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Abstract. We consider the inverse problem of recovering a potential from the Dirichlet
to Neumann map at a large fixed frequency on certain Riemannian manifolds. We extend
the earlier result of [G. Uhlmann and Y. Wang, arXiv:2104.03477] to the case of simple
manifolds, and more generally to manifolds where the geodesic ray transform is stably
invertible. The argument involves an invariantly formulated construction of Gaussian
beam quasimodes with uniform bounds for the underlying constants.

1. Introduction and statement of main results

Let (M, g) be an n-dimensional (n ≥ 2) compact Riemannian manifold with smooth
boundary, and let λ ≥ 0 be a frequency. We consider the boundary value problem{

Lq,λu := (−∆g + q − λ2)u = 0 in M,

u = f on ∂M,
(1.1)

where ∆g is the Laplace-Beltrami operator on M . In local coordinates,

∆gu = |g|−
1
2∂j(|g|

1
2 gjk∂ku),

where (gjk) = (gjk)
−1 and |g| = det(gjk). Suppose λ2 is not a Dirichlet eigenvalue of

−∆g+ q in M , and let u ∈ C∞(M) be the unique solution of (1.1) for a Dirichlet boundary
condition f ∈ C∞(∂M). The Dirichlet to Neumann map (DN map) associated to (1.1) is
given by

Λλq : C∞(∂M) → C∞(∂M), Λλq f := ∂νu|∂M := gjkνj∂ku|∂M . (1.2)

The inverse problem we are interested in is to recover q from Λλq for a large but fixed λ.
Before going to the statement of our main result, we first define an admissible class of

perturbations for which we establish our uniqueness result. For any nonzero p ∈ Hs(M),
we introduce a frequency function Ns(p) of p by

Ns(p) :=
∥p∥Hs(M)

∥p∥L2(M)
.

If p = 0 we define Ns(p) = 0. For any number B > 0 and any s > 0, we define a set As(B)
of admissible perturbations by

As(B) := {p ∈ Hs(M) : Ns(p) ≤ B}. (1.3)

Note that p ∈ As(B) implies p ∈ C1(M) or p ∈ C0(M) if s > n
2 + 1 or s > n

2 , respectively,
by Sobolev embedding [Tay11, Proposition 4.3].

We establish two main results in this work. Our first result is for simple manifolds
(see e.g. [PSU23]). A compact Riemannian manifold (M, g) with boundary is said to be
simple if (i) (M, g) is nontrapping (every geodesic reaches the boundary in finite time), (ii)
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∂M is strictly convex (the fundamental form of ∂M is positive definite), and (iii) (M, g)
has no conjugate points. Examples include strictly convex simply connected domains in
nonpositively curved manifolds. Our first main result is as follows.

Theorem 1.1. Let (M, g) be a simple manifold of dimension n ≥ 2. Let B > 0 and assume
∥q∥Hs(M) ≤ B, ∥p∥Hs(M) ≤ B, and p ∈ As(B), where s > n

2 . There is a positive constant

λ0 = λ0(M, g, s,B) such that if Λλq+p = Λλq for at least one λ ≥ λ0, then p = 0 in M .

Remark 1.1. The assumption that p ∈ As(B) is similar to the assumption that the per-
turbation is angularly controlled in [RU14, Theorem 2] or horizontally controlled in [RS20].
This assumption is always satisfied for some B if p lies in a finite dimensional space, since the
norms ∥p∥L2(M) and ∥p∥Hs(M) are equivalent in finite dimensional spaces. See the example
after [RU14, Theorem 2] for infinite dimensional expansions satisfying such a condition.

Moreover, the assumption p ∈ As(B) for some s > n
2 is not optimal. It might be possible

to modify the argument so that p ∈ A2(B) or even p ∈ A1+ε(B) is sufficient. However, some
bound on the frequency of the perturbation is needed in order to have a uniform estimate
for λ0. This places a restriction on the perturbations that can be treated with this method.

We note that Theorem 1.1 can also be reformulated as follows.

Corollary 1.2. Let (M, g) be a simple manifold of dimension n ≥ 2, and let q1, q2 ∈ Hs(M)
where s > n

2 . Then there exists a positive constant λ0 depending on M , g, s, ∥qj∥Hs(M),

and Ns(q1 − q2) such that if Λλq1 = Λλq2 for at least one λ ≥ λ0, then q1 = q2 in M .

To state the second result, let us recall the notation for the geodesic ray transform
following [Sha94,PSU23]. Assume that (M, g) is nontrapping with strictly convex boundary.
For a function f on (M, g), its geodesic ray transform is defined by

If(γ) :=

∫
s∈γ

f(s) ds

where γ ranges over the maximal geodesics on (M, g). The geodesic ray transform I on
(M, g) is called stably invertible (in terms of the H1 norm of the ray transform) when there
exists a slightly larger manifold M1 with M embedded in M int

1 and a positive constant C1

such that

∥f∥L2(M1) ≤ C1∥If∥H1(∂+SM1) (1.4)

holds for all f ∈ Hs(M1) with supp(f) ⊂ M , for some s > n
2 + 1. On simple manifolds

(M1, g) of dimension n ≥ 2 the estimate (1.4) may be found e.g. in [PSU23, Theorem

4.7.8], and related estimates even with H1/2 norm on the right are proved in [AS20,PS21].
In dimensions n ≥ 3, if (M1, g) has strictly convex boundary and is globally foliated by
strictly convex hypersurfaces, an estimate similar to (1.4) is proved in [UV16]. Finally, for
strictly convex manifolds with no conjugate points and hyperbolic trapped set, estimates
similar to (1.4) follow from [Gui17]. We also need the following continuity result of the
geodesic ray transform which holds true at least on strictly convex nontrapping manifolds
[Sha94,PSU23],

∥If∥H2(∂+SM1) ≤ C2∥f∥H2(M1). (1.5)

We present more details on the geodesic ray transform in Section 2. The constraint in
Theorem 1.1 that the manifolds must be simple can be relaxed under (1.4) and (1.5). As a
result, a more general theorem follows.

Theorem 1.3. Let (M, g) be a compact nontrapping Riemannian manifold of dimension
n ≥ 2 with smooth boundary. Suppose the geodesic ray transform is stably invertible and
continuous, i.e. (1.4) and (1.5) are satisfied. Assume ∥q∥Hs(M) ≤ B, ∥p∥Hs(M) ≤ B,
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p ∈ As(B) with s > 1 + n
2 . Then there exists a positive constant λ0 = λ0(M, g, s,B) such

that if Λλq+p = Λλq holds for at least one λ ≥ λ0, then p = 0 in M .

We now provide a brief survey of the existing results of the Calderón problem. In the
Euclidean setting there is a substantial literature on such problems and we refer the readers
to the survey [Uhl09]. In this work we are interested in the anisotropic problem, which can
be understood as an inverse problem for the equation ∇ · (γ∇u) = 0 where γ is a positive
definite matrix function, or as an inverse problem for the Laplace-Beltrami equation or for
the Schrödinger equation (−∆g + q)u = 0 on a Riemannian manifold. If the manifold and
coefficients are real-analytic, they can recovered from the DN map [LU89, LU01, LTU03].
In the smooth case it is known for n = 2 that a potential q can be determined from the
DN map Λλq for a fixed frequency λ ≥ 0 [GT11]. For n ≥ 3 this is an open problem,
however there are partial results in the class of admissible manifolds as well as conformally
transversally anisotropic (CTA) manifolds.

We say that (M, g) is a CTA manifold if (M, cg) ⊂ (R×M0, e⊕ g0), where c is a smooth
positive scalar function, e is the Euclidean metric, and (M0, g0) is an (n − 1)-dimensional
manifold. We say (M, g) is admissible if additionally the transversal manifold (M0, g0) is
simple. Theorem 1.1 for any λ ≥ 0 has been proved on admissible manifolds in [DSFKSU09],
whereas [DSFKLS16] proved the corresponding uniqueness result on CTA manifolds. These
methods are based on a geometric version of complex geometrical optics solutions introduced
in [SU87] in the Euclidean case. Related recent results are given in [CFO23,FKO23].

In our setting the manifolds do not satisfy the additional product structure mentioned
above, and thus complex geometrical optics solutions are not available. However, when
the frequency λ > 0 is very large there exist traditional geometrical optics type solutions,
and one can construct such solutions that concentrate along geodesics. If one could take
the limit λ → ∞ then one could recover the geodesic ray transform of the perturbation
p. In our case the frequency λ is large but fixed, and we will instead use the condition
p ∈ As(B) to recover the ray transform. These ideas were used in [UW21] combined with
an analysis of the semiclassical resolvent in order to prove a similar result for nonpositively
curved manifolds when n = 3. We give a direct argument based on geometrical optics and
Gaussian beam constructions, and obtain results on any manifold with stably invertible
geodesic ray transform in any dimension.

In Section 6 we present a Gaussian beam construction with uniform bounds for the
underlying constants. This is a key component for proving Theorem 1.3. To achieve this,
we express the Riccati and transport ODEs for the phase and amplitude functions of the
Gaussian beam in an invariant manner. This ensures that the bounds will not depend on
choices of (Fermi) coordinates. Finally, by utilizing energy estimates we are able to obtain
the desired uniform bounds.

The rest of the article is structured as follows. Section 2 contains some preliminary results
related to the geodesic ray transform. In Section 3 we present the proof of a resolvent
estimate on non-trapping manifolds. Section 4 gives a construction of special solutions of
(1.1) on simple manifolds and proves Theorem 1.1. The proof of Theorem 1.3 is contained in
Section 5. In Remarks 5.1 and 5.2 we discuss the stability of the inverse problem. Section
6 gives the invariant construction of Gaussian beams with uniform bounds required for
Theorem 1.3.

Acknowledgements. The authors would like to express their deep gratitude to Katya
Krupchyk and Simon St-Amant for several helpful discussions, in particular related to
uniform bounds for Gaussian beams. The last two authors would also like to thank the Isaac
Newton Institute for support and hospitality during the programme Rich and nonlinear
tomography (EPSRC grant EP/R014604/1) when part of this work was undertaken. All
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the authors were partly supported by the Academy of Finland (Centre of Excellence in
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2. preliminaries on geodesic ray transform

In this section, we recall the geodesic ray transform and several facts related to it. We
refer readers to [Sha94,PSU23] for more information on the geodesic ray transform.

Let M be a compact manifold with smooth boundary and let TxM be the tangent space
attached to the point x ∈M . We write the g-inner product for tangent or cotangent vectors

as ⟨ · , · ⟩ = ⟨ · , · ⟩g. We also write | · | = | · |g := ⟨ · , · ⟩1/2g . Sobolev spaces such as Hk(M),

Hk
0 (M) and L2(M) can be defined in a similar manner as in the Euclidean setting, and

readers may refer to [Tay11, Chapter 4] for more details.
The unit sphere bundle SM of M is defined as

SM :=
⋃
x∈M

SxM where SxM := {(x, v) ∈ TxM ; |v| = 1}.

If the dimension of M is n then the dimension of SM will be 2n−1. The boundary of SM ,
denoted as ∂(SM), is defined as ∂(SM) = {(x, v) ∈ SM ; x ∈ ∂M}, and it is the union of
the sets of inward and outward pointing vectors,

∂±SM = {(x, v) ∈ ∂(SM) ; ±⟨v, ν⟩ ≤ 0}.

Here ν is the outward unit normal to the boundary ∂M . We equip SM with the Sasaki
metric induced by g, and this yields natural volume forms d(SM) and d(∂SM).

A unit speed geodesic starting at x and moving in the direction v is denoted by t 7→
γ(t, x, v). Let τ(x, v) be the time when γ exits M . We say that (M, g) is nontrapping
if τ(x, v) is finite for all (x, v) ∈ SM , and that (M, g) is strictly convex if the second
fundamental form on ∂M is positive definite. We also define the geodesic flow φt on SM
by φt(x, v) := (γ(t, x, v), γ̇(t, x, v)).

