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ABSTRACT. This article studies the inverse problem of recovering a nonlinearity in an elliptic
equation Au + a(z,u) = 0 from boundary measurements of solutions. Previous results based
on first order linearization achieve this under a sign condition on d,a(x,u), and results based on
higher order linearization recover the Taylor series of a(z,u) with respect to u. We improve these
results and show that a general nonlinearity, and not just its Taylor series, is uniquely determined
up to gauge near a fixed solution. Our method is based on constructing a good solution map that
locally parametrizes solutions of the nonlinear equation by solutions of the linearized equation.

1. INTRODUCTION

Motivation. Let 2 CR", n > 2, be a bounded domain whose boundary is assumed to be ¢ for
simplicity, and let a € C*(R, C1%(Q)) where k > 3 and 0 < a < 1. We write a = a(z, 2) for z € Q
and z € R, and consider equations of the form

(1.1) Au(z) + a(z,u(x)) =0 in Q.

In this article we study the inverse problem of identifying the function a(z, z) from certain boundary
measurements of solutions of (1.1). For example, the boundary measurements could be encoded by
a Dirichlet-to-Neumann (DN) map if the equation is well-posed, or more generally one could use
the (full) Cauchy data set

Cy = {(ulpq, dyulaq) : v e C*%(Q) solves Au + a(z,u) = 0}.
That is, we wish to answer the question:
Does C, determine a(x, z)?

For linear equations Au+¢(x)u = 0, the question above is a version of Calderon’s inverse problem
and there is large literature (see e.g. the survey | |). There are also many results for nonlinear
equations. The first generation of such results was based on first order linearization, i.e. on studying
the (first) Fréchet derivative of the nonlinear DN map and using existing results for linear equations.

This method was introduced in | |, and further results for determining a nonlinearity a(z, ) as
in (1.1) were given in | : : |. These results typically require assumptions such as

(1.2) a(z,0) =0,

(1.3) Oua(z,u) <0,

which ensure well-posedness and a maximum principle. The assumption (1.3) was weakened in
[ |, and | | gave a result without assuming (1.2). The results show that one can recover
a(x,u) in (some subset of) the reachable set

Ey,:={(z,2) : 2 €Q, z = u(x) for some solution u of Au + a(z,u) = 0}.
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There are many related works for quasilinear and conductivity type equations. References may be
found in the survey articles | ; |.

The works | ; | introduced a higher order linearization method in inverse problems
for nonlinear elliptic equations, motivated by the earlier work | | for hyperbolic equations.
This method applies to inverse problems for equations like (1.1) without any positivity assumptions
as in (1.3). Moreover, unlike in the first order linearization method that reduced matters to known
results for linear equations, in higher order linearization the nonlinearity is used as a tool that helps
in solving inverse problems. In this way, one can obtain results in partial data problems | ;

; | or anisotropic problems | ; ; ; | that are stronger than the
known results for corresponding linear equations.

However, the higher order linearization results for (1.1) start with the assumptions that
(1.4) a(z,0) =0,
(1.5) 0 is not a Dirichlet eigenvalue for A + 9,a(z,0) in Q.

The first assumption ensures that u = 0 is a solution of (1.1). The second assumption ensures that
the linearized equation is well-posed for small Dirichlet data, and hence there is a nonlinear DN map
A, for (1.1) defined for small Dirichlet data. The additional assumption d,a(z,0) = 0 also appears
in many results. The works | ; | then show that A, (defined for small Dirichlet data)
determines d%,a(-,0) for many j > 0. If one additionally assumes that a(z, ) is real-analytic in z,
then this is sufficient for determining a(z, z) completely.

Results. Our aim is to consider inverse problems for (1.1) for general functions a € C*(R, CH*(0Q)).
In particular, we wish to remove the assumptions (1.2)—(1.3) in the first order linearization method
and (1.4)-(1.5) in the higher order linearization method. This requires certain changes in the
problem setup. First of all, the results in | ; | are based on looking at solutions of
(1.1) close to u = 0 and on well-posedness for small data. Moreover, the linearized equation might
not be well-posed in general, but by Fredholm theory it is still well-posed for most Dirichlet data
(i.e. data that are L2-orthogonal to a finite dimensional space). It follows that there may not be a
Dirichlet-to-Neumann map to work with.

For these reasons, in the general case we consider an arbitrary but fixed solution w € C%%(Q) of
Aw + a(z,w) = 0 and for § > 0 we define the local Cauchy data set

O = {(ulpq, Dyulsq) : u e C**(Q) solves Au+ a(x,u) =0 and ||w — u||02,a@) < 4}

If w = 0, this would be analogous to small Dirichlet data. By the Fredholm theory fact mentioned
above one expects that there are many solutions close to w, and we will prove a precise version of
such a result.

Our first main theorem shows that if two nonlinearities a; and as admit a common solution w
and if their local boundary measurements satisfy the inclusion Cffl’a C CS;C, then a1 = a9 near the
common solution w.

Theorem 1.1. Let aj,az € C3(R,CH*(Q)), and let w € C?>*(Q) solve Aw + ay(xz,w) = 0 and
Aw + ag(z,w) = 0 in Q. If for some 6,C > 0 one has

C(’;L;,(S g CO,C

az

then there is € > 0 such that

ai(z,w(z) + A) = az(z, w(x) + N), req, |N<e
2



This theorem is based on using first order linearization and it is valid for general nonlinearities.
In particular, the sign condition (1.3) in the earlier results mentioned above is not needed. We note
that the higher order linearization method does not require the sign condition either, but the result
in | ; | for the case w = 0 was d&,a1(-,0) = dH,az(-,0) for many j > 0 which is clearly
weaker than the conclusion in Theorem 1.1. Moreover, if the linearizations of Au + aj(z,u) = 0
(linearized at the solution w) happen to be well-posed, then by the arguments in Section 2 there
are Dirichlet-to-Neumann maps A,; defined for Dirichlet data close to w|sq, and then by Theorem
1.1 one obtains a; = ag near points (x,w(x)) whenever Ay, = Ag,.

Remark 1.2. It is in order to explain the assumption C’Z;Ul’é C CS;C in the theorem. A more typical
way of stating a uniqueness result would be to say that C,, = Cj, (i.e. the full Cauchy data sets of a;
and ag agree) implies a; = ag somewhere. However, C,, = C,, implies our assumption Cffl’é - CS;C
in many cases, e.g. when the equation Au + ag(z,u) = 0 is well-posed for Dirichlet data near w|sqn
or when [|9yaz|| 1 (xr) < 0o (the latter fact follows from the Cauchy data estimates in Section 3).

More precisely, the assumption Cﬁ”l’é - CS;C means that if u; solves Auj + aj(x,u1) = 0 with
l|lur — ’U)Hoza(ﬁ) < 0, then there is ug solving Aug + as(z,ug) = 0, having the same Cauchy data as
u1, and satisfying [uz||c2.0@) < C. The existence of such a constant C' is required in the proof to
make sure that if u; is very close to w, then us will also be close to w and we can use a uniqueness
result to guarantee that us can be differentiated with respect to some parameters if the same is true
for uy.

If the nonlinearities a; and as do not admit a common solution, then this inverse problem has a

gauge invariance as observed in | |. If a € C*(R,C%(£2)) is a nonlinearity and ¢ € C%(Q) is
any function satisfying ¢|aq = d,¢|ga = 0, we define
(L6) Toa(e,u) i= Ap(e) + ala,u + ¢(2)).

Then u solves Au+ a(x,u(x)) = 0 if and only if v = u — ¢ solves Av + Tya(x,v(x)) = 0. It follows
that the solutions of these two equations have the same Cauchy data. Hence, if the Cauchy data sets
for a1 and ay agree, one can only expect that as(x,u) = T,a1(z,u) for (x,u) in the reachable set.
There are a number of related works based on the first linearization, see e.g. | : : |.
Recent works that involve a similar gauge invariance are given in | ; |. We also mention
the examples in | ; | showing that in general the reachable set is not all of Q x R.

Our next result shows that if one knows the Cauchy data for a nonlinearity a and for solutions
close to a given solution w, then one can recover a near points (x,w(x)) precisely up to the gauge
mentioned above.

