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ABSTRACT. We consider the geodesic X-ray transform acting on solenoidal tensor

fields on a compact simply connected manifold with strictly convex boundary and
non-positive curvature. We establish a stability estimate of the form L? — H:lp/ 2,

where the H;/ 2—space is defined using the natural parametrization of geodesics as
initial boundary points and incoming directions (fan-beam geometry); only tangen-
tial derivatives at the boundary are used. The proof is based on the Pestov identity
with boundary term localized in frequency.

1. INTRODUCTION

To motivate our results, let us begin with the simplest case of the Radon transform
in R? in parallel beam geometry (see [NaQI] for more details).

Example. If f € C>°(R?), the Radon transform of f is

Rf(s,v):/ f(sv+tvh)dt, seR, vest

where v is the rotation of v by 90° counterclockwise. The Fourier transform of Rf

in the s variable, denoted by (Rf)7(-,v), satisfies the Fourier slice theorem
(Rf) (0,0) = 2m)/*f(ov), o €R, ves

Using the Plancherel theorem and polar coordinates, we obtain that

1 £1122 w2y = 112202 = / /S f(ov) 2o dv do
0 1

1 [ A
_! / Fov)Plo|dvdo
2 ) . Ja

_ i _/: /Sly(Rff(a, o) 2lo| dv do.

In particular, this implies the stability estimate

1
(1.1) Itz < Gl By sy

with the mixed Sobolev norm HhHH;ﬂ(Rxsl) = ||(1 + o®)Y*h(o, V) || L2(rxs1)-
1
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The main question we address in the present paper is the existence of a stability
estimate analogous to but in a geometric setting, namely, when R? and the lines
in the plane are replaced by a Riemannian manifold and its geodesics. There are two
features we wish to preserve from (I.1): one is its L? — H'? nature and the other
is that the H%/ 2 only incorporates “half of the derivatives” of the target space (space
of geodesics).

Let us first be more precise about the geometric setting. The geodesic X-ray trans-
form acts on functions defined on the unit sphere bundle of a compact oriented d-
dimensional Riemannian manifold (M, g) with smooth boundary OM (d > 2). Let
SM denote the unit sphere bundle on M, i.e.

SM :={(x,v) € TM : |v|, = 1}.

We define the volume form on SM by d¥%1(z,v) = dV%(z) A dS,(v), where dV? is
the volume form on M and dS, is the volume form on the fibre S, M. The boundary
of SM is 0SM = {(z,v) € SM : x € OM}. On 0SM the natural volume form
is d¥272(z,v) = dV4(x) A dS,(v), where dV4! is the volume form on OM. We
distinguish two subsets of dSM (incoming and outgoing directions)

0:SM = {(z,v) € 0SM : (v, v(x)), < 0},
where v(z) is the outward unit normal vector on OM at z. It is easy to see that
0LSMNO_SM = S(0OM).

Given (z,v) € SM, we denote by 7,, the unique geodesic with 7,,(0) = z and
Y20(0) = v and let 7(z,v) be the first time when the geodesic v, , exits M.

We say that (M, g) is non-trapping if 7(z,v) < oo for all (x,v) € SM. In this case
the space of geodesics is naturally parametrized by 0, SM (fan-beam geometry).

Definition 1.1. The geodesic X-ray transform of a function F' € C*(SM) is the

function
7(z,v)

IF@ﬂQ::/)me@yﬁxmdt (2,v) € D..SM.
0

If the manifold (M, g) is non-trapping and has strictly convex boundary, then
I:C®(SM) — C®(0,SM), and extends as a bounded operator I : H*(SM) —
HY%(0,SM) for all k > 0 [Sh94], Theorem 4.2.1], where the Sobolev spaces are defined
using the L?-inner products arising from the volume forms introduced above.

We shall consider I acting on special functions F' € C*°(SM) induced by symmetric
tensor fields. We denote by C*°(S™(T*M)) the space of smooth covariant symmetric
tensor fields of rank m on M with L? inner product:

(u,w) ::/ Wiy, W AV
M

where w'im = gt ... gimimq . There is a natural map

U - C(S™T*M)) — C=(SM)
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given by £,,,(f)(x,v) == fu(v,...,v). We can now define the geodesic ray transform
acting on symmetric m-tensors simply by setting I, := [ o {,,. Let d® = oV be
the symmetric inner differentiation, where V is the Levi-Civita connection associated
with ¢, and o denotes symmetrization. It is easy to check that if f = d°p for some
p € C®(S™HT*M)) with p|apr = 0, then I, f = 0. The tensor tomography problem
asks the following question: are such tensors the only obstructions for I, to be
injective? If this is the case, then we say [, is solenoidal injective or s-injective
for short. This terminology is explained by the following well known decomposition
(cf. [Sh94]). Given f € H*(S™(T*M)), k > 0, there exist uniquely determined
fs € HE(S™(T*M)) and p € H*1(S™ Y(T*M)), such that

f:fs+d8p> (szs:O: p|8M:O:
where ¢° is the divergence. We call f, and d*p the solenoidal part and potential part
of f respectively.

There is one important instance in which the tensor tomography problem is solved
for tensors of any order m and in any dimension d. This is when we assume in addition
that the sectional curvature of M is non-positive. Moreover, in this case a stability
estimate is available as follows:

Theorem 1.2. ([PS88] and [Sh94, Theorem 4.3.3]) Let (M, g) be a simply connected
compact manifold with strictly convex boundary and non-positive sectional curvature.
Given m > 0 there is a constant C' > 0 such that for any f € H'(S™(T*M))

1fellZ2 < CULmf i o, 530y + MU f i [ £l 22).

(We note that a manifold as in the theorem is necessarily non-trapping.) There
are two notorious differences between the stability estimate above and that in ([1.1]).
Firstly, the stability estimate in Theorem has in the right hand side the term
I\ fllz | L f || L2 when m % 0. Secondly, it is not sharp in the sense that it is L? — H'.
In [BS18] Boman and Sharafutdinov resolved these issues for strictly convex domains
in Euclidean space and asked whether the same was true for the more general setting of
non-positively curved Riemannian manifolds. This paper provides a positive answer
to these questions. Moreover, the 1/2-Sobolev space on the target space of I, is
naturally suggested by the geometry and the most relevant L?-energy identity for the
problem: the Pestov identity. The Pestov identity with boundary term in the way
that we shall use it here was derived for instance in [IP18| Lemma 8|. It contains a
boundary term given by

(1.2) (T'u, Vu) 120501

where u € C*(0SM), V is the vertical gradient, and T is a tangential operator
defined by

h

T = (v(z),v)V —vX,
h
where X is the geodesic vector field and V the full horizontal gradient (we refer to

Sections [2{ and [3| for the precise definitions). The operator T" acts on 9SM and it only
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involves horizontal derivatives. This suggests that only horizontal derivatives of I, f
on dSM should appear in the stability estimate.
We can define the tangential (or horizontal) H'(0SM)-norm by setting

h
||UH§{;(@SM) = [lullZ2@sar) + HVHUH%%@SM)
h h

where Vlu contains the tangential derivatives in Vu along OM. For example, if M
is a ball in R” with Euclidean metric, then dSM = OM x S ! and

lligosn = [ [ (ule0)f + 19,0, 0)P) dS(0) dS()

where V, is the gradient on M. The space Hy(0,SM) is defined by restric-

tion, and H%,/ 2(8+SM ) is defined by complex interpolation between L*(0,SM) and
HL(0,.SM).
With this definition we may now state our main result:

Theorem 1.3. Let (M, g) be a simply connected compact manifold with strictly convex
boundary and non-positive sectional curvature. Given m > 0 there is a constant C > 0
such that for any f € H'(S™(T*M))

HszL2 < CHImf”H%/2(3+5M)'

The constant C' can be estimated in terms of m and (M, g). In fact, for the related
stability result for the transport equation in Theorem [5.1] one can take C' = 1.
Most of work in the proof of Theorem [1.3|lies in the upgrade from the H'(9,SM)-

norm in Theorem to the H}/ 2(8+SM )-norm. The upgrade is possible thanks to
the localization in frequency of the Pestov identity first noted in full generality in
[PS18] (in two dimensions this was proved in [PSU15]). However, in [PS18] we did
not consider the boundary term. It turns out, quite remarkably, that the boundary
term also localizes in frequency. This allows us to change the norm for [,,, f from

H' to H%/ 2, thus producing the upgrade. We also mention that for dim (M) = 2 the
proof would simplify substantially because spherical harmonics decompositions and
the T operator are simpler; the two-dimensional proof will be given in [PSU19|.

1.1. Related results and alternative approaches. There are many earlier results
on stability estimates for [,,,, using different techniques. One approach is to consider
the normal operator I, I,,, where the adjoint I, is computed using a natural Li—inner
product on 9, SM suggested by the Santalé formula. When M is free of conjugate
points, it turns out that I}, 1, is an (elliptic) YDO of order —1 on a slightly larger
open manifold engulfing M. This approach has produced stability estimates for the
normal operator, cf. [SU04], and has proved to be of fundamental importance in the
solution of several geometric inverse problems. One drawback is that one needs to
work on the slightly extended manifold, unless one is willing to incorporate modified
transmission conditions to account for boundary effects [MNP19]. Another drawback
is that the approach does not give estimates for the constants due to a compactness
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argument. Still, quite recently, a sharp stability estimate has been obtained in [AST9],
by defining a suitable H'/2-norm based on this extension or equivalently on a different
parametrization of the space of geodesics. Our approach in Theorem [1.3|deals directly
with the boundary and with the space of geodesics in “fan-beam” geometry as given
by 0. SM. In this sense our theorem addresses the open problem stated at the end
of the introduction in [AST9]. Also our tangential derivatives are naturally suggested
by the geometry of the problem.

The microlocal approach can actually be pushed further, using scattering calculus
and a combination of a local theorem with a global strict convexity assumption as in
[UV16,[SUV1S]. This is also very powerful, and allows even to consider situations with
conjugate points as long as d > 3. However, the stability estimates thus produced
are L? — H*.

One drawback of Theorem [I.3]is the curvature assumption. In [AS19] the estimates
hold for compact simple manifolds for m = 0,1 and for m = 2 when [,,, is known to
be injective, e.g. when d = 2 [Sh07, [PSU13]. Another possible improvement would be
to replace the assumption f € H! by f € L? and to prove the two-sided inequality

C||fs||L2 < H]meH}/Q((ﬁSM) < C||f8||L2'

For this, one would like to prove that I,,, is bounded from L? to H%,/ ?. This is true if
f vanishes near OM since I,,, is a Fourier integral operator, but it is not clear how to
prove this with uniform bounds when the support of f extends up to OM.

Finally, we mention that quite recently, Monard [M19] has studied very detailed
mapping properties of Iy for 2D discs of constant curvature at all Sobolev scales; for
these cases, he also obtains a stability estimate with a suitable H'/2-norm. Further
references to stability estimates for I,,, may be found in [AS19).
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Leverhulme trust. MS was supported by the Academy of Finland (Finnish Centre
of Excellence in Inverse Modelling and Imaging, grant numbers 312121 and 309963)
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This material is based upon work supported by the National Science Foundation
under Grant No. 1440140, while the authors were in residence at MSRI in Berkeley,
California, during the semester on Microlocal Analysis in 2019.

2. GEOMETRIC PRELIMINARIES

In this section we collect some geometric preliminaries for subsequent use.

Unit sphere bundle. We start by recalling some standard notions related to the
geometry of the unit sphere bundle. We follow the setup and notation of [PSU15|; for
other approaches and background information see [GK8(), [Sh94l [Pa99, [Kn02, DST11].

Let (M,g) be a d-dimensional compact Riemannian manifold with or without
boundary, having unit sphere bundle 7 : SM — M, and let X be the geodesic
vector field. We equip SM with the Sasaki metric. If V denotes the vertical subbun-
dle given by V = Kerdm, then there is an orthogonal splitting with respect to the
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Sasaki metric:
(2.1) TSM=RXpoHDV.

The subbundle H is called the horizontal subbundle. Elements in H(z,v) and V(z,v)
are canonically identified with elements in the codimension one subspace {v}*+ C T, M
by the isomorphisms

dmg, = V(x,v) — {U}L, Kew: H(z,v) — {U}J',

here KC;, is the connection map coming from Levi-Civita connection. We will use
these identifications freely below.

We shall denote by Z the set of smooth functions Z : SM — TM such that
Z(x,v) € T,M and (Z(z,v),v) = 0 for all (z,v) € SM. Alternatively we may
describe the elements of Z is a follows. Consider the pull-back bundle 7*T'M over
SM and let N denote the subbundle of 7*T'M whose fiber over (x,v) is given by
Nizwy = {v}*. Then Z coincides with the smooth sections of the bundle N. Note
that N carries a natural scalar product and thus an L?-inner product (using the
Liouville measure on SM for integration).

Given a smooth function v € C*(SM) we can consider its gradient Vu with
respect to the Sasaki metric. Using the splitting above we may write uniquely in the
decomposition (|2.1])

h v
Vu = ((Xu)X, Vu, Vu).

h v
The derivatives Vu € Z and Vu € Z are called horizontal and vertical derivatives
respectively. (This differs from the definitions in [Kn02l, [Sh94] since here all objects

are defined on SM as opposed to T'M.)
The geodesic vector X acts on Z as follows:

DZ(@t('r? U)) |
dt =0

where D/dt is the covariant derivative with respect to Levi-Civita connection and
¢ is the geodesic flow. With respect to the L?-product on N, the formal adJomts

of V C>®(SM) — Z and V C>®(SM) — Z are denoted by _div and d1v
respectively. Note that since X leaves invariant the volume form of the Sasaki metric
we have X* = —X for both actions of X on C*(SM) and Z.

Let R(z,v) : {v}* — {v}* be the operator determined by the Riemann curvature
tensor by R(x,v)w = R(w,v)v, and let d = dim M.

(2.2) XZ(x,v) =

Spherical harmonics decomposition. There is a natural spherical harmonics

decomposition with respect to the vertical Laplacian A = —d‘ilv% (cf. [PSU15, Section
3] and [GKS&0]):

= é H,(SM

m=0
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so that any f € L*(SM) has the orthogonal decomposition

m=0

We write Q,,, = H,,(SM) N C>®(SM). Then Au = m(m + d — 2)u for u € Q,, and
we let A, :=m(m +d —2).