Let (M, g) be strictly convex and nontrapping. The geodesic ray transform I : C∞(M) →
C∞(∂+SM) is a linear map given by

If(x, v) :=

∫ τ(x,v)

0
f(γ(t, x, v)) dt.

We recall the Santaló formula and the expression of the adjoint of I.

Lemma 2.1. Let F : SM → R be a continuous function. Then we have∫
SM

F d(SM) =

∫
∂+SM

∫ τ(x,v)

0
F (φt(x, v))µ(x, v) dt d(∂SM), (2.1)

where µ(x, v) := −⟨v, ν(x)⟩.

Lemma 2.2. Let f ∈ C∞(M) and h ∈ C∞
0 ((∂+SM)int). Then

(If, h)L2
µ(∂+SM) = (f, I∗h). (2.2)

Here I∗h is given by I∗h(x) =

∫
Sx

hψ(x, v) dv where hψ(x, v) = h(φ−τ(x,−v)(x, v)) for all

(x, v) ∈ SM , and L2
µ(∂+SM) is the L2 space with measure µ d(∂SM).

Lemma 2.3. For every non-negative integer k, the ray transform I is a bounded linear
operator from Hk(M) to Hk(∂+SM).
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The proofs of these results can be found in [PSU23, Chapters 3 and 4]. We will also
need the following facts on the normal operator of the geodesic ray transform on simple
manifolds which follow from [SU04] (see also [PSU23, Chapter 8]).

Lemma 2.4. Let (M, g) be a simple manifold. Then I∗I is an elliptic pseudodifferential
operator of order −1 in M int. Given s ∈ R and a compact set K ⊂M int, there is C > 0 so
that one has the inequalities

C−1∥f∥Hs(M) ≤ ∥I∗If∥Hs+1(M) ≤ C∥f∥Hs(M)

for any f ∈ Hs(M) with supp(f) ⊂ K.

3. Resolvent estimate

The proofs of the main theorems are based on constructing approximate geometrical
optics or Gaussian beam type solutions. In order to convert these approximate solutions to
exact solutions, we will need the following solvability result at high frequencies.

Proposition 3.1. Let (M, g) be a compact nontrapping manifold with smooth boundary, and
let q ∈ L∞(M) with ∥q∥L∞(M) ≤ B. There are C = C(M, g) > 0 and λ0 = λ0(M, g,B) > 0

so that for any λ ≥ λ0 and any f ∈ L2(M), the equation

(−∆g − λ2 + q)u = f in M

has a solution u ∈ H2(M) with

λ∥u∥L2(M) + ∥du∥L2(M) + λ−1∥∇2u∥L2(M) ≤ C∥f∥L2(M).

The estimate given in Proposition 3.1 resembles a resolvent estimate in scattering the-
ory, where it is well known that a nontrapping assumption is required for such an estimate
to hold. These estimates are typically given on noncompact manifolds with suitable as-
sumptions at infinity. See e.g. [Wun12] for a discussion on such estimates (note that if one
excludes a small set of frequencies, this kind of estimate may hold for general geometries
[LSW21]). Our estimate on compact manifolds with boundary is even simpler, and we give
a proof based on a positive commutator argument. For the proof it is convenient to switch
to semiclassical notation and write h = λ−1. See [Zwo12] for the semiclassical analysis facts
used below.

We may assume that M is embedded in a closed manifold (N, g) having the same dimen-
sion, and for all s ∈ R we may consider the semiclassical Sobolev norm

∥u∥Hs
scl(N) = ∥(I − h2∆g)

s/2u∥L2(N)

where (I − h2∆g)
s/2 is defined via the spectral theorem. Proposition 3.1 will follow by a

standard duality argument from the next a priori estimate with s = 0 (see e.g. [DSFKSU09,
Proposition 4.4] for this duality argument). We employ a generic constant C throughout
the manuscript, the value of which may vary from line to line.

Lemma 3.2. Let (M, g) be a compact nontrapping manifold with smooth boundary, and let
M be embedded in a closed manifold (N, g) having the same dimension. Let s ∈ R. There
are C > 0, h0 > 0 such that for 0 < h ≤ h0, one has

h∥u∥Hs+2
scl (N) ≤ C∥(−h2∆g − I)u∥Hs

scl(N), u ∈ C∞
c (M int).

Proof. We first prove the estimate for s = 0. Write P = −h2∆g and decompose u as

u = Bu+ (I −B)u

where B is a semiclassical pseudodifferential operator obtained by quantizing the symbol
b(x, ξ) := ψ(|ξ|g) ∈ C∞(T ∗N) where ψ ∈ C∞

c (R) with ψ(t) = 1 near t = 1 and ψ = 0
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outside a small neighborhood of t = 1. Denote the semiclassical principal symbol of P − I
by r(x, ξ), so r(x, ξ) = |ξ|2g − 1. Since P − I is semiclassically elliptic away from {|ξ|g = 1},
we can find a symbol q(x, ξ) of order −2 such that q = r−1 in supp(1− b). This implies

1− b(x, ξ) = (1− b(x, ξ))q(x, ξ)r(x, ξ), (x, ξ) ∈ TM.

By semiclassical calculus, see [Zwo12, §14.2], we have

I −B = Op((1− b)q)Op(r) + hΨ−1 = Op((1− b)q)(P − I) + hΨ−1.

From this one obtains the estimate

∥(I −B)u∥H2
scl(N) ≤ ∥Op((1− b)q)(P − I)u∥H2

scl(N) + Ch∥u∥H1
scl(N)

≤ C∥(P − I)u∥L2(N) + Ch∥u∥H1
scl(N)

valid for u ∈ C∞(N). Writing u = (I −B)u+Bu on the right, it follows that

∥(I −B)u∥H2
scl(N) ≤ C∥(P − I)u∥L2(N) + Ch∥Bu∥H1

scl(N). (3.1)

We now proceed to an estimate for Bu, which is microlocalized to a small neighborhood
of {|ξ|g = 1}. To do this we invoke the positive commutator method. Assume that we can
find a formally self-adjoint linear operator A : C∞(N) → C∞(N) such that

∥Au∥L2(N) ≤ C∥u∥H1
scl(N),

(i[P,A]u, u)L2(N) ≥ ch∥Bu∥2H1
scl(N) − Ch∥(I −B)u∥2H1

scl(N),

for any u ∈ C∞
c (M int) and 0 < h ≤ h0. We can then make the following computation:

ch∥Bu∥2H1
scl(N) − Ch∥(I −B)u∥2H1

scl(N) ≤ (i[P,A]u, u) = (i[P − I, A]u, u)

= i(Au, (P − I)u)− i((P − I)u,Au).

By using Cauchy-Schwarz with ϵ, and since ∥Au∥L2(N) ≤ C∥u∥H1
scl(N), we have

ch∥Bu∥2H1
scl(N) ≤ ϵh∥u∥2H1

scl(N) +
1

ϵh
∥(P − I)u∥2L2(N) + Ch∥(I −B)u∥2H1

scl(N). (3.2)

Therefore,

h2∥u∥2H1
scl(N) ≤ 2h2∥Bu∥2H1

scl(N) + 2h2∥(I −B)u∥2H1
scl(N)

≤ Cϵh2∥u∥2H1
scl(N) + Cϵ−1∥(P − I)u∥2L2(N) + Ch2∥(I −B)u∥2H1

scl(N) (by (3.2))

≤ h2(Cϵ+ Ch2)∥u∥2H1
scl

+ (Cϵ−1 + Ch2)∥(P − I)u∥2L2(N). (by (3.1))

Choosing the value of ϵ so that Cϵ = 1/2, we obtain the estimate

h2∥u∥2H1
scl(N) ≤ C∥(P − I)u∥2L2(N).

valid for all u ∈ C∞
c (M int) as long as one can find an operator A satisfying the conditions

given above.
We construct the conjugate operator A as a first order semiclassical pseudodifferential

operator, obtained as the Weyl quantization of a real valued symbol a ∈ C∞(T ∗N). The
semiclassical principal symbol of ih−1[P,A] is {p, a} = Hpa, where p = |ξ|2g is the principal
symbol of P and Hp is the Hamilton vector field of p. The assumption that (M, g) is
nontrapping means precisely that there is a function a ∈ C∞(S∗M) (escape function) with
Hpa > 0 in S∗M , where S∗M denotes the unit cosphere bundle. See e.g. [DH72, Theorem
6.4.1]. We extend a smoothly to T ∗N as a symbol that is homogeneous of degree one for
|ξ| ≥ 1. By continuity the function Hpa satisfies

Hpa(x, ξ) ≥ c|ξ|2g, ξ ∈ T ∗M1, |ξ|g ∼ 1, (3.3)
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for some compact setM1 ⊂ N withM ⊂M int
1 . Note that (3.3) holds only for |ξ|g away from

0, and we shall only apply this to Bu which is supported near |ξ|g = 1 in the phase space.
Quantizing a gives a semiclassical operator A of order one. Using the semiclassical G̊arding
inequality [Zwo12, Theorem 4.30] for (ih−1[P,A]Bu,Bu) and Cauchy-Schwarz with ϵ for
the other terms gives that

(ih−1[P,A]u, u) = (ih−1[P,A]Bu,Bu) + (ih−1[P,A]Bu, (I −B)u)

+ (ih−1[P,A](I −B)u,Bu) + (ih−1[P,A](I −B)u, (I −B)u)

≥ c∥Bu∥2H1
scl

− ∥ih−1[P,A]Bu∥H−1
scl (N)∥(I −B)u∥H1

scl(N)

− ∥ih−1[P,A](I −B)u∥H−1
scl (N)

(
∥Bu∥H1

scl(N) + ∥(I −B)u∥H1
scl(N)

)
≥ c∥Bu∥2H1

scl
− C∥(I −B)u∥2H1

scl
, (3.4)

for all u ∈ C∞
c (M int). Here we used that ih−1[P,A] is of order 2 so it is a bounded map

from H1
scl(N) to H−1

scl (N). This completes the construction of A. We have so far proved the

following estimate for all u ∈ C∞
c (M int):

h∥u∥H1
scl(N) ≤ C∥(P − I)u∥L2(N).

To prove the analogous estimate for general s, we may apply the above estimate in a small
extension (M1, g) of (M, g) (which is still nontrapping) to the function χ(I−h2∆g)

s/2u where
χ ∈ C∞

c (M int
1 ) satisfies χ = 1 near M , and u ∈ C∞

c (M int). Commuting the cutoff χ to the
other side of P − I produces commutator terms that are O(h∞) by pseudolocality and the
support properties of u and dχ, and these can be absorbed. See e.g. [DSFKSU09, Lemma
4.3] for details. This argument gives

h∥u∥Hs+1
scl (N) ≤ C∥(−h2∆g − I)u∥Hs

scl(N), u ∈ C∞
c (M int). (3.5)

Finally, to improve the left hand side of (3.5) from s + 1 to s + 2, we do the following
computation:

h∥u∥Hs+2
scl (N) = h∥(−h2∆g − I + 2I)u∥Hs

scl(N) ≤ h∥(−h2∆g − I)u∥Hs
scl(N) + 2h∥u∥Hs

scl(N)

≤ h∥(−h2∆g − I)u∥Hs
scl(N) + C∥(−h2∆g − I)u∥Hs−1

scl (N)

≤ C∥(−h2∆g − I)u∥Hs
scl(N), u ∈ C∞

c (M int),

where in the second last line we used (3.5). The proof is complete. □

Corollary 3.3. Assume the conditions in Lemma 3.2, let −2 ≤ s ≤ 0, and let q ∈ L∞(M)
with ∥q∥L∞(M) ≤ B. Then there are C = C(M, g, s) > 0 and h0 = h0(M, g, s,B) > 0 such
that for 0 < h ≤ h0 one has

h∥u∥Hs+2
scl (N) ≤ C∥(−h2(∆g − q(x))− I)u∥Hs

scl(N), u ∈ C∞
c (M int).