Theorem 1.3. Let ay,ay € C3(R,CH*(0)), and let wy € C%%(Q) solve Aw; + a1 (x,w1) = 0 in €.
If
w1,0 0,C
Cal* C Oy
for some §,C > 0, then there is € > 0 such that
a1 (z, wi(z) + A) = Tpaz(z, wi(z) + A)

whenever © € Q and |\ < €. Here ¢ = wy — wy where wy € C>*(Q) is the unique solution of
Aws + ag(x,we) = 0 in Q with wi|sgq = walan and dyw1|sn = dywaloq-

Again, Theorem 1.3 is valid for general nonlinearities. Note that Theorem 1.1 is a corollary of
Theorem 1.3 since wy = w; in that case.
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Both Theorem 1.1 and 1.3 are based on first order linearization and they rely on the solution of
an inverse problem for the linearized equation. In contrast, many of the results based on higher
order linearization do not rely directly on the inverse problem for the linearized equation. In fact
in these results the equation often has a form where the unknown quantities only appear in higher
linearizations and not in the first linearization. For such equations, nonlinearity often helps and one
can obtain improved results in the presence of nonlinearity.

In the case of the higher order linearization method, we can remove the assumptions (1.4)—(1.5)
that were present in most of the earlier results. The following result is an example of what one can
prove.

Theorem 1.4. Let ay,as € C*H(R, C1¥(Q)) with k > 2, let wy € C**(Q) solve Awy +ay(z,wy) =
0 in 2, and suppose that
Car® € Caf

for some §,C > 0. Let wo € C?>*(Q) be the unique solution of Awy + az(z,wz) = 0 in Q with
wi|an = walagq and dywi|ag = O walgn. Assume further that

(1.7) A ay (z,wy) = AL as(z,wy), 1<I<k-1.
Then

/(85@1(33, wi) — Oag(x, wo))vy ... Vg dz =0
Q

for any v; solving the linear equation Avj + Oyai(x,wi)v; =0 in €.

In other words, if C° € CoX and (1.7) holds, then 0%ay(x,w;) — Fag(x,ws) is L2-orthogonal
to products of k + 1 solutions of the same linear equation. This is a typical conclusion in the higher
order linearization method. Under our current assumptions, Theorem 1.3, which is based on solving
the inverse problem for the linearized equation, already implies that 0Xa; (z,w1) = 0%ag(x,ws). The
point is that as long as (1.7) holds (this is true e.g. for polynomial nonlinearities a;(x,u) = g;(z)u”
and w; = 0), Theorem 1.4 does not rely on solving the inverse problem for the linearized equation
and one can prove this without assuming (1.4)—(1.5). Theorem 1.4 remains valid for more general
equations such as Agju + a(z,u) = 0 with a smooth Riemannian metric g, for which the linearized
case is not fully understood. For these more general equations one might be able to obtain improved
results in the nonlinear case as was done in | ; | and subsequent works.

Methods. Let us next describe the methods for proving the above results. The first objective is to
show that near a solution w of Aw + a(z,w) = 0, there are many solutions u, = w + v + O(||v||?)
of the same equation that are parametrized by small solutions v of the linearized equation

Av + Oya(z, w)v = 0.

It will also be important that u, depends smoothly on v. We will prove this by a standard argument
using the implicit function theorem. This is slightly delicate since the linearized equation may not
be well-posed. In order to have a solution u, depending smoothly on v that is unique in a suitable
sense, one needs to use a solution operator for the linearized equation that takes into account the
finite dimensional obstructions to solvability coming from Fredholm theory.

One can recast the previous result in a different language. If ¢(x) = Oya(z, w(z)) and
Vy={velC*(Q) : Av+qu=0in Q},
Wa={uecC?®(Q) : Au+a(z,u)=0in Q},
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then V/ is the solution space of A+¢q and W, is a Banach manifold in C?%(Q) consisting of solutions
of the nonlinear equation. Then Vj is the tangent space of W, at w, and our result shows that

Saw V> Uy

is a bijective smooth map from a neighborhood of 0 in V, onto a neighborhood of w in W, with
DS ,(0) =1d. Similar ideas appear e.g. in | ; ; |.

Next, starting from the assumption CZ}UI’J C CS;C, we construct a solution uy, as above for aq,
and use the inclusion of Cauchy data sets to conclude that there is a solution usg, for as having
the same Cauchy data as uj,. We know that u;, depends smoothly on v, but this is not known
for ug,. In order to show that also us, depends smoothly on v, we prove quantitative estimates
showing that solutions of both the linearized and nonlinear equations depend continuously on their
Cauchy data. For one of these results we invoke a standard Carleman estimate. Since us, depends
continuously on its Cauchy data, and since the Cauchy data of us , is the same as for u;, and the
latter depends smoothly on v, we are able to show that also us, depends smoothly on v. This also
uses certain functional analytic arguments following | ].

The first order linearization result, Theorem 1.1, is proved as follows. If C’é"l’é C CS;C and if
Ui, and ug,, are as described above with vy = v + th, we differentiate the equations Aw;,, +
aj(x,u;.,) = 0 with respect to t, subtract the resulting equations, and integrate against a solution
of Aty + Oyas(x, uz,)02 = 0 to obtain

/(8ua1(x,u1,v) — Oyaz(z,ug,y))0102dz =0
Q

where 01 = DS, (v)h. Then we use the bijectivity of S, ., above to conclude that any solution
01 of Ay 4 Oyai(x,u1,,)01 = 0 can be written as DSg, (v)h for some h. Density of products of
solutions as in the standard Calder6n problem | ; | implies that

Oy (z,u1,p) = Oyaz(x, uz,) for any small v € V.

Next we show that ¢, = u2, —u1, is independent of v, by observing that the derivative of ¢, with
respect to v is identically 0, because it solves a linear elliptic equation and has zero Cauchy data.
Since g = w — w = 0, we obtain

Oy (x,u1,p) = Oyas(x,u1,) for any small v € V.

(In the setting of Theorem 1.3 one has uy, = u;, + ¢ instead.) It then remains to show that for any
fixed xo, the values uj,(x0) generate an interval [w(zg) — €, w(zo) + €] by varying v. This follows
since uy, = w + v + O(||v]|?) and since one can generate linear solutions v with v(xg) # 0 by using
Runge approximation. This concludes the outline of proof of Theorem 1.1. The proof of Theorem
1.3 is analogous, except that ¢ will be a nonzero function that is independent of v.

Finally, we use the higher order linearization method and differentiate k times the equations
Aujy,+ai(x,u;,) = 0 with respect to v. Subtracting the resulting equations, using the assumption
7, J 7, p g g ¢eq g p

(1.7) and integrating against a solution vy, we arrive at Theorem 1.4.

The article is organized as follows. In Section 2 we construct a solution map for equation (1.1).
Section 3 is dedicated to quantitative uniqueness results for (1.1) and its linearization. The lin-
earization methods require two smooth solution maps and the second one is constructed in Section
4. In Section 5 we use first order linearization to prove Theorems 1.1 and 1.3. Finally, in Section
6 we give the proof of Theorem 1.4. At the end we have an Appendix where we give a Runge
approximation result for the first linearization of (1.1).
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2. A SMOOTH SOLUTION OPERATOR

The linearization methods used in this work are based on constructing solutions v = u, of
(2.1) Au+ a(z,u) =0 in Q,

so that u, is close to a fixed solution w of (2.1) and depends smoothly on a small solution v of the
linearized equation

(2.2) Av + Oya(z, w)v =0 in Q.

In order to parametrize solutions of (2.1) on solutions of (2.2), we need to be able to single out
suitable solutions of the linearized equation which may not be well-posed. This is done in Lemma
2.1 by using the Fredholm alternative. We then construct solutions u, of (2.1) by solving a nonlinear
fixed point equation. This fixed point equation is solved in Lemma 2.3. The construction of the
smooth solution map v — u, for the equation (2.1) is completed in Lemma 2.4. Finally in Lemma
2.5 we show that the first Fréchet derivative of the solution operator is an isomorphism between
spaces of solutions to the linearized equation.

Before we proceed to the results of this section, let us define some spaces and mappings that
are used throughout. Let Q2 C R™ with n > 2 be a bounded open set with C*° boundary, and
let ¢ € C1*(Q) be real valued where 0 < o < 1. First we have the kernel N, of the operator
A+gq: H}Q) — H1(Q) and the space of Neumann data 9, N, of the functions in N, i.e.

Ny ={¢ € Hy(Q) : (A+q)y =0},
&,Nq = {6,,1#’39 : w < Nq}.

