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ABSTRACT. We study the inverse scattering problem of determining a magnetic field and elec-
tric potential from scattering measurements corresponding to finitely many plane waves. The
main result shows that the coefficients are uniquely determined by 2n measurements up to a
natural gauge. We also show that one can recover the full first order term for a related equation
having no gauge invariance, and that it is possible to reduce the number of measurements if
the coefficients have certain symmetries. This work extends the fixed angle scattering results of
[RS20al [RS20b] to Hamiltonians with first order perturbations, and it is based on wave equation
methods and Carleman estimates.
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1. INTRODUCTION AND MAIN THEOREMS

In this work we study the inverse scattering problem of recovering a first order perturbation from
fixed angle scattering measurements. Let A > 0, n > 2 and let w € S"~! be a fixed unit vector.
Suppose that for m € N, V(x, D) is a first order differential operator with C™(R") coefficients
having compact support in B = {& € R™ : |z| < 1}, the open ball of radius 1. We consider a
Hamiltonian Hy = —A 4+ V(z, D) in R™ and the problem

(Hy = X)ipy =0

(1.1) Yy (z, \,w) = e 4 3y (x, A, w),

where 93,(z, \,w) is known as a the scattering solution. It is well known that in order to have
uniqueness for this problem one needs to put further restrictions on the function 13,. See e.g.
[Yal0] for the following facts. The outgoing Sommerfeld Radiation Condition (SRC for short)

Ory, — iy, = o(r~(=1/2) as 1 — o0,

where r = |z|, selects the solutions that heuristically behave as Fourier transforms in time of
spherical waves that propagate towards infinity. A function 3, satisfying (1.1) and the SRC is
called an outgoing scattering solution. This solution is given by the so called outgoing resolvent
operator

(1.2) Ry(A) := (Hy — (A +1i0)*) 71,
so that, formally,
¥y = Ry(\)(=V(z, D)),
Notice that, assuming that such a solution 13, exists—which would happen if the resolvent is well
defined and bounded in appropriate spaces—it must satisfy the Helmholtz equation
(=A = X\)y3, =0 in R™\ B,
1



2 C. J. MERONO, L. POTENCIANO-MACHADO, AND M. SALO

since the coefficients of V(x, D) are compactly supported in B. It is well known that a solution of
Helmholtz equation satisfying the SRC has always the asymptotic expansion

(1.3) Py (z, N\ w) = e““x||x|_nT_lav()\,9,w) + 0(|x\_112;1), as |z| — oo,

where 0 = |i

o] and ay(\, 0,w) is called the scattering amplitude or far field pattern.
In this setting, the main objective of an inverse scattering problem consists in reconstructing
the coefficients of V(x, D) from partial or full knowledge of ay (), 6,w). Depending on the data

that is assumed to be known we can distinguish several types of inverse scattering problems:

1. Full data. Recover the coefficients of V(x, D) from the knowledge of ay (A, 8,w) for all
(A, 0,w) € (0,00) x S~ 1 x gL,
2. Fized frequency (or fixed energy). Recover the coefficients of V(x, D) from the knowledge
of ay (Ao, 0,w) for a fixed A\g > 0 and all (§,w) € S"~1 x ™71
3. Backscattering. Recover the coefficients of V(z, D) from the knowledge of ay(\, w, —w) for
all (\,w) € (0,00) x S™~1,
4. Fized angle (single measurement). Recover the coefficients of V(x, D) from the knowledge
of ay(, 0, wp) for a fixed wy € S~ and all (A, 0) € (0,00) x S™71L.
In the case of fixed angle scattering it is also interesting to consider analogous inverse problems in
which ay (-, -,w) is assumed to be known for each w in a fixed subset (usually finite) of S7~1.
Let D = —iV. We consider the Hamiltonian

Hy=Ha,=(D+A?+q=-A+2A-D+D-A+A%+gq,

where both the magnetic potential A, and the electrostatic potential ¢ are real. Then Hy, is self-
adjoint, and if A and ¢ are compactly supported, the resolvent is bounded in appropriate
spaces under very general assumptions on the regularity of A and g. This implies that the problem
has a unique solution %3, and hence that the scattering amplitude ay = aa 4 is well defined,
so that the fixed angle scattering problem can be appropriately stated.

In [RS20al [RS20D] it has been proved that for Hy = —A + ¢, knowledge of the fixed angle
scattering data ay(-, -,w) in two opposite directions w = 4wy for a fixed wy € S"~!, determines
uniquely the potential g. The present article extends the results of [RS20al, [RS20Db] to the case of
non-vanishing first order coefficients and proves that from 2n measurements, or just n+ 1 measure-
ments under symmetry conditions, one can determine both the first and zeroth order coefficients up
to natural gauges. To prove these results, we follow the approach used in [RS20b], that is we show
the equivalence of the fixed angle scattering problem with an appropriate inverse problem for the
wave equation. This inverse scattering problem in time domain consists in recovering information
on A and ¢ from boundary measurements of the solution Ua 4 of the initial value problem

(1.4) (0 + Ha,,)Ua 4 =0 in R™ !, Ua.q

{t<—1} = 0t —z-w).
If the support of A and gq is contained in B, the boundary measurements of Uy , are made in the
set OB x (=T, T)N{(x,t) : t > x - w}, where OB denotes the boundary of the ball.

We now describe some previous results on the inverse scattering problem of recovering a potential
q(z) from fixed angle measurements. As discussed above, this problem can be considered in the
frequency domain, as the problem of determining ¢ from the scattering amplitude a,4( -, -, w) for the
Schrédinger operator —A + ¢ with a fixed direction w € S"~1, or alternatively in the time domain
as the problem of recovering ¢ from boundary or scattering measurements of the solution U, of the
wave equation. The equivalence of these problems is discussed in [RS20Db] (see [Me95) [Uh01l, IMU]
for the odd dimensional case).

The one-dimensional case is quite classical, see [Malll, [DT79]. In dimensions n > 2 uniqueness
has been proved for small or generic potentials [St92] [B+20], recovery of singularities results are
given in [Ru0Il [Mel8|, and uniqueness of the zero potential is considered in [BM89]. Recently in
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[RS20a), [RS20b)] it was proved that measurements for two opposite fixed angles uniquely determine
a potential ¢ € C°(R™). The problem with one measurement remains open, but [RS20al, [RS20D)]
prove uniqueness for symmetric or horizontally controlled potentials (similar to angularly con-
trolled potentials in backscattering [RUI4]), and Lipschitz stability estimates are given for the
wave equation version of the problem. We also mention the recent work [MS20] which studies
the fixed angle problem when the Euclidean metric is replaced by a Riemannian metric, or sound
speed, satisfying certain conditions, and the upcoming work [KRS20] which studies fixed angle
scattering for time-dependent coefficients also in the case of first order perturbations.

We now introduce the main results in this work. Since the metric is Euclidean, the vector
potential A can equivalently be seen as a 1-form A = AJ dx;. We denote by dA the exterior
derivative of A. Let {e1,...,e,} be any orthonormal basis in R™. Our first result shows that the
magnetic field dA and the electrostatic potential ¢ are uniquely determined by the knowledge of
the fixed angle scattering amplitude aa 4( -, -,w) for the n orthogonal directionsw =e;, 1 < j <n
and the n opposite ones, w = —e;. From now on, in this paper we will fix m to be the integer

3 3
(1.5) m:§n+10 if n is even, mzi(n+1)+10 if n is odd.

In general we consider A € C™T2(R™;R") and ¢ € C™(R™;R). This is required in order to
guarantee that the solutions of ([1.4)) satisfy certain regularity properties.

Theorem 1.1. Let n > 2 and Ao > 0, and let {e1,...,e,} be any orthonormal basis in R™.
Assume that the pairs of potentials A1, Ay € CTT2(R™;R") and ¢1,q2 € C™(R™;R) are compactly
supported in B. Assume also that the following condition holds:

(1.6) / en - Ak(z1,...,2n-1,5)ds =0 fork =1,2 and for every (z1,...,Tp—1) e R L.

If for all € S™ ! and A > Ao we have
aa,,q (A0, te;) =an, (N, 0,xe;) forallj=1,...,n,
then dA, = dAs and q; = q».

The condition is a technical restriction necessary to decouple the information on ¢ from the
information on A at some point in the proof of this uniqueness result.

In Theorem [I.T]one cannot recover completely the magnetic potential A due to the phenomenon
of gauge invariance. This consists simply in the observation that if Ha ,u = v for some functions u
and v, then Ha yvy,q (e7u) = e/v, for any f € C*(R™). Therefore if f is compactly supported,
the scattering amplitude is not going to be affected by f, so that aa ; = aat+vy,q On the other
hand if we consider Hamiltonians

Havy:=-A—2iA-D+V,

where V is a fixed function, then the gauge invariance is broken and knowledge of the associated
scattering amplitude aa v (-, -,w) for the 2n directions w = +e; determines completely A.

Theorem 1.2. Let n > 2 and Ao > 0, and let {e1,...,e,} be any orthonormal basis in R™.
Assume that Ay, Ay € CT"T2(R™;R"™) and V € C™(R"™; C) have compact support in B, and that
the Hamiltonians Ha, v and Ha, v are both self-adjoint operators.

If for all € S™ ! and A > Ao we have

&Ahv()\,@,:l:ej‘) = éAQ,V(x\,o, :I:ej) forallj=1,...,n,
then A1 = As.
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Notice that in this statement is not assumed. This is related to the fact that V is fixed, so
it is not necessary to decouple V' from A in the proof. Similarly, if A is a fixed vector potential,
it would be possible to determine ¢ from the knowledge of aa 4(-, -, +w) for a fixed w € S"~1.
In both the previous theorems we have considered an orthonormal basis {ey,...,e,} of R” in
order to simplify the notation and computations in some parts of the arguments, but we remark
that our proofs can be easily adapted to allow non-orthonormal directions of measurements. Also,
in both theorems the measured quantities are the scattering amplitudes generated by 2n waves
incoming each one from one of the 2n different directions e;. Given e;, one can avoid the need
of sending a wave also from the opposite direction —e; provided the potentials satisfy certain
symmetry properties. As an example of this phenomenon we state the following result.