Decomposition of X. The geodesic vector field has a special behaviour with respect
to the decomposition into fibrewise spherical harmonics: it maps €2,,, into €2,,,_1®2,41
[GKS&0l, Proposition 3.2]. Hence on 2, we can write

X=X_+X,

where X_ : Q,, — Q1 and X : Q,, — Q1. By [GK80, Proposition 3.7] the
operator X is overdetermined elliptic (i.e. it has injective principal symbol). We
can explain the decomposition X = X_ 4+ X, as follows. Fix x € M and consider
local coordinates which are geodesic at = (so O,,gm(z) = 0 for all j k,I). Then
Xu(z,v) = v 88;‘1-. We now use the following basic fact about spherical harmonics:
the product of a spherical harmonic of degree m with a spherical harmonic of degree
one decomposes as the sum of spherical harmonics of degree m — 1 and m + 1.

3. PESTOV IDENTITY WITH BOUNDARY TERM

We recall the following commutator formulas from [PSUL5]:
h

X,V] = -V,

v

h
(3.1) [X,V] =RV,
h v v h
divV —divV = (d — 1) X.
Taking adjoints gives the following commutator formulas on Z:
v h
(X, div] = —div,
(3.2) . s
[X, div] = —divR.

Using these relations one can establish a Pestov identity with boundary term. Let
p(z,v) := (v,v(x)). We let ||-|| and (-,-) denote the L*norm and L3-inner product
respectively determined by the volume form dX?! on SM; we let (-, -)asas stand for
the L2-inner product on 9SM determined by d32?—2.

Proposition 3.1 (Pestov identity with boundary term, cf. Lemma 8 in [IP18]). Let
(M, g) be a compact manifold with smooth boundary. If u € C*°(SM), then

IV XUl = [ X Vull? — (RVu, V) + (d = D Xul]? + Plu,w),
where P s the quadratic form defined by

P(u,w) = (TU’7 %w)BSMa
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h \4
and Tu := pVu — XuVp.

b h
We can express T using the full horizontal derivative Vu = Vu + (Xu)v as T =
h

J— v
uwV —vX since Vi = v — pov. It turns out that 7' can also be rewritten in such a way
that it acts on functions u € C*°(9SM). To see this, consider the operators

(3.3) Vi == Vu — (Vu, (v,0)) (,0)
and
(3.4) X=X —(X,(1,0)) (v,0) = (v — (v,v)v,0) = (vI,0)

at the boundary. We also define the horizontal part of VI as

b b b
Vlly = dn(Vlu) = Vu — (Vu, v)v.
The following simple lemma is proved in [[P18, Lemma 14]:

Lemma 3.2. We have

h
(3.5) T=uvl—vxl
From this form we can clearly see that 7' : C*(0SM) — Z|asm-

Remark 3.3. In 2D, Tu = (Tu)iv, where T is the tangential horizontal vector field
(iv,0) and i is the complex structure of the surface. The vector field T and the vertical
vector field V' form a commuting frame for 9SM.

We next rewrite the Pestov identity in terms of X, and X_ as in [PS1§]. To do
this, we need some notation: for a polynomially bounded sequence o = ()72, of real
numbers, we define a corresponding ”inner product”

(u,w)y = Zal(ul,wl)Lz(SM), u,w e C*(SM).
1=0

We also write [Jul|2 = Y77 aullw||®. (If each qy is positive one gets an actual inner
product and norm, but it is notationally convenient to allow zero or negative «.)
The Pestov identity can then be written in the following form. Define

1 2
(3.6) a =\ (1 + z—) 1

d—1
+d—2 + )

(3.7) B= |1 (1 _ %)2] C(d—1).

The next result extends [PSI8 Proposition 4.4] to the case with boundary terms.

Proposition 3.4 (Pestov identity in terms of Xy with boundary term). Let (M, g)
be a compact manifold with smooth boundary. If u € C*°(SM), then

IX—wlls = (RVu, V) + [ Z(w)|* + Plu, w) = [|X w3,
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where Z(u) is d\ilv-free.
Proof. Recall from [PSUL5, Lemma 4.4] that

o0

1 1
Z (7X+Ul—1 - M—_QX—UZ-‘,-I)

=1

h v

(3.8) Vu=V + Z(u)

where Z(u) € Z satisfies div Z(u) = 0. Thus by (3.1))

(3.9) XVu =V Z [(1 - —> Xy + <1 + Hd;_?) X_ul+1] — Z(u).

This gives

X Vul®

Nt 1 1 1 1
= 1--1X _ 1+ ——— ) X_ 1--1X _ 1+ ——— ) X_
ZN(( l) +ug 1+( +l+d—2> Ul+1,( l) +UL 1+< +l—|—d—2> UL+1>

1\° 1 ?
(17*) ||X+Ul 1|| +( +m> |X_ul+1||2]

i ( *) (1+ z+§_2> (Xpwo1, Xwir) + (Xwr, Xow1)] + | Z(w)]%

On the other hand, one has

IVXul* = (d = 1)|| Xul

= —(d — 1>HX,U1H2 -+ Z()\l — (d — 1))(X+ul,1 —+ X,ulﬂ, X+ul,1 + X,ul+1)
=1

= —(d=DIX-wl? + ) (= (d = 1) [| X |® + [ Xour|]
=1

+ Z()\l —(d— 1)) [(Xqpu—1, X wgq) + (X upr, Xyuq)]

Somewhat miraculously, we observe that

) YR,

This means that the two sums above involving [( X w1, X_uy1) + (X w1, Xou_1)]
terms are equal. The Pestov identity from Proposition now yields

S ol Xt — (B, V) + | Z0) 2 + Plu, ) Zﬁz X
1=0
where «y, (5, are as in (3.6)—(3.7). The result follows. O
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Later on we shall need the following useful property.

Lemma 3.5 (Adjoint of T'). The formal adjoint of T : C*°(0SM) — Zl|gsn satisfies
divT = ~T*V
and the operator dvT is self-adjoint in L?(OSM, d¥x242).

Proof. We use the Pestov identity with boundary term, to claim first that the operator
divT is self adjoint. Proposition and the polarization identity imply that

P(u,w) = (Xou, Xsw)s — (X_tt, X_w)a + (RVu, Vo) — (Z(w), Z(w))

and since R is symmetric, it follows that P(u, w) = P(w,u). But P(u,w) = —(divl'u, w)

and thus d‘iIVT is self-adjoint. Hence

v

divT = (divT)* = —T*V
as desired. 0

4. FREQUENCY LOCALIZATION

Recall from Section [2| that any u € C*°(SM) admits an L?-orthogonal decomposi-

tion
o
U= E uy, u; € Ql,
=0

where €); corresponds to the set of vertical spherical harmonics of degree [. Since
X4 maps ) to 41, it is immediate that the Pestov identity with boundary term
(Proposition reduces to the following identity when applied to functions in €
(i.e. frequency localized Pestov identity).

Proposition 4.1 (Pestov identity on ; with boundary term). Let (M, g) be a com-
pact manifold with smooth boundary, and let | > 0. One has

a1 [ Xoul® = (RVu, Vu) + | Z(u) |* + Plu,w) = B[ Xoul?,  we Q.
(We define a_y = 0.)

It was proved in [PS18] (and in [PSUIL5, Appendix B] when dim (M) = 2) that the
frequency localized Pestov identity for all [ is equivalent with the standard Pestov
identity. The same is true in the boundary case:

Lemma 4.2. The Pestov identity with boundary term on §; is equivalent with the
Pestov identity with boundary term in the following sense: for any uw € C*(SM), one
has

> {Oéz—lﬂX—UlHQ — (RVauy, Vag) + | Z () ||* + Pu, w) = B [ X ||

=0

= | X_ulls = (BRVu, Vu) + | Z()||* + P(u,u) — | Xoul3.
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The result will follow if we can show that the curvature, Z and P terms localise.