Proof. We have ∥qu∥Hs
scl(N) ≤ ∥qu∥L2(N) ≤ ∥q∥L∞(N)∥u∥Hs+2

scl (N) provided −2 ≤ s ≤ 0.

Then by Lemma 3.2 we have

∥(−h2(∆g − q(x))− I)u∥Hs
scl(N) ≥ ∥(−h2∆g − I)u∥Hs

scl(N) − h2∥qu∥Hs
scl(N)

≥ ch∥u∥Hs+2
scl (N) − ∥q∥L∞(N)h

2∥u∥Hs+2
scl (N).

Choosing h0 = c/(2B) completes the proof. □

Now we are ready to prove Proposition 3.1.
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Proof of Proposition 3.1. Denote E = Lq,h−1(C∞
c (M int)). Then E is a subspace of H−2

scl (N),

and for h small any element of E can be written uniquely as Lq,h−1u for some u ∈ C∞
c (M int)

by Corollary 3.3. Let f ∈ L2(M), and define the linear operator T : E → R by

T (L∗
q,h−1z) = ⟨f, z⟩L2(M), z ∈ C∞

c (M int),

where L∗
q,h−1 is the dual operator of Lq,h−1 . We have L∗

q,h−1 = Lq,h−1 . Corollary 3.3 gives

|T (L∗
q,h−1z)| ≤ ∥f∥L2(M)∥z∥L2(M) ≤ ∥f∥L2(M)Ch∥L∗

q,h−1z∥H−2
scl (N).

This implies T is a bounded linear operator on E, thus by the Hahn-Banach theorem there
exists a linear functional T̂ on H−2

scl (N) that extends T from E to H−2
scl (N) such that

∥T̂∥ ≤ Ch∥f∥L2(M).

Because H−2
scl (N) is the dual space of H2

scl(N) and it is a Hilbert space, by the Riesz

representation theorem there exists a function v ∈ H2
scl(N) such that T̂ (z) = ⟨v, z⟩ for all

z ∈ C∞
c (M int). Furthermore, ∥v∥H2

scl(N) = ∥T̂∥ ≤ Ch∥f∥L2(M). Now set v|M = u, then for

all z ∈ C∞
c (M int) we have

⟨Lq,h−1u, z⟩ = ⟨u,L∗
q,h−1z⟩ = ⟨v,L∗

q,h−1z⟩ = T̂ (L∗
q,h−1z) = T (L∗

q,h−1z) = ⟨f, z⟩.

This gives existence of a solution with the desired estimate. □

4. The case of simple manifolds

In this section we construct special solutions of (1.1) on a simple manifold following
arguments in [DSFKSU09], and give the proof of Theorem 1.1.

4.1. Special solutions on simple manifolds. Let (M, g) be a simple manifold. We wish
to construct solution of (1.1) in the form of u = eiλϕa+R. A straightforward computation
gives

Lq,λ(eiλϕa) = eiλϕ
[
λ2(|dϕ|2g − 1)a− λTg,ϕa− (∆g − q)a

]
, Tg,ϕ := 2i⟨dϕ, d·⟩g + i∆gϕ. (4.1)

Here Tg,ϕ is a first-order linear differential operator depending on g and ϕ. Substituting the

ansatz u = eiλϕa+R into (1.1), with the help of (4.1) we see that Lq,λu = 0 provided that

Lq,λR = eiλϕ
[
− λ2(|dϕ|2g − 1)a+ λTg,ϕa+ (∆g − q)a

]
in M. (4.2)

We shall construct a real-valued phase function ϕ and an amplitude a by making the coef-
ficients of λ2 and λ in (4.2) to be zero so that (4.2) can be simplified.

First, we solve |dϕ|2g = 1. This non-linear PDE is known as the eikonal equation. Since

M is simple, we can extendM to a larger simple compact manifoldM1 such thatM ⊂M int
1 ,

whereM int
1 signifies the interior ofM1. Let y ∈ ∂M1. By the properties of simple manifolds

[PSU23, Section 3.8], any x belonging to M1 can be expressed as x = expy(rθ) with certain
r > 0 and θ ∈ SyM := {ξ ∈ TyM ; |ξ|g = 1}. Here the map expy, parameterized by y, is
the exponential map defined on M1, and it defines the so-called polar normal coordinates
on M by identifying x with the coordinates (r, θ) ∈ R+ × SyM . In these coordinates, the
metric g can be represented as

g|(r,θ) = dr2 + g0(r, θ)dθ
2

where g0 is another positive-definite Riemannian metric, and there holds |g| = |g0|. The
coordinate r can be used to define a distance function from a point x to y by setting
distg(x, y) := r. We now choose

ϕ(x) = ±distg(x, y) = ±r, x ∈M, y ∈ ∂M1, (4.3)
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thus ∂θϕ = 0, and so |dϕ|2g = (±∂rr)2 = 1. Hence the eikonal equation is solved, and we
can simplify (4.2) to

Lq,λR = eiλϕ[λTg,ϕa+ (∆g − q)a]. (4.4)

Second, we fix an integer J ∈ N, set a−1 ≡ 0 and look for an amplitude a having the

form a =
∑J

j=−1 λ
−jaj . After substituting this into (4.4), it follows that

Lq,λR = eiλϕ
J∑
j=0

λ−j+1[Tg,ϕaj + (∆g − q)aj−1] + eiλϕλ−J(∆g − q)aJ , in M. (4.5)

Because a−1 ≡ 0, the following transport equations for aj can be solved iteratively starting
from j = 0 until j = J :

Tg,ϕaj = (−∆g + q)aj−1. (4.6)

Recall (4.3) and Tg,ϕ defined in (4.1). By the choice of ϕ we have ⟨dϕ,daj⟩g = ±∂raj . This
reduces the equation (4.6) to

±2i∂raj ± i|g|−
1
2∂r(|g|

1
2 )aj = (−∆g + q)aj−1 ⇔ ∂r(|g|

1
4aj) = ∓i|g|

1
4 (−∆g + q)aj−1/2,

which implies for j = 0, 1, · · · , J ,

aj(r, θ) = |g(r, θ)|−1/4
[
bj(θ)∓

i

2

∫ r

0
|g(s, θ)|1/4(−∆g + q(s, θ))aj−1(s, θ) ds

]
, (4.7)

where bj are any smooth functions. Especially, due to a−1 ≡ 0 we have

a0(r, θ) = |g(r, θ)|−1/4b(θ), (4.8)

where b is a smooth function. Readers may note that a0 is independent of the potential.
After solving aj , we can substitute (4.6) into (4.5) to further reduce the original equation
to

Lq,λR = eiλϕλ−J(∆g − q)aJ in M,

where aJ is determined by (4.7). By Proposition 3.1, for λ large there is R ∈ H2(M) solving
the above equation such that ∥R∥L2(M) ≤ Cλ−1∥eiλϕλ−J(∆g − q)aJ∥L2(M). We summarize
the construction above as follows. For our purposes we choose J = 0.

Proposition 4.1. Let (M, g) be a simple manifold and M ⊂M int
1 , where M1 is also simple.

Let y ∈ ∂M1 and (r, θ) be the polar normal coordinates in M1 with center at y. Let also
∥q∥L∞(M) ≤ B. Then for λ ≥ λ0(M, g,B) the equation Lqu = 0 in M has a solution of the
form

u = eiλra+R, (4.9)

where a solves the transport equation Tg,ra = 0 defined in (4.1), and R satisfies

∥R∥L2(M) ≤ Cλ−1∥(∆g − q)a∥L2(M),

for a constant C = C(M, g) independent of λ. The solution a of Tg,ra = 0 in polar normal

coordinates is given by a = |g|−1/4b(θ), where b(θ) is any smooth function in θ.

4.2. Proof of Theorem 1.1. We now give the proof of Theorem 1.1. Assume Λλq+p = Λλq
for some λ ≥ λ0, where λ0 shall be determined later. Since Λλq = Λ0

q−λ2 and Λλq+p = λ0q+p−λ2 ,

a standard integration by parts (see e.g. [DSFKSU09, Lemma 6.1]) implies that∫
M
pū1u2 dVg = ((λλq+p − λλq )u1, u2)L2(∂M) = 0 (4.10)

whenever u1 and u2 are any H1(M) solutions of (1.1) corresponding to q+ p and q, respec-
tively. We also note that the condition Λλq+p = Λλq together with a boundary determination
result imply that p|∂M = 0. This is proved for smooth potentials e.g. in [DSFKSU09] and for
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Hölder continuous potentials in [GT11, Proposition A.1] (recall that q, p ∈ Hs(M) where
s > n

2 , so q, p ∈ Cα(M) for some α > 0 by Sobolev embedding).
Due to the conditions ∥q∥Hs ≤ B, ∥p∥Hs ≤ B stated in Theorem 1.1 and Sobolev

embedding, we have ∥q∥L∞ ≤ CB, ∥q + p∥L∞ ≤ CB where C = C(M, g, s). By Proposition
4.1, for λ ≥ λ0(M, g, s,B) we can choose solutions u1, u2 having the form{

u1(r, θ) = eiλr|g(r, θ)|−1/4b(θ) + r1,

u2(r, θ) = eiλr|g(r, θ)|−1/4 + r2,

where (r, θ) are polar normal coordinates in M1 with center at some y ∈ ∂M1, and b(θ)

shall be chosen later. In these coordinates, dVg = |g|1/2 dr dθ. Proposition 4.1 also gives

∥r1∥L2(M) ≤ Cλ−1∥b∥H2(∂+SyM1), ∥r2∥L2(M) ≤ Cλ−1. (4.11)

Substituting u1, u2 into (4.10), we have

0 =

∫
M
pu1ū2 dVg =

∫
M
p(eiλr|g|−1/4b(θ) + r1)(e

−iλr|g|−1/4 + r̄2) dVg

=

∫
M
p[|g|−1/2b(θ) + e−iλr|g|−1/4r1 + eiλr|g|−1/4b(θ)r̄2 + r1r̄2] dVg. (4.12)

Recall dVg = |g|1/2 dr dθ and
∫ τM1

(y,θ)

0 p(r, θ) dr = Ip(y, θ) where I is the geodesic ray
transform on M1. Here we assume that p is extended by zero to M1. Thus we also have∫

M
p(r, θ)b(θ)|g(r, θ)|−1/2 dVg =

∫
∂+SyM1

Ip(y, θ)b(θ) dθ. (4.13)

From p ∈ As(B) where s > n
2 and from the Sobolev embedding we can conclude that

∥p∥L∞(M) ≤ C∥p∥Hs(M) ≤ CB∥p∥L2(M). Therefore, from (4.11), (4.12) and (4.13) it follows
that, with implied constants depending on B,∣∣ ∫

∂+SyM1

Ip(y, θ)b(θ) dθ
∣∣ ≲ ∥p∥L2(M)∥r1∥L2(M) + ∥p∥L∞(M)∥b∥L2(M)∥r2∥L2(M)

+ ∥p∥L∞(M)∥r1∥L2(M)∥r2∥L2(M)

≲ ∥p∥L2(M)

[
∥r1∥L2(M) + (∥b∥L2(∂+SyM1) + ∥r1∥L2(M))∥r2∥L2(M)

]
≲ λ−1∥p∥L2(M)∥b∥H2(∂+SyM1),

where we used (4.11). This estimate further gives∣∣ ∫
∂+SM1

Ip(y, θ)b(θ) d(∂SM)
∣∣ ≤ ∫

∂M1

∣∣ ∫
∂+SyM1

Ip(y, θ)b(θ) dθ
∣∣dy

≲ λ−1∥p∥L2(M)

∫
∂M1

∥b∥H2(∂+SyM1) dy.