Theorem 1.3. Let n > 2 and A\g > 0, and let {ey,...,e,} be any orthonormal basis in R™.
Assume that the pairs of potentials A1, Ay € C™T2(R™;R") and q1,q2 € CT(R™;R) are compactly
supported in B and satisfy (|1.6]). Assume also that

(1.7) Ap(—x) = —Ag(x), for k=1,2.
If for all € S"~1 and A\ > \g we have
aa,,q (M6 ej) =aa, g, (N 0,e;) forallj=1,...,n—1, and
aa,q (N0, te,) = aa, g, (A 0, Eey,),
then dA, = dAs and q1 = qo.

We assume that aa, g, (A, 0,w) = aa, (A 0,w) for w = +e, instead of just w = e, since we
have not considered any symmetry on the potential ¢ (a result assuming symmetries on ¢ to
reduce further the data could also be proved modifying slightly the arguments used to prove this
theorem). We also prove in time domain a more technical result analogous to Theorem that
requires just n measurements instead of 2n, and that is compatible with less restrictive symmetry
conditions than (see Theorem [5.1| below).

As already mentioned, the previous theorems follow from corresponding results for the time
domain inverse problem (Theorems and respectively). We now state the precise result
that establishes the equivalence between the inverse scattering problem in frequency domain and
the inverse scattering problem in time domain, extending the results in |[RS20b] to first order
perturbations.

Theorem 1.4. Let n > 2, w € S"~1 and Ao > 0. Assume that A;, Ay € CT2(R";R") and
q1, 92 € CI"(R™;R) are supported in B. Fork = 1,2, let Ua, g4, (x,t;w) be the unique distributional
solution of the initial value problem
(8752 + (D + .A/c)2 + qk)UAMk =0 in Rn+1, Ua,.q |{t<—1} =0t—=z- OJ).
Then one has that
an,.g (N 0,w) = aa, (N, 0,w) for A>Xg and 6 € S,
if and only if
Ua, g (@, t;w) =Uay g, (2, t;w) for all (z,t) € (OBxR)N{t > z-w}.

We remark that the restriction of the distribution Ua, 4, to the surface 0B x R is always well
defined and vanishes in the open set (OB x R) N {t < 2 -w}. This can be seen from the explicit
formula for Ua, 4, that we will compute in section [2]

The proof of the main results in time domain is based on a Carleman estimate method introduced
in [RS20al, [RS20b], which in turn adapts the method introduced in [BK8&1]. See [IY01], K113, BY17]

for more information and references on the Bukhgeim-Klibanov method, and [CST1) [H+19] for its
use in inverse boundary problems for the magnetic Schrédinger operator.
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Essentially, the Carleman estimate is applied to the difference of two solutions of . The
general idea is to choose an appropriate Carleman weight function for the wave operator that is
large on the surface {t = x - w} and allows one to control a source term on the right hand side of
the equation. Then one needs an additional energy estimate to absorb the error coming from the
source term. This will allow one to control the difference of the potentials A; — As or ¢ — ¢o.
This step is the key to get the uniqueness result. Unfortunately, after doing all this, there is
a remaining boundary term in the Carleman estimate that cannot be appropriately controlled.
However, this term can be canceled using an equivalent Carleman estimate for solutions of the
wave equation coming from the opposite direction. This is why we require 2n measurements to
recover n independent functions instead of just n measurements. Assuming symmetry properties
on the coefficients like in Theorem is essentially an alternative way to get around this difficulty.

An interesting point in the proof of the time domain results is how one decouples the information
concerning A from the information on g. The method used here consists in considering the solutions
of the initial value problem

(1.8) (0 + Ha,,)Ua 4 =0 in R™!, Ua.q

where H stands for the Heaviside function. Since is essentially the time derivative of the
previous IVP, it turns out that it is equivalent to formulate the inverse scattering problem in time
domain using any of these initial value problems. The advantage is that the solutions of
contain information only about A at the surface {t = x - w}. By using these ideas, we are able
to estimate both A; — As in terms of ¢ — ¢ and ¢; — g2 in terms of A; — As. Using these two
estimates in tandem allows us to recover both the magnetic field and electric potential under the
assumption (1.6)).

This paper is structured as follows. In Section [2| we state the time domain results, Theorem
and Theorem from which Theorems and follow by Theorem We also analyze
the structure of the solutions of the initial value problems and and we state several of
their properties that will play an essential role later on. In Section [3| we introduce the Carleman
estimate and in Section [d] we combine the results of the previous two sections to prove Theorems
23 and 2:2] In the last section of the paper we state and prove Theorems [5.1] and [5.2] in order to
illustrate how the number of measurements can be reduced in time domain by imposing symmetry
assumptions on the potentials (Theorem follows from the second result). The proof of Theorem
is given in Appendix [A] and Appendix [B]is devoted to adapting several known results for the
wave operator to our purposes.

{t<—1} = H(t -2 w),
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2. THE INVERSE PROBLEM IN TIME DOMAIN

Main results in time domain. Let w € S"~! be fixed. In the time domain setting we consider
the initial value problem

(2.1) (0F + Hy)Uy =0 nR™™,  Up|pery =6(t — 7 w),

where 0 represents the 1-dimensional delta distribution and Hy, = —A + V(x, D) . Formally, the
problem is the Fourier transform in the time variable of . As we will show later in this
section, there is a unique distributional solution of Uy, if the first order coefficients of V are in
Cm+2(R™) and the zero order coefficient is C™(R™), for m as in (L5).
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The inverse problem in the time domain consists in determining the coefficients of V from certain
measurements of Uy at the boundary OB x (—T,T) C R**! for some fixed T' > 0. To simplify the
notation we define

Y :=0Bx (-T,T).
From now, depending on the context, it will be useful to write the Hamiltonian Hy, both in the
forms

(2.2) Ha,=(D+A)?+q,
and
(2.3) LW,V =—-A+2W - -V +V,

where A, W € C"+2(R"C") and ¢,V € C™(R";C). Since the coefficients have high regu-
larity and are complex valued, both forms are completely equivalent, but the first notation is
specially convenient in the cases where there is gauge invariance. In fact, this inverse problem
has an invariance equivalent to the gauge invariance present in the frequency domain problem. A
straightforward computation shows that if U is a solution of

(0f + HA,)U =0 inR™', Ulye1y =6t — 2 w),
then U = e~/U is a solution of
(0 + HA—&-Vf,q)ﬁ =0 inR"*, ﬁ|{t<—1} =0t -z w),
where f is any C?(R") function with compact support in B. The initial condition satisfied by U is
not affected by the exponential factor e~/ since for t < —1 the distribution §(¢ — - w) is supported
in {x-w < —1}, a region where f vanishes. On the other hand we also have that Uly = Uly since
the support of f is contained in B. Hence, at best one can recover the magnetic field dA from the

boundary data Ulyx. We now state two uniqueness results for the inverse problem that we have
just introduced.

Theorem 2.1. Let A1, Ay € CT2(R™;C") and q1, g2 € C™(R"; C) with compact support in B
and such that

o0
/ en-Ap(21,..., 00 1,8)ds =0 fork=1,2, and all (21,...,2, 1) € R"1.
— 0o

Also, let 1 < j < n and consider the 2n solutions Uy +;(x,t) of

(2.4) (07 + (D + Ak + qu)Ukaj = 0 in R™ Uy ajlic 1y = 0(t — £a5).

If for each 1 < j < n one has Uy +; = Us 1, on the surface ¥ N {¢t > £z}, then dA; = dA, and
q1 = q2.

As in the introduction, we highlight that the restriction of the distribution U; +; to the surface ¥
is well defined and vanishes in the open set ¥ N {t < +z;}, see the comments after Proposition
for more details. Theorem [T.1] follows directly from this result and Theorem On the other
hand, if we fix the zero order term to be always the same, then the gauge invariance disappears

and one can recover completely the first order term of the perturbation. To state this result we
use the Hamiltonian in the form ([2.3)).

Theorem 2.2. Let Wi, Wy € C"2(R";C") and V € C™(R";C) with compact support in B.
Let 1 <j <nandk =1,2, and consider the corresponding 2n solutions Uy, +; satisfying

(2.5) (8? —A+2W, -V + V)Ul@ij =0, in Rn-H, Uk,ij‘{t<—1} =4(t — ixj).
If for each 1 < j < n one has Uy +j = Us 1; on the surface ¥ N {t > +x;}, then W; = W,
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As in the previous case, Theorem follows from Theorem [2.2) with W), = —iA}, and Theorem
To see this, notice that for k = 1,2 the Hamiltonians flAk,V in Theorem satisfy ﬁAk,v =
(D+ AR)? +qp for g =V — A% — D - Ai. And since by assumption Ay is real and HAk,V is
self-adjoint, ¢, must be a real function. This means that the conditions required to apply Theorem
[[4] are satisfied.

In Theorem one needs 2n measurements to obtain the unique determination of the first
order coefficient W. The number of measurements in Theorem [2.1] stays the same even if one now
also proves the unique determination of ¢. This is due to the gauge invariance phenomenon, since
now one uniquely determines just the magnetic field dA and not the first order term A. In fact,
in the uniqueness proof, gauge invariance reduces one degree of freedom in the first order term by
making it possible to choose a gauge in which the nth component of A; — A, vanishes (as we shall
see later on, the fact that the solutions Uy 4, coincide at ¥ N {t = £z, } guarantees that there are
no obstructions for this gauge transformation).

The direct problem. In order to prove the previous theorems we need to study the direct problem
(2.1) in more detail. Let w € S"~1. Assume W € C™2(R";C") and V € C™(R;C), and consider
the initial value problems for the wave operator

(2.6) (8152 + Lw)v)Ug =0in Rn+1, U5|{t<,1} =4(t—z-w),
and
(2.7) (0f + Lw,v)Un = 0in R" Upylyey = H(t — 2 w),

where Ly y was defined in . As mentioned in the introduction, the reason we also consider
the second equation is that the d-wave Us and H-wave Uy contain equivalent information about
W and V (see Proposition below), but H-waves decouple the information on W from the
information on V.

To study and , it is convenient to use certain coordinates in R™ associated to the fixed
vector w. Specifically, we take any orthonormal coordinate system such that, for x € R™, we have
x = (y,z) where y € {w}* (identified with R"~1) and 2z = z - w.

For a fixed T > 7, it will be helpful to introduce the following subsets of R"™! (see Figure [1)):

Q:=Bx (-T,T), ¥:=0Bx (-T,T),
28) Qi=QN{£(t-2)>0},  Sai=SN{k(t-2) >0},
[:=QnN{t=z}, Fip:=QN{t==+T}.

