are also valid in our case when the equation is written invariantly.

To this end, let Z(¢) and Y (¢) be (1,1)-tensors along v = 7, acting on 4 that satisfy
the following linear system of ODEs for ¢t € [0, 7(x, v)]:

ViY=Z  Y(0)=1
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ViZ =—RLY, Z(0)=i(gls))"

This is a linear system and |Rg\ < C, where C denotes a constant that is uniform over

(x,v) € Gr and t € [0,7(z,v)] and may change from line to line. By energy estimates
[Tay11, Section 1.5] and by the fact that 7(z,v) < T, it follows that |Y|+|Z| < C uniformly.
We wish to prove the uniform bound

Y(w| > Cw|,  w LA(). (6.15)

To this end we first note the following Leibniz rule: if A(t) and B(t) are (1, 1)-tensors and
c contracts the second and third indices, then

V4(AB) = V5 (c(A® B)) = c¢(V3A® B) + c(A® V4 B) = (V;A)B + A(V4B).
Then the argument in [KKLO1, Lemma 2.57], together with the fact that ng is real and
symmetric, gives that
VA(ZY -Y'Z) =V (Z2*Y - Y*Z) = 0.

Here Y! and Y* etc are defined as (Yv,w) = (v, Yiw) and (Yv,w) = (v, Y*w), where (v, w)
is the sesquilinear g-inner product on complex tangent vectors. In particular, if v(t) is a
complex vector that is parallel along ~, this implies that

ATm(Y (t)o(t), Z(t)v(t)) = ((Z(1)'Y (t) = Y (1) Z(t))v(t), v(1))
= ((2(0)"Y (0) = Y(0)"£(0))v(0),v(0))
= —2ig(v(0),(0)).
If v(t) = w where w L 4(t), then also v(0) L 4(0), and since |v(s)|? is constant in s we have
Im(Y (H)w, Z(t)w) = —|w|? (6.16)
whenever t € [0, 7(z,v)] and w L 4(¢). In particular,
wf? < Y (t)wl |Z (] < CIY (@] ul

using the uniform bound |Z(t)| < C. This proves (6.15).
Now we can define H (t) by

Htw=2Zt)Yt) v, v LlA{),

where Y (t)~! denotes the inverse of Y (t) on #(t)* which exists by (6.15). It follows that
H(t) solves (6.13) and satisfies |H(t)| < C uniformly over ¢ € [0,7(z,v)]. Moreover, for
w L () one obtains from (6.16) and the estimate |Y (¢)| < C that

(Im(H (t))w, w) = Im(Z(#)Y (¢) " w,w) = |V ()" 2w]? > C~2|w|?.

Thus V2® satisfies the uniform estimate in (6.4). The linear ODEs (6.14) are uniquely
solvable with uniform bounds by energy estimates [Tay11, Section 1.5]. This concludes the
proof of the lemma. O

The proof of Lemma 6.4 concerning the amplitudes proceeds in a similar way. But prior
to the proof of Lemma 6.4, we present the following result first.

Lemma 6.6. For any smooth function a, one has
V(La) = L(Va) + B(Va) + Fa

where B is a smooth linear map satisfying |B(Va)| < C|Val| and F satisfies |F| < C, with
C only depending on (M, g) and ®. For any integer k > 2, one has

V*(La) = L(V*a) + Bi(V¥a) + Fp,
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where By, is a linear map satisfying |Br(V¥a)| < C]‘Vka\. Moreover, |Fi| < C where C
depends on ®, curvature quantities on (M, g) and |V7a| for 1 <j <k —1.

Proof. We first extend the notion of L for any vector field or tensor field as
1
LZ = -(2VgZ + Ay®Z).
i

We next compute V(La) — L(Va). To this end, we consider V(La)(X) = Vx(La) =
—i(2VxVga + Vx(Ay®a)) = —i[2VeVxa + 2Vix ga + (XAy®P)a + (AyP)(Xa)]. Since
[X,G] = VxG — VX, this along with preceding equation entails

V(La)(X) = —i[2VeVxa+2Va(VxG) — 2Va(VeX) + (XAgCI>)a + qu)(Xa)]. (6.17)
We also have

L(Va)(X) = —-i(2VgVa+ Ay®Va)(X)
= —i[2VVxa — 2Va(VeX) + (A,®)Va(X))]. (6.18)

The combination of (6.17) and (6.18) entails

V(La)(X) = L(Va)(X) + %Va(VXG) + %(VXAQCI))(L.