Note that the function b(θ) depends on y.
Choosing b(θ) = ⟨νy, θ⟩I(I∗Ip), inserting this in the above inequality, and using the

Santaló formula (Lemma 2.1) and boundedness of I and I∗I (Lemmas 2.3 and 2.4), we
obtain

∥I∗Ip∥2L2(M1)
≲ λ−1∥p∥L2(M)∥I(I∗Ip)∥H2(∂+SM1) ≲ λ−1∥p∥L2(M)∥I∗Ip∥H2(M1)

≲ λ−1∥p∥2H1(M). (4.14)

Here we also used the condition p|∂M = 0, which allows us to consider p as a function in
H1(M1) with support in M . Using the interpolation ∥f∥2H1(M1)

≤ C∥f∥L2(M1)∥f∥H2(M1)

[Tay11, Proposition 3.1] between Sobolev spaces, we see ∥I∗Ip∥2H1(M1)
can be bounded by
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the product of ∥I∗Ip∥L2(M1) and ∥I∗Ip∥H2(M1). The L
2 norm of I∗Ip can be estimated from

(4.14), while the H2 norm of I∗Ip can be estimated by using the continuity of I∗I, thus

∥I∗Ip∥2H1(M1)
≤ C∥I∗Ip∥L2(M1)∥I

∗Ip∥H2(M1) ≲ λ−1/2∥p∥2H1(M1)
.

Recall that p ∈ As(B) with s > n/2 ≥ 1, so ∥p∥H1(M1) ≲ ∥p∥L2(M1). This together with the
inequality above gives

∥I∗Ip∥2H1(M1)
≲ λ−1/2∥p∥2L2(M1)

.

Because (M, g) is assumed to be a simple manifold, by Lemma 2.4 we know that I∗I
is stably invertible, namely, ∥p∥L2(M1) ≤ C∥I∗Ip∥H1(M1). Combining this with the last
displayed equation above, we arrive at

∥p∥2L2(M1)
≤ CBλ

−1/2∥p∥2L2(M1)
=⇒ (1− C

1/2
B λ−1/4)∥p∥L2(M1) ≤ 0.

By setting λ0(M, g,B) := 2C2
B and choosing λ ≥ λ0(M, g,B), we can conclude from the

above that ∥p∥L2(M) ≤ 0, so p = 0 in M . This completes the proof of Theorem 1.1.

5. Proof of Theorem 1.3

In this section, we present the proof of Theorem 1.3. As in the proof of Theorem 1.1, the
assumption Λλq+p = Λλq leads to the integral identity∫

M
pu1u2 dVg = 0. (5.1)

Here, u1 and u2 solve (1.1) with potentials being q+p and q, respectively. We will choose u1
and u2 to be Gaussian beam quasimodes concentrated near a geodesic γ based on Theorem
6.2. According to Theorem 6.2, uj (j = 1, 2) can be represented as uj = v + rj , where v is
the leading term and rj are the corresponding remainder terms. Here v is the leading term
of both u1 and u2. Note that u1 and u2 have the same leading term because the leading
term depends only on the metric and the geodesic. Since the leading term v concentrate on
the geodesic γ, the term

∫
M p |v|2 can be estimated using Theorem 6.1. This implies∣∣ ∫
M
p |v|2 dVg − Ip(γ)

∣∣ ≤ C∥p∥C1(M)h
1/2, (5.2)

where Ip stands for the geodesic ray transform of p. Next substituting uj = v + rj into
(5.1) for j = 1, 2, we obtain∫

M
p|v|2 dVg = −

∫
M
p(vr1 + vr2 + r1r2) dVg, (5.3)

where r1 and r2 are error terms that can be estimated using the following result.

Lemma 5.1. Let r1 and r2 be given as above. There exists a constant C uniformly with
respect to γ such that ∥rj∥L2(M) ≤ Cλ−1 for λ ≥ λ0(M, g,B), j = 1, 2.

Proof. We only give the proof for r1, and that of r2 is similar. By Proposition 3.1 we
have ∥r1∥L2(M) ≤ Cλ−1∥Lq,λv∥L2(M). The quantity Lq,λv can be expressed in terms of h as

λ2(−h2∆g − 1)v+ qv. From Theorem 6.2 we can bound the L2-norm of both (−h2∆g − 1)v
and v, thus

∥r1∥L2(M) ≤ C1λ
−1(∥λ2(−h2∆g − 1)v∥L2(M) + ∥qv∥L2(M))

≤ C1λ
−1(C2λ

2hK + C2∥q∥L∞(M)) ≤ C3λ
−1.

The constant C1 comes from the resolvent estimate given in Proposition 3.1, so it does not
depend on the choice of the geodesic γ. The uniformity of C2 with respect to γ is guaranteed
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by Theorem 6.1, respectively. Therefore, C3 is uniform with respect to the choice of the
geodesic γ. The proof is done. □

The combination of (5.2), (5.3) and Lemma 5.1 entails

|Ip(γ)| ≤ Ch1/2∥p∥C1(M) +
∣∣ ∫

M
p(vr1 + vr2 + r1r2) dVg

∣∣
≤ Ch1/2∥p∥C1(M) +

[
∥v∥L2(M)O(λ−1) +O(λ−1)

]
∥p∥L∞(M).

Since p ∈ As(B) and s > 1 + n
2 , we have ∥p∥L∞(M) ≤ ∥p∥C1(M) ≲ ∥p∥Hs(M) ≤ B∥p∥L2(M).

By Theorem 6.2 we also have that ∥v∥L2(M) ≤ C. The combination of these with the above
inequality imply

|Ip(γ)| ≤ Ch1/2 ∥p∥L2(M).

This further gives (writing λ = h−1)

∥Ip∥L2(∂+SM1) ≤ BO(λ−1/2)∥p∥L2(M). (5.4)

Here we considered M to be embedded into a slightly larger manifold M1 and extended p
by zero to M1 as in Section 4.2. Then by using: (i) the stable invertibility of I with respect
to the L2(M1) and H1(∂+SM1) norms (cf. (1.4)), (ii) the interpolation ∥φ∥2H1(∂+SM1)

≤
∥φ∥L2(∂+SM1)∥φ∥H2(∂+SM1), (iii) the estimate (5.4), (iv) the continuity of I : H2(M1) →
H2(∂+SM1) (cf. (1.5)), (v) and the assumption p ∈ As(B) sequentially, we can make the
following derivation,

∥p∥2L2(M1)
≤ ∥Ip∥2H1(∂+SM1)

≤ ∥Ip∥L2(∂+SM1)∥Ip∥H2(∂+SM1)

≤ O(λ−1/2)∥p∥L2(M1)∥p∥H2(M1) ≤ O(λ−1/2)∥p∥2L2(M1)
, ∀λ ≥ λM,g,B.

The implicit constant also depends on B. Therefore, there exists a constant C such that

(1− Cλ−1/4)∥p∥L2(M1) ≤ 0, ∀λ ≥ λM,g,B. (5.5)

Hence, we conclude p = 0 in M . This concludes the proof of Theorem 1.3.

Remark 5.1. When Λλq+p ̸= Λλq , by (4.10) and the arguments in Section 5 we obtain

Ip(γ) = ((Λλq+p − Λλq )u1, u2)L2(∂M) + ∥p∥L2(M)O(λ−a)

for any a ∈ (1/3, 1/2), where we used the assumption p ∈ As(B) for s > n/2+1. We denote
ϵ := ∥Λλq+p − Λλq ∥H1/2(∂M)→H−1/2(∂M), and uj = v + rj (j = 1, 2) as in Section 5, then

∥p∥L2(M1) ≲ ∥Ip∥H1(∂+SM1) ≲ ϵ∥v + r1∥H1/2(∂M)∥v + r2∥H1/2(∂M) + ∥p∥L2(M)λ
−a

≲ ϵ(∥v∥2H1(M) + ∥v∥H1(M)∥r∥H1(M) + ∥r∥2H1(M)) + ∥p∥L2(M)λ
−a.

In the derivation above, because both r1 and r2 follow the same estimate with respect to
λ and δ, we don’t distinguish them by simply represent both of them as r. Absorbing the
λ−a∥p∥L2(M) term by the left-hand-side, we finally obtain

(1− λ−a)∥p∥L2(M1) ≤ C∥Λλq+p − Λλq ∥H1/2(∂M)→H−1/2(∂M)

× (∥v∥2H1(M) + ∥v∥H1(M)∥r∥H1(M) + ∥r∥2H1(M)), (5.6)

The L2 norm of v and r can be investigated using the estimates given in Theorem 6.2. To
obtain their H1 norm, we need to analyze their gradients, which shall give certain growth
of order λb1δb2 for certain b1, b2 ∈ R. We defer this to future works.
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Remark 5.2. Our method can also be utilized to obtain stability estimates in certain
Sobolev spaces. However, in this case one can obtain Hölder-type stability estimates by
examining the difference between the DN maps at large frequency. This is consistent with
the phenomenon of improved stability for high frequency Schrödinger operators on Rn,
which has already been investigated in the literature; see for instance [INUW14] and the
references therein.

6. Gaussian beams with uniform constants

In this section we give an invariant construction of Gaussian beam quasimodes with
uniform bounds for the underlying constants. Let (M, g) be a compact manifold with
smooth boundary. For any (x, v) ∈ ∂+SM let γx,v : [0, τ(x, v)] → M be the maximally
extended unit speed geodesic starting at x in direction v. We allow the manifold to have
trapped geodesics (i.e. τ(x, v) may be +∞ for some (x, v)), but below we will only work
with (x, v) ∈ GT where

GT = {(x, v) ∈ ∂+SM : τ(x, v) ≤ T}.
The following result states the existence of Gaussian beam quasimodes concentrating near
γx,v with uniform bounds over (x, v) ∈ GT . Recall that I denotes the geodesic X-ray
transform on (M, g).

Theorem 6.1. Let (M, g) be a compact oriented manifold with smooth boundary. Fix T > 0
and k,K ≥ 0. There is a constant C = C(M, g, T, k,K) > 0 such that for any (x, v) ∈ GT
and h ∈ (0, 1), there is u = ux,v,h ∈ C∞(M) satisfying∣∣∣∣∫

M
|u|2φdVg − Iφ(x, v)

∣∣∣∣ ≤ C∥φ∥C1(M)h
1/2, (6.1)

∥(−h2∆g − 1)u∥Hk(M) ≤ ChK ,

uniformly over 0 < h < 1 and φ ∈ C1(M).

Theorem 6.1 is sufficient for proving Theorem 1.3. For later purposes, we also state a
result that describes the form of ux,v,h more precisely and involves normalization in Lp.
Below, for a tensor A at x and a subspace F of TxM we write A|F for the multilinear form
that only acts on vectors in F .

Theorem 6.2. Let (M, g) be a compact oriented manifold with smooth boundary. Fix con-
stants T > 0, p ∈ [1,∞), k ≥ 0, and K ≥ 0. There is a constant C = C(M, g, T, p, k,K) > 0
such that for any (x, v) ∈ GT and h ∈ (0, 1), there is u = ux,v,h ∈ C∞(M) associated with
γ = γx,v and satisfying

∥u∥Lp(M) ≤ C,

∥(−h2∆g − 1)u∥Wk,p(M) ≤ ChK ,

supp(u) ⊂ {y ∈M : distg
(
y, γ([0, τ(x, v)])

)
≤ C−1},

uniformly over all 0 < h < 1.
There is also a symmetric complex (1, 1)-tensor H(t) = Hx,v(t) on Tγ(t)M , depending

smoothly on t ∈ [0, τ(x, v)] and satisfying

Im(H(t)♭) ≥ 0, Im(H(t)♭)|γ̇(t)⊥ ≥ C−1g|γ̇(t)⊥ ,

such that u = ux,v,h has the following form. If x0 ∈ γ([0, τ(x, v)]) and if t1 < . . . < tNp are
the times in [0, τ(x, v)] when γ(tl) = x0, then in a small neighborhood U of x0 we have

u|U = u(1) + . . .+ u(Np)
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where each u(l) satisfies

u(l)|U = h
−n−1

2p eiΦ
(l)/h(a

(l)
0 + ha

(l)
1 + . . .+ hNa

(l)
N )ρ.