We now give a heuristic motivation of the existence of solutions Us and Uy of and .
For the interested reader we give a proof in Section of the properties that we now state, by
means of the progressing wave expansion method. We start by making the ansatz of looking for
possible solutions of and in the family of functions satisfying

U(ya Z,t) = f(yv Zat)H(t - Z) + g(y7 2, t)(S(t - Z)a

where f(y,2,t) and g(y, 2,t) are C? functions in {t > z}. A straightforward computation shows
that

(07 + Lwv)U = [(87 + Lw,v)f] H(t - 2)
(2.9) + [(0F + Lw,v)g + 20, + 0. —w - W) f] 6(t — 2)
+2[(0 + 0, —w - W)g] 010(t — 2).

In the case of equation (2.7)) to satisfy the initial condition we need to have f = u where u is a
function satisfying u(x,t) = 1 for all t < —1, and g(z,t) = 0 for all (z,t) € R**L. Then (2.9)
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FIGURE 1. The regions @, Q4+ and I'.

implies that u must satisfy

02+ L u=20 in {t> =z},
(2.10) (07 + Lw,v) . {t> =z}
O+ 0,u—w-Wu=0 in {t=2z}.
The unique solution of the last ODE is

u(y, z,2) = el S0 wW2)ds,

since it has to satisfy the initial condition u(y, z,2) = 1 for z < —1. We now state this and further
results about the solution of (2.7)).

Proposition 2.3. Let w € S"~! be fixed. Let W € C™*2(R*;C") and V € C™(R";C). Define

0
(2.11) P(x) = / w- W(z + sw) ds.

There is a unique distributional solution Up(z,t;w) of (2.7), and it is supported in the region
{t > x - w}. In particular,
Ug(z,t;w) =u(z, ) H(t — x - w),

where u is a C? function in {t > x - w} satisfying the IVP

(0 + Lw.v)u=0 in {t>z-w},
(2.12) u(z,z - w) = e¥@

u(z,t) =1 in {zx-w<t<-—-1}.
Notice that the boundary value of u at {t = = - w} depends only on W and not on the zero order
term V.

We now study the solutions of (2.6). In this case we have to consider (2.9) with ¢ = 1 for
t < —1, and f = v where v is a function satisfying v(z,t) = 0 for ¢ < —1. Then the following
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conditions must be satisfied:

(0} 4+ Lwyv)v=0 in {t> 2},

(2.13) dv+0.v—w-Wo=-1/2(0} + Lwv)g in {t=2z},
g+ 0.9 —w-Wg=0 in {t=z},

Ou(010) +0-(019) —- W(Dhg) = (=2,

The last two conditions are required so that [(0; + 0. —w - W)g] 8;6(t — z) vanishes completely in
all R"*! as a distribution. As in the case of , the third ODE and the initial condition imply
that
gy, 2,2) = e? ) = /e wWs)ds

and in fact we are going to choose g(y, z,t) = e?¥2) for all (y, z,t) € R**'. We can freely do this:
91(y, 2, t)0(t — 2) = g2(y, 2,0)0(t — 2) iff g1(y, 2,2) = g2(y, 2, 2). Also, the previous choice implies
that 9,9 = 0, so that the last condition is satisfied too. Computing explicitly Lw v (g), the second
equation in becomes the ODE

v+ 0,0 —w-Wo = —%ed’(—Aw — | VY +2W - V¢ + V) in {t =z},

with initial condition v(y, z,z) = 0 if z < —1. The unique solution is then

z

v(y,z,2) = —%ew(y’z) / [—Aw — |V]? +2W - Vo + V] (y,s)ds.

—0o0
We state this rigorously in the following proposition.
Proposition 2.4. Let w € S"~! be fixed. Let W € C"2(R™;C") and V € C(R"; C). Consider

¢ as in (2.11)). There is a unique distributional solution Us(x, t;w) of (2.6)), and it is supported in
the region {t > x - w}. Moreover

(2.14) Us(z,t;w) = v(z, ) H(t — 2 - w) + e?@§(t — 2 - w),
where v is a C? function in {t > x - w} satisfying
(0} + Lwv)v =0 in {t>z-w},
(2.15) v(z,r - w) = F(x),
v(z,t) =0 in {v-w<t< -1},

with

0
F(z) = 7%61#(1)/7 [7A1/,f |V¢|2+2W~V¢+V] (z + sw) ds.

One of the consequences of the formula is that the restriction of Us(x,t;w) to the surface
> is well defined. This essentially follows from the fact that the wave front set of the distribution
0(t — z - w) is disjoint from the normal bundle of ¥. We emphasize that Us satisfies the initial
condition Us|(;«_13 = 0(t — = - w), even if it does not look that way at a first glance. This is due
to the fact that when ¢ < —1 the distribution 6(¢t — x - w) is supported in {z - w < —1}, a region in
which 1 vanishes. Therefore

VOt —z-w) =0t —x-w) fort<—1.
As mentioned previously, for more details about the proofs of Propositions [2.3] and [2:4] see Section
We remark that the condition (|1.5)) on the regularity of the coefficients appears in the proofs
of these propositions in order to have C? solutions u and v of (2.12)) and (2.15).

An important fact later on is that the solutions of (2.6) and (2.7) satisfy that 0,Ung = Us. This
is consequence of the independence of V and W from ¢ together with the uniqueness of solutions
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for both equations. Of particular relevance for the scattering problem will be that this equivalence
also holds for the boundary data: knowledge of Ug|s , gives Us|s . and vice versa.

Proposition 2.5. Let W € C7"+2(R*;C") and V € C™(R";C), and let w € S"~! be fixed. If
Us and Uy are, respectively, the unique distributional solutions of and , then one has
that 0:Uy = Us in the sense of distributions. In fact, it also holds that v(z,t) = Owu(x,t), so that
(2.14) can be written as

(2.16) Us(z,t;w) = (Qpu(x, t))H(t — 2 - w) + u(z, t)d(t — x - w).
Specifically, if 1 is given by (2.11|) we have that

t
(2.17) u(z,t) = / v(z,7)dr +e¥ D fort>x-w.

W

Notice that the previous identity holds in particular for every x € 9B, so we can write that
t
(2.18) uls, (z,t) = / vz, (2, 7)dr + @ for (x,t) € B,

Proof of Proposition[2.5. Since W and V are independent of ¢, we can take a time derivative of
both sides of (2.7). This implies that 0,Uy satisfies
(07 + Lwv)0 Uy =0 R"™ . 9,Up|qi<—1y =6(t — 2 - w).
Computing explicitly 0;Up, we get
WU (z,t;w) = (Opu(x,t)H(t — v - w) +u(z,t)0(t — z - w).
Proposition implies there is a unique distributional solution of (2.7)), and hence 8, Uy = Us.
Then O;u = v. We also get that u(x,z - w) = e¥, but we already knew this from Proposition

Therefore (2.16)) holds true. Identity (2.17) follows directly by the fundamental theorem of
calculus. g

As an immediate consequence of identity (2.18]) we get the following lemma.

Lemma 2.6. Let W1, Wy € CT2(R™";C") and V4, Vs € C™(R";C). For k =1,2 and w € S"71,
consider the solutions Ug , and Uy of

(O+2Wy, - V+Vi)Unp =0, nR"™ Upplyey = H(t —2-w),
and
(O+2Wy, - V+Vi)Usy, =0, mR"™, Usplpco1y =6(t — 2 - w).

Then Ugy =UgoinEN{t >z -w} ifand only if Usy =Usa in XN {t > z-w}.

Energy estimates. To finish this section we state three different estimates related to the wave
operator that will be useful later on. They are analogues of the estimates given in [RS20al, Lemmas
3.3-3.5], modified in order to account for the presence of a first order perturbation not considered
in the mentioned paper. For completeness we have included the proofs in Section [B:2] The first

two lemmas will be used to control certain boundary terms appearing in the Carleman estimate.
We denote by Vra the component of Va tangential to T'.

Lemma 2.7. Let T > 1. Let W € L*(B,C") and V € L*(B,C). Then, the estimate

lollz@yy + IVa el 2y
Sllallaiey + IO +2W -V +V)alrzq,) + llallais,) + 10l s,
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holds tru for every o € C*(Q..). The implicit constant depends on |W||p=(p), [|V||L=(p) and

Lemma 2.8. Let T > 1. Let W € L>°(B,C"), V € L>*(B,C) and ¢ € C?(Q,). Then, there is a
constant oy > 0 such that the following estimate

219 o[le?®alf2a () + €7 Vral2ary S 0lle?Call2a (g, ) + o le”Varal2aq,
+ Heo(b(D +2W -V + V)al‘%z(@r) + 02”eg¢a|‘%2(2+) + ||€U¢Vz,t0¢||%2(z+)a
holds for every o € C’°°(6+) and for every o > 0. The implicit constant depends on ||¢HCQ@+),
IWilLe(m), [VllLe<(s) and T.

The following lemma will be used to show that the normal derivative at ¥ of a solution of the

free wave equation outside the unit ball vanishes at >, provided that certain extra conditions are
met. Here v denotes the unit vector field normal to .

Lemma 2.9. Let T > 1. Let a(y, z,t) be a C? function on {t > 2} satisfying
Oa=0 in {(y,z,t): |(y,2)| >1,t> z},

(2.20) O+ 0.)aly,z,2) =0  in {|(y,2)| >1,¢t=2z},

a(y,z,t) =0 in {z<t<-1}.

Assume that on the region |(y,z)| > 1 we have
0, if Jyl=1,

(2.21) aly,z,2) =<0, if |y| <1, and z < —y/1—y|?,
Bly), if |yl <1, and z> /1~ y?,

for some 3 € C?(R"~!) compactly supported on |y| < 1 — ¢, where ¢ € (0,1). Then

||6V(XO4)HL2(Z+) S 5_1/2||X||Cl (||O‘||H1(E+) + H04||H1(z:mr)) )

for any function x € C*! (@+) The implicit constant depends on T'.

3. THE CARLEMAN ESTIMATE AND ITS CONSEQUENCES

In this section we are going to apply a suitable Carleman estimate in order to be able to control
the difference of the potentials with the boundary data. For this purpose we adapt a Carleman
estimate for general second order operators stated in [RS20b, Theorem A.7]. The trick is to choose
an appropriate weight function to obtain a meaningful estimate for the wave operator.