These spaces appear due to the use of the Fredholm alternative. These are finite dimensional
spaces, and since ¢ € C1*(Q), elliptic regularity | , Theorem 2.2] ensures that N, C C*%(Q)
and 9,N; C C**(9Q). The last fact is the only reason why we assume ¢ € C1*(Q) (otherwise

g € C*(Q2) would have been sufficient). We let {9,11,..., 0,9} be an orthonormal basis of 9, N,
with respect to the L2(9€)-inner product.

We now show that even in the case when 0 is a Dirichlet eigenvalue of A + ¢ in €, the equation
(A + q)u = F has a solution u for any F' and one can prescribe the Dirichlet data of u in the
L?(09Q)-orthocomplement of the finite dimensional space 0, N4. Below, the notation L will always
mean L2-orthogonality.

Lemma 2.1. Let ¢ € CH%(Q). For any F € C*(Q) and f € C%%(dN), there is a unique function
¢ = O(F, f) € 0,N, such that the problem

(2.3) Au+qu=F in €,
u=f—o on 082,

admits a solution v € C**(Q). The function ® is given by

(2.4) B(F, f) = ; ( /Q Py, de + /a fou dS) Do,
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Moreover, there is unique solution up s = G4(F, f) such that up s L. Ny. The solution up s depends
linearly on F and f and satisfies

(2.5) lursllgza < CUF o + I Fllo2eon):
where C' is independent of F' and f.

Proof. We first consider the case of solvability in H?(f2) with zero Dirichlet data. If X = H2(Q) N
H(Q) equipped with the H?(Q) norm, then by Fredholm theory [ , Theorem 4 in Section
6.2.3] and elliptic regularity | , Theorem 4 in Section 6.3.2] the map

T:X = L*Q), Tv=(A+q)v

is Fredholm, i.e. it has finite dimensional kernel N, and its range Ran(T') = {F € L*(Q?) : F L N,}
has finite codimension. It follows that the induced map

Ty : X/Ny — Ran(T)

is bounded and bijective, hence invertible by the open mapping theorem. The space X/N, can be
identified with ¥ = {u € X : v L N}, and T becomes an isomorphism from Y onto Ran(T').
(To see this, let E : X — L?(Q2) be the restriction to X of the L?%-orthogonal projection onto N,.
Then X = Ran(E) @ Ker(F) = N, @Y | , Theorem 13.2 b)|, and the map ¥ — X/Ng,
u > [u] identifies Y with X/N,.) It follows that for any F' € Ran(7T') there is a unique vy € X with
vrp L N, such that T(vp) = F. In other words, for any F' € L*(Q) with F' L N, there is a unique
vp € H*(Q) N HY(Q) with vp L N, that depends linearly on F and solves

(A+q@u=FinQ,  wvlpo=0,
and one has

(2.6) lvell ) < CIF | r2q)-

We can obtain a similar statement in Holder spaces. Let F' € C%(Q) with F L N, and let vp be
as above. By elliptic regularity, vy € C%%(Q) and

(2.7) lvrllcea@ < ClEl e @)
(More precisely, from | , Theorem 2.2] and | , Lemma 6.18 and Problem 6.2] we obtain
vp € C*9(Q) and
(2.8) lvrllcza@) < Cllvrllcg) + 1Fllco@m)-
From Theorem 8.15 and the remark around equation 8.38 in | | it follows that [lvp||og) <
Cllvr|lr2(q). Using this with (2.6) and (2.8) yields (2.7).)

We now consider (2.3). To study the uniqueness of u, we fix a bounded extension operator

E,: C**(09) — C**(Q) with E,h|spq = h and E;h L N, for all h € C**(99Q).

In fact it is enough to take E; = (Id — Py,)E, where E is any bounded extension operator | ,
Theorem 3.3.3 and eq. 1) on p. 51| and Py, is the L%(Q)-orthogonal projection to N,. We see that
u solves (2.3) iff u = Ey(f — ®) + v, where v solves

(2.9) {Av +qu=F in Q,

v=20 on 0f),



where we wrote F' = F — (A + q)E,(f — ®). We wish to find a function ® € 9,N, such that
F1LL*Q). Ifyp e Ng, integrating by parts gives

/Qﬁwdg;:/prdx+/m(f—q>)aywds.

Thus F L Ng iff @ satisfies for all 1) € N, the condition

/ D0, dS = / Fodz+ [ foahds.
o0 Q o0

This holds for ® iff & = ®(F, f) is given by (2.4). For this ®, we let vz L N, be the solution of (2.9)
satisfying (2.6). Then up; := E,(f — ®(F, f)) + vz L N, satisfies the required estimate (2.5). O

Next we prove an auxiliary lemma which is used in several places in the remainder of the article.
Lemma 2.2. Let a € CK(R,C%(Q)) and f € C(Q) and let | < k. Then
(2.10) lokate, £ @)l ca < lallownran.cn@)
where M = ||l c@)-

Proof. By manipulating the supremum in the definition of the norm we have

|0ha(z, f(x)) — dLaly, f(v))|

|z — y|*

10 0@, f)llgm g =suplobata, ()] + sup.
e x,g;éeﬂ
Ty

o a(z,n) — o a(y,d
<sup|ldLa(@)|lc(rmy + sup  sup Oua(, ) “ (v, 9)
2€Q z,gfﬁn,ee[*M,M] lz —yl
7Y

la(z) — a(y) ot )
|z —yl*

<suplla(x)llcr—nr,nm) + sup_
€S z,y €0
TH£Y

=llallcx(-ar.a0.00@)- O
Next we study a fixed point equation related to the linearized equation. Below, we let
(2.11) Bs = {u € C**(Q) : [lull g2y < 03

Lemma 2.3. Let a € C3(R,C*(Q)) and w € C*%(Q) be a solution of Aw + a(z,w) =0 in Q. Let
q = Oya(z,w) and let G4(F, f) be the solution operator of

Au+qu=F imn Q
u=f—o(F,f) on 09
provided by Lemma 2.1. Define R,(r) = R(v + 1) where R : C?>*(Q) — C*(Q) is given by

1
(2.12) R(h)(zx) = /0 [Oua(z, w(x) + th(z)) — dya(x, w(zx))]h(x) dt.

For fized v € C**(Q) define T, : C>*(Q) — C**(Q) by T,(r) = —Gq(Ry(r),0).
Under the above assumptions, there exists 6 > 0 such that T,|p, : Bs — Bj is a contraction.
Furthermore,

(2.13) 1T (Bl oy < Cllo+ bl 2

) h € Bs.
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Consequently there exists a unique r € Bs solving the fixed point equation r = T, (r). The function
r 15 also the unique solution with r L N4 of

{Ar + Oya(z, w)r = —R(v + ) in Q

(2.14)
rlaa € 0y Ny on 0%,

and necessarily rlgq = ®(R(v +1),0).

Proof. We first show that T, maps Bs into itself when § is small enough. Let v,r € Bjs where
initially 6 < 1. By the mapping properties for G in Lemma 2.1 and the fundamental theorem of
calculus, we have

(2.15) 1T (M)l 20 @y < CIE(0 + 1)l oy
1
=C / [Oua(z, w+t(v+1)) — Oya(zr,w)|(v+r)dt
0 Cx(Q)
1,1
=C / / 2a(z,w + st(v+7r))t(v +r)*dsdt
0 Jo c>(Q)

From Lemma 2.2 we get for s, ¢ € [0, 1] that
(2.16) |02a(z, w + st(v + "MNMea@) < Cwa-
Since v € Bs we have, by using (2.16) in (2.15), that
1Tl ey < Cllo+ rliZuy < Cllo + 720 < C6%
The second inequality above proves (2.13). For § small enough we get
1) ey < 0
and conclude that T, indeed maps Bjs into itself.
Next we show the contraction property of T,. Let r1,79 € Bs. Then, as in (2.15), we have

1To(r1) = To(r2)ll ez < CllRo(r1) — Ro(r2)|l ca )
Denote u; =v +1;, ¢ = 1,2. Then

1
Ry(r1) — Ry(r2) :/0 (Opa(z,w + tuy) — Oya(x,w)) uy — (Oya(z, w + tug) — Aya(x, w)) us dt

1
:/ (Oa(z,w + tuy) — Oya(z, w) + dya(zr, w + tug) — Oya(x,w))(uy — ugz)
0

— (Oya(z, w + tug) — Oya(z, w))us + (Oya(x,w + tuy) — Oya(z, w))us dt
1 1 1
:/ (up — ug) <tu1/ 83&(1’,10 + stuy) ds + tUQ/ Oia(x, w + stusg) ds)
0 0 0

1 1
— tujus / 85(1(95, w + stug) ds + tujusg / GZa(x, w + stuy) ds dt
0 0
1 1 1
:/ (up — ug2) | tug / O2a(x,w + stuy) ds + tug / d2a(z,w + stuy) ds
0 0 0

11
+ t2ugug / / sdpa(z,w + ystur + (1 — y)stus) dy ds) dt.
o Jo
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Let us estimate the norm of the last expression term by term. Since v,r; € Bgs then u; € Byg for
i € {1,2}. Using this and (2.16) we have that

1
< thullcoy | 108w+ stu)lo ds

<toC.