Here N = N(M, g, T, p, k,K), and ρ is a smooth cutoff function supported near γ|[tl−ε,tl+ε].
The phase Φ = Φ(l) is independent of h and satisfies for t near tl

Φ(γ(t)) = t, ∇Φ(γ(t)) = γ̇(t), ∇2Φ(γ(t)) = H(t)♭, ∥Φ∥Ck(U) ≤ C.

The amplitudes a
(l)
j are independent of h, and for t near tl one has

a
(l)
0 (γ(t)) = exp

[
−1

2

∫ t

0
trg(H(s)) ds

]
, ∥a(l)j ∥Ck(U) ≤ C.

If p = 2, then cnu satisfies the conditions in Theorem 6.1 with cn = (

∫
Rn−1

e−|y|2 dy)−1/2.

Remark 6.1. We note that if (M, g) is compact and nontrapping, i.e. τ(x, v) < ∞ for all
(x, v) ∈ ∂+SM , then GT = ∂+SM for sufficiently large T . If ∂M is strictly convex, this
follows from the continuity of τ . In general one can argue as follows: suppose τ(xj , vj) → ∞
for some sequence (xj , vj) ∈ ∂+SM . After choosing a subsequence, we have (xj , vj) →
(x, v) ∈ ∂+SM . Since τ is upper semicontinuous,

lim τ(xj , vj) ≤ τ(x, v).

This is a contradiction, since τ(x, v) < +∞ by the nontrapping condition.

We will prove Theorems 6.1 and 6.2 in two parts: first in the case of non-self-intersecting
geodesics, and then in the self-intersecting case.

6.1. No self-intersection case. Let (M, g) be a compact oriented manifold with smooth
boundary. Fix T > 0 and define

G̃T := {(x, v) ∈ GT : γx,v does not self-intersect}.

We will prove Theorem 6.2 for all (x, v) ∈ G̃T , and in Section 6.2 we reduce the general case
(x, v) ∈ GT to this case.

Let (x, v) ∈ G̃T and let γ = γx,v. We look for u = ux,v,h in the form

u = h
−n−1

2p eiΦ/h(a0 + ha1 + . . .+ hNaN )ρ (6.2)

where ρ is a suitable cutoff function. The functions Φ and aj will be constructed in an
invariant fashion, but in order to do this we need some preparations.

We assume that (M, g) is embedded in a closed manifold (S, g) of the same dimension.
We will also consider a cutoff function χ ∈ C∞

c (R) with 0 ≤ χ ≤ 1, χ(x) = 1 for |x| ≤ 1/2,
and χ(x) = 0 for |x| ≥ 1. We consider (S, g) and χ to be fixed once and for all. The
constructions and constants below will depend on the choice of (S, g) and χ but we will not
write out this dependence.

Define
U(γx,v, δ) = {(t, y) : t ∈ (−δ, τ(x, v) + δ), y ⊥ γ̇x,v(t), |y| < δ}, (6.3)

and let δx,v be the supremum of δ ≥ 0 such that the map Fx,v : U(γx,v, δ) → S, (t, y) 7→
expγx,v(t)(y) is a diffeomorphism onto its image. By the inverse function theorem, since

dFx,v|(t,0) corresponds to the identity map, there is a positive lower bound for δx,v that

depends on the C2 norm of Fx,v on U(γx,v, 1) (see e.g. [PSU23, Lemma 11.2.6] for a similar
argument). Hence, the constant

injF (M, g) := inf
(x,v)∈GT

δx,v
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is positive due to the compactness of M . Below we fix δ = injF (M, g)/2.
The phase function Φ is specified in the following lemma.

Lemma 6.3. Let N ≥ 0 be an integer. For any γ = γx,v with (x, v) ∈ GT there is
a unique function Φ = Φx,v,N ∈ C∞(M ;C) satisfying the following conditions for any
t ∈ [−δ, τ(x, v) + δ]:

(a) ∇j(⟨dΦ,dΦ⟩ − 1)(γ(t)) = 0 for 0 ≤ j ≤ N + 2,
(b) Φ(γ(t)) = t, dΦ(γ(t)) = (γ̇(t))♯,
(c) ∇2Φ(γ(0))|γ̇(0)⊥ = ig|γ̇(0)⊥ , ∇jΦ(γ(0))|γ̇(0)⊥ = 0 for 3 ≤ j ≤ N ,

(d) Φ(expγ(t)(y)) = χ(|y|/δ)
∑N

j=0
∇jΦ|γ(t)(y,...,y)

j! in U(γ, δ),

(e) Φ = 0 outside U(γ, δ).

There are constants C, c > 0 only depending on (M, g), T and N such that

∥Φ∥CN (M) ≤ C, Im(∇2Φ)|γ̇(t)⊥ ≥ cg|γ̇(t)⊥ (6.4)

whenever t ∈ [−δ, τ(x, v) + δ].

Define the transport operator L by

Lv :=
1

i
(2⟨dΦ, dv⟩+ (∆gΦ)v).

The amplitudes ar are given as follows.

Lemma 6.4. Let N ≥ 0 be an integer. For any (x, v) ∈ GT there are unique functions
ar = ar,x,v,N ∈ C∞(M ;C) with 0 ≤ r ≤ N satisfying the following conditions for any
t ∈ [−δ, τ(x, v) + δ]:

(a) ∇j(La0)(γ(t)) = 0 for 0 ≤ j ≤ N ,
(b) a0(γ(0)) = 1, ∇ja0(γ(0))|γ̇(0)⊥ = 0 for 1 ≤ j ≤ N ,

(c) ∇j(Lar −∆gar−1)(γ(t)) = 0 for 0 ≤ j ≤ N and 1 ≤ r ≤ N ,
(d) ar(γ(0)) = 0, ∇jar(γ(0))|γ̇(0)⊥ = 0 for 1 ≤ r ≤ N and 1 ≤ j ≤ N ,

(e) ar(expγ(t)(y)) = χ(|y|/δ)
∑N

j=0
∇jar|γ(t)(y,...,y)

j! in U(γ, δ),

(f) ar = 0 outside U(γ, δ).

There is a constant C > 0 only depending on (M, g), T and N such that

∥ar∥CN (M) ≤ C.

Moreover, if H(t) = ∇2Φ(γ(t))♯, one has

a0(γ(t)) = exp

[
−1

2

∫ t

0
trg(H(s)) ds

]
. (6.5)

Proof of Theorem 6.2. We now prove Theorem 6.2 for (x, v) ∈ G̃T . By Lemmas 6.3 and 6.4,

the CN (M) norms of Φ and a are uniformly bounded over (x, v) ∈ G̃T . Moreover, we have
the estimate Im

(
Φ(expγ(t)(y))

)
≥ c|y|2 − C|y|3 where c, C > 0 are uniform over (x, v). We

now choose δ1 = δ1(C, c) < δ so that

Im
(
Φ(expγ(t)(y))

)
≥ c|y|2/2, |y| < δ1. (6.6)

The function ρ in Theorem 6.2 is chosen as ρ(t, y) = χ(|y|/δ1). Using the above facts, all

constants below will be uniform over (x, v) ∈ G̃T .
We now compute the Lp(M) norm of u. Due to the presence of the cutoff function ρ, it

is enough to calculate the Lp norm u in U(γ, δ). This along with (6.6) entails

∥u∥pLp(M) ≲
∫ τ+δ

−δ

∫
|y|<δ1

1

h(n−1)/2
|e−c|y|2/2h|p |g|1/2 dt dy ≲ (2δ + τ)

∫
Rn−1

e−cp|z|
2/2 dz.
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This shows that ∥u∥Lp(M) ≲ 1 uniformly over (x, v) ∈ G̃T .
Let us then denote f = (−h2∆g−1)(eiΦ/ha) where a = (a0+ha1+ . . .+h

NaN )χ(|y|/δ1).
A direct computation shows that

f =
eiΦ/h

h(n−1)/(2p)

[
(|dΦ|2g − 1)aχ(|y|/δ1) + hf1 + . . .+ hN−1fN−1 − hN∆g(χ(y/δ1)aN )

]
,

where fj are smooth functions vanishing of order N on γ for 1 ≤ j ≤ N − 1, due to the
properties of ak in Lemma 6.4. Also note that each fj contains two terms: one involves the
operator L acting on ak, and another term is involving derivatives of the cutoff function
χ(|y|/δ1). The term involving derivatives of χ(|y|/δ1) isO(hK) for allK, due to the Gaussian

nature of eiΦ/h. Thus we ignore this term when we compute ∥f∥Lp(M). Observe that

|eiΦ/h| ≤ e−c|y|
2/2h in supp(f).

This implies

|f | ≲ 1

h(n−1)/(2p)
e−c|y|

2/2h(|y|N+1 + hN ). (6.7)

It is enough to estimate ∥f∥Lp(M) in the neighbourhood {(t, y) : −δ < t < τ + δ, |y| < δ1}
where f is supported. Here τ = τ(x, v). Then from (6.7) we obtain

∥f∥pLp(M) ≲
1

h(n−1)/2

∫ τ+δ

−δ

∫
|y|<δ1

|f |p dy dt ≲ (τ + 2δ)

h(n−1)/2

∫
|y|<δ

|e−c|y|2/2h(|y|N+1 + hN )|p dy

≲
(τ + 2δ)

h(n−1)/2

∫
Rn−1

|e−c|z|2/2 (|z|N+1h(N+1)/2 + hN )|p h
n−1
2 dz

≲ (τ + 2δ)
[
h

(N+1)p
2

∫
Rn−1

e−cp|z|
2/2|z|(N+1)p dz + hNp

∫
Rn−1

e−cp|z|
2/2 dz

]
≲ (τ + 2δ)h

(N+1)p
2 .

Since τ(x, v) ≤ T uniformly over (x, v) ∈ G̃T and since δ is fixed, we conclude

∥f∥Lp(M) ≲ h
N+1

2 .

In order to estimate the Lp(M) norm of higher order derivatives of f , we apply ∇g on f
and observe that

h(n−1)/(2p)∇gf =
i∇gΦ

h
eiΦ/h

[
(|dΦ|2g − 1)aχ(|y|/δ1) +

N−1∑
j=1

hjfj − hN∆g(χ(y/δ1)aN )
]

+ eiΦ/h∇g

[
(|dΦ|2g − 1)aχ(|y|/δ1) +

N−1∑
j=1

hjfj − hN∆g(χ(y/δ1)aN )
]
.

Next, utilizing similar arguments as above, we obtain

|∇gf | ≲
1

h(n−1)/(2p)
e−c|y|

2/2h
[1
h
(|y|N+1 + hN ) + (|y|N + hN )

]
.

This further entails

∥∇gf∥pLp(M) ≲
(τ + 2δ)

h(n−1)/2

∫
|y|<δ

|e−c|y|2/2h
[1
h
(|y|N+1 + hN ) + (|y|N + hN )

]
|p dy

≲
(τ + 2δ)

h(n−1)/2

∫
Rn−1

|e−c|z|2/2
[1
h
(h

N+1
2 |z|N+1 + hN ) + (h

N
2 |z|N + hN )

]
|p h

n−1
2 dz

≲ (τ + 2δ)

∫
Rn−1

e−cp|z|
2/2

[
h

(N−1)p
2 |z|(N+1)p + h

Np
2 |z|Np dz + h(N−1)p

]
dz
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≲ (τ + 2δ)(h
(N−1)p

2 + h
Np
2 + h(N−1)p) ≲ (τ + 2δ)h

(N−1)p
2 ,

namely,

∥∇gf∥Lp(M) ≲ (τ + 2δ)1/p h
(N−1)

2 .

Similarly, one can obtain the following bound ∥∇k
gf∥

p
Lp(M) ≲ (τ + 2δ)h

(N+1)p
2 h−k for the

higher order derivatives of f . After choosing N = N(K, k, p) in a suitable way, this gives
the required bound for the W k,p(M) norm of (−h2∆g − 1)u.