First, take any ¢ € R™ such that || = 2 and consider the following smooth function,

(3.1) n(y, z,t) := v —9)* — i(t—z)Q.

The weight in the Carleman estimate is going to be the function ¢ = e for some A > 0 large
enough. This choice is made in order to have several properties. On the one hand we want ¢ to be
sufficiently pseudoconvex so that the Carleman estimate holds for the wave operator. On the other
hand, we want ¢ to decay very fast when ¢ > z in order to deal with certain terms appearing in
the Carleman estimate (see Lemma below and its application in the proof of Lemma. And
finally, since the z coordinate is going to be determined by the direction w of the traveling wave,
we require the restriction of ¢ to the surface {t = z} to be independent of w (or in other words,

1Throughout the paper we write a < b or equivalently b 2 a, when a and b are positive constants and there exists
C' > 0 so that a < Cb. We refer to C' as the implicit constant in the estimate.
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dependent on x but independent of the choice of coordinates x = (y, z)). This is of great help since
we recover A combining measurements made from waves traveling in different directions.

In order to state the Carleman estimate we fix an open set D C {(z,t) € R"*! : |z| < 3/2} such
that @ C D (recall the notation introduced in )

Proposition 3.1. Let ¢ = e for A\ > 0 large enough. Let Q C D be any open set with Lipschitz
boundary. Then there exists some oy > 0 such that

a/ 620¢(|Vu|2+02\u|2)dx+0/ ZVjEj(x,URe(u),VRe(u))dS
Q 29 525

—1-0/ Zquj(x,UIm(u),VIm(u))dS§/62”¢|Du|2dx
o Q
7=0

holds for all u € C?(Q) and all ¢ > o¢. The implicit constant depends on n, A\, and €. Here v is
the outward pointing unit vector normal to 0}, and for real v and 0 < j < n, EJ is given by

(3.2) E(x,0e 7%0, V(e %)) = —0;0(|V,0|* — 0pv?)
—020;0(|V20* — 9;6*)v* — 20,0(Vyv - Vo — 00049) — g(x,t)0;v0,

where g is some real valued and bounded function independent of o and v (here the index 0
corresponds to t, so that dy¢ = O1).

Proof. Since [h is real if h is a real function, the statement follows from applying Theorem A.7 of
[RS20b] to the real and imaginary parts of u, and then adding the resulting estimates. However,
to apply the mentioned result, one needs to verify that ¢ is strongly pseudoconvex in the domain
D with respect the wave operator [J. The reader can find the precise definition of this condition
in [RS20b, Appendix]), though it is not necessary for the discussion that follows.

Denote by (&, 7) € R"™! the Fourier variables corresponding to (x,t), where ¢ € R™ and 7 € R.
It can be proved that a function ¢ = e will be strongly pseudoconvex for A > 0 large enough
provided 7 satisfies certain technical conditions. By Propositions A.3 and A.5 in [RS20b], these
conditions are the following: one needs to verify that the level surfaces of n are pseudoconvex with
respect to the wave operator [, and that |(V,n)(z,t)| > 0 for all (x,t) € D.
In our case, the second property is immediate since || = 2 implies that |z —9|? has non-vanishing
gradient in D. The reader can find in [RS20b, Definition A.1] a precise definition of the first
property. For the purpose of this work it is enough to use that the level surfaces of a function f
are pseudoconvex w.r.t. (] in a domain D if for all (z,t) € D and (§,7) € R*H!

(33)  TPORf —27E-VauOf+ Y &k 0%f >0 when 77 = [¢|? and 70,f — £ - Vo f =0.
k=1
(notice that 72 — |¢|? is the symbol of the wave operator).
We now consider f given by

£y 2,8) = 5 ble — 9 — (= 2)?),

where || = 2 and b > 0. Here we are using the orthonormal coordinates (z,t) = (y, 2,t), y € R*~1
introduced previously. Let ((, p,7) € R"! x R x R be the Fourier variables counterpart to (y, z,t).
A straightforward computation with j,k = 1,...,n — 1 and 9; = 9,,, shows that the only non-
vanishing second order derivatives of f are

02f = —1, 8?kf:b6j’k, Pf=b—-1, 0Lf=1,
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Then, in particular, (3.3) is verified if we show that
(3.4) — 724 bC]P+ (b—1)p* —27p >0, whenever 7% = |(|* + p°.

Note that both conditions are homogeneous in the variables ({, p,7), so it is enough to study the
case 7 = 1. Thus (3.4) becomes

—14b+(b-2)p*—2p>0 for —1<p<1.

It is not difficult to verify that for b > 3 this inequality always holds. This proves that for b = 4
the level surfaces of f are strongly pseudoconvexr with respect to [, and therefore, the same holds

for n = % f
To finish, we mention that precise formula (3.2) of the quadratic forms FE; is computed in detail
in [RS20D, Section A.2]. O

In the following lemma we prove a couple of properties of the weight ¢ that will be important
later in order to show that some terms appearing in the Carleman estimate are suitably small in
the parameter o.

Lemma 3.2. Let ¢ € R™ with |¢| = 2, and n as in (3.1). Then, the following properties are
satisfied for any T > 7:

i) The smallest value of ¢ on T is strictly larger than the largest value of ¢ on I'_p UT'p.
ii) The function

T
k(o) = sup / 20 (P2 )=9(y:2,2)) gy
(v,2)€BJ-T

satisfies that lim k(o) = 0.
g—00

Proof. Let no(y, z) := |v — 9|2, For the first assertion it is enough to prove that

12 .
max MM T(72)7) < pin Mo,
T_pUlp T

for T large enough, since n(y, z,z) = no(y, z). Observing that |(y,2z)| < 1 in I and I'yp, the
previous inequality will hold if
1
— mi —(T —1)?

mgxno ménn0< 4( ) s
and since maxp 19 — ming 19 = 8, this is true for any T° > 7. This yields the first assertion. To
prove the second assertion we are going to use the following inequality

1—e™® >min{l/2,s/2}, s>0.

Since e > 1 always, we have

69,2 2) = Bly, 1) = 0 (1 e FED) 21— 302 >

min{l,i(t—z)z},

T T T—z
0< / 620(¢(y,z,t)—¢(y,z,z))dt < / e min{l,%(t—z)Z}dt < / e~ min{l,%tz}dt
=T -T —T—z

< /T+1 e—amin{l,%tz}dt.

T Jora

N | =

and hence, since |z| < 1,

By the dominated convergence theorem, the last integral goes to zero when ¢ — oo, and therefore
lim k(o) = 0. This completes the proof. O

T —r 00
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We now adapt the Carleman estimate of Proposition [3.1] to our purposes. First, define
do(,9) i= eXNo=0T,

for x € R™ and |9| = 2, so that ¢(y,z,2) = ¢o(y,%). From now on it is convenient to use the
notation

Z::8t+6z, N::@t—az.

We are interested in applying Proposition for Q = Q4. The boundary of Q4 is composed of
the following regions: 0Q+ = T'UXL UT' 1. We are going to use the precise formula (3.2)) only in
I', where in fact an explicit computation yields that

(3.5) > viE (z,0e7 7%, V(e %)) = 4(N¢)((Zv)* + 0*(Z¢)*v?)
j=0
+2(Z¢)(|Vyol* = a?[Vy6*v?) — 4(Z0)(Vyv - Vy¢) — 2(Zv)gu

for any real function v € C?(Q,) (for a detailed derivation of this formula see [RS20b, Section
A.2]). The important thing about this identity is that it does not depend on Vv but just on Zv
and V,v, which are derivatives along directions tangent to I'.

The following lemma is the consequence of the Carleman estimate in Proposition that is
relevant for our fixed angle scattering problem. It is an analogue of [RS20b, Proposition 3.2]
adapted to the case of magnetic potentials.

Lemma 3.3. Let T > 7 and w € S"™!, and let ¢o(x,9) be as above. Assume that

(3.6) (O+2E+ -V + fo)ws(z,t)] S |AL(2)| + |ge(x)| forall (z,t) € Q4,
and that
(3.7) (O + 0. —w-Eix)wi| 2 |he(z)| forall (z,t) €T,

hold for some vector fields Ex(x), Ay(x) in C(R™;C"), some functions fi(x),hy(x),q+(x) in
C(R™;C), and wy(z,t) in C*(Q4). Then there is a constant ¢ > 0 such that, for o > 0 large
enough,

(3.8) ZH@”‘i’OhiH%Z(B) S US@CU”er —w_| gy ([wellzr @y + o= |mr))
+

900 Y (le® AslFam + 67 axFa)) + 0% 3 (sl sy + 1002 sy
+ +

where v is a positive function satisfying (o) — 0 as 0 — oco. The implicit constant is independent
of o, ¥ and w~.

We remark that, since the functions ¢g(x,d) and hy(x) are independent of ¢, the norms
|e“%0hy || 2(p) and ||e??hy ||r2(r) are equivalent. The same holds for A4 (z) and g4 (z).
In the proof of the lemma it will be useful to introduce the notation

(3.9) Fi(z,0u,Vu) := e 29?7 (z,0Re(u), VRe(u)) + e 200 pi (z,0Im(u), VIm(u)).