1
tui/ O2a(x,w + stu;) ds
0

Cc(Q)

Just as in (2.16) we get [|03a(z, w + h)lle@) < Cw,a- Using this we estimate

1 1
Ht2U1U2 / / s03a(x,w + ystuy + (1 — y)stus) dy ds
o Jo

C(Q)
1,1
< tQHUIuQHCQ(Q)/ / sl|03a(z, w + ystur + (1 — y)stuz)|| ce ) dy ds
0o Jo
<*5*’C
Finally, for small enough 6 > 0 we have

1
Hﬂ@ﬂ—ﬂ&ﬁbmmﬁgL/Hm—uﬂmmﬂM0+ﬁyCMt
0

< Sllur = uzll o)

| = N =

B Hrl - 7"2”02,&(5)-

Thus T, is a contraction and the Banach fixed point theorem ensures existence and uniqueness of
solution to the equation r = T, (r) in Bs. The definition of T, ensures that r also solves (2.14). O

We now construct the smooth solution map S, .y, which maps small solutions v of the linearized
equation Av + dya(z,w)v = 0 to solutions u of the nonlinear equation Au + a(x,u) = 0 that are
close to some fixed solution w. Below, if F': U — Y is a C'! map where X and Y are Banach spaces
and U C X is open, we will denote its Fréchet derivative by

DF(z) = F'(z).
Recall that Bs is given by (2.11).

Lemma 2.4. Let a € C*(R,CY%(Q)), k > 3. Let w € C*>*(Q) be a solution of Aw + a(z,w) = 0.
Let q(z) = Oya(x,w(z)). Then there exist 5,C > 0 and a C*¥~1 map Q = Qu. : Bs — Bs satisfying
Q(Bs) C N,
Q(Bs)loa € 0Ny,
Q(0) = DQ(0) =0

and

(2.17) 1)l g2y < CllolZae gy

such that Sq: Bs — C%*(Q) defined by u = Sq(v) = w +v + Qv) is a C*~1 map satisfying
(2.18) Au+a(z,u) = Av+qu in )

with Sp ,,(0)v = v. In particular, if v solves Av+qu =0, then u = Sy (v) solves Au+a(x,u) = 0.
10



Conversely, if § is small enough, then given any solution u € C%*(Q) of Au + a(z,u) = 0 with
lu— w20y < 0 there exists a unique solution v € C*%(Q) of Av+qu = 0 such that u = Sy 4, (v).
The function v s explicitly given by

(2.19) v =Py, (u—w)+ Gy(0, (u —w)|an),

and one has Hv||027a(§) < Cllu— w||02,a(§).

Proof. We first construct the map Q. Let v € Bs. We look for a solution u of (2.18) having the
form v = w + v + r and formulate a fixed point equation for r. Taylor expansion gives

Au+a(z,u) =Aw+v+r)+alz,w+v+r)
=Aw+ A(v+71)+a(z,w) + Oya(z, w)(v+ 1)+ Ry(r)
where R,(r) fO [Oua(z, w(x) + tlv(x) + r(z)]) — Oyal(z, w(x))][v(x) + r(z)]dt. Since w is a
solution of Aw + a(z,w) =0, we see that u solves Au + a(z,u) = Av + qu if r satisfies
Ar + Oya(x,w)r + Ry(r) = 0.

For each v € Bs, Lemma 2.3 ensures existence and uniqueness of a solution r = r, in By with
r L Ny and r|pq € 0,N,. Hence the mapping v + 7, is well-defined for v € Bs. Next we use the
implicit function theorem to show that this mapping is C*~1.

Let F : C%%(Q) x C%%(Q) — C%%(Q) be defined by
F(v,r)=1r—=Ty(r) =1+ Gy(Ry(r),0).
From the definition of R, and G, it follows that F'(0,0) = 0. Next, R, is C*=1 since 9,0 €
Ck=Le(R; C12(Q)). Consequently, F is C*~! since G, is linear. Moreover

DTF‘(O,O)(h)
1

— Gy ([ Qatawt oo+ )0+ 1) + a4 (04 1) — Dualie,0) )00, 0)
0

=h

and this is a linear homeomorphism from C?%(Q) to itself. Thus the implicit function theorem
| , Theorem 4| ensures the existence of open balls Bs,, Bs, and a C* 1 map Q: Bs, — Bs,
such that

F(v,Q(v)) =

Since r, found by Lemma 2.3 above is the unique solution of F(v,-) = 0 in By for v € Bs, we
conclude that for 6 < min{dy,d2}, r, belongs to Bs, and hence Q(v) = r,,. We have now shown that
for each v € Bs there is a unique r, € Bs with r L N, and r|sq € 0, N, such that v, = w+ v+,
is a solution of the equation Au, + a(x,u,) = Av + quv. Moreover, the map v — u, = Sg(v) is
Cck1,

Next we show that @ satisfies the other properties in the statement. The estimate (2.13) implies

Il gz = ITo)lgza@) < Clolaag + ClirlZang,
and from this we get that
1012 2 I7lenay — Clrlaag = o (1 - CO).

For § small enough, and since Q(v) = r, we have

1R ey < CllolZan gy
11



This proves (2.17) and shows that Q(0) = 0. Using (2.17) together with Q(0) = 0 implies that
DQ(0) = 0. Since Q(v) = 1y, we have Q(v) € NqL and Q(v)[aq € 9y N,

We now prove the converse statement. Suppose that u € C%%(2) solves Au + a(x,u) = 0 in
and [Ju —w|| 2.0 (q) < 0. We write @& = u—w and want to construct v solving Av+quv = 0 such that
@ = v+ Q(v). Denote by Py, and Py, y, the L?-orthogonal projections to the finite dimensional

spaces N, and 0, N, respectively. Motivated by the conditions Q(Bs) C NqL and Q(Bs)|aa € 0,Ny
we define

Y = Py,u,
and let ¢ to be the unique solution given by Lemma 2.1 of the problem
Ap+qp=0inQ, @l Ny  olog = (Id - Py,n,)(iloa).
Let v = ¢ + 1, which means that v is given by (2.19). It follows that Av + qv = 0 and v|pq =
(Id — Py, n,)(©]sn). We also have
HUHCM@) < CHﬁHcm(ﬁ) =Clu— U)Hcm(ﬁ)-

It remains to show that r = @ — v = u — w — v satisfies r = Q(v). By the above conditions we have
r L Ng and r|pq € 0, Ny, and r satisfies

(A+q)r = (A+q)(u—w) =—(a(z,u) - a(z,w) — q(u—w))
= —(alz,w+v+71)—alz,w) —qlv+r)) =—Ry(r).
The first part of the proof implies that » = Q(v) if 0 is chosen small enough. This proves that

u = Sgw(v). To show that v is unique suppose that u = Sg 4, (0) for another solution ©. Then the
definition of S, ., gives

v -5 = Q) - Q).
Thus v — 0 L Ny and v — 0pq € 0, Ny. Since (A +¢)(v—10) =0, Lemma 2.1 implies v = ¥ showing
that v is unique. O

Lemma 2.5. In the setting of Lemma 2.4, if v is small and solves Av + qu = 0 for ¢ = Oya(x,w),
define

G = Oua(, Sqw(v)),
Vi ={hcC**Q) : Ah+ ¢h =0}
If v € Vy is small, the map DS, ., (v) is an isomorphism from Vg onto Vy, .