The condition for supp(u) follows from the presence of the cutoff function ρ. Writing
H(t) = ∇2Φ(γ(t))♯, the conditions for the phase function and amplitudes follow from Lem-
mas 6.3 and 6.4. The proof is done. □

Proof of Theorem 6.1. We will prove the theorem under the assumption that (x, v) ∈ G̃T .
The case of self-intersections will be handled below in Section 6.2. If we denote the function
in Theorem 6.2 by w, we take u = cnw where cn is the constant in Theorem 6.2. It is then
enough to prove the estimate (6.1) for u.

By Theorem 6.2 we know that u is of the form

u = cnh
−n−1

4 eiΦ/h(a0 + ha1 + . . .+ hNaN )ρ.

We will work in Fermi coordinates (t, y) in U , where U is the set

U = {(t, y) : t ∈ (−δ, τ(x, v) + δ), y ⊥ γ̇x,v(t), |y| < δ}. (6.8)

Since ρ is supported in U , we can represent u in the coordinates (t, y) by

u(t, y) = cnh
−n−1

4 eiΦ(t,y)/h(a0(t, y) + ha1(t, y) + . . .+ hNaN (t, y))ρ(t, y).

Also, u ≡ 0 outside U . We denote v = cnh
−n−1

4 eiΦ(t,y)/ha0(t, y)ρ(t, y) and write

u = v + hw, where w = cnh
−n−1

4 eiΦ(t,y)/h
N∑
k=1

hk−1ak(t, y).

Then |v|2 = c2nh
−n−1

2 e−2Im(Φ(t,y))/h|a0|2(t, y)ρ2. In the coordinates (t, y) we have the follow-
ing expression for Φ:

Φ(t, y) = t+
1

2
H(t)y · y +O(|y|3) =⇒ Im(Φ) = Im(

1

2
H(t)y · y +O(|y|3)).

Next, we consider∫
M

|u|2φdVg =

∫ τ

0

∫
Rn−1

φ(t, y)|u|2|g|1/2dt dy

=

∫ τ

0

∫
Rn−1

φ(t, y) |v|2|g|1/2 dtdy

+

∫ τ

0

∫
Rn−1

φ(t, y) [|hw|2 + 2hRe(vw̄)]|g|1/2 dtdy

= J1 + J2. (6.9)

We analyze J1 and J2 separately. We start with J1, which may be written as

J1 =

∫ τ

0

∫
Rn−1

φ(t, y) |v|2|g|1/2dt dy

= c2nh
−n−1

2

∫ τ

0

∫
Rn−1

φ(t, y) e−2Im(Φ(t,y))/h |a0|2 ρ2(t, y) |g|1/2dt dy

= c2nh
−n−1

2

∫ τ

0

∫
Rn−1

φ(t, y) e−Im(H(t))y·y/h eO(|y|3)/h |a0|2 ρ2(t, y) |g|1/2dtdy
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= c2n

∫ τ

0

∫
Rn−1

e−Im(H(t))y·y φ(t,
√
hy) e

√
hO(|y|3) |a0|2(t,

√
hy) ρ2(t,

√
hy) |g|

1
2 (t,

√
hy) dtdy.

Next we denote φ̃(t,
√
hy) := φ(t,

√
hy) e

√
hO(|y|3) |a0|2(t,

√
hy) ρ2(t,

√
hy) |g|

1
2 (t,

√
hy). By

applying Taylor’s theorem we obtain

φ̃(t,
√
hy) = φ̃(t, 0) +

√
hy · ∇yφ̃(t, αy

√
h) for certain α ∈ (0, 1).

Note that φ̃(t, 0) = φ(t, 0)|a0|2(t, 0) using the fact that |g|(t, 0) = 1, and ρ(t, 0) = 1. This
implies

J1 = c2n

∫ τ

0

∫
Rn−1

e−Im(H(t))y·y [φ(t, 0)|a0|2(t, 0) +√
hy · ∇yφ̃(t, αy

√
h)
]
dy dt

= c2n

(∫
Rn−1

e−|y|2
∫ τ

0

φ(t, 0)|a0|2(t, 0)√
det(Im(H(t)))

+

∫ τ

0

∫
Rn−1

e−Im(H(t))y·y√hy · ∇yφ̃(t, αy
√
h)
)
.

Recall from Theorem 6.2 that cn = (
∫
Rn−1 e

−|y|2 dy)−1/2. This entails

J1 =

∫ τ

0
φ(t, 0)

|a0|2(t, 0)√
det(Im(H(t)))

+ c2n

∫ τ

0

∫
Rn−1

e−Im(H(t))y·y√hy · ∇yφ̃(t, αy
√
h).

As in [DSFKLS16, p. 2599] we have that |a0|2(t,0)√
det(Im(H(t)))

is constant, and by our choices of

initial data we have |a0|2(t,0)√
det(Im(H(t)))

= 1. From the above we deduce

J1 = Iφ(x, v) + c2n

∫ τ

0

∫
Rn−1

e−Im(H(t))y·y√hy · ∇yφ̃(t, αy
√
h). (6.10)

Combining (6.9) and (6.10) we obtain that∫
M

|u|2φdVg − Iφ(x, v) = c2n

∫ τ

0

∫
Rn−1

e−Im(H(t))y·y√hy · ∇yφ̃(t, αy
√
h) + J2. (6.11)

By utilizing the norm estimates from Lemmas 6.3 and 6.4 we conclude that∫ τ

0

∫
Rn−1

|e−Im(H(t))y·y√hy · ∇yφ̃(t, αy
√
h)| ≤ C

√
h∥φ∥C1(M).

Since ∥h−
n−1
4 eiΦ(t,y)/h∥L2(M) ≤ C and ∥aj∥CN (M) ≤ C, we have

J2 ≤ C
√
h∥φ∥C1(M).

Thus, by combining the preceding estimate with (6.11), we conclude

|
∫
M

|u|2φdVg − Iφ(x, v)| ≤ C
√
h∥φ∥C1(M).

This completes the proof. □

Finally, we give the proofs of Lemmas 6.3 and 6.4. The conditions for Φ and ar in
these lemmas will be equivalent with the fact that ∇jΦ and ∇jar solve certain ODEs along
γx,v. To derive these ODEs we will use properties of the covariant derivative ∇X and total
covariant derivative ∇ (see e.g. [Lee18]). These include the formulas ∇T (X, · ) = (∇XT )( · )
and

(∇XT )(X1, . . . , Xk) = X(T (X1, . . . , Xk))

− T (∇XX1, X2, . . . , Xk)− . . .− T (X1, . . . , Xk−1,∇XXk).
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We will also use that ∇X commutes with contractions and raising and lowering of indices
with respect to g. If S is a p-tensor and T is a q-tensor, we will use the special contraction

C(S, T ) = cp,p+1(S ⊗ T ♯)

where T ♯ is obtained from T by raising the first index and cp,p+1 contracts the pth and
(p+ 1)th indices. Equivalently

C(S, T )(X1, . . . , Xp−1, Y1, . . . , Yq−1) =
N∑
j=1

S(X1, . . . , Xp−1, Ej)T (Ej , Y1, . . . , Yq−1)

where {Ej} is any orthonormal basis. Below we will also write R(X,Y )T = (∇X∇Y −
∇Y∇X −∇[X,Y ])T and RV (X,Y ) = ⟨R(X,V )V, Y ⟩.

The following general Riemannian geometry identities will give the invariant ODEs for
∇kΦ.

Lemma 6.5. Let Φ be a smooth complex function on M , and let G = grad(Φ) = (dΦ)♯.
Then

∇G(∇2Φ) + C(∇2Φ,∇2Φ) +RG =
1

2
∇2(⟨G,G⟩).

If H = (∇2Φ)♯ is the (1, 1)-tensor corresponding to ∇2Φ, this identity can be rewritten as

∇GH +H2 +R♯G =
1

2
(∇2(⟨G,G⟩))♯.

For any k ≥ 3 one has

∇G(∇kΦ) +Ak(∇kΦ) + Fk =
1

2
∇k(⟨G,G⟩).

Here Ak is a linear map taking k-tensors to k-tensors with |Ak(S)| ≤ Ck|∇2Φ||S|. Moreover,
Fk is a k-tensor with |Fk| ≤ Dk where Dk only depends on curvature quantities on (M, g)
and on |∇jΦ| for 1 ≤ j ≤ k − 1.

Proof. Since G = (dΦ)♯ is a gradient field, we have for any X, Y that

∇2Φ(X,Y ) = ⟨∇XG, Y ⟩ = ⟨∇YG,X⟩. (6.12)

We compute

∇2(⟨G,G⟩)(X,Y ) = ∇X(∇(⟨G,G⟩))(Y ) = X(Y (⟨G,G⟩))− (∇XY )(⟨G,G⟩)
= 2X(⟨∇YG,G⟩)− 2⟨∇∇XYG,G⟩
= 2⟨∇X∇YG,G⟩+ 2⟨∇YG,∇XG⟩ − 2⟨∇GG,∇XY ⟩.

On the other hand, we have

∇G(∇2Φ)(X,Y ) = G(⟨∇XG, Y ⟩)− ⟨∇YG,∇GX⟩ − ⟨∇XG,∇GY ⟩
= ⟨∇G∇XG, Y ⟩ − ⟨∇YG,∇GX⟩
= ⟨∇X∇GG, Y ⟩+ ⟨∇[G,X]G, Y ⟩+ ⟨R(G,X)G, Y ⟩ − ⟨∇YG,∇GX⟩

where we used the definition of the curvature tensor R(G,X)G. To simplify the last ex-
pression, we apply X to the identity ⟨∇GG, Y ⟩ = ⟨∇YG,G⟩ obtained from (6.12) to see
that

⟨∇X∇GG, Y ⟩ = ⟨∇X∇YG,G⟩+ ⟨∇YG,∇XG⟩ − ⟨∇GG,∇XY ⟩

=
1

2
∇2(⟨G,G⟩)(X,Y ).

Thus we obtain, using (6.12) and the fact that [G,X] = ∇GX −∇XG,

∇G(∇2Φ)(X,Y )
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=
1

2
∇2(⟨G,G⟩)(X,Y ) + ⟨∇YG, [G,X]⟩+ ⟨R(G,X)G, Y ⟩ − ⟨∇YG,∇GX⟩

=
1

2
∇2(⟨G,G⟩)(X,Y )− ⟨∇YG,∇XG⟩ −RG(X,Y ).

Since C(∇2Φ,∇2Φ) =
∑

⟨∇XG,Ej ⟩⟨∇YG,Ej⟩ = ⟨∇XG,∇YG⟩, this proves the identity
for ∇2Φ.

We next apply ∇ to the identity for ∇2Φ. We also use the identity

∇(∇GT )(X, · ) = ∇X∇GT ( · ) = ∇G∇XT +∇[X,G]T +R(X,G)T

= ∇G(∇T )(X, · ) +∇T (∇GX, · ) +∇[X,G]T +R(X,G)T

= ∇G(∇T )(X, · ) +∇T (∇XG, · ) +R(X,G)T

= ∇G(∇T )(X, · ) + C(∇2Φ,∇T )(X, · ) +R(X,G)T

as well as

∇(C(S, T ))(X, · ) = ∇X(cp,p+1(S ⊗ T ♯) = cp,p+1(∇XS ⊗ T ♯ + S ⊗ (∇XT )
♯)

= C(∇S, T )(X, · ) + σC(S,∇T )(X, · )
where σ is a permutation, so that σS(X1, . . . , Xp) = S(Xσ(1), . . . , Xσ(n)). Thus we obtain

∇G(∇3Φ) + C(∇2Φ,∇3Φ) + C(∇3Φ,∇2Φ) + σC(∇2Φ,∇3Φ) + F3 =
1

2
∇3(⟨G,G⟩)

where F3 contains terms depending on curvature quantities and on ∇jΦ for 1 ≤ j ≤ 2. This
is the required equation for ∇3Φ. The cases k ≥ 4 proceed in an analogous way. □

We can now prove the main lemma for the phase function Φ.