We remark that F7 depends on the function g in Propositionwhich could in principle be different
in the domains @ and Q_, but as discussed in [RS20b, footnote 1 in the proof of Proposition 3.2]
we can choose g to be the same both in Q4 and @_.
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Proof. We first apply Proposition with Q = Q4 C D. To simplify notation we use w, A, E,
q, and h instead of wy, Ay, Ey, ¢4, and hy. For o > 0 large enough, Proposition and (3.9)
yield the estimate

03||e”¢w||2L2(Q+) + O'|‘€U¢Vw||2L2(Q+) + U/aQ e* O Fi(x, 0w, Vw)r; dS < He"d’DwHQLz(QJr),
+

where to shorten notation, we are temporarily adopting the convention that F7v; stands for
Z?:o FJv;. Since E and f are bounded, a direct perturbation argument (one can absorb the

extra terms in the left hand side for o large enough) allows to obtain from the previous estimate
that

03||e"¢w||2L2(Q+) + aHeUd’Vw||2L2(Q+) + U/BQ e*Fi(x, ow, Vw)v; dS
+
Sle?®(0+2E-V + f)w||2L2(Q+)a

for o large enough. Then, since 0Q+ =T UX UT'r we have

(3.10) 03||e"¢w||2L2(Q+) + a\|e‘7¢VwH2L2(Q+) + U/Fe%‘ij(x, ow, Vw)v; dS
S 7@+ 2E -V + flwlzq,) + o’ le”®wliais, orp + ole?Vwll7zs, ury)-
The energy estimate in Lemma [2.8] yields
a?||ePwl|7a ) + €7 Vrwl|fzr) S o®lle”wlZz g, )
+ 0”ea¢vw”%2(Q+) +le”?(@+2E-V + f)w||i2(c;)+) + U2||€a¢w||%2(z+) + HGWVWH%?@”'

Combining this estimate with (3.10) gives

(3.11)  ?[le”®w|F2ry + le”*Vrw|Zz ) + 0/ e FI (2, ow, Vw)v; dS
r
S 7@+ 2E -V + flwlFzq,) + o’ le”®wlizis, orp + ol Vwlliz s, ury)-
For the terms over I'r, using the energy estimate in Lemma one has

||w||%2(rT) + va”%z(m) S Hw”%l(l‘) + (B +2E-V + f)w”%z(QJr) + ||w||%2(2+) + ||Vw||%2(2+)
(3.12) SllwllFn ey + 1Az w) + llall7emy + lwlZas, ) + 1wl7s, ),

where in the last line we have used (3.6)), which implies that
(O +2E -V + flulisq,) S 1AL m) + ldllias) S IANZ:w) + lallZm),

since A and ¢ do not depend on t. We now multiply (3.12) by ¢’ *"Prr . Then by Lemma one
can use in the right hand side that supr, ¢ <infr ¢ — ¢ for some 6 > 0. This gives

: —26
USHGWIUH%%PT) +O'H6U¢V’W||:£2(1“T) Sole? U(”ewwH%{l(r) + ||60¢AH%2(1") + Hem‘ﬂﬁﬁ(r))

+ %7 Prr ¢(H€U¢w||%2(z+) + |\€U¢3uw||2L2(z+))-
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Inserting this estimate in (3.11)), and taking o large enough to absorb the term o3¢ =297 ||e”¢w|\§{1(r)
on the left, yields
(3.13)
e e+ e Vewl o +o [ 0P @0u, Vu, dS < e7(0+2E-V+ ol
r

+ 0% ([l Alary + lle”alEay ) + e (lullfae,) + IVwlia,)) -
By (3.7) we can relate the left hand side of the previous inequality with A using that
le”hll7a) S e7%(Z — w - B)wl|[fa ),
and that for o large enough
1e7%(Z — w - E)wl[f2ry S 0®le”wl|Fa(ry + €7 2wy < o?le”PwlTa) + 17 Vrw| .-

Inserting these two estimates in (3.13]) gives
(3.14) ||e”¢h\|%2(F) + 0/1“620¢Fj(x’ ow, Vw)r; dS < ||e”?(0+2E -V + f)W||%2(Q+)

+ 0% (e Al aqry + leal3aqry ) + 0% (Iwlfem,) + IVwlias,) ) -
By (3.6) and Lemmawe have
67O+ 2B -V + fullBe,) S €7 Al g, + leall3zq,)
S #(0) (7 Al + lleallfqry )

where k(o) — 0 as 0 — oo. Using this in (3.14) yields
||e”¢hH%2(F) + a/ > Fi(z, ow, Vw)v; dS
r

$0) (e Al ey + le®allfary ) + 0% (lwlfa,) + IVolias,))
where v(c) := k() + 03e~297 also satisfies v(o) — 0 as ¢ — co. We now use that ¢(y, z,2) =
eMe—vl® = ¢o(x), which means that we can write the previous estimate changing the L?(TI") norms

to L?(B) norms (this is possible since the integrands do not depend on t any more). Also, (3.5
and (3.9)) imply that

Fi(z, 0w, Vw)v;|r = FI (z, 0w, Vrw)vjr,
that is, FJ v; on I' only depends on the part of the gradient of w tangential to I'. Applying these
observations and rewriting the previous estimate with w = wy and A = A, yields

(3.15) ||e"¢°h+||2Lg(B) —I—o/e%%Fj(x,anr,prJr)uj ds
r

S0) (€7 AslFam) + e e ) + 0% (Iloslie, + IVwiliae,))

Fix v to be the downward pointing unit normal to I', so v is an exterior normal for Q. An
analogous argument in ()_ yields the estimate

(3.16) ||€U¢0h_||2L2(B) —0/62”¢°Fj(x,aw_,vrw_)z/j as
r

S0) (e A [0 + le"®a-as ) + e (Jw- ey + IVo- I )



THE FIXED ANGLE SCATTERING PROBLEM 17

where the minus sign in the boundary term comes from the fact that the outward pointing normal
at I' seen as part of the boundary of ()_ is the opposite to that of the case of ). Now, since
F7(z, 0w, Vrw)v; is quadratic in w and Vrw (and the coefficients are bounded functions), we have
that

/ 620¢0‘F.7‘(x’0w+’ vr‘w+)l/j — Fj(l'y ow_, erf)Vﬂ ds
r

S o?e lwy — W) (1w 2oy + Nlw—[[ 2 (1))
Therefore, adding (3.15)) and (3.16)) and applying the previous estimate gives the desired result. O

Lemma [3.3] is going to be used for two different purposes and, as a consequence, it will be
convenient to restate the estimate in a more specific way. We do this in the following couple of
lemmas.

Lemma 3.4. Let T > 7. Let Ex, Ay, fi, g+, and (o) be as in Lemma and suppose that
hy = qi. Assume that for a fixed w € S"~1 there exist wy € H*(Q+) such that (3.6) and (3.7)
hold with wy = w_ onT'. Assume also that wi|yx, =0 and 9,w+|s,. = 0. Then one has that

(3.17) Dol aslzam S9(0) D17 AsllFap),
+ +

for o > 0 large enough.

The proof is immediate from Lemma |3.3] This lemma will be applied in the following section to
appropriate w4 functions that we will construct using the é-wave solutions given by Proposition
The following lemma will be used in a similar setting, in this case for w4 functions generated
by H-wave solutions like the ones given by Proposition

Lemma 3.5. Let T > 7. Also, let Ay, q+, and (o) be as in Lemma

Suppose that for a fixed w € S"~! there exist wy, Ey, and fi satisfying the assumptions of
Lemma and such that and hold with wy = w_ onT" and hy = w-AL. Assume
also that wy |y, = 0 and d,w4 |y, = 0. Then one has that

(3.18) lee"% “As|2p S(0) Z (Hea%flinizw) + ||€U¢°Ai”%2(3)) :
X T

Moreover, let {ei,...,e,} be an orthonormal basis of R™, and let J C {1,...,n} be the set of
natural numbers satisfying that at least one of the components e; - A4 and e; - A_ does not vanish
completely in R™. Suppose that for each j € J, estimate (3.18)) holds with w = e;. Then one has
that

(3.19) Dol AL ey S (o) Dl ax T2 (p),
+ £

for o > 0 large enough.

Proof. Estimate (3.18) follows immediately from Lemma under the assumptions in the state-
ment. Let us prove (3.19)). By assumption for each j € J we have

(320) Yl Anlam 10) Y (17 Akl + e 0w 3an)) -
+ +

But notice that, by definition, e; - Ay = 0in R™ if j ¢ J, so that Ay = >, ;(e; - Ay)e;. This
means that adding (3.20)) for all j € J gives

Sl A2y S 7(0) Y (I Al + €702 22 ) -
+ +
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Then, using that v(o) — 0 as o — 00, to finish the proof is enough to take o large enough in order
to absorb in the left hand side the first term on the right. O

We have already seen in Section [2| that the restriction to I' of the solutions of and
is in a certain sense related to the coefficients of the perturbation. In the next section we use
this fact to construct appropriate functions w, and w_ so that estimates and hold
simultaneously with AL and g4 being quantities related to the differences of potentials A; — Ao
and ¢; — g2. This will yield the proof of Theorem (and similarly of, since the function (o)
in the previous lemmas goes to zero when ¢ — oc.

4. PROOF OF THE UNIQUENESS THEOREMS WITH 2n MEASUREMENTS

With Lemmas and we can finally prove the uniqueness results, Theorem and
Both theorems are stated in terms of pairs of measurements, one for each direction +e;. Due to
this fact, it is convenient to give an explicit expression in the same coordinate system for solutions
of and that correspond to the opposite directions w = wy, where wg € ™~ is fixed.

Let 2 € R™, and choose any orthonormal coordinate system in R” such that z = (y, z), where y €
{wo}* (identified with R"~1) and z = z-wy. Consider the solutions Uy 4 (y, 2,t) := U (y, 2, t; Fwy)
given by Proposition when w = wy and when w = —wg. By Proposition |2.3] in this coordinate
system it holds that Ug 4 (y, 2, t) = us(y, 2z, t)H(t — (£2)) with

(4.1) (07 + Lwyv)ut =0  in {t > %z},
. ut(y, 2, +2) = e¥=W2)
where
+z
Va(y,2) == i/ wo - W(y, £s) ds.

In the case of Proposition [2.4] it is convenient to state the results for a Hamiltonian written in
the form (2.2)). This is easily obtained making the change W = —iA and V = A2 + D-A + ¢ in
the previous results. Therefore, using the same coordinates as before, the solutions Us 4 (y, z,t) :=
Us(y, z,t; +wp) of (2.6) given by Proposition [2.4] satisfy

Us+(y,2,t) =ve(y, 2, ) H(t — £2) + e¥+WA§(t —+2) inR",

where ¢4 (y, z) := £(—1) f_i; wo + Ay, +s)ds, and vy satisfies

Lo (02 + Lw,v)ve =0 in {t > £z},
(4.2) ve(y,z,+2) = %ewi(y’z) fi; [V (1A 4+ Vi) + (1A + V¢i)2 — q} (y, £s) ds.

Having these explicit coordinate expressions, we now prove Theorems and We start with
the second one which is the simplest, since the zeroth order term V is fixed. The proof consists
in the construction of two appropriate functions wy and w_ using the solutions Uy +; of (2.7)) in
order to apply the results introduced in the previous section. For a fixed direction w = e; and
k =1,2, we use Uy, +; to construct wy and, with a certain gauge change, we use Uy, _; to construct
w—. The gauge change is a technical requirement necessary to have wy = w_ in I', as assumed
in Lemmas [3.4] and Notice that the reason for this assumption comes from the fact that one
wants to get rid of the first term on the right hand side of the estimate which is large when
the parameter o is large.