To prove the relation for higher order derivatives, we will employ induction argument and
assume that

Vk(La) = L(V*a) + By (VFa) + Fy, (6.19)

holds for any smooth function a, where |By|, |V By|, |Fy|, |VF;| < C. Then for k41 applying
V to the equation (6.19) we obtain

V(V*La)(X) = VxL(V*a) + VxBr(V¥a) + Vx Fy.

Then it remains to compute formula for VxL(V*a) and L(V**1a)(X,---). This can be
done in a similar fashion as above. This completes the induction argument. O

Proof of Lemma 6.4. As in the proof of Lemma 6.3, we work with tensors that only act
in the 4+ directions. By the construction of the amplitude a = ag + hay + ... + h¥a; we
have that V7 (Lag) = 0 on v for 0 < j < N. This along with Lemma 6.6 entails that V7ag
satisfies the linear ODE

L(Vaglys) + Bj(VVaglyr) + Fj =0 (6.20)
along the geodesic v for 0 < 5 < N. By energy estimates [Tayll, Section 1.5] and by
the fact that 7(z,v) < T, we conclude that [V7ag|;.| < C uniformly. This further entails
llaollcn (ary < C uniformly. Moreover, we have that V7 (La, —Aa,—1) = 0 for 1 <j < N and
1 <r < N. Utilizing this and Lemma 6.6, one can obtain certain linear ODEs for V’ arHl
(similar to (6.20) with different source terms). Hence by standard energy estimates we
conclude that [[a,||cv(pp < C uniformly for 1 <r < N.

It remains to prove (6.5). By Lemma 6.4 (a) we have that Lagl|, = 0. Recall that
Lv := 1(2(d®, dv) 4+ (A,®)v). This along with Lagl() = 0 implies

Viao(r(1)) + 5 A8 (1) as(1(1) =0 and  a(5(0)) = 1.

This is a linear ODE along v with an initial condition. It has a unique solution and it is
given by

ap(y(t)) = exp {— ;/Ot Ag®(s) ds} = exp [— ;/Ot trg(H(s))ds].
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In the last part we used V2®(§,w) = (V5V®,w) = 0 since V® = 4. This completes the
proof. O

6.2. Self-intersection case. We now describe an extension procedure that allows us to
reduce the proofs of Theorems 6.1 and 6.2 in the general case to the case where the geodesics
do not self-intersect, so that the self-intersection case can be handled.

Recall that (M, g) is a domain with boundary in the closed manifold (S, g), which has
positive injectivity radius inj(S) [Leel8, Lemma 6.16]. Below we write inj(M) = inj(S). We
first give an upper bound for the number of self-intersection points for geodesics in M with
length < 7T

Lemma 6.7. Let (M, g) be a compact oriented Riemannian manifold with smooth boundary
and let T' > 0. There is an uniform upper bound on the number of self-intersection points
for all geodesics v, with (z,v) € Gr.

Proof. Let v: [0,7(x,v)] — M be a geodesic. Since 7(z,v) is the length of the geodesic 7,
we can divide ~ into

27 (z,v)
= —" 6.21
= g () (021
pieces such that each piece is of length inj(M)/2 except perhaps for the last piece, and
we denote each piece as 71, ...,7r,, sequentially. Note that each ~; is not self-intersecting.

Also, for j # 1, ; and +y; intersect only once. To see this, if v; and 7; intersect at two different
points xg and yg, then there are two distinct geodesics connecting these two points. This
contradicts the definition of inj(M). Therefore, there are at most L, , — 1 self-intersections
happening for each ~;. Since 7(z,v) < T for (z,v) € Gr, we define

_2r
inj(M)
and observe that the number of intersection points for all the geodesics with (z,v) € Gr is
bounded by L(L — 1). The proof is done. O

Our next lemma gives a uniform lower bound on the angles between segments of a geodesic
at a self-intersection point.

Lemma 6.8. Given T > 0 there exists € > 0 such that for any (z,v) € Gr with v;,(t) =
Vo (8), s #t one has (Yz,0(s), Yan(t)) <1 —e.

Proof. We argue by contradiction. Let us assume that for all j, there exists (x;,v;) € Gr
and (s;,t;) € [0, 7(x;,v;)] with s; < t; such that
. . 1

RETRT <3j) = Vzj,v; (tj)a <'ij,vj (Sj)a%cj,vj (tj)> >1- ; (6.22)
Since 045M is compact, there exists a subsequence, denoted also as (x,v;), that converges
to (x,v) € 04+ SM. Since T is upper semi-continuous and 7(x,v) < T, this further implies
that (z,v) € Gp. By further choosing a subsequence, we can assume s; and t; converge to
s and t respectively with s < ¢, and since s;,t; € [0,7(x;,v;)], we know s,t € [0, 7(x,v)].
Using these, by taking the limit j — oo in (6.22), we conclude that