Thus Lemma [£.2] is a corollary of the next result.

Lemma 4.3. If (M, g) is a compact Riemannian manifold, then
(RVu,Vw) =0,  (Z(u), Z(w)) =0,  Pu,w)=0
whenever u € Q,,, w €  and m # 1. In particular
d‘i’VT Q0 = Q.
Proof. The localization of the curvature term was proved [PS18, Lemma 5.4]. We shall
prove here that the Z-term localizes. That is enough to obtain also the conclusion
for P since Proposition and the polarization identity imply that
P(u,w) = (Xiu, Xjw)g — (X_u, X_w)s + (RVu, Vw) — (Z(u), Z(w)).
Hence the statements for the curvature and Z-term imply that P(u,w) = 0 when

m # [. The last claim follows since P(u,w) = —(divT'u, w).
The claim for Z(u) for d = 2 follows from [PS18, Remark 6.5] using the explicit
representation for Z(u). To prove the claim when d > 3, recall that Z(u) is the

d\ilv—free part of %u (the d\irv—free part is uniquely defined since there are no nontrivial
harmonic 1-forms on S, M when d > 3). Using the bracket relation % = %X - X %
we can relate X % and Z(u). Indeed this is done explicitly in equation ([3.9)), which
shows that Z(u) is the div-free part of —X Vu. If we consider a coordinate system
around a point x such that 0,,gx(z) = 0 for all j, k,[ and write Vu = (0Fu)d,, as in
[PSUIL5, Appendix A], then at x
XVu = 010, (0*1)0,, = v 0"y, 1)0s, = 17V (D, 11).

Hence if we think of each v’ as 1-form it is enough to analyze the vertical Fourier

v
decomposition of AVw, where A is a scalar 1-form and w = d,,u € €Q,,. This is
precisely the content of Lemma [A.T] and combining the statement of that lemma

with (3.9) we see that Z(u) = —B(u) where B is the operator in Lemma [A.1|for X'V.
Since B localizes in frequency, the lemma is proved. 0

5. STABILITY FOR THE TRANSPORT EQUATION

In this section we will prove the main stability estimate for solutions of the transport
equation Xu = f in SM when f has finite degree. In the next section we will give
the more standard form where the solenoidal part of f is estimated in terms of 7, f.

Theorem 5.1. Let (M, g) be a compact Riemannian manifold with smooth boundary
and sectional curvature < 0, let u € C*°(SM), and write f := Xu. Suppose that f
has finite degree m. If m = 0, then

<
£l 2 (sany < HUHH;ﬂ(aSM)
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whereas if m > 1, then
Hf — X(UO + ..+ um,1>HL2(SM) < Hu”H%m(GSM)'

5.1. Shifted Pestov identity with boundary terms. To prove Theorem [5.1] we
first assume that m > 1, and discuss the case m = 0 later. We will try to estimate f in
terms of u|ggys in suitable norms. The starting point is the identity from Proposition

4.1 with [ > 1:

a1 | X—wl]? = (RVuy, V) + | Z(w) I + Plu, w) = B | Xswl*.

Since we are assuming non-positive sectional curvature, we have

—(RVu, V) + | Z(w)||* > 0
and thus
|| X w4+ Plug,w) < B || X o).

We divide this estimate by «;_; (always different from zero since [ > 1), which
corresponds to shifting the estimate down by one half vertical derivatives since a;_1 ~
[. Tt follows that

1
1X awl]? + — P, w) < 2L 2
a1 a1

The constant % is exactly Dg(1)? where Dgy(l) is as in [PSUT5, Lemma 5.1]. Note

that Dy(l) < 1 for d > 4 and in the remaining cases it is sufficiently close to one
for all practical purposes (when reading the proof it may be helpful to think that

Thus we have the following inequality:
1
(5.1) X | + ?P(Ula w) < Da(l)?[| Xy,
-1
For [ > m we have X_u;, o + X u; = 0 and using (5.1) we may write

1
IX -l + ——P(us, w) < Da(l)* | Xuro
-1
Starting at [ = m and iterating this inequality N times leads to

N-1

H Dy(m + 2j)?
j=0

N-1

I -3 Wi Dol 2 287

|1 X ||* < P(Umt2j, Um+2;)

A —1425

J=0

Write ygm,; = Hf;g Dy(m+2k)? and y4m0 = 1. In the notation of [PSUIE, Theorem

1.1] one has ygm,; = Hf;g Ca(m — 1+ 2k)?, and thus 74, ; < ¢g where

2, d=2,
(5.2) cg=14 1.28, d=3,
1, d>4.

Y
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Since || X_w||* — 0 as [ — oo, we may take the limit as N — oo to obtain

(5.3) X2 < = D7 4 Py ).

im0 m—1+42j

The argument above gives a completely analogous inequality for || X _wu,,.1||?, and
adding these two inequalities leads to

(54) X il 4+ Xt 2 < = 3 b Pttt i)
k=0

where

Yd,m,j k, — 2]
b o Qm—1+42;’ ’
m,k — ’Yd,m+1,j, k — 2] + 1

QAm 4235
Define ¢ := ug + uy + - - - + u,,—1. Then the transport equation Xu = f also gives
(5.5) Xq+ X tup+ X tUpyr1 = f

and thus || f — X¢||* = [| X_uml||* + | X_tm41||*>. This yields

(5.6) 1f = Xall> < =) b P(tn s tmsr)-

k=0
If we assume m = 0, then the equation Xu = f implies X_wu; = f, and (5.3) gives

(5.7) If* < — Zbl,QjP(U1+2j,U1+2j) < - Zbl,kp(ul—i-kyul—i-k)-

j=0 k=0
Thus to prove Theorem for m > 0, it remains to bound the right hand side of

(5.6) for all m > 1.

5.2. The right hand side of (5.6): the space H%/Q(aSM). Let m > 1. Motivated
by (5.6 and the fact that P is defined in terms of the (horizontal) tangential operator
T, we define a natural H'/?-space as follows. Define the H:(0SM)-norm by setting

h
gy, == NulZe + V][22

The space Hr_lp/ 2(85’ M) is defined by complex interpolation between L? and Hr. The

norm H, /2 is defined by duality, and then H;l/ % is also the interpolation space
between L? and H;' (see [BL76, Corollary 4.5.2]).

Remark 5.2. Note that from (3.5) we have
h
(5.8) I1Tull 2 < [Vl 2

h h h h
since |Tul? = 12| Vluf? + [ Xu? < (1% + [0l P)[V1uf? = [o]?[VIu]? = [Vuf?.
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Now we use the key property of localization given by Lemma to observe that

Z bm,kzp(um-i-ka um—i—k) =P (Z Um-+k, Z bm,lum-i-l) .
k=0 =0

k=0

We define an operator B = B,,, : C*°(0SM) — C*°(0SM) by setting

00
Bu = E bmylumH.
=0

Since m > 1, the constant b,,; is well defined also when [ = 0. Now (5.6) becomes

(5.9) 1f = Xq||? < —P(u, Bu) = —(Tu, VBu).
Here is the main claim:

Lemma 5.3. Given u € C*(0SM) we have
(Tu, VBu) < ||uH§{1/2.
T
Proof. We may write
(T, %Bu) = —(Bd‘i,VTu,u).
By the definitions, it suffices to show that
||BdivTu||H;1/2 < ||u||H;/2

By interpolation, this follows from the next two inequalities

(5.10) |BdivTull 2 < [full 3.