Proof of Theorem[2.4 By Lemma [2.6] we know that it is completely equivalent to consider that
the Uy, +; are solutions of the initial value problem

(8152 —A+2W, -V + V)Uk’ij =0, in Rn+1, Uk,ijl{t<71} = H(t - :E.%‘j).
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instead of the IVP (2.5). Here it is convenient to work with H-waves instead of d-waves since,
as mentioned previously, the former have boundary values on I' that are independent of V' (see

Proposition [2.3)).

Fix 1 < j < n, and take any orthonormal coordinate system in R™ such that z = (y, z) with
z=uxj and y € R™ . Let k = 1,2. By the previous discussion, we know that the Uk +; functions
satisfy that
(4.3) Uk,+j(y, 2,t) = up,+j(y, 2, t) H(t — £2),
where uy +; is given by (4.1) with W = Wy, w = *e;, and wy = e;. Writing this in detail we
obtain that

+z .
Uk (y, 7, £2) = ef = CEe) Wiy do,

By assumption we have that Uy 4; = Uz +; on X4 = X N {t > £z}, so that
(4.5) Ui 4j =U2,4; on Xy,

and hence, in particular uq ; = ug ; in ¥4 NT' = XN {t = z}. From this and (4.4) we get that there
is a function p; : R"~! — C such that

(4.6) wi(y) == /OO ej - Wi(y,s)ds = /00 ej - Wa(y,s)ds.

We now define wy = u; j —ug ; in §+. With this choice Propositionyields that w, € C? (@+)7
and (4.4) that
Wiy, 2,2) = el e s Wilys)ds _ % eiWa(y,s)ds
To apply Lemma and Lemma we need also to define an appropriate function w_ in Q_.
To obtain a useful choice we now consider the solutions ug,—; of (4.4) and we take
w_(y, z,t) = e“j(y)(uL_j (y, 2, —t) —ua,—(y, 2, —1)).

Then w_ € C?(Q_) as desired. Also, if t = 2

w-— (y7 Z, Z) = el (y)ul,*j (yu Z, _Z) - euj(y)u&fj (y7 Z, _Z)

— oW+ L (—ei) Wily,—s)ds _ u;(y)+ "7 (—e;) Waly,—s) ds
(4.7) e e

— e#g‘(y)—f:o ej Wi(y,s)ds _ opj (y)— [ e; Wa(y,s)ds _ wy (y’ 2, Z)

Therefore w, satisfies

(4.8) (O+2W1 - V+V)wy =2(Wy — W) - Vug ?n Q+,

(0 +0. —ej - Wiwy =e;- (W —Wa)ug; in T,

and w_ satisfies
(O+2(W1+Vpy) - V+ fow. =2e"(Wy —Wy)-Vuy _j(z,—t) in Q_,
(Or+0.—e; - Wiw_ =ele; - (W1 — Wa)ug _(y, 2, —2) in T,

where f_ =V — |V, > + Apj — 2Wy - V.

Observe that e ™), wuy 4 i(x,+t) and |Vug 4;(x,+t)| are bounded functions in Q. Also, we
have that |up +;(z,+t)| 2 1 in ' by (£.4). Therefore it holds that

(O+42E4 -V + fr)wi| S [Wa — Wi| in Qu,
[(0: + 0. —ej - Ex)wy| 2 lej - (W1 — Wa)| in T,



20 C. J. MERONO, L. POTENCIANO-MACHADO, AND M. SALO

with f1 =V, EL = Wy, E_ = Wy 4+ Vy;, and f_ as before (notice that e; - Ex = e; - Wy
since e; - Vp; = 0). Hence and are satisfied with AL = W; — Wy, ¢+ = 0, and
h:t =€ (Wl — Wz)

On the other hand, implies that w, s, = w_|x_ = 0. Then, applying Lemmarespectively
with @« = wy and x =1, or « = e #w_ and x = e* yields that d,wy|n. = 0.

Since w4 = w—_ in I' by , the previous observations imply that all the conditions to apply
Lemma are satisfied, so that holds for each j € {1,...,n} with Ay = W; — W3 and
g+ = 0. Therefore, the same lemma implies that must also hold, and this gives

[e7? (W1 = W2)||2(5) < 0.
Hence W, = Wy, since e??(®) > (0 always. This finishes the proof. O

We now go to the remaining case, Theorem In this result the zero order term is not fixed
so that there is gauge invariance (in fact, to simplify the proof it will be convenient fix a specific
gauge). This is a harder proof than the previous one since we need to decouple information about
q from the information about A.

Proof of Theorem[2.1] Let k = 1,2. Since making a change of gauge Ay — V fi, with fj, compactly
supported leaves invariant the measured values Uy +j|s, ,, we can freely choose a suitable fi in
order to simplify the problem. In fact, to show that dA; = dAs it is enough to prove that A; = Ao
in a specific fixed gauge. Under the assumptions in the statement one can always take

Tn

fk?(x):/ en'Ak((El,...,.’En,hS)dS,

—o0

since (|1.6)) implies that f; must be compactly supported in B. With this choice, one has that
en (A1 —=Vfi) =en- (A2 —Vfy) =0,

in R™. Therefore, the previous arguments show that from now on we can assume without loss of
generality that we have fixed a gauge such that e, - A; = e, - Ao =0 in R™.

Fix 1 < j < n—1. We again take any orthonormal coordinate system in R™ such that « = (y, 2),
where y € R"™! and z = ;. Let k = 1,2. As in the proof of Theorem by Lemma we can
assume that Uy 4; satisfies the IVP

(49) (6? + (D + Ak)2 + qk;)Uk;)j:j =0 in Rn+1, Uk7j:j|{t<71} = H(t — ixj),

instead of (2.4]). By Proposition we know that the Uy +; have the structure described in (4.3)
for 1 < j < n—1 where uy 4; satisfies (4.1) with W = —iA;, w = £e;, and wo = e;. Writing this
in detail we obtain that

(6,? + (D + Ak)2 + Qk)ukij =0 in {t > :|:Z}7

g+ (y, 2, £2) = ot /2L (e Ay ks) ds

By the assumption that Uy +; = Uz 4, on X1 and (4.3)), we have that (4.5) holds analogously
in this case. Specifically, in ¥ NI this implies that there is a function u; such that

uj(y)=—i/ ej-A1<y,s>ds:—z'/ ¢; - Aoly,s) ds.

— 00 —

(4.10)

We now define w, :=uj j — us,j, so that wy € C? (@+) by Proposition and

_ =i [? e;j-Ai(y,s)ds —i [* _ej-Aa(y,s)ds
w+(y,z,z)—e fooj (y,) —e fao] (y,8) .

To define w_ we consider the solutions ug, _; of (4.10) and we take

w_(y,2,t) = "Wy _i(y, 2, —t) — e’ Wuy _i(y, 2, —t).
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Then w_ € C?(Q_) as desired. Also, for t = z
w_(y,z,2) = e#j(y)*if:;(*ej)~A1(yﬁS)ds _ euj(y)*if:;(*ej)'Aﬂya*S) ds
(4.11) Y

— etiW+i [0 e Ar(y,s)ds _ op;(y)+i [° e An(y,s)ds wi(y, 2 2).

Hence, if we define
(4.12) Vi:=A?+D Ay +q,
w4 satisfies
(O—i2A1 - V+Vi)wy =2(As — Ay) - Dugj + (Vo —Vi)us,;, in Q,
(O + 0, +ie; - Apwy = —ie; - (A1 — Ag)ug in T,
and w_ satisfies
e M (0 - 2(iA1 — Vi) - V 4+ Vi)w_ = (2(Az — A1) - D+ Vo — Vg, _j(z,—t) in Q_,
e M (0 + 0, +iej - A)w_ = —iej - (A1 — Ag)ug —i(y, 2, —2) in T,
where Vi, = Vj, + |Vuj|? + Apj + 2iAy - V. Since |[Vp;| is bounded, we have that
Vi = Vol S [Vi = V| + [Ay - Agl.
On the other hand, us 1;(z, £t) and |Vus 4 ;(z, +t)| are also bounded in @, and on I' we have

that |ug.+;| = 1 by [@I0). Therefore, if fy = Vi, f- = Vi, By = —iAy, and E_ = —iA; + Vp;
(notice that e; - Vu; = 0), one gets

(O42E: -V + fows| STAT— A+ Vi = Vo] in Q,

|(8t+az—€j'E:|:)w:|:| 2 |6j‘(A1—A2)| in F,
so that (3.6) and (3.7) are satisfied with hy =e; - (A1 — Ag),
(413) Ai = A1 — AQ, and q+ = V1 — ‘/2

As mentioned previously, holds analogously in this case, so that wi|s, = w_[s_ = 0.
Again, applying Lemma respectively with o« = wy and x = 1, or @« = e #w_ and xy = et
yields that d,wy|s, = 0.

Also, shows that w; = w_ in I'. These assertions hold for each j = 1,...,n — 1, and the
n-th component e, - (A; — Az) vanishes in R™. This means that the assumptions of Lemma
are satisfied with J = {1,...,n —1}.

As a consequence holds for each j € J and hence (3.18]) also holds with the choices established
in . This gives

(4.14) 7 (Ax = A2) 1725y S V(@)™ (Vi = Va)lI2(),

where (o) — 0 as 0 — 0.
We now use the information provided by Uy, +,. We use the same coordinates as before, in this
case with z = z,,. Since e,, - A1 = e, - A5 = 0 in all R™, we have that

+z
(4.15) Vi(y,z) = f(ii)/ en - Ai(y,£s)ds =0.

— 00

Then Proposition and (4.2)) yield
Uk, an (Y, 2,t) = Vg, 10 (y, 2, ) H(t — £2) + 6(t — £2),
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where, using the notation introduced in (4.12)) we have

(07 + (D + Ap)* + qr)vg,2n =0 in {t > £z},
Ok n(Yy, 2, £2) = =% ff; Vie(y, £s) ds.