Proof. Let v be a small solution of Av + qv =0 and v; = v + th where h € V. Then u; = S, (v¢)
solves

Aug + a(z,ug) = 0.
Since u; is C! in ¢, the function 1ip = dyut|t—g = DSqaw(v)h satisfies
Aty + Oya(x, Sqw(v))ug = 0.
Thus DS, ., (v) maps V; into V.
Now suppose that v € V; is small and h e Vg, For t small define u; = Sy5, ,(v) (tﬁ) By the

converse part of Lemma 2.4, if v and ¢ are small enough one has u; = S, ,(v¢) for a unique small
solution v; € V,, and vy is given by

ve = P, (ue — w) + G4(0, (ur — w)|aq)-
12



In particular, v; is C! in ¢, and since Sy (vo) = ug = S, Saw( )( ) = Sa,w(v) uniqueness gives
vgp = v. Differentiating the identities uy = Sy (v¢) and uy = Sg g, , (v (t ) and using DS(0) = Id

gives o
DSw(v)to = g = DSq s, ,(v)(0)h = h.
This shows that DS, ., (v) : Vg — V,, is surjective.
Finally, suppose that h € V; satisfies DS, ,(v)h = 0. Since Sg(v) = w + v + Qqw(v), we have
h+ DQa.w(v)h = 0.

But DQq(0) = 0, which implies that ||DQqw(v)|| < 1/2 when v is sufficiently small. Here we
used that Q is a C*~! map where k¥ > 3. This implies that ||| < ||h|, showing that h = 0.
Thus DS, w(v) : Vg = Vg, is bijective and bounded, and by the open mapping theorem it is an
isomorphism. ]

3. ESTIMATES FOR SOLUTIONS IN TERMS OF THEIR CAUCHY DATA

In this section we prove estimates for functions in terms of their Cauchy data and in particular
for solutions of the nonlinear equation

(3.1) Au+ a(z,u) =0 in Q.
The estimate for (3.1) is used in section 4 when constructing the second solution map required for

the linearization methods.

First we obtain an auxiliary regularity estimate that is then used to prove the quantitative results.

Lemma 3.1. Let 2 C R" be a bounded open set with C* boundary and let g € C*(Q). There is
C > 0 such that for any u € C*%(Q) we have

ull gz @y < Clllulloza ) + (A + @)ullgam) + lullm(e))-

Proof. Consider the Banach space X = C%(9Q) x C%(Q) x H'(Q) with norm

I Fyo)llx = [ fllezeo0) + 1Fllca @) + 10]a1 @

We define the map
T:C*(Q) = X, T(u) = (ulog, (A +q)u, j(u),

where j is the inclusion C?%(Q) — H'(Q2). Then T is bounded, linear and injective. We claim
that T' has closed range. To see this, suppose that u; € C**(Q) and T'(u;j) — (f, F,v) in X. Then
u; — v in HY(Q), ujlon — f in C2a(aQ) and (A + q)u; — F in C%(Q). On the other hand
(A + q)uj — (A + q)v in H7HQ) and ujlaq — v]sq in HY/2(0Q), and by uniqueness of limits one
has (A + q)v = F and v|spq = f. By elliptic regularity, the weak solution v satisfies v € C*%(Q).
Thus (f, F,v) = T(v) and Ran(T") is closed.

We have proved that T : C>*(2) — Ran(T) is a bounded linear bijection between Banach spaces.
By the open mapping theorem it has a bounded inverse S : Ran(7) — C%%(Q), and thus for any
u € C%%(Q) one has

[ullz.a@) = 15T ull 20 @y < CllTul x-

This proves the claim. ]
Next we show a quantitative uniqueness result that follows by combining Lemma 3.1 with the

unique continuation principle. This is the used in Section 4 related to the first linearization of (3.1).
13



Lemma 3.2. Let Q C R” be a bounded open set with C* boundary and let ¢ € C¥()). There is
C > 0 such that for any u € C**(Q) we have

lullg2a@y < Clllullczea0) + 10vullcra@a) + [|Au + qul|cag) )-

Proof. We argue by contradiction and assume that for any m there is u,, such that
(32) [tmllc2.e @y > ml[umllc2e60) + [0vtmllcre@a) + (A + Qtm|cam))-
On the other hand, Lemma 3.1 implies that

[umllc2.a@y < Clllumllcza@a) + 1A + Qumll gy + lumllre)-

Normalize wy, so that |[um||g1(q) = 1. Then using (3.2) yields

1
[tm | c2.0 ) < C(a”“m”cz,a@) +1)
Then [[um || c2.0(q) < C uniformly when m is sufficiently large.

By Theorem 1.34 in | | the embedding C**(©2) — C?*(Q) is compact. Hence there is a
subsequence, still denoted u,,, that converges in C%(Q) to some u € C%(Q). On the other hand,
from (3.2) and the bound [|tim||c2.0 @) < C we see that

Umlag — 0, Oyumloa — 0, (A + q)up — 0
in the respective spaces. By uniqueness of limits we have u|gn = 0, d ulgg = 0, and (A + q)u = 0.
Consequently, u = 0 by unique continuation, which contradicts ||u| g1 (o) = lim|lum|[ g1y =1. O
Finally, we invoke a Carleman estimate to show that solutions of semilinear equations of the form

(3.1) are uniquely and stably determined by their Cauchy data.
Lemma 3.3. Let a € C*(R,C%(R)), and let ug € C?%(Q) solve Aug + a(z,up) = 0 in Q. If

u € C?%(Q) is any other solution of Au + a(x,u) =0 in Q and ullcza @y 1woll g2 < M, then
(3.3) [l = wollg2.a ey < C(M; a)([lu — ol c2.0(a0) + (|00 (uw = UO)IICLa(aﬂ))-
Proof. We use a standard Carleman estimate (see e.g. | , Theorem 4.1]): there are C,79 > 0

and ¢ € C*°(Q) such that when 7 > 79, one has

T C T T C T
le™ vl 22 () + *He Vollrao) = 5 le™Avlirae) + Clle™vlr200) + — €™ Vo2 a0)

for any v € C%(Q). We apply this with v = u — ug and use the fact that

(3.4) —Av = a(z,u) — a(x, up) [/ Oya(x, (1 —t)ug + tu) dt

Since |ul, |ug| < M, we get from Lemma 2.2 that

(3.5) |Av(x)| < C(M,a)|v(z)].

Thus, choosing 7 = 7(M, a) large but fixed, we get
1 T 1 T T T
Sle™vllzz0) + e Vol ra) < Cle™vll 200 + 1€Vl L2(00))-

Since ¢(M,a) < e™ < C(M,a), we have

(3.6) [0l @) < C(M; a)([[vll g1 o0) + 100v]l L2(00))-
14



We still need to estimate Hv||027a(§). First, Lemma 3.1 gives
lollzamy < € (0o + 180 gag + ol -
From (3.4) we observe that
(80l < [ [ 1uat. 1= 0+ 0 Wl @] Wl

By using Lemma 2.2 to estimate the integral from above by a constant depending on a,u and ug
we have

1AV cam) < Cllvllcam)
Thus we get
(3.7 ol < € (vllcaon + oo + Iollm)
Next, we have by the Sobolev embedding | , Theorem 4.12 Part 2] that Wb C C% where
s = 7%= Using this and [ , Theorem 5.2 (3)] we obtain that
1/2
ollga) < Cllollwrec) < Ol 101220
Then we use interpolation of LP-spaces (see for example | , Appendix B]) to get

lollzs () < CllollRey vl E o,
for some r > s. Estimating the L"- and W?*-norms by the C?®-norm we have

(2—X)/2 A/2
lollgag@y < Cllol a0l 7560)-

Using Young’s inequality with e for p =2/ and ¢ = p/(p — 1) gives

2)\2
uwm ) < Clellolfanigh + Cellollzza) = Ellvllcan + Cellollz o)

since ¢ = 5. Using this in (3.7) and choosing € > 0 sufficiently small finally gives

0]l ez < C (I0llc2aan) + Ivlla @) -

Combining the last estimate with (3.6) proves the result. O

4. A SMOOTH SOLUTION MAP WITH PRESCRIBED CAUCHY DATA

As mentioned previously, in order to prove the main results, we need to construct two smooth
solution maps for the nonlinear equations

(4.1) Au+ ai(z,u) =0in Q

for ¢ = 1,2. In Section 2 we constructed the first one. One reason why we cannot use the solution
map Sg, w, for both ¢ € {1,2} is that we need to control the Cauchy data. If u; = S4, 4, (v1) then
we would need to find a solution uy = Sy, w, (v2) such that u;,us have the same Cauchy data. But
the solution maps Sy, , don’t provide enough control of the Neumann data to guarantee that this
is possible. Another issue, in particular when identifying the first derivatives dya;(x,w;), is that
the method of linearization relies on differentiating both solution maps Sq; w;, Sasw, in the same
direction v. But in order to use the same parameter v for both operators, v needs to solve both
linearized equations

(4.2) Av + Oyai(z, w;))v =01in Q
15



for i € {1,2}. However, before having identified the first derivatives, dya1(z, w1) = dyaz(z, wa), we
don’t know that such functions v exist. So the goal of this section is to construct a new solution map
T4, w; that resolves these two issues. That is, we aim to construct a smooth solution map 15, ., for

(4.3) Au+ az(z,u) =0 in
parametrized on solutions v of

Av + 9yaq(z,wi)v =0 in
such that T}, ., (v) and Sy, v, (v) have the same Cauchy data.