Proof of Lemma 6.3. The first requirements for Φ are the conditions Φ(γ(t)) = t and
dΦ(γ(t)) = γ̇(t)♯. In order to prescribe higher derivatives for Φ along γ it is convenient
to work with tensors along γ that only act in directions orthogonal to γ̇. For any r, s ≥ 0
we define a smooth vector bundle E = Er,s over γ such that the fiber Er,sγ(t) is the space of

multilinear forms on (γ̇(t)⊥)⊗r ⊗ ((γ̇(t)⊥)∗)⊗s. Note that any tensor A at γ(t) gives rise to
an element A|γ̇⊥ of Eγ(t), and conversely any element of Eγ(t) can be identified with the
corresponding tensor at γ(t) that vanishes in the γ̇(t) direction. Using this identification
one can compute ∇γ̇ of a section of E, and one can check from the definitions that this
produces another section of E (this uses ∇γ̇ γ̇ = 0). Similarly, one can raise and lower
indices of sections of E with respect to g. Below we will assume these conventions and work
with tensors only acting in the γ̇⊥ directions.

Next we require that ∇2Φ|γ̇(t)⊥ = H(t)♭, where H(t) solves on [0, τ(x, v)] the ODE

∇γ̇H +H2 +R♯γ̇ = 0, H(0) = i(g|γ̇(0)⊥)♯. (6.13)

We will also require that Gk(t) := ∇kΦ|γ̇(t)⊥ for 3 ≤ k ≤ N solves the ODE

∇γ̇Gk +Ak(Gk) + Fk = 0, Gk(0) = 0. (6.14)

As discussed below, (6.13) and (6.14) have unique solutions. By Lemma 6.5, the function Φ
will then satisfy the conditions in Lemma 6.3 except perhaps the uniformity of constants.
Thus it remains to verify that the constants are uniform. The main part of the proof will
be to verify that the arguments in [KKL01, Lemma 2.56] for solving the matrix Riccati
equation are also valid in our case when the equation is written invariantly.

To this end, let Z(t) and Y (t) be (1, 1)-tensors along γ = γx,v acting on γ̇⊥ that satisfy
the following linear system of ODEs for t ∈ [0, τ(x, v)]:

∇γ̇Y = Z, Y (0) = I,
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∇γ̇Z = −R♯γ̇Y, Z(0) = i(g|γ̇(0)⊥)♯.

This is a linear system and |R♯γ̇ | ≤ C, where C denotes a constant that is uniform over

(x, v) ∈ GT and t ∈ [0, τ(x, v)] and may change from line to line. By energy estimates
[Tay11, Section 1.5] and by the fact that τ(x, v) ≤ T , it follows that |Y |+|Z| ≤ C uniformly.

We wish to prove the uniform bound

|Y (t)w| ≥ C−1|w|, w ⊥ γ̇(t). (6.15)

To this end we first note the following Leibniz rule: if A(t) and B(t) are (1, 1)-tensors and
c contracts the second and third indices, then

∇γ̇(AB) = ∇γ̇(c(A⊗B)) = c(∇γ̇A⊗B) + c(A⊗∇γ̇B) = (∇γ̇A)B +A(∇γ̇B).

Then the argument in [KKL01, Lemma 2.57], together with the fact that R♯γ̇ is real and
symmetric, gives that

∇γ̇(Z
tY − Y tZ) = ∇γ̇(Z

∗Y − Y ∗Z) = 0.

Here Y t and Y ∗ etc are defined as ⟨Y v,w⟩ = ⟨v, Y tw⟩ and (Y v,w) = (v, Y ∗w), where (v, w)
is the sesquilinear g-inner product on complex tangent vectors. In particular, if v(t) is a
complex vector that is parallel along γ, this implies that

2i Im
(
Y (t)v(t), Z(t)v(t)

)
=

(
(Z(t)∗Y (t)− Y (t)∗Z(t))v(t), v(t)

)
=

(
(Z(0)∗Y (0)− Y (0)∗Z(0))v(0), v(0)

)
= −2ig(v(0), v(0)).

If v(t) = w where w ⊥ γ̇(t), then also v(0) ⊥ γ̇(0), and since |v(s)|2 is constant in s we have

Im
(
Y (t)w,Z(t)w

)
= −|w|2 (6.16)

whenever t ∈ [0, τ(x, v)] and w ⊥ γ̇(t). In particular,

|w|2 ≤ |Y (t)w| |Z(t)w| ≤ C|Y (t)w| |w|
using the uniform bound |Z(t)| ≤ C. This proves (6.15).

Now we can define H(t) by

H(t)v = Z(t)Y (t)−1v, v ⊥ γ̇(t),

where Y (t)−1 denotes the inverse of Y (t) on γ̇(t)⊥ which exists by (6.15). It follows that
H(t) solves (6.13) and satisfies |H(t)| ≤ C uniformly over t ∈ [0, τ(x, v)]. Moreover, for
w ⊥ γ̇(t) one obtains from (6.16) and the estimate |Y (t)| ≤ C that

(Im(H(t))w,w) = Im(Z(t)Y (t)−1w,w) = |Y (t)−1w|2 ≥ C−2|w|2.
Thus ∇2Φ satisfies the uniform estimate in (6.4). The linear ODEs (6.14) are uniquely
solvable with uniform bounds by energy estimates [Tay11, Section 1.5]. This concludes the
proof of the lemma. □

The proof of Lemma 6.4 concerning the amplitudes proceeds in a similar way. But prior
to the proof of Lemma 6.4, we present the following result first.

Lemma 6.6. For any smooth function a, one has

∇(La) = L(∇a) +B(∇a) + Fa

where B is a smooth linear map satisfying |B(∇a)| ≤ C|∇a| and F satisfies |F | ≤ C, with
C only depending on (M, g) and Φ. For any integer k ≥ 2, one has

∇k(La) = L(∇ka) +Bk(∇ka) + Fk,
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where Bk is a linear map satisfying |Bk(∇ka)| ≤ C|∇ka|. Moreover, |Fk| ≤ C where C
depends on Φ, curvature quantities on (M, g) and |∇ja| for 1 ≤ j ≤ k − 1.

Proof. We first extend the notion of L for any vector field or tensor field as

LZ =
1

i
(2∇GZ +∆gΦZ).

We next compute ∇(La) − L(∇a). To this end, we consider ∇(La)(X) = ∇X(La) =
−i(2∇X∇Ga + ∇X(∆gΦa)) = −i[2∇G∇Xa + 2∇[X,G]a + (X∆gΦ)a + (∆gΦ)(Xa)]. Since
[X,G] = ∇XG−∇GX, this along with preceding equation entails

∇(La)(X) = −i[2∇G∇Xa+ 2∇a(∇XG)− 2∇a(∇GX) + (X∆gΦ)a+∆gΦ(Xa)]. (6.17)

We also have

L(∇a)(X) = −i(2∇G∇a+∆gΦ∇a)(X)

= −i[2∇G∇Xa− 2∇a(∇GX) + (∆gΦ)∇a(X)]. (6.18)

The combination of (6.17) and (6.18) entails

∇(La)(X) = L(∇a)(X) +
2

i
∇a(∇XG) +

1

i
(∇X∆gΦ)a.

To prove the relation for higher order derivatives, we will employ induction argument and
assume that

∇k(La) = L(∇ka) +Bk(∇ka) + Fk, (6.19)

holds for any smooth function a, where |Bk|, |∇Bk|, |Fk|, |∇Fk| ≤ C. Then for k+1 applying
∇ to the equation (6.19) we obtain

∇(∇kLa)(X) = ∇XL(∇ka) +∇XBk(∇ka) +∇XFk.

Then it remains to compute formula for ∇XL(∇ka) and L(∇k+1a)(X, · · · ). This can be
done in a similar fashion as above. This completes the induction argument. □

Proof of Lemma 6.4. As in the proof of Lemma 6.3, we work with tensors that only act
in the γ̇⊥ directions. By the construction of the amplitude a = a0 + ha1 + . . . + hkak we
have that ∇j(La0) = 0 on γ for 0 ≤ j ≤ N . This along with Lemma 6.6 entails that ∇ja0
satisfies the linear ODE

L(∇ja0|γ̇⊥) +Bj(∇ja0|γ̇⊥) + Fj = 0 (6.20)

along the geodesic γ for 0 ≤ j ≤ N . By energy estimates [Tay11, Section 1.5] and by
the fact that τ(x, v) ≤ T , we conclude that |∇ja0|γ̇⊥ | ≤ C uniformly. This further entails

∥a0∥CN (M) ≤ C uniformly. Moreover, we have that ∇j(Lar−∆ar−1) = 0 for 1 ≤ j ≤ N and

1 ≤ r ≤ N . Utilizing this and Lemma 6.6, one can obtain certain linear ODEs for ∇jar|γ̇⊥
(similar to (6.20) with different source terms). Hence by standard energy estimates we
conclude that ∥ar∥CN (M) ≤ C uniformly for 1 ≤ r ≤ N .

It remains to prove (6.5). By Lemma 6.4 (a) we have that La0|γ(t) = 0. Recall that

Lv := 1
i (2⟨dΦ, dv⟩+ (∆gΦ)v). This along with La0|γ(t) = 0 implies

∇γ̇a0(γ(t)) +
1

2
∆gΦ(γ(t)) a0(γ(t)) = 0 and a(γ(0)) = 1.

This is a linear ODE along γ with an initial condition. It has a unique solution and it is
given by

a0(γ(t)) = exp
[
− 1

2

∫ t

0
∆gΦ(s) ds

]
= exp

[
− 1

2

∫ t

0
trg(H(s)) ds

]
.
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In the last part we used ∇2Φ(γ̇, w) = ⟨∇γ̇∇Φ, w⟩ = 0 since ∇Φ = γ̇. This completes the
proof. □

6.2. Self-intersection case. We now describe an extension procedure that allows us to
reduce the proofs of Theorems 6.1 and 6.2 in the general case to the case where the geodesics
do not self-intersect, so that the self-intersection case can be handled.

Recall that (M, g) is a domain with boundary in the closed manifold (S, g), which has
positive injectivity radius inj(S) [Lee18, Lemma 6.16]. Below we write inj(M) = inj(S). We
first give an upper bound for the number of self-intersection points for geodesics in M with
length ≤ T .

Lemma 6.7. Let (M, g) be a compact oriented Riemannian manifold with smooth boundary
and let T > 0. There is an uniform upper bound on the number of self-intersection points
for all geodesics γx,v with (x, v) ∈ GT .

Proof. Let γ : [0, τ(x, v)] → M be a geodesic. Since τ(x, v) is the length of the geodesic γ,
we can divide γ into

Lx,v =
2τ(x, v)

inj(M)
(6.21)

pieces such that each piece is of length inj(M)/2 except perhaps for the last piece, and
we denote each piece as γ1, . . . , γLx,v sequentially. Note that each γi is not self-intersecting.
Also, for j ̸= i, γi and γj intersect only once. To see this, if γi and γj intersect at two different
points x0 and y0, then there are two distinct geodesics connecting these two points. This
contradicts the definition of inj(M). Therefore, there are at most Lx,v − 1 self-intersections
happening for each γi. Since τ(x, v) ≤ T for (x, v) ∈ GT , we define

L =
2T

inj(M)

and observe that the number of intersection points for all the geodesics with (x, v) ∈ GT is
bounded by L(L− 1). The proof is done. □

Our next lemma gives a uniform lower bound on the angles between segments of a geodesic
at a self-intersection point.

Lemma 6.8. Given T > 0 there exists ϵ > 0 such that for any (x, v) ∈ GT with γx,v(t) =
γx,v(s), s ̸= t one has ⟨γ̇x,v(s), γ̇x,v(t)⟩ ≤ 1− ϵ.