The assumption Uy 4|5, = Uz 4n|s, in the statement implies that

(4.16)

(417) Ul,j:nlEi = vQ,:ﬁ:n|Ei;
and since Ay and g; are compactly supported this means that
1 [ 1 [
(4.18) Vinlsinr = —5/ Vi(y,s)ds = —5/ Va(y,s) ds = vauls, Ar,
We define

w+(y7 Z, t) = 2(’Ul,n - U2,n)<ya Z, t) and w_ (Zh Z, t) = _2(7)1,777, - 02,7n)(y7 Z, _t)v

so that wy € C?(Q,) by Proposition The combination of the identities (4.16)) and (4.18]) and
a change of variables shows that

wi (Y, % 2) — w_(y, 2,2) = — / (Vi — Vo) (v 8) ds — / (Vi — Va)(y, —s) ds

— 00 — 00

z

(4.19) = _/00 (Vi — Va)(y,s)ds = 0.

Also, by direct computation (4.16|) yields
\(D—ZQAlV—I—Vl)wi|§|A1—A2|+|V1—V2| in Qi,
|(8t+3z+ien~A1)wi|:|V1—V2| in T.

Hence (3.6) and (3.7 are satisfied with he = Vi — Vo, EL = —iA;, f+ = Vi, and Ay and ¢4
as in . Also implies that wy|s, = w_|s_ = 0, and that wy|p = w_|p. The
condition d, w4 |y, = 0 follows again from Lemma [2.9

Therefore all the assumptions to apply Lemma [3.4] hold with the previous choices for AL and
q+, and this yields

(4.20) le7® (Vi = Va)l[Z2(m) < 7(0)l|e”® (A1 — A2) |-

Since v(c) — 0 as ¢ — 00, combining the previous estimate with (4.14) immediately implies that
A; — Ay =0and V; — V5 =0 in this gauge. In a general gauge then d(A; — Ay) = 0. And since
Vi = A% + D - Aj + qi one obtains that ¢; = ¢2. This finishes the proof. O

That the w4 functions satisfy condition @D is one of the key properties needed in order to
prove Theorem [2.1} since otherwise Lemma [3.4] cannot be applied with this choice of w4. In order
to prove we have used indirectly that holds (notice that this last condition means that
we can move to a gauge in which is true). In fact, it is no longer true in general if
one removes , since there appear non-vanishing terms in the right hand side of related
to 94 and ¢_.

5. REDUCING THE NUMBER OF MEASUREMENTS

In this section we prove an analogous result to Theorem in which the number of mea-
surements is reduced to n. To compensate this, one needs assume that the potentials have certain
symmetries (in fact, each component of W must satisfy some kind of antisymmetry property). The
main change in the proof is in the definition of w_ in @_, which now is constructed by symmetry
from wy, instead of using new information coming from the solution associated to the opposite
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direction. For each 0 < j < the symmetry of e; - W plays an essential role since it is necessary to
show that w; = w_ in I', in order to extract meaningful results from the Carleman estimate.

Theorem 5.1. Let W1, Wy € C"F2(R";C"), and V € C™(R";C) with compact support in B.
Also, let 1 < j <mn and k = 1,2, and consider the n solutions Uy, ; of

(5.1) (8? — A+ 2W, ~V+V)Uk7j =0, in Rn+1, Uk,jl{t<71} = 5(t—l‘j).

Assume also that for each 1 < j < n there exists an orthogonal transformation O; satisfying that
Oj(e;) = —e; and such that

(5.2) ej - Wi(z) = —ej - Wi(Oj(z)) forall k=1,2.

Then, if for all 1 < j < n one has Uy j = U, j on the surface EN{t > z;}, it holds that W1 = Wj.
The simplest example of a vector field satisfying the previous conditions is the case of an antisym-
metric vector fields Wy, that is, such that Wi (—z) = —Wy(z) (for example, the gradient of a

radial function).
We remark that it is possible to show that the previous theorem also holds if one substitutes

condition (5.2]) by
ej Wi(x) = —e; - Wi(O;(z)) forall k=1,2 and 1<j<n,
that is, a symmetry condition instead of an antisymmetry condition in the imaginary part of

€j -Wk.

Proof of Theorem[5.1 By Lemma[2.6] we know that it is completely equivalent to assume that the
Uy,; solutions solve

(07 = A+2W -V +V)Uy,; =0, nR"™ Uy ey = H(t — ;).

instead of . Take 1 < j < n. In this proof we fix z = (y, z) in R", where z = z; and y € R" L.
Let k = 1,2. By Proposition 2.3/ and ([4.1)) we know that Uy ;(y, z,t) = uk ;(y, 2, t)H (t — z) where
ug,; is the same function as uy 4, in (4.4)
Under the assumption in the statement we have that u; ; = us ; on the surface ¥ and hence, also
in 4 NI = XN {t =z}, which implies that there is a function x; : R"~! — C such that
holds.

We now define wy :=uy ; — uz; in @+. Then

(5.3) Wi (y, 2, 2) = el e Wiy ds _ o [7c e;Waly,s) ds

In this coordinates, for each matrix O; in the statement there is by definition a n —1xn —1
orthogonal matrix 7; such that

0;(y, z) = (T;(y), —2)-
To apply Lemma we need also to define an appropriate function w_ in Q_. We take
w_(y,2,1) = Dy (T (y), —2, ).
If t = z, using and the symmetry condition , we get that
w_(y,z,2) = et WHSZ5 e Wi(T(w)s) ds _ ouy )+ 2 €5 Wa(Ti(y),s) ds
(5.4) — W= T e Waly,—s)ds _ ui(y)—[25 e Wa(y,—s)ds

— eltj(y)*f;o e; Wi(y,s)ds _ e#j(y)*f:o ej Wa(y,s)ds _ wy (y7 2, Z)
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Therefore w4 satisfies , and w_ satisfies

(O+2E_ -V + fOw_(y,2,t)

= 26M (W — W) (Tj(y), —2) - ¥ (12 (T (), —2—1) 0 @,

where
E_(y,2) = Wi(T;(5),—2) + Vi)
F-(02) = V(T ) —2) — Vi) + Ay ly) — 2Wi(T5 ), —2) - Vs ().
Also, since e; - W1(7;(y), —2z) = —e; - W1(y, 2), we have that

(0 + 0. — ¢ - Wily, 2))w-(y, 2,2) = =10 (0; + 0. — ¢j - Wi(T;(y), —2))w (Tj(y), —2, —2)

= " We; - (W1 = W) (Tj(y), 2)uz ;i (Tj(y), —2, —2),
Since |us(y, 2, 2)| 2 1 always, and |Vus| is bounded above in @, the previous identities show that
(O+2E+ -V + fo)ws| S |AL] in Qu,
[0y + 0. —ej Ex)ws| 2 lej- Ax| in T,

where E_ and f_ where defined in (5.5), E; = Wy, fy =V, and,
(5.6) A, =W;—-W; and A_(y,z) = (W1 —W3)(T;(y), —2).

From (.4) we get that wy = w_ on I'. Also we have that wy|s, =w_|s_ =0, and J,w+|s, =0
by Lemma Hence, we can use (3.18)) of Lemma with ¢ = 0 and w = e;, which yields

ZH@"%Q Aj:HLz (B) S SA(o Z||eU¢OAiHL2(B)

(5.5)

Now, this holds for ¢o(z) = ¢o(z,9) = eX*=9° where 9 is an arbitrary vector such that |9| = 2.
Also, the implicit constant in the estimate is independent of ¢}. Therefore writing ¥ = 26 for
6 € S"~!, we can integrate both sides of the previous estimate in S"~! to get

Joo SN Al dS0) S D [ 1O Al dSO)

where dS(6) denotes integration against the surface measure of the unit sphere. Changing the
order of integration with the L?(B) integrals gives

(5.7) ZH r(z,0)e;  Axlliap) S (o ZII r(z,0)As|iap),

where it can be verified that r(z,0) := ([q._ 200 (w,20) dS(H)) ’ is a radial function.
Since r(z) is a radial, and A} and A _ dlffer in an orthogonal transformation by (5.6), a direct
change of variables shows that

Ir(z,o)e; - A_||Za(py = lIr(z,0)e; - ArlZa(p), and |r(z,0)A_|22(p) = |Ir(z, o)At Ta(p),
and therefore, taking into account that A, = W; — W5 we get from that
Ir(, 0)e; - (Wi — Wa) |2 sy S (o) (e, o) (Wi — W) [22 -
This estimate can be proved for any 1 < j < n. Adding over all directions, and using that y(c) — 0
as 0 — 0 to absorb the resulting term on the right hand side in the left, yields
Ir(z, o) (W1 — W) Z2(p) <0,

for o > 0 large enough. Since r(z,0) > 0 for all z € R", and o > 0, the previous estimate implies
that W1 = W,. This finishes the proof. O
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Combining the techniques used in this proof with the techniques used in the proof of Theorem
the reader can obtain some similar results to the previous one, always interchanging some
measurements for symmetry assumptions on A and q. A specially simple case is the following one.

Theorem 5.2. Let Ay, Ay € C2(R™;C") and qy, g2 € C™(R"; C) with compact support in B,
satisfying (1.6)), and such that
(5.8) Ap(—x) = —Ag(x), for k=1,2.
Let 1 < j <n—1 and consider the n — 1 solutions Uy, ;(z,t) of
(8? +(D+ Ak>2 + qk)Uk,j =0 in Rn—H, Uk,jl{t<71} =0(t— $j>.

and the 2 solutions Uy, 4+, (x,t) of

(07 + (D + Ap)* + @u) Uk tn = 0 mR™ Up wnlgea—1y = 8(t — (£22)).
If for each 1 < j < n one has Uy j = U, ; on the surface XN{t > z;}, then dA; = dA and ¢1 = ¢».

Proof. We use the notation introduced in (£.12). Notice that Uy ; is the same as Uy, 1; in the proof
of Theorem We only give a sketch of the main ideas in the proof. One can start as in the
proof of Theorem by making a change of gauge such that e, - A; = e, - A3 = 0. One can verify
that this choice of gauge does not alter the antisymmetry property .