Before constructing Ty, «,;, we establish some preliminary results. The construction of T, ., is
based on the implicit function theorem. In order to properly define the function to which the implicit
function theorem is applied, we require the existence of a certain projection mapping and existence
of a bounded inverse of the Schrodinger operator A + g. We first establish these two results and
then proceed to construct Ty, .

Lemma 4.1. Let g € C*(Q)). Then the spaces
Y = {u S 02’0‘(5): U’aQ = 8,,u|ag = 0}
Z={(A4+qu:ueY}

are Banach spaces.

Proof. 1t follows from the continuity of the mappings C**(Q) 3 u — ulpg € C>*(9Q) and
C?*%(Q) > u > dyulan € CH*(0Q) that Y is a Banach space. To see that Z is a Banach space, let

vp, = Awy, + qu, € Z be a sequence converging to some v € C*(£2). Using Lemma 3.2, we have
[wn = winllgz.a@) < CllAwn + qun = Awm = qumn | ce @)
so that wy, is a Cauchy sequence in Y. Hence there is some w € Y with w, — w in C%%(Q). Next,
[Awn + qun — Aw = qu|[ga(g) < Cllwn — wllcz.am)

So for v = Aw + quw, we have v, — v in C%(Q) and Z is a Banach space. n

The following result shows that there is a bounded projection P : C**(Q) — Z. If C*%(Q)
were a Hilbert space, the existence of a projection would follow from an orthogonal decomposition
C?>*(Q) = Z@® W. Since Z is the image of A + g acting on functions whose Cauchy data vanishes,
the orthocomplement W would be the set of suitable functions w with (A + ¢)w = 0. Thus any
u € C%%(Q) could be written as u = (A + q)y + w, where y € Y and (A + g)w = 0. This shows
that y needs to satisfy (A + ¢)?y = (A + ¢)u. This formal argument turns out to work also in our
case.

Lemma 4.2. Let g € C*(Q2) and let Y and Z be as in Lemma 4.1. Then there exists a bounded
projection P: C%*%(Q) — Z such that P(u) = (A + q)y where y € C**(Q) is the unique solution of

(A+q9)?y=(A+qu inQ
y=0,y=0 on 0L2.

Proof. We first show that there is a unique solution y € C*%(Q). If y and § are solutions, then

(A +q)%(y — §) = 0, and integrating this equation against y — 7 gives (A + ¢)(y — 7) = 0. Since

y — 4 has vanising Cauchy data, we see that y = ¢ and solutions are unique. Existence of weak

solutions y € HZ(Q) for the equation (A + ¢q)*y + vy = F € H~%(Q), where v > 0 is a constant

chosen sufficiently large depending on ¢, follows by using the Riesz representation theorem with the
16



coercive bilinear form B(y,w) = ((A + @)y, (A + @)w)r2(q) + ¥(y, w)2(q) for y,w € Y. Fredholm
theory shows that there is a countable set of eigenvalues where unique solvability could fail, but our
uniqueness argument above shows that one has solvability for (A + ¢)?y = F. Elliptic regularity
shows that for u € C%%(Q2), one has y € C*+*(Q).

Now that we know that the equation is uniquely solvable, let u € C%(€), and let y € C*%(Q)
be the solution. Then P(u) = (A 4 ¢q)y. Then P(P(u)) = P((A + q)y) = (A + ¢)v for the unique

solution v of
(A+q)2v=(A+q)?* inQ
v=0,0=0 on O0f2.
Since y has 0 Cauchy data, w = v — y satisfies

(A+q*w=0 inQ
w=0,w=0 on .

The unique solution to this equation is w = 0. It follows that v = y. Thus P(P(u)) = P(u) and P
is indeed a projection. [l

Lemma 4.3. Let g € C*(Q2) and let Y and Z be as in Lemma 4.1. Then A+q: Y — Z is bounded
and bijective and has a bounded inverse G: Z — Y.

Proof. By definition of Z, A + ¢ is surjective. To see injectivity, suppose u,v € Y and (A + q)u =
(A + q)v. Then w = v — u satisfies

(A+q@Qw=0 in

w =70 on 0f)

o,w =0 on 0f).
It follows by the unique continuation principle that w = 0. Hence A + ¢ is injective. Lastly, we
have

(A + Q)UHca(ﬁ) < ||AU||ca(§) + ||qu\|ca@) < CHUH()M@)

so that A + ¢ is bounded. Now it follows from the open mapping theorem that there exists a
bounded inverse G of A + q. O

Below we will use the ball V5 in the space of solutions,
Vos ={veC**(Q) : Av+qv=0and [vllz.a@) < 6}

Lemma 4.4. Let aj,as € CF1(R,CH(Q)) with k > 2 and let wy, wy have the same Cauchy data
and solve Aw;+a;(x,w;) = 0in Q. Write ¢; = Oyai(x,w;). Let Sq,: Vg, 5, — C?%(Q) be the solution
map from Lemma 2.4, for some 61 > 0. Suppose w1, = Sg, (v) and that Cg’ll’é - CQ;C. Then there
exists a 0y > 0 and a C* map T,,: Voo = C%%(Q), T,y (v) = ug,y, where us, has the same Cauchy
data as uy, and solves Aug, + az(x,uz,) = 0. Moreover, when Oyai(x,wi) = Oyaz(z, w2) then
T;,0)v = v.

Proof. First we use C’fo’é C CS;C to find, for any v € V;, 5,, a function us, with the same Cauchy
data as uy, and solving Aug, + a(z,u2,) = 0. Note that u; ¢ = w;. Moreover, both ug g and ws
solve the equation Au + ag(x,u) = 0 and they have the same Cauchy data, so by Lemma 3.3 one
has ug 9 = we. By (2.17) we have

(4'4) ||u1,v - lec@,a(ﬁ) < CHUHCQ,Q(Q),
17



Using this, Lemma 3.3, (u2, — w2)|asa = (w1, — wi)|oq, Oy(u2,y — w2)|og = 0u(u1,, — w1)|aq and
the fact that ||u2,v\|cg,a(§) < C, we have

(4.5) [ugp — w2HC2,a(§) B C||U||c2,a(ﬁ)-
Let ry, = u1,y — u2,. Then r, satisfies

(A + q2)ry = qory + a2(x, u2,) — a1(x, ury) = Gory + a2(, w1,y — 1) — a1(x, U1 ).

Let G be the inverse of A + g2 : Y — Z provided by Lemma 4.3. Then r, solves the fixed point
equation

(46) Ty = G(QZTU + ag(l‘, Ul — rv) —ax (xa Ul,v))-
We would like to show that 7, depends smoothly on v by applying the implicit function theorem
to (4.6). However, for a general function r the expression qor+ as(z, w1,y —17) — a1 (2, u1,,) might not

be in the domain of G. For this reason we introduce the projection P: C?%(Q) — Z from Lemma
4.2. Now define the map F: V,, 5, x C%%(Q) — C?%(Q) by

F(v,r) =1 —GP(qr + az(z,u1 — 1) — ar1(z, u1,,)).

Next we compute F(0,w; — ws) and D, F(0,w; — ws; h) and find

F(0,w; —w2) = wy; — wy — GP(qa(w1 — wa) + ag(z, w1 — (w1 — w3)) — a1(x,wy))

= wy — wy — GP(g2(w; —w2) + A(—wz + wy))
=w; —wy — GP((A 4 ¢2) (w1 — w2))
=w; — w2 — G((A+ q2) (w1 —w2)) =0

and

D,F(0,w; —wa; h) = h — GP(q2h — Oyaz(x, w2)h) = h.

Since h — D, F(0,w; — we;h) is bijective, it follows from the implicit function theorem [ ,
Theorem 4] that there exists a do with 0 < §2 < §; and a C* map R: V, 5, — C%%(Q) such that
7 = R(v) is the unique solution to

(4.7) 7 = GP(qrf + az(x,u1» — 7) — a1(z,u1p)).

for 7 close to wq — wy. Choosing v € Vg, 5, in u1,, = Sq, (v), we find that r, is in the range of R and
that r, satisfies (4.7). Moreover, by (4.4) and (4.5) we also have

[y = (w1 — w2)“c2,a(§) < CH“HcM(ﬁ)-

By the uniqueness of 7 = R(v) near w; — wg we have r, = R(v) for v € Bs,. Thus the map v — 7,
is indeed C*.