(5.11) | BdivTul| 1 < [lul]ze.

To prove these estimates we first establish the property

(5.12) IV Bul|z2 < |[ul|z2.

Indeed using the definition of B,

IVBul7: = (Bu, ABu) = Ansibi, illtmel|Z2-

=0

To prove (5.12) we will show that Ay b2,; < 1form > 1and ! > 0. If m =1

and [ = 0, then )xlbio = 2—% = ﬁ < 1, so we may assume m,l > 1. One has
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2. < cfla;\m—“. Observe that simplifying (3.6) gives

m,l LR
= %d;il# for all { > 1. We thus haife, writing k =m +1 > 2,
Ak k(k+d—2)(k+d—3)?
ai . (2k+d—4)2(k+d—2)?
1 k3 + (2d — 6)k* + (d — 3)%k
AR+ (d- Dk + (S (k+d - 2)
1 K+ (2d — 6)k* + (d* — 6d + 9)k

Ydm,; < Cq, Which gives A, 1b

AR+ (2d — 6)k2 + (42 — 6d + 8 + (52)2)k + (d — 2) (522
Thus if d = 2 or d > 6, one has (%)2 > 1 and hence aé’“ < }L. If d =3,4,5 we
k—1
estimate
e <1k3+(2d—6)k2+(d2—6d+9)k<1 N 1 1
a2 T Ak + (2d—6)k> + (> —6d+8)k 4| (k+d—32—1] — 3

using k£ > 2. Combining these estimates with (5.2)), we have

A

2 2 m+l

)\m'i‘lbm,l S Cq 3 S 1.
Qr—1+41

The estimate (5.12)) follows. Since —V B is the adjoint of Bdiv, using (5.12]) and (/5.8
yields
[ BdivTul| 2 < || Tullz2 < l[ull gy,

thus proving ((5.10)).

Finally to prove (|5.11)), we note that Bdivl' = divl'B by Lemma . Using Lemma
we may write

|BdivT'ul| -+ = sup (divI'Bu,h)

h =1
1l

= sup —(T*%Bu,h)

Il =1
= sup —(VBu,Th)
Il =1

< sup [ullo=|Th] o2

Il gy, =1
< ullrz,
where in the penultimate line we used ((5.12)) and (5.8]). O

Theorem for m > 1 now follows from (5.9) and Lemma When m = 0, it
follows from (5.7)) and Lemma
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6. STABILITY FOR THE SOLENOIDAL PART

We now rewrite Theorem in terms of the solenoidal part of f and extend the
result to H! regularity. Recall that the map
[m/2]

C : C®(S™(T*M EB o,

is an isomorphism and it gives a natural 1dent1ﬁcat10n between functions in €2, and
trace-free symmetric m-tensors (for details on this see |[GKS0, [DS11, [PSUI15]). The
identification actually holds pointwise for every x € M. Moreover, the L?norms on
trace free symmetric m-tensors and functions in €2, are the same up to a constant
depending only on d and m (cf. [DS11], Lemma 2.4]).

If we let f =/(-1f and §:= £,' ,q, the well-known relation X/, ; = £,,d® implies
that ¢ 1(f — Xq) = f — d*G. To simplify the notation we shall the drop the tildes,
identify f with f . ¢ with ¢ and use that the L?-norms are equivalent.

We first collect regularity properties of solutions of transport equations involving
H?' tensor fields.

Lemma 6.1. Let (M, g) be a compact simple manifold. Given f € H'(S™(T*M)),
there is u/ € HY*(SM) satisfying

(6.1) Xuf:—f m SM, uf]a_SMZO, uf|3+gM:If.
Moreover, one has u'|asy € HY(OSM) and If € HY (0, SM).
Proof. If f € C°°(S™(T*M)), define u/ on SM by

7(z,v)
u! (2, v) = / f(oulw,v)) dt

where ¢; is the geodesic flow on SM. One has u/ € C*®(SM \ S(OM)) N C(SM)

since the same is true for 7, and (6.1)) holds for u/. By [Sh95], Corollary 1], the map

f — u/ extends as a bounded map H'(S™(T*M)) — H'(SM). (This boils down to
h

v b
the fact that V7 and V7, where the operator VI is extended smoothly to SM, are
uniformly bounded on SM \ S(OM), see [Sh94, Lemma 4.1.3] and [DPSUQO7, Lemma
5.1].) Moreover, by [Sh94, Theorem 4.2.1] the map f + I f extends as a bounded map
HY(S™(T*M)) — H'(0,SM). Then the properties remain valid for f € H!
(the boundary value of uf is in H'/2(0SM) by the trace theorem). Since I f vanishes
on the boundary of 9, SM when f € C°, one has I f € H}(0,.SM) first for f € C™
and then for f € H' by density. Since u/|gsn = Eo(If) where Ey denotes extension
by zero from 0, SM to SM, we have u/ |55y € H' (OSM) when f € H'. 0O

Next we give a version of Theorem [5.1] for H' tensor fields.

Theorem 6.2. Let (M, g) be a simply connected compact manifold with strictly convex
boundary and sectional curvature <0, and let f € HY(S™(T*M)). If m = 0, then

(6.2) 1fllz2an) < Cllw! 172500
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whereas if m > 1, then
(6.3) If — d°qll 2y < CHufHH;N(@SM)-
Here C' only depends on d and m.

Proof. Let m > 1 (the case m = 0 is analogous). Going back to (5.3) and using
Lemma [5.3] one has the inequality

Xt * + [ Xt [ < Nell e u € C*(SM).

OSM)’

Since functions in H'(SM) have traces in H'/2(9SM), and hence also in H%/Q(aSM),
the above inequality holds for v € H'(SM) by density. Then it is enough to take
u = u/, where v/ € HY(SM) by Lemma , and to note that by (5.5) and by
equivalence of the L? norms

X vl + 1 Xt I = [ f = XallT2snry = eldsm)||f = d*al| 72 a)- 0

The estimate (6.2]) for m = 0 is already in the form that we want, so we will focus
on the case m > 1. Using the potential and solenoidal decomposition, we may write
f = fs +d°p where §°f; = 0 and p is an (m — 1)-tensor such that p|sys = 0. Let
w = p — q. Then integrating by parts
(6.4) If = dqll* = |l fs + dw]]?

= | fsll* +2(fs, dw) + || d*w]|?
= I fslI? + 2t fs, w)ons + ||dw]f?

> Hf8||2 - 2|(L1/f37Q>8M|‘
Next we observe that for any € > 0

1
(6.5) 2[(w fs, @)om| < EHQH?{U?(&M) + 5”511sz§{—1/2(31\4)-
We now claim:

Lemma 6.3. We have

v foll 12000y S sl L2 qan-
Proof. This is a duality argument, but it is important that §°f; = 0. Consider a
bounded extension map for symmetric (m — 1)-tensors, e : HY2(OM) — H'(M)
(such a map can be constructed from a corresponding extension map for functions by
working in local coordinates and using a partition of unity). Now write

Veofulli oy = sup /(Lufs,h>d5
oM

12l 1 /2y =1
= sup  (—(8°fs.e(h) + (fs, d’e(h)))
12l 1 /20y =1

= sup (fs,d’e(h))

180l 172 o0y =1

S ||fs||L2(M) ]
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Combining ([6.3)—(6.5)) with Lemma[6.3]and choosing  small enough, it follows that
(6.6) 1 fsllZaan S HUfHZ;/Z)(aSM) + HQHQHIM(&M)'

The next two lemmas will be useful when estimating the last term on the right.