’Y:c,’u<3> = ’Yw,’u(t)v <;Yz,v(3)7;7:6,v(t)> =1 = 7a:,'u(3) = Vm,v(t); ;Ya:,v(s) = ;Y:v,v(t)

Now we have two possibilities: either s <t or s =t. If s < ¢, then 7,, makes a loop, but
this contradicts with the fact that 7(x,v) < T. If s = ¢, then s; and ¢; get simultaneously
close to s, this is again a contradiction because inj(M) > 0. We complete the proof. ([
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We are going to glue many copies of subsets of M together so that the geodesic v does
not intersect itself in the new manifold. Then we can apply the results in Section 6.1 to
obtain uniform bounds for self-intersecting geodesics. We refer to [SU08, Section 2.1] for
similar ideas. '

Let N = L(L —1) and let t; = {7 (z,v). Let {(Uj, @)};EBI be an open cover of v, where
U; = qf)j_l(lj x B) and I; = (t; — 2¢,tj41 —€) with j = 0,--- , N. In this way, we see each
{(Uj,$7)} is a chart of ;. We write as (U;, ¢;) copies of charts (Uj, ¢;), and we also copy
the Riemann tensor structure from (Uj, ¢;) to (Uj, qgj), say, we copy g as g. We want to
glue different Uj together. To that end, let us investigate the intersection parts U; N Uj4q
for different j. We denote

VJ = &]—1 o ¢j(Uj N Uj+1) - ﬁj and Wj = (5;%1 o ¢j+1(Uj N Uj+1) C Uj+1. (6.23)
Then V; is the copy of U;NU,41 in Uj, and W; is the copy of U; NUj41 in f]j+1. There is a

diffeomorphism between V; and W; because they are both copies of U; N Uj41. According
0 (6.23), this diffeomorphism can be expressed as

Wi =67l 0 B0y 0 (V). (6.24)
Now we identify V; and W; though this diffeomorphism. This identification allows us to
construct the following manifold M:

N+1
- |_| U,
j=0

Note that the boundary of M is not smooth yet. This can be seen illustratively from the
points A and B in Fig. 1.

FIGURE 1. Intersection between Uj and Uj+1. Here the notation =;q means
equal by identification through (6.24).

Lemma 6.9. (M, g) is an n-dimensional compact Riemannian manifold with boundary.

Proof. Because there are overlaps between U; and Ujiq for j = 0,--- , N, and because U
are copies of U;, we see that there is a natural identification between the nelghborhoods

of the boundary U N UJ+1 in U and in U]H, respectively. This guarantees that M is a
compact Riemannian manifold with dimension the same as in M. O

We shall show that M can be trimmed to become a manifold with smooth boundary. To
this end, we first introduce the geodesic 4 and prove it does not intersect itself. Denote 7
to be the curve in M with coordinates Uj'vzo I; x {0}, that is to say,

N

v UL U NI x{0}), A:tel; = ¢t (tx{0}).

J=0 J=0
We call 4 a lifting of ~.
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Lemma 6.10. 7 is a geodesic in M.

Proof. For a point p € 4 that belongs to the non-gluing part of certain U], we can identity
a small neighborhood of p with that of p € v in M. Therefore, we only need to investigate
points p; at y N U N U]H for 5 = 0,---,N. The point p; belongs to UJ, and thus its
neighborhood can also be identified to a nelghborhood certain point in . Therefore, 4
satisfies the geodesic equation in M just as v does in M, and so 7 is a geodesic in M. O

Lemma 6.11. 5 does not intersect itself in M.

Proof. We argue by contradiction. Assume F(t1) = (tg) for t1 # to. If t1, t2 belong to the
same interval I;, then we can conclude (b Lt x {0}) = (tg x {0}), which gives t; = to
because gb;l is a diffeomorphism. But thls contradicts Wlth t1 #ta. If t1 € I; and to € I},
for j # k, then (t1) = (53-_1(1‘,]' x {0}) C U; and 7(t2) = ¢, *(tx x {0}) C Uy. From (6.21) we
see it is impossible that |j — k| = 1, because the injectivity radius covers two consecutive
pieces, thus |7 — k| > 2. Therefore, Uj and Uy, are two distinct sets who do not share any

gluing part, so it is impossible that 5(¢1) = J(t2). In both cases, we have a contradiction.
The proof is done. O

Lemma 6.12. M contains a subset M such that (M, §) is a n-dimensional compact Rie-
mannian manifold with smooth boundary.