Since 1, = U1, — U2, We can define the C* map
To,(v) =S4, (v) — R(v).

It remains to show that T} (0)v = v, provided dyai(z,w1) = Oyaz(x,ws). To do this, we use the
implicit function theorem to compute R'(0),

R'(0)v = —[D,F(0, R(0))] D, F(0, R(0))v.
Since D, F (0, R(0))v = v and D,F(0, R(0))v = 0 it follows that R'(0)v = 0. Now we have

T.,(0)v =5, (0)v+ R'(0)v =S, (0)v =wv. O
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5. FIRST LINEARIZATION

Throughout this section, we let aj,as € C3*(R, CH*(2)) and let w € C%%(Q) be a fixed solution
of Aw + a1 (z,w) =0 in . Write ¢ = 9ya;(x, w) and consider the sets

Vy,={veC®*(Q) : Av+qu=0in Q},

Vas = {v €V ¢ [Vl gmagm < O}
Assume C’Z;"l"S C CS;C. For any v € V5 with ¢ small, we let u;, = Sa, w(v) and ugy = T4, w(v) be
the solutions of Au;, + a;(x,uj,) = 0 given by Lemmas 2.4 and 4.4.
Lemma 5.1. Suppose that C’Zfl’é C CS;C. There is 01 > 0 such that for any v € V5, one has

Ouar (z, u1 () = Oyaz(z, ug(z)), xr €.
Proof. Let v € V5 and let v; = v + th where h solves Ah + gh = 0 and t is small. Consider the
solutions w1 4, = Sq, w(ve) and ug,, = Toyw(ve) of
Aujq, + aj(x, ujy,) = 0.

The solutions u;,, are C? with respect to t and have the same Cauchy data. Differentiating the
above equation in ¢ and writing u; = dyu; v, |t=0, we obtain

Aty + Oyaj(x, ujy )t = 0.
Subtracting the equations for j = 1,2 and rewriting yields
(5.1) (A + 8ua2(:c, ’U,Q,U))<’ll1 — ﬂg) =+ (8ua1 (l‘, ulﬂ,) — Guag(w, UQ’U))'al = 0.

Suppose that 0y solves (A + Oyaz(x,u2,))02 = 0. Integrating (5.1) against ¥ and using that
1 — g has zero Cauchy data gives

/(8ua1(a:, Uly) — Oua2(x,u2,y))t1 U2 do = 0.
Q

It remains to study @; = DSg, (v)h. By Lemma 2.5, when v € V is sufficiently small any solution
01 of (A + Oya1(z,u1,))01 = 0 can be written as D.S,, ,(v)h for a suitable h. It follows that

/(&Jal(x,ulyv) — Oya2(z,ug,y))0102 dz =0
Q

for any solutions v; of (A + 0ya;(x,uj,))0; = 0. Now it follows from the density of products of
solutions as in the standard Calderén problem (see | | forn > 3 and | ; | forn = 2)
that Oya1(x, u1y) = Oya(z, u2,y). O

Lemma 5.2. In the setting of Lemma 5.1, the function
Py = U2y — Ul

is independent of v € Vg5, .

Proof. Write 1); = ¢4,. The function 1, is C? in t, has zero Cauchy data on 99, and satisfies
Aqu)t = al(l'aul,tv) - a2(x7u2,tv)~
Thus the derivative z; = 0y, satisfies
Az = aual(l’, Ul,tv)atul,tv - aua2(l’7 U2,tv)8tu2,tv~
Combining this with Lemma 5.1 yields

Az = —0ya1(x, U1 ty) 2t
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Since z; has zero Cauchy data, it follows that z; = 0 and consequently %, is independent of ¢. In
particular, ¢, = @q. 0

We can now give the proofs of Theorem 1.1 and 1.3.

Proof of Theorem 1.3. Let wy solve Awy + ay(z,w1) = 0 and assume that C2° € C%C. Using
Lemma 5.2, we have

Ap = Augy — Augy = a1(x, u1 ) — a2(z, ugy)
= a1(z,u1,y) — az(z, 1y + @)
This can be rewritten as
ar(x,u1 () = Toas(x, uy w(T)).

It is enough to show that there is ¢ > 0 such that for any Z € Q and A\ € [—¢,¢], one can find a
small solution v such that

(5.2) UL(Z) = wi(Z) + A
Fix 79 € Q, and use Runge approximation (Lemma A.1) to generate a solution v = vy, of

Av + Oyai(x,wr)v = 0 with v(xg) = 4. Let Uy, be a neighborhood of zy so that v(z) > 2 for
x € Uy, NQ. In the notation of Lemma 2.4 one has

Ul gy = W1 + 0 + Qal,wl (t’U)

where
[Qar i, (t0)[| < Ca1,w1t2||v||é2,a(§)-

Thus for x € Uy, N one has

’ul,tv(x) —wi(z)| = 2[t] - Ca17w1t2HU”é2,a(§)-

Set €4, = 1/(C’a1,w1||v||é2’a(§)). Then for [t| < &g,
Jur 0 () — wi ()] > [t].
The next step is to use compactness to find a finite cover {Uy,, ..., Uy, } of Q and to set

e =min{eg,,...,ezy,00}
Here g is chosen so that [|tvy;||¢2.a < 0 whenever [t| < dp and 1 < j < N.

Now fix any Z € Q and A € [—¢, €], and choose j so that Z € U;. Define

U(t) = ul,tvzj (j) — wl(i)

Then n : [—¢,¢] — R is continuous with n(¢) > ¢ and n(—¢) < —e. By continuity, there is
t € [—&,¢] such that n(f) = . This proves that one has (5.2) for some choice of v, which proves the
theorem. O

Proof of Theorem 1.1. Since w is a common solution for nonlinearities a; and as, we have w; =

wy = w in Theorem 1.3. Consequently ¢ = 0 and Ti,as = a2. The result now follows from Theorem

1.3. ]
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6. HIGHER ORDER LINEARIZATION

In this section we prove theorem 1.4. We use the higher order linearization method with the
smooth solution maps from Sections 2 and 4. Essentially the method is to show that the derivatives
of order k of the solution maps satisfy a certain partial differential equation and have the same
Cauchy data, provided 0.,a1(x,wy1) = 0},as(x,ws) for I <k — 1. Then Theorem 1.4 follows from an
integration by parts argument. We start by proving that the derivatives of order k of the solution
maps satisfy a certain differential equation in the following Lemma.

Lemma 6.1. Let aj,as € CF2%(R;CY*(Q)) with k > 1. Let S,,,T,, be the solution operators
Au+ai(z,u) = 0 from Lemma 2.4 and Lemma 4.4. Suppose that d.a1(z,wr) = 0. az(z,ws) for all
1 <1<k, then f = D*1S, (0;v1,...,0541) — DT, (0;v1,. .., vpp1) satisfies

Af +aqf = [0 as(w,wa) — O ar(w,w) [T vi in Q

f=0 on 02

o,f=0 on 0N

for any solutions v; of Av + qu =0 where ¢ = 0ya1(z, w1) = Oyaz(x, ws).