Lemma 6.4. Given m > 0, there is a constant C' > 0 such that for any tensor q of
order m

Nqll zrr2o0r) < CHquHH;ﬂ(aSM)'

Proof. Recall that we identify symmetric m-tensors with functions in @ECTZ/OQ] Qo _ok
via {,, as explained at the beginning of this section. By interpolation, it is enough
to show that [[(, ]2 < [|hllz2 and |6 Al < |Blluy when h € @ Qoo
The first inequality follows from the equivalence of the L?-norms. For the second
inequality, observe that locally a symmetric m-tensor field can be written as ¢ =
Giy.i,,dT" @ -+ @ dx'™. The H'-norm of q in M consists of the L?>-norm of ¢ plus
the L? norm of the components ¢;, ; (z) tangentially to M. Locally /,,q has the

h
form ¢, ; v™...v". When we apply V! to £,,q all the tangential derivatives in the
direction of OM will appear. There will also be some vertical derivatives (involving
the Christoffel symbols), but since ¢,,q is a polynomial of degree m in v, these terms
can all be controlled by the L*-norm of £,,¢. Thus ||¢|z < [[€mgllm follows, and this

may be rewritten as [|€,, Al S (7] g2 O

Lemma 6.5 (The H.(OSM) norm localizes in frequency). One has

o0
2 2
HuHH%(a,S‘M) = ZHUMHH}@SM)
m=0

for allw € Hp(0SM). In particular, ||3°", will g1 @osa) < llullgiosay when m > 0.

Proof. The proof is somewhat indirect and is based on the following observations.

(1) Let W be a vector field on M and let W = (W,0) be its horizontal lift to
SM. Then AW = WA where A is the vertical Laplacian. This can be
seen by taking a geodesic coordinate neighbourhood around a point x, so
that 9;gi(x) = 0 for all j,k.l. In that case if we write W = w'(x)d,,, then
(Wu)(x,v) = wi(x)g—; and thus W : Q,, — Q,,. (Another way to prove this
is to check that [d;, A] = 0, using the notation and commutator formulas in

[PSU15, Appendix A].)

(2) There is a neighbourhood U, of M in M diffeomorphic to M x [0,¢) via
OM x [0,¢) 3 (x,t) — exp,(—tv(x)) € U.. This allows us to naturally extend
to U the exterior unit normal v to a vector field, still denoted by v.

(3) A smooth function u € C*®(0SM) can be extended to a smooth function
u € C*°(SU.) simply by making it constant on the orbits of the flow of |
the horizontal lift of v. By item (1) we have

(6~7) (um) = (u )m
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(4) Let fi be the flow of in SM, and let V. be the neighbourhood of dSM in
SM diffeomorphic to 0SM x [0,¢) via (x,v,t) — f_(z,v). Since f_;(x,v) =
(z(t),v(t)) where z(t) = exp,(—tr) is the normal geodesic and wv(t) is the
parallel transport of v along x(t), one has V. = SU. (the map v — v(t) is
bijective from S, M onto Syu)M).

h h
Let u € C*®(0SM). The fact that (u ) = 0 implies that Vllu = (Vu )|sspr and
thus for (z,v) € 0SM we have

?i%é : T (0,0 dt = [V, )
Integrating over 0SM and using that V. = SU, by (4), this gives
1 2 b2
(6.8) ygggHVu H%Q(SUS) = HVHUH%Q(&S‘M)'

We now recall that it is possible to write for any w € C*(SU;) (all norms in
L*(SU.)), cf. [LRSI8|, proof of Lemma 5.1]:

h 00
(6.9) [Vel® = 1 Z(w)[* + [|X-wi > + Y A(d D[ Xy wia |* + B(d, | X-wiga |,
=1
where A(d,l) = 2+ %% and B(d,l) = 2+ ;5. By Lemma one may write
|1 Z(w)]|*> = S| Z (wm)]|?, and thus using for w =u and w = (u ),, for each m

we deduce
h oo h
IV 2250 = DIV @ 250
m=0

Dividing this by € and taking the limit as e — 0, the identities (6.7)) and yield

h o h
<l ,112 v 2
||VHU||L2(8SM) = Z”V”umHL2(8SM)'
m=0

This implies the desired claim for u € C*(0SM), and the result follows since

C>(0SM) is dense in H}(OSM). (The density claim can be proved by using a
partition of unity, convolution approximation in coordinate neighborhoods, and the
Friedrichs lemma [H685, Lemma 17.1.5].) O

We now put the arguments above together to derive:

Theorem 6.6. Let (M, g) be a simply connected compact manifold with strictly convex
boundary and non-positive sectional curvature. Given m > 0 there is a constant C' > 0
such that for any f € H*(S™(T*M)), one has

| fsllz2ary < C”ufHH;/?(aSM)'

Proof. For m = 0 this is just (6.2)), so we assume m > 1. Combining and Lemma
[6.4] we derive

Foll S Nl [ a2 + ||€m—IQ‘|Z;/2-
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Recall that ¢,,_1q = Zzgm_luzf- Interpolating the bound ||Zzgm_1ul||L2(6SM) <
lull L2050y for w € L*(OSM) with the bound in Lemma [6.5] gives

1/2

IS il < e, we HY2@SM),

I<m-—1
and the result follows by taking u = u/. 0

We can refine this further and prove Theorem [1.3|in the introduction. Define the

space H}/Q(&FSM) as the interpolation space between HL(9,SM) and L*(9, SM).
Proof of Theorem[1.3 Theorem [6.6] gives
(6.10) 1 fsll2any < CUIECU D) 22 a5y
where Ej is extension by zero from 0,SM to SM. We define Hp,(0;.SM) as the
closure of C2°((9,SM)™) with respect to the Hi-norm, and H}{§(8+SM) as the in-
terpolation space between L? and Hy((0;.SM). Since Ej is bounded Hp, (04 SM) —
HYL.(OSM) and L*(0,SM) — L*(0SM), it is also bounded
(6.11) Eo : Hy3(0,SM) — Hy/*(9SM).
Now, if f € HY(S™(T*M)), then If is in Hj(0,SM) by Lemma [6.1] and hence also
in the larger space H;{OQ (04 SM). Combining ((6.10) and (6.11]) proves the result. [
Remark 6.7. Theorem [1.3{remains true for f € HY2(S™(T*M)) by density, since I
is bounded HY2(S™(T*M)) — HY?(9,SM) by [Sh94, Theorem 4.2.1] and interpo-
lation. It would be interesting if one could prove Theorem [1.3|for f € L*(S™(T*M)).

However, in general we do not know if I is bounded L?(S™(T*M)) — H%/2(8+SM).
Also, our approach with the Pestov identity as it stands is unable to produce stability
estimates for higher order Sobolev norms.

APPENDIX A. VECTOR SPHERICAL HARMONICS
In Lemma [4.3] we want to prove the frequency localization statement
(Z(um), Z(w;)) =0, m # 1,

where u,, € Q,, and w; € ;. As discussed in the proof of Lemma [4.3] this follows
from the next localization statement. Recall that if A € Qy, i.e. A(x,v) = A;(z)v7,
then Au = Ayu+ A_u for u € C*°(SM) where Ay : Q,, — Qi

Lemma A.1. Let d = dim (M) > 3 and let A € Q. For any u,, € Q,, one has

v v 1 1

where B(u,,) is the d‘irv—free part of A%um. The map B : C*°(SM) — Z satisfies
(B(upm,), B(w;)) =0, m # 1,
for any u,, € Q,, and w; € .
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The proof is based on understanding vector spherical harmonics expansions on SM.
This will be done next, and the proof of Lemma will be given in the end of this
appendix.