Proof. The first part of the proof follows from Lemma 6.9, because 7 does not intersect itself
in M we can construct a global coordinates 11) M — R™ according to 4. Let x € (0,1) be
a small enough constant such that M := ¢~ (I x B(0,x)) is a subset of M. This M has a

smooth boundary. See Fig. 2 as an illustration. The proof is done. ([

0 A U

£ N 5

F)/ ’

\ / b$ v
-

FIGURE 2. Let M be the area in between lines a and b. _Compared to M

whose boundary may not be smooth at points A and B, M has a smooth boundary.

With a slight abuse of notation, we refer M as this M with smooth boundary. This shall
bring no trouble to the following analysis, as we only consider the situation in small enough
neighborhoods of 4 in M, and of v in M. We call (M, g) a lifting manifold of (M, g) with
respect to v. We define a map ¥ from M to UNJF1 U; C M by

N+1 )
UM | JU;, Tipel; — ¢ 0d;p). (6.25)
§=0
It can be checked that ¥(%) = ~.

Lemma 6.13. Vp € M, the set W~ (p) is finite with cardinality < N + 2. Moreover, U is
a local diffeomorphism.

Proof. Assume that ¢, ¢ € M are distinct pomts with p = ¥(q) = ¥(¢'). According to
the definition of M, we have ¢ € U and ¢ € Uy for certain 0 < j,k < N + 1. This
gives ¢;(p) = d>j( ) and ¢ (p) = or(¢). If j = k, then from the diffeomorphism property
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of ggj we can conclude ¢ = ¢/. This contradicts with our assumption that ¢ # ¢/. This
shows that elements in U~!(p), if there are more than two, must come from different sets
of Uj (j =0,1,--- , N +1). Therefore, there are at most N + 2 elements in the set U—1(p).
Locally W is defined by ¥(p) := gb;l o ¢;(p) if p € U;. Both qﬁ;l and ¢; are locally
diffeomorphic, thus W is also a local diffeomorphism. The proof is done. (Il
Now, we apply the arguments in Section 6.1 to 4 and construct a quasimode % := e*®q
which is more precisely given in the form (6.2). Denote

N+1

u(p) = Z u(s), Vp € U U; c M.

sev—1(p) j=0

The geodesic 4 does not intersect itself on (M ,G), thus by Proposition 6.2 and Lemmas 6.3
and 6.4 we can find uniform bounds ¢é C which depend only on the geometric structure of
(M ,§). Because for each p € M we can find a neighborhood that is locally diffeomorphic to
that of M, we see that the local geometric structure of (M ,§) is preserved with respect to
(M, g). Because the construction for the phase function ® and the amplitude a is local, thus
for the self-intersecting geodesic v on M, we can also find the corresponding bounds ¢ =
Ex #(U~1(p)) and C = C x #(U~!(p)). These bounds are uniform over all (z,v) € Gr due
to Lemmas 6.13 and 6.7. Theorem 6.2 follows from this also in the case of self-intersecting
geodesics.

Proof of Theorem 6.1 for self-intersection cases. Let v be a geodesic in (M, g) which may
intersect itself. Let us construct a lifting manifold (M, §) with respect to v, and let 5 be
the lifting of ~ in (M, g). By Lemmas 6.10 and 6.11 we know 7 is a non-self-intersecting
geodesic in (M, §). Let us also define ¥ according to (6.25). For any ¢ € C*(M), we denote
@ = oW, thus ¢ € C'(M). Therefore, according to Theorem 6.1 for non-self-intersection
cases, we have

[ 1apav; ~ 1o, < 1l iy

where I represents the geodesic ray transform of ¢ with respect to 7 in M. By definition
we can have

7(z,0) 7(z,v)
I3(e,v) = /0 oo U((t z,0)) dt = /0 o(y(t 2, v0)) dt = To(x, v),

where we have used ®(5) = 7.
From the definition ¢ := ¢ o ¥ we see ||85Hcl(z\?[ < Cll¢llcr(ar for certain constant C.

)
Furthermore, we know u(p) = 3 cg-1(,) @(s), thus when U~1(p) contains only one

element, say s, we have |u(p)|> = |i(s)|?; when U~!(p) contains multiple elements, say

U (p) = {51, s, then [u(p)|” = 375 [a(s))|* + oy Shs (s;)ilst). By Lemma
6.13 we know ¢ < N + 2. Since all the intersections are transversal and by Lemma 6.8
there is a uniform lower bound on the angles of intersection, one can apply a non-stationary
phase argument as in [DSFKLS16]equation (3.6) to obtain that the integrals of @(s;)u(s)
for j # k are of O(h). Combining these arguments, we arrive at

] [ ot~ Io(e,0)| < Cllslerann'®

The proof is done. ([
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