Proof. We start with the boundary conditions. We have by construction that Sy, (v)|aq = Tu, (v)|aq-
Let ¢: C%2(Q2) — C%(09) be the natural injection. Then the operator v + t(Sg, (v) — Ty, (v)) is
identically equal to 0. Hence its derivatives are also 0, D'S,, (0;v1,v2)|oq = D'Tuy(0;v1,v2)|sa for
all [ € N, or equivalently f|so = 0. Similarly, 9, f|sq = 0

The proof for the differential equation is by induction on k and we start with the base case k = 1,
where we assume that 9,a1(x,w1) = Jyaz(z, ws). Since S, (v) and Ty, (v) are solution maps for
Au+ ay(z,u) = 0 and Au + as(x,u) = 0, respectively, the operators v — ASq, (v) + a1(x, Sq, (v))
and v — AT,, (v) + az(x, Ty, (v)) are identically equal to 0. Hence their derivatives are also 0. The
second derivatives being 0 can be rewritten as

AD?S,, (0;v1,v2) + ¢D*S,, (0301, v2) = —02ay(x, Sa, (0))DSq, (0;v1)DSq, (0;v3) in Q
and
AD*T,, (0;v1,v9) + gD*T,, (0;v1,v2) = —02as(x, Tay (0)) DTy, (0;v1) DT, (0;v2)  in Q
From 0ya1(z,w1) = dyas(z,ws) we get DS, (0;v) = DT,,(0;v) = v. Using this and S, (0) = wy,
T, (0) = wy we get, by subtracting the equations, that
Af+af = [0has(@, wi) = Oas(w, wy)vrvs in Q
where f = D%S,,(0;v1,v2) — D?*T,,(0;v1,v2). Now suppose that, for some m > 2, the statement
holds for & = m — 1. That is, suppose for I < m — 1 that dLa;(z,w;) = 0,as(z,ws) and that
f=D"S8,,(0;v1,...,0m) — D™T4,(0;v1,...,0y) solves
Af+af = [0 az(x, w2) — O ar (w, wi)] [T7Z, v in Q
(6.1) f=0 on 0f)
af=0 on 0f).
To show that it holds also for & = m assume additionally that 0)a;(z,w;) = 0)'as(x,w2). Then
(6.1) simplifies to
Af+qf=0 inQ
f=0 on 0f)

8l/f =0 on 0f)
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and we conclude that f = 0. Let F(v) := Sy, (v) — Ty, (v), so that D" F(0;v1,...,vy) = f =0 and
let g = D" EF(0;v1,...,0my1). Let 0;; denote the Kronecker delta. Then we have by differentiating
(6.1) in direction vy,41 that

Ag+qg =— aial(:v, wy) D™F(0;01, ..., Um) Umt1
=0

m m
+ [@TaQ(wiQ) _a;nal(wil)}zD2Sa1 0 3 Uiy Um4-1 H
~ i=1 j=1

m+1
+ [0 ag(z, wa) — O ay(w,wr)] [ i

m+1

=[0; "  ag (@, ws) — O ay (w,w)] ] i
i=1
and this proves the lemma. O

Proof of Theorem 1.4. Let | > 2 be an arbitrary integer and suppose that &Zal(x, wy) = %ag(x, wa)
for 1 < j <1—1. Then we have from Lemma 6.1 that

Af+qf = [c%ag(m,wg) — 8La1(x,w1)] H§:1 v; 1n Q

(6.2) f=0 on 0N
of=0 on 0f)
where v; solve Av;j+0y,a1(x,wi)v; = 0 for j € {1,...,1}. Let vj4q solve Aviy1+0ua1(x, wr)v4q = 0.

Multiplying the differential equation (6.2) by v;41 and integrating by parts twice gives
+1

/ 0L a2(z, wo) — OLa1 (2, wy)] Hvi dxr = 0. O
Q

i=1
APPENDIX A. RUNGE APPROXIMATION

In the proof of Theorem 1.3 we need to find a solution of the linearized equation which is nonzero in
some fixed but arbitrary point of the domain. A few ways to achieve this are described in | ,
Remark 2.2]. For the sake of completeness, we give a proof based on Runge approximation that is
valid in our situation following | |.

Lemma A.1. Let @ C R"™ be a bounded open set and let q € C*(Q). For any zo € Q, there is
u € C*%(Q) solving (—A + q)u = 0 in Q with u(zg) # 0.

Proof. Let Qs be a large ball with Q C 5, and extend ¢ as a function in C%(€). We may choose
s in such a way that 0 is not a Dirichlet eigenvalue of —A 4 ¢ in Qy (see e.g. | , Lemma
3.2]). Now by | , Theorem 1 in Section 5.4], there is a small ball £; centered at xy and a
function ug € C%*(Q1) solving (—A + q)up = 0 in Qp with ug(x¢) = 1. By Runge approximation
(see Lemma A.3 below), there is u € C%(€y) solving (—A + ¢)u = 0 in Qs with u(zg) arbitrarily
close to ug(xp) = 1. This concludes the proof. O

It remains to prove the Runge approximation result. Since the approximation is in the C'(y)
norm, we need a notion of suitable weak solutions with measure data in the duality argument. Let

2 C R™ be a bounded open set with smooth boundary, let ¢ € L*°(f2), and assume that 0 is not
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a Dirichlet eigenvalue of —A + ¢ in Q. If u is a bounded linear functional on C(Q) (i.e. p is a
measure), we say that u € LY(Q) is a very weak solution of

(A1) (A +q)u=pin Q, ulon =0,
if

/Qu(—A +q)pdr = p(p)
for any ¢ € C2(Q) N HL(Q).
Proposition A.2. For any p < ;%5 there is C > 0 such that for any bounded linear functional p
on C(RQ), there is a unique very weak solution u € W1P(Q) of (A.1) satisfying

lullwir@) < Cllull,

where [|p|| = supjg), o =1 [1(P)]-

Proof. If ¢ > 0 this follows from | , Theorem 9.1]. In general we may replace ¢ by ¢ + v where
v > 0 is a large constant, and use the part of | , Theorem 9.1] where A is away from the
spectrum. ]

We can now prove the Runge approximation result.

Lemma A.3. Let Q1, Q C R” be bounded open sets so that Q1 C Q, Q \ﬁl 18 connected, and §2
has smooth boundary. Suppose that ¢ € CZ(Q) and that 0 is not a Dirichlet eigenvalue of —A + q
i . Consider the sets

S1 = {u S CQ,a(§1)7 (—A + q)u =01 Ql},
S ={uecC*>(Q), (—A+qu=0inQ}.
For any w € S1 and any € > 0, there is v € S with ||u — U\QlHC(ﬁl) <e.

Proof. By the Hahn-Banach theorem | , Corollary 3.15|, it is enough to show that any con-

tinuous linear functional on C'(1) that vanishes on S|o, must also vanish on S1. Thus, let 11 be a
continuous linear functional on C'(£21) that satisfies

(A.2) p(vlg,) =0 for all v € S.

We consider the extension defined by

f:CQ) =R, f(u) = p(ulg, )
By the Riesz representation theorem, ji is a measure in Q with supp(f) C ;.

We use Proposition A.2 to find a very weak solution w € W1P(Q) of the problem

(A.3) (—A+qw=pin 9, wlan = 0.
We use the assumption (A.2) and the unique continuation principle to prove that
(A.4) w=0in Q\ Q.

Assuming (A.4), the proof can be concluded as follows. Since supp(w) C €, there exist w; €
C®(N) with wj — w in WP(Q). Given any u € S, we let @ be some function in C2*(Q) with
g, = u and compute

() = n(a) = [

w(=A+q)udx = lim/ wi(—A+q)udr =lim | w;(—A+qudx =0.
Q Q

951
23



Thus pls, = 0 as required.

It remains to prove (A.4). We begin by studying the regularity of w near 92. Choose a ball £
with Q C Q) so that 0 is not a Dirichlet eigenvalue, and a very weak solution w of

(_A + Q)ﬁ) = /1 in 927 w’aﬂz = 07

where fi is the extension of fi by zero to Q. Using the definition of very weak solutions and the
facts that ¢ € C'(Q2) and supp(p) C Q1, we see that Aw = 0 near J€2 in the sense of distributions.
Hence @ is C°° near 95). Let g € C*%(Q) be the solution of

(A +¢q)g=0inQ, glag = —]sq.

Then both w and w|q + g are very weak solutions of (A.3), and by uniqueness one has

w=w|g+g.
It follows that w is C*® near 9€). Moreover, since w is a WP solution of (—A +q)w = 0 in 2\ Q,
it follows from | , see section 4. Concluding remarks| that w is W2 and consequently C%¢ in

0\ Q).

We now let v € S and choose x € C°(Q) such that y = 1 near Q7 and w is C%® in supp(1—x)NQ.
Then

/Qw(—A+q)vdac:/Qw(—A—|—q)(xv)d:17—|—/gw(—A+Q)((1—x)v)d:z;.

We use the definition of very weak solutions in the first term, and since w is regular in supp(1 — x)
we may integrate by parts in the second term. This yields

/Qw(—A + q)vdx = f(xv) + /E)Q(a,,w)v dS = p(vlg,) + /{9(2(8”11))1) ds.

Since v € S, we have p(vlg,) = 0 by the assumption (A.2). Since we can vary the Dirichlet data of
v € S, it follows that d,w|sq = 0. Thus w in particular satisfies

(—A+qw=0in Q\ Q, wlon = d,w|sn = 0.

Since w is C%“ in '\ O and this set is connected, the unique continuation principle yields (A.4).

This finishes the proof. g
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