If u,, € Q,,, then %um is an element of the space
Z={Ze€C®SM,TM); Z(xz,v) € T,M and (Z(z,v),v) = 0}.

Thus each Z(z, -) is a vector field on S, M, and using the Sasaki metric it can be
identified with a 1-form on S, M. The Hodge Laplacian dd + dd acting on 1-forms on
each S, M induces a vertical Laplacian on Z,

AllZ—>Z.

Spherical harmonics expansions on Z are eigenfunction expansions of A;. However,
since each S, M is isometric to the standard round sphere S?~1, it is really enough
to understand spherical harmonics expansions of 1-forms on S9! as studied e.g. in
[Bo09]. The case d = dim (M) = 2 is easy and reduces to Fourier expansions on the
circle. The cases d = 3 and d > 4 will have different features.

The case d = 2. Using the formulas in [PSU15, Appendix B|, when d = dim (M) = 2
the space Z can be identified with C*°(SM) via Z = {z(x,v)iv; z € C*(SM)} and
one has

Ay (z(z,v)iv) = =Vdiv(z(z,v)iv) = —(V?2)iv
Thus the eigenfunction expansions for Ay in Z are the same as eigenfunction expan-
sions for the vertical Laplacian —V? on L?(SM). The eigenvalues of Ay are {\,,}°_,
where \,, = m(m + d — 2) = m?, and one has the orthogonal decomposition

2(SM,N) @Hl

where H! = {Z € L*(SM,N); A\Z = /\mZ} = {z(z,v)iv; —V?2 = A\,z}. In
particular, any Z € Z has the L2-orthogonal expansion

Z = Z Zm(x,v) v
m=0

where z,, € Q,,.

The case d = 3. It turns out that when d = 3, the study of vector spherical har-
monics still reduces to Fourier expansions on functions but there is extra structure.

Thus let d = dim (M) = 3, and fix x € M. Recall that Z(z, ) is a vector field
on S, M. Since S, M is two-dimensional (and isometric to S?), there is a well-defined
rotation by 90° on each T,(S,M) which induces a map

x: Z— Z, xZ(x,v) = (*SwM(Z(J77U)b))ﬁ

where *g_ ) is the Hodge star operator on S, M and the musical isomorphisms act
with respect to the metric g, on S, M.
Spherical harmonics expansions on Z are described as follows:
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Lemma A.2. Let (M,g) be a Riemannian manifold with d = dim (M) = 3. The
eigenvalues of Ay are { A\, }5o_, where A\, = m(m+d—2), and one has the orthogonal
decomposition

2(SM, N) @Hl

where HY. = {Z € L*(SM,N); A Z = )\mZ}. Moreover, writing Q. = Hl N
C>(SM, N), one has the L?-orthogonal decomposition

QL = VQ,, ® *VQ,.

In particular, any Z € Z has the L*-orthogonal expansion
Z = (Vi + *Vwy,)
m=1

Where Uy, Wy, € Q.
Proof. It is enough to work on S, M for fixed z, and since S, M is isometric to S?
it is enough to determine the eigenvalues and eigenspaces of the Hodge Laplacian
A = db + 6d in S? when acting on 1-forms. Recall that § = — * d* and *x = (—1)*
on k-forms.

If o is a 1-form on S?, one has the Hodge decomposition o = du + §3 where u is a
0-form and f3 is a 2-form (there are no nontrivial harmonic 1-forms on S?). Moreover,
B = — % w for some O-form w and one has

a = du + xdw.

Since u and w are smooth functions on S?, they have spherical harmonics expansions

o0 oo
U= Z U, w = Z Wiy, U, Wy € D (S?).
=0 =0

The Hodge Laplacian satisfies Ad = dA and A xd = xdA. It follows that

(A1) Aa =Y An(dity, + *dwy,).
m=1
In the L? inner product on S? one has (du,,dw;) = (Aty,w;) = Ap(tm,w;) if

U, € Oy, wy € ;. Thus it follows that
(dtiy, dwy) = (kdtiy,, xdw;) = 0 if m #£ 1,

and (du,y,, *dw;) = 0 for all m,l. From (A.1]) we see by orthogonality that the eigen-
values of A on 1-forms are {\,,}>°_, and the eigenspace corresponding to A, consists
of elements of the form du,, + *dw,, with u,,, w,, € Q,,. O

Next we will see how multiplication by A(x,v) € Q affects Fourier decompositions
on Z. Recall that on C*°(SM), multiplication by A splits as A = Ay + A_ where
Ay 0 Q= Qpar. In the case of Z, there is a new operator Ay which allows us to
describe how multiplication by A affects Fourier expansions.



A SHARP STABILITY ESTIMATE FOR TENSOR TOMOGRAPHY 23

Lemma A.3. Let d = dim (M) = 3 and let A € Q. The operator

Ay : CX(SM) — C=®(SM), Agu= (VA, ¥Vu)
satisfies Ag : Qm — Qpy, for any m. For any u € C*°(SM) one has

% = i [ (1 — —) Ajup_q + (1 + M;—Z) A_ulH] + i *% |:)\llA(]Ul:|

=1

and
v “vrl > v 1 1
AxVu=— lz; V[/\—ZAOUZ} + IZI: *V[ (1 - 7) Ajup g+ <1 + l+d——2) A,ulﬂ} )

Proof. Again it is enough to fix  and to work with differential forms on S?. So we
are reduced to the following: if A(v) = ajv7 is a scalar function in S? with a; € C,
and if d, 6 and A = dd + dd are the corresponding operators on S?, we need to show
that the operator

Ap(u) = (dA, xdu)
maps 2,,(5?) to itself, and for any u € C*°(S?) we have

=1

=1
The last statement will then follow since A commutes with .
Define vector fields on S?, d;u = 9y, (u(y/|y|))|s2> (see [PSUIL5, Appendix A] for
more details). Then du = d;udv’, and *du is the cross product of v and du,
sdu = (v205u — v300u) dv' + (v301u — v105u) dv? + (v10ou — V20 u) dv?

which can be written as xdu = (Vju) dv? with V; = 0305 — v30 etc. In the following
we will raise and lower indices with respect to the Euclidean metric in R? (i.e. write
V) for v; etc). Since A(v) = apo® we have ;A = ap(0f — vjo*) = a; — Av;. Since
(dv?, dv*) = §7% — vivk and since v/9; = vIV; = 0, it follows that

Agu = (0, A)Vu = a;V7u.
But now, on SM in any dimension d = dim (M), the vertical Laplacian Ag = —d‘ilvé
on scalar functions satisfies
[A, Va] = =20, + (d — 1)v,, (Ao, O] = —(d — 3)0 + 2upAg

and consequently
(Ao, Va0 — 140,] = 0

It follows that each V7 maps ,,(S5?) to itself, and the same is then true for A,.
It remains to show (A.2)) for u € C*°(S?). We begin with the Hodge decomposition

Adu = da + *df
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where «, 8 € C*°(S?) are determined from
Aa = §(Adu),
AS = —xd(Adu).

To solve for the Fourier components of o and [, we expand the right hand sides of
the above equations in Fourier series. One has

d(Adu) = A(ddu) — (dA, du) = AAu + %(A(Au) — (AA)yu — A(Au))
_ %(A(Au) + AAu— (AA).