Proof. We argue by contradiction. Let us assume that for all j, there exists (xj , vj) ∈ GT
and (sj , tj) ∈ [0, τ(xj , vj)] with sj < tj such that

γxj ,vj (sj) = γxj ,vj (tj), ⟨γ̇xj ,vj (sj), γ̇xj ,vj (tj)⟩ ≥ 1− 1

j
. (6.22)

Since ∂+SM is compact, there exists a subsequence, denoted also as (xj , vj), that converges
to (x, v) ∈ ∂+SM. Since τ is upper semi-continuous and τ(x, v) ≤ T , this further implies
that (x, v) ∈ GT . By further choosing a subsequence, we can assume sj and tj converge to
s and t respectively with s ≤ t, and since sj , tj ∈ [0, τ(xj , vj)], we know s, t ∈ [0, τ(x, v)].
Using these, by taking the limit j → ∞ in (6.22), we conclude that

γx,v(s) = γx,v(t), ⟨γ̇x,v(s), γ̇x,v(t)⟩ = 1 =⇒ γx,v(s) = γx,v(t), γ̇x,v(s) = γ̇x,v(t).

Now we have two possibilities: either s < t or s = t. If s < t, then γx,v makes a loop, but
this contradicts with the fact that τ(x, v) ≤ T . If s = t, then sj and tj get simultaneously
close to s, this is again a contradiction because inj(M) > 0. We complete the proof. □
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We are going to glue many copies of subsets of M together so that the geodesic γ does
not intersect itself in the new manifold. Then we can apply the results in Section 6.1 to
obtain uniform bounds for self-intersecting geodesics. We refer to [SU08, Section 2.1] for
similar ideas.

Let N = L(L− 1) and let tj =
j
N τ(x, v). Let {(Uj , ϕj)}

N+1
j=0 be an open cover of γ, where

Uj = ϕ−1
j (Ij × B) and Ij = (tj − 2ϵ, tj+1 − ϵ) with j = 0, · · · , N . In this way, we see each

{(Uj , ϕj)} is a chart of γj . We write as (Ũj , ϕ̃j) copies of charts (Uj , ϕj), and we also copy

the Riemann tensor structure from (Uj , ϕj) to (Ũj , ϕ̃j), say, we copy g as g̃. We want to

glue different Ũj together. To that end, let us investigate the intersection parts Uj ∩ Uj+1

for different j. We denote

Vj := ϕ̃−1
j ◦ ϕj(Uj ∩ Uj+1) ⊂ Ũj and Wj := ϕ̃−1

j+1 ◦ ϕj+1(Uj ∩ Uj+1) ⊂ Ũj+1. (6.23)

Then Vj is the copy of Uj ∩Uj+1 in Ũj , and Wj is the copy of Uj ∩Uj+1 in Ũj+1. There is a
diffeomorphism between Vj and Wj because they are both copies of Uj ∩ Uj+1. According
to (6.23), this diffeomorphism can be expressed as

Wj = ϕ̃−1
j+1 ◦ ϕj+1 ◦ ϕ−1

j ◦ ϕ̃j(Vj). (6.24)

Now we identify Vj and Wj though this diffeomorphism. This identification allows us to

construct the following manifold M̃ :

M̃ :=

N+1⊔
j=0

Ũj

Note that the boundary of M̃ is not smooth yet. This can be seen illustratively from the
points A and B in Fig. 1.

Ũj Ũj+1Vj =idWj

A

B

Figure 1. Intersection between Ũj and Ũj+1. Here the notation =id means
equal by identification through (6.24).

Lemma 6.9. (M̃, g̃) is an n-dimensional compact Riemannian manifold with boundary.

Proof. Because there are overlaps between Uj and Uj+1 for j = 0, · · · , N , and because Ũj
are copies of Uj , we see that there is a natural identification between the neighborhoods

of the boundary Ũj ∩ Ũj+1 in Ũj and in Ũj+1, respectively. This guarantees that M̃ is a

compact Riemannian manifold with dimension the same as in M̃ . □

We shall show that M̃ can be trimmed to become a manifold with smooth boundary. To
this end, we first introduce the geodesic γ̃ and prove it does not intersect itself. Denote γ̃
to be the curve in M̃ with coordinates

⋃N
j=0 Ij × {0}, that is to say,

γ̃ :

N⋃
j=0

Ij →
N⋃
j=0

ϕ̃−1
j (Ij × {0}), γ̃ : t ∈ Ij 7→ ϕ̃−1

j (t× {0}).

We call γ̃ a lifting of γ.
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Lemma 6.10. γ̃ is a geodesic in M̃ .

Proof. For a point p̃ ∈ γ̃ that belongs to the non-gluing part of certain Ũj , we can identity
a small neighborhood of p̃ with that of p ∈ γ in M . Therefore, we only need to investigate
points p̃j at γ̃ ∩ Ũj ∩ Ũj+1 for j = 0, · · · , N . The point p̃j belongs to Ũj , and thus its
neighborhood can also be identified to a neighborhood certain point in γ. Therefore, γ̃
satisfies the geodesic equation in M̃ just as γ does in M , and so γ̃ is a geodesic in M̃ . □

Lemma 6.11. γ̃ does not intersect itself in M̃ .

Proof. We argue by contradiction. Assume γ̃(t1) = γ̃(t2) for t1 ̸= t2. If t1, t2 belong to the

same interval Ij , then we can conclude ϕ̃−1
j (t1 × {0}) = ϕ̃−1

j (t2 × {0}), which gives t1 = t2

because ϕ−1
j is a diffeomorphism. But this contradicts with t1 ̸= t2. If t1 ∈ Ij and t2 ∈ Ik

for j ̸= k, then γ̃(t1) = ϕ̃−1
j (tj ×{0}) ⊂ Ũj and γ̃(t2) = ϕ̃−1

k (tk×{0}) ⊂ Ũk. From (6.21) we

see it is impossible that |j − k| = 1, because the injectivity radius covers two consecutive

pieces, thus |j − k| ≥ 2. Therefore, Ũj and Ũk are two distinct sets who do not share any
gluing part, so it is impossible that γ̃(t1) = γ̃(t2). In both cases, we have a contradiction.
The proof is done. □

Lemma 6.12. M̃ contains a subset M̄ such that (M̄, g̃) is a n-dimensional compact Rie-
mannian manifold with smooth boundary.

Proof. The first part of the proof follows from Lemma 6.9, because γ̃ does not intersect itself
in M̃ , we can construct a global coordinates ψ̃ : M → Rn according to γ̃. Let κ ∈ (0, 1) be

a small enough constant such that M̄ := ψ−1(I ×B(0, κ)) is a subset of M̃ . This M̄ has a
smooth boundary. See Fig. 2 as an illustration. The proof is done. □

γx,v
a

b

Ũj Ũj+1A

B

Figure 2. Let M̄ be the area in between lines a and b. Compared to M̃
whose boundary may not be smooth at points A and B, M̄ has a smooth boundary.

With a slight abuse of notation, we refer M̃ as this M̄ with smooth boundary. This shall
bring no trouble to the following analysis, as we only consider the situation in small enough
neighborhoods of γ̃ in M̃ , and of γ in M . We call (M̃, g̃) a lifting manifold of (M̃, g̃) with

respect to γ. We define a map Ψ from M̃ to
⋃N+1
j=0 Uj ⊂M by

Ψ: M̃ →
N+1⋃
j=0

Uj , Ψ: p ∈ Ũj 7→ ϕ−1
j ◦ ϕ̃j(p). (6.25)

It can be checked that Ψ(γ̃) = γ.

Lemma 6.13. ∀p ∈ M̃ , the set Ψ−1(p) is finite with cardinality ≤ N + 2. Moreover, Ψ is
a local diffeomorphism.

Proof. Assume that q, q′ ∈ M̃ are distinct points with p = Ψ(q) = Ψ(q′). According to

the definition of M̃ , we have q ∈ Ũj and q′ ∈ Ũk for certain 0 ≤ j, k ≤ N + 1. This

gives ϕj(p) = ϕ̃j(q) and ϕk(p) = ϕ̃k(q
′). If j = k, then from the diffeomorphism property
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of ϕ̃j we can conclude q = q′. This contradicts with our assumption that q ̸= q′. This
shows that elements in Ψ−1(p), if there are more than two, must come from different sets

of Ũj (j = 0, 1, · · · , N +1). Therefore, there are at most N +2 elements in the set Ψ−1(p).

Locally Ψ is defined by Ψ(p) := ϕ−1
j ◦ ϕ̃j(p) if p ∈ Ũj . Both ϕ−1

j and ϕ̃j are locally
diffeomorphic, thus Ψ is also a local diffeomorphism. The proof is done. □

Now, we apply the arguments in Section 6.1 to γ̃ and construct a quasimode ũ := eiλΦa
which is more precisely given in the form (6.2). Denote

u(p) :=
∑

s∈Ψ−1(p)

ũ(s), ∀p ∈
N+1⋃
j=0

Uj ⊂M.

The geodesic γ̃ does not intersect itself on (M̃, g̃), thus by Proposition 6.2 and Lemmas 6.3

and 6.4 we can find uniform bounds c̃, C̃ which depend only on the geometric structure of
(M̃, g̃). Because for each p̃ ∈ M̃ we can find a neighborhood that is locally diffeomorphic to

that of M , we see that the local geometric structure of (M̃, g̃) is preserved with respect to
(M, g). Because the construction for the phase function Φ and the amplitude a is local, thus
for the self-intersecting geodesic γ on M , we can also find the corresponding bounds c =
c̃×#(Ψ−1(p)) and C = C̃×#(Ψ−1(p)). These bounds are uniform over all (x, v) ∈ GT due
to Lemmas 6.13 and 6.7. Theorem 6.2 follows from this also in the case of self-intersecting
geodesics.

Proof of Theorem 6.1 for self-intersection cases. Let γ be a geodesic in (M, g) which may

intersect itself. Let us construct a lifting manifold (M̃, g̃) with respect to γ, and let γ̃ be

the lifting of γ in (M̃, g̃). By Lemmas 6.10 and 6.11 we know γ̃ is a non-self-intersecting

geodesic in (M̃, g̃). Let us also define Ψ according to (6.25). For any φ ∈ C1(M), we denote

φ̃ := φ ◦Ψ, thus φ̃ ∈ C1(M̃). Therefore, according to Theorem 6.1 for non-self-intersection
cases, we have ∣∣∣∣∫

M̃
|ũ|2φ̃dVg̃ − Iφ̃(x, v)

∣∣∣∣ ≤ C∥φ̃∥C1(M̃)h
1/2.

where Iφ̃ represents the geodesic ray transform of φ̃ with respect to γ̃ in M̃ . By definition
we can have

Iφ̃(x, v) =

∫ τ(x,v)

0
φ ◦Ψ(γ̃(t, x, v)) dt =

∫ τ(x,v)

0
φ(γ(t, x, v)) dt = Iφ(x, v),

where we have used Φ(γ̃) = γ.
From the definition φ̃ := φ ◦Ψ we see ∥φ̃∥C1(M̃) ≤ C∥φ∥C1(M) for certain constant C.

Furthermore, we know u(p) :=
∑

s∈Ψ−1(p) ũ(s), thus when Ψ−1(p) contains only one

element, say s, we have |u(p)|2 = |ũ(s)|2; when Ψ−1(p) contains multiple elements, say

Ψ−1(p) = {s1, · · · , sℓ}, then |u(p)|2 =
∑ℓ

j=1 |ũ(sj)|2 +
∑ℓ

j=1

∑ℓ
k ̸=j ũ(sj)ũ(sk). By Lemma

6.13 we know ℓ ≤ N + 2. Since all the intersections are transversal and by Lemma 6.8
there is a uniform lower bound on the angles of intersection, one can apply a non-stationary
phase argument as in [DSFKLS16]equation (3.6) to obtain that the integrals of ũ(sj)ũ(sk)
for j ̸= k are of O(h). Combining these arguments, we arrive at∣∣∣∣∫

M
|u|2φdVg − Iφ(x, v)

∣∣∣∣ ≤ C∥φ∥C1(M)h
1/2.

The proof is done. □
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