Expanding u in spherical harmonics and using that AA = (d — 1) A we get

(5(Adu) = [()\l — (d - 1))(A+ul,1 + A,ulﬂ) —+ )\171A+ul,1 + )\l+1A,ul+1} .

=1

(Note that (6(Adu))o = 5(A-Auy — (d — 1)A_uy) = 0.) Tt follows that for [ > 1,

N | —

(67 )\l + >\l71 - (d - 1))A+Ul,1 + (>\l + )\l+1 - (d — 1))A,ul+1] .

= o
For the second equation, we have
—* d(Adu) = — % (dA N du) = *(dA N *(xdu)) = (dA, *du) = Aou

and therefore for [ > 1 one has

1
B = )\—leUl-

Substituting o and § in the Hodge decomposition Adu = da + xdf proves (A.2). O

The case d > 4. If d = dim (M) > 4, the Laplacian A; acting on Z will have two
sets of eigenvalues corresponding to the Hodge demposition of 1-forms. If x is fixed,
then S, M is isometric to S9! and any 1-form « on S, M has a Hodge decomposition

o = deMU + 55961\4/8

where u is a O-form and [ is an exact 2-form on S, M. Correspondingly, any Z € Z
has the Hodge decomposition

7 = %u + Sﬁ
for some v € C°(SM) and 3 € Z?, where Z? is the set of smooth 2-forms 3, on

each S, M varying smoothly with respect to x, and 0 is the vertical codifferential of
3 identified with an element of Z. In fact one can take 8 € Z2? where Z%9 is the
set of 2-forms B € Z? so that 3, is exact for each z.

The following result is a consequence of [Bo09].
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Lemma A.4. Let (M,g) be a Riemannian manifold with d = dim (M) > 4. The
eigenvalues of Ay are { A\, pm }o0_; where A\, = m(m+d —2) and fiy, = A\, +d — 3,
and one has the L*-orthogonal decomposition

z =P e ol

m=1

where QY4 ={Z € Z; M\Z =\ Z} and Q2 ={Z7 € Z; A\Z = p,uZ}. Moreover,
one has

QL! = VO,
Ql,é — 3Q2,d

where Q%% = {3 € Z%%; Ay = punf} with Ay corresponding to the Hodge Laplacian
on 2-forms on each SyM. In particular, any Z € Z has the L*-orthogonal expansion

Z = (Vi + 0Bn)
m=1
where Uy, € Qp, and B, € Q%4

Next we see how multiplication by A € ) affects Fourier decompositions. If
Z,W € Z we write Z AW for the element of Z2 obtained as the wedge product of
the 1-forms corresponding to Z and W.

Lemma A.5. Let d = dim (M) > 4 and let A € Q. The operator

Ay : OF(SM) — 229 Agu=VAAVu
satisfies Ag 1 Qp — Q22 for any m > 1. For any u € C*°(SM) one has

[e.e]

v > v 1 1
AVu = ; V|: (1 — 7) A+Ulfl + (1 + l—i—d——2> Aful+li| +

The proof uses the following lemma.

g[iAoul} :

=1

Lemma A.6. If u and v are 1-forms on a Riemannian manifold (M, g) and if A =
dd + dd is the Hodge Laplacian, then

dim(M)
AluAv) = (Au) Av —2 Z Vi uA Ve +uA (Av) + 2R, 0, -, +)
j=1
where {E1, ..., E,} is any local orthonormal frame, V is the Levi-Civita connection

and R s the Riemann curvature tensor.

Proof. Follows either by relating A to the connection Laplacian via a Weitzenbock
identity, or by computations in normal coordinates. 0
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Proof of Lemma[A.5 Tt is enough to fix 2 and to work with differential forms on
S4=1. Thus we are reduced to the following: if A(v) = a;v7 is a scalar function in
S471 with a; € C, and if d,§ and A = d§ + dd are the corresponding operators on
S91 we need to show that the operator

Ag : C=(SH) — C®(S%71 A?), Ag(u) = dA A du
maps Q,,(S471) to Q%4(S41), and for any u € C*(S91) we have

(A.3) Adu= ;d[ (1 - %) A + (1 v M;_Q) A,ulﬂ} + ; 5&1401“]

Since Agu = d(Adu), Ag maps into the set of exact 2-forms. Let u € ,,. By
Lemma , for any local orthonormal frame {E;} of T(S%™!) we have

A(Agu) = A(dA A du)
d-1
= (AdA) Adu—2) Vi dA AV du+dAA (Adu) + 2R(dA* duf, -, -)
j=1
d—1
=(Am+d—1dANdu—2 Vg dANVgdu+ 2R(AA, df, -, -)
j=1
using that u € Q,, and A € ;. Now if v € S4! and w € 7,591 with |w| = 1, and
if y(t) is the geodesic on S%! with 4(0) = w, one has
d? d> -
= — = —(a.~? E—
VAl (w,w) = ZsAG®)| = T5(a (1) = —Aw)
using that geodesics are great circles. Thus Vg, dA|,(w) = —A(v){E};, w), which gives
that Vg, dA|, = —A(v)E} and
d—1 -1
> Vi dANVgdu=—A@) Y EAVgdu=—A(v)d(du) = 0.

1

s9

Jj=1

<.
Il

Also, on the sphere we have R(u®,v%, -, -) = —u A v. These facts imply that
A(Agu) = (A +d — 3)dA A du = py Apu.

Thus Ag maps €2,, to Q?;Ld.
We next show (A.3) for u € C*(S?1). We begin with the Hodge decomposition

Adu=da+ 93

where the function a € C*(S%!) and the exact 2-form 3 € C>(S%~1 A?) are deter-
mined from

Aa = 6(Adu),
AB = d(Adu).
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To solve for the Fourier components of o and 3, we expand the right hand sides of
the above equations in Fourier series. One has

d(Adu) = A(0du) — (dA, du) = AAu + %(A(Au) — (AA)u — A(Au))
_ %(A(Au) + AAu — (AA)u).

Expanding u in spherical harmonics and using that AA = (d — 1) A we get

(e o]

1
6(Adu) Z D) Ay + A_ugr) + Mo Agw—y + N A_ugga]
=1
It follows that for [ > 1,

1

o (O s = (= D) Aty O N = (d = D) A

Q) =

For the second equation, we have
d(Adu) = dA N du = Apu.

Since Ag maps €2; to QIQ’d for [ > 1, one has
5= Law
2 o
Substituting « and (5 in the Hodge decomposition Adu = da + § proves (A.3). O
Proof of Lemma |A.1]. Since AVug = 0, it is enough to study AVu,, for m > 1.

For d = 3, Lemma |A.3| shows that B(u,,) = *%ﬁAoum where Ay @ Q,, — Q.
Consequently for m # [

v oV 1
(—divV Apuy,, Agw;) = /\—(
!

(B(up), B(w)) = Ay, Agw;) = 0.

1
>\m/\l

Finally let d > 4. By Lemma |A.5| we have B(u,,) = 5;%”/40“’” where Ag : Q,,, — Q%4
On the space Q%¢ corresponding to exact 2-forms, the Hodge Laplacian A, is given
by dd and has eigenvalue p,,. Hence for m # [

1 1
(Ao Agti,, Agw;) = — (Aotm, Agw;) =0

(B(um), B(wi)) = .y 0

using that the eigenspaces for A, having different eigenvalues are L2-orthogonal. This
concludes the proof. 0
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