Let 0<j<n-—1. By Lemmawe can assume that the Uy ; = Uy 4; satisty (4.9) and (4.10)
with Wy, = —iAj, and V = Vj,. We define wy = uy ; — uz; and

w— (y7 2, t) = e_i#j (y)w+(_ya —%, _t)

It follows that wy = w_ in T', this can be verified using , in complete analogy with the
computations in . The remaining conditions necessary to apply Lemma with A, =
Ay — Ay, A (2)=A, (—2),qr =Vi — Vs and ¢_(x) = g, (—x) can be verified as in the proof of
Theorem [2.1] Then Lemma [3.5] and a change of variables to transform ¢_ in ¢, and A_ in A
yields the estimate

(5.9) [e7 0D (AL = As)lIFa () + [le”C T (AL — Ag)|Za (s
S eI Vi = Va)l[Fa () + (o) €707 (Vi = Va) [ F2()-

We can now repeat exactly the same arguments used in the proof of Theorem to prove (4.20)).
In fact we have that (4.20]) holds independently for both the weight functions ¢ (-, ) and ¢o (-, —19).
Adding these two possible estimates yields

[[e70CD (v — Vo)llZzm) + le7® =D (V; — Va)ll72(m)
S (AL = As)|[F2(p) + ()70 (AL = Ag)l|F2(p)-

The previous inequality and (5.9) imply that ¢ = ¢ and A; = A, in the gauge fixed at the
beginning of the proof. |

APPENDIX A. STATIONARY SCATTERING

In this section we prove Theorem We have adapted the proof of [RS20b, Theorem 5.1] in
order to allow for the presence of a first order perturbation, but the main ideas and the exposition
are similar to the work in that paper.

We define CT := {\ € C: Im()\) > 0}, and we write Ry (\) for the resolvent operator Ry () =
(Hy — A?)~! in case it is well defined. We also use the following nonstandard convention for the
Fourier transform and its inverse for Schwartz functions on the real line:

1

f) = [ Y ftydt  F(t)= o [ h eTME(N) dA,
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(and equally for the extension of the Fourier transform to tempered distributions).

In order to illustrate why it is reasonable to expect an equivalence between the stationary
scattering data and the time domain data as stated in Theorem[I.4] we reproduce here the following
heuristic argument given in [RS20b]. Let Uy (z, t;w) be the solution of

(07 —A+V(2,D))Uy =0 inR" xR,  Up|ye_1y =6(t — 2 w).
Suppose for the moment that the Fourier transform of Uy in the time variable is well defined.
Then for each A € R the function Uy (z, A;w) should solve the equation
(A1) (=A 4+ V(x, D) — A>)Up(z,A) =0 in R".

If we define the time domain scattering solution to be uy = Uy — §(t — = - w), one has that
Uy(z,)\) = 2% 4 %y (x, \), where uy(z, \) extends holomorphically to {Im()\) > 0} since uy
vanishes for ¢ < —1. Since these are the properties that characterize the outgoing eigenfunctions

of (A.l) one might expect that

UV('I’ )‘7"‘}) = 1/’\/(13» Aa w)v
where 1y, is the solution of (1.1). Now, the condition ay, (A, -, w) = ayp,(\, -,w) implies by the
Rellich uniqueness theorem that the outgoing eigenfunctions for Hy, and Hy, agree outside the
support of the potentials:

(A.2) I )l = Dvs O )l 5
If the map A — ¥y (A, z,w) were smooth near A = 0, then one could have (A.2) for all A € R.
Taking the inverse Fourier transform would imply that

U (59l 3 = U+ 59) o -

The argument above is only formal since requires the regularity of the map A — ¥y (\, z,w) on
the real line. The regularity of this map is related to the poles of the meromorphic continuation of
the resolvent Ry (A), initially defined in the resolvent set of Hy. Indeed, in some cases there is a
pole located at A = 0 and thus the argument above does not work in general. To get around these
difficulties we start by recalling the following property of the Fourier transform.

Lemma A.1l. Suppose F(z) is analytic on {Im(z) > r} for some r € R and
|F(2)| < C(1+|z))NeB™mE) | for Tm(z) > r,

for some positive R, C, N independent of z. There exist an f € D'(R) with supp(f) C [-R, o)
and e~ (=Mt f € S'(R) that also satisfies (e~ (=" f)~(-) = F(- +ip) for every p > 7.

This is essentially a Paley-Wiener theorem that we have stated in the form given in [RS20Dbl
Lemma 5.3]. In the following proposition we give the precise relation between the time domain
and frequency measurements.

Proposition A.2. Let w € S" ! and let V(x,D) = W -V +V with W € C™+2(R";C"), and
V e C"(R™; C) compactly supported in B. Let Uy be the solution of

(A.3) (02 = A+V(z,D))Uy =0 inR" x R, Uylic—1y =6t — - w),

given by Proposition and let uy(x,t;w) = Uy(z,t;w) — §(t — x - w). Assume also that there
exists some r > 0 such that for Im(\) > r

(A4) [Ry (Ml r2—r2 < Cr,
where C,. > 0 is independent of A\. Then, if we define
V3, A\ w) == —Ry(\)(V(z, D)e™*),  for Tm(\) > r,
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the following identity holds

<UV (.’E, t; w)v QO(lU)X(t»R;L xRy = <¢\S;($, o+ 7,[1,, W)a QD(Z') (eMtX)V(O—»R;} XRs s
for all ;1 > r, and all ¢ € C(R™) and x € CP(R).
Proof. If (A.4)) holds for some ), then z = A? is, by definition, in the resolvent set p(Hy,) C C of the
operator Hy. It is well known that the resolvent map z — (Hy — z)~! forms a holomorphic family
of bounded L? operators in the open set p(Hy) (see for example [Te09, Theorem 2.15]). Since the
map z = A\? is also holomorphic and (A.4)) holds for Im(\) > 7, then A — Ry(\) = (Hy — A?)71is

also an holomorphic map for Im(\) > r.
On the other hand, using (A.4)) we have

(A.5) 193 (A @)l Laeny < Crag(1+ADe™N, Tm(X) > .
For any fixed ¢ € C°(R™), define
F,(\) = Yy (z, A, w)p(z)de, Im(N) >r.
Rn

From the previous observations it follows that Fi,(\) must be an holomorphic function in the set
Im(\) > r. By estimate (A.5), we get

|Fo(N)] < Croag(L+ADe™ M loll 2, Tm(X) > .

Then, Lemma implies that there is a function f, € D'(R) supported on [—1,c0) such that for
all > r:

(e o x) = (Fp(- +in),X), X € CZ(R).
Now, given p > r, define the linear map K : C°(R") — D'(R) given by
Ko = e_(”_r)tfw.
The map K is continuous. To see this, take a sequence ¢; — 0 in C2°(R™), then (A.5]) implies that
F,, — 0 when Im()\) > r, and hence
(Kpjox) = (7" fox) = (Fp, (- +ip), X) = 0 as j — oc.

Since K is continuous, the Schwartz kernel theorem ensures that there is a unique K € D'(R™ x R)
such that

(K, p(x)x(t)) = (Ko, x) = (=W f 0(x), x) = (Fp(- +in), X)
(A.6) = (Yyp(x, 0 +ip,w), o(2)X(0)) R xR, -

Since f, is supported in [—1,00), it follows that K is supported in {t > 1}. We now define the
distribution

v(x,t) == e K (x,t) € D'(R™ x R).
We claim that v is a solution in R**! of
(A7) O+ V(z,D))v=—-V(x,D)§(t — x - w).

Since, by (|A.3]), this is also the equation satisfied by wy, then the uniqueness of distributional
solutions of the wave equation supported in {t > —1} (see [H&76l Theorem 9.3.2]) implies that
Uy = v, SO

(uy, p(x)x(1)) = (K, x(x)e" x (1)) = (@3 (x, 0 +ip,w), o(2) (e X) (0))rpx,

which finishes the proof of the proposition.
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To prove the previous claim we use (A.6]) in the following computations. First

(OF (" K), p(x)x(1)) = (K, p(x)e" 07 x(t))
= (W (@, 0 + ip,w), o(@) ("R x(1)) = —(Wh(x, 0 +iu w), o) (o + in)* (e x) (o) ryxr,

Also, if we denote by V* the formal adjoin of V (with respect to the distribution pairing (-, -)), we
have

(V(z, D)(e" K), p(x)x(t)) = (K, V" (z, D)p(z)e X (1))
= (V(z, D)yy(z,0 + ip,w), o(z)(e"x) (0))ryxz,
and similarly one gets
(As (e K), o(z)x(8)) = (Dathy(z, 0 + i, w), o(2)(e"x) (0))ry xE, -
Then putting this together we obtain that
(07 = Ay +V(@, D)v, p(z)x(1))
= (A +V(2,D) — (0 +ip)* ¥ (2,0 +ip,w), p() (€' X) (0))ry <=,
= (=V(2, D)7 () (e x) (0))rp xR,
= — (/7T V¥ (2, D)p() (e X) (0))rp xR,
= —(e7"TH(t -z - w), V" (z, D)p(w)e" x(t))
= (=V(2,D)i(t — x - w), p(x)x(t)).
Hence v satisfies , which proves the claim. (Il

The following proposition gives in the self-adjoint case the properties of the resolvent that we
require to apply the previous Proposition. Therefore we assume that V(x, D) can be written as
V(x,D)=2A-D+ D - A + q for real A and gq.

Proposition A.3. Let A € C}(R",R"), ¢ € C}(R",R), and fix ro = (2|A||2~ + ||l¢llz=)"/?. For
any A € C1 \ i(0,7¢], there is a bounded operator
Raq(A) : L*(R™) — L*(R™)
such that for any f € L?(R™), the function w = Ra 4(\)f is the unique solution in L*(R™) of
(Haq—A)u=f.
Moreover, if r > r¢ one has
(A.8) [RAq(Mp2pe < Crag, Im(A) =7

For any § > 1/2 and X in the region Cy \ i(0,ro], the family
<<x>_5RA,q()‘)<$>_6)>\ec+\(o,r0]

is a holomorphic family of bounded operators on L?(R™) that can be extended continuously in the
weak operator topology to C, \ ¢[0, ro].

Let A > 0. As mentioned in the introduction, the direct problem (|1.1)) will have a unique scattering
solution 9y, satisfying the SRC if the outgoing resolvent operator

(Hy — (¥ +0)~" = lim (Hy — (2 + i),
e—
is bounded in appropriate spaces. Then one can take

v = (Hy — (N +i0)*) 7 (=V(z, D)e™?),
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as solution of . Under the assumptions of the previous proposition, for real A > 0 the operator
Ra 4()\) given by the continuous extension to C, \ i[0, o] of the resolvent is exactly the outgoing
resolvent operator. On the other hand, if A < 0 the resolvent Ra 4()) is the operator known as
the incoming resolvent operator. This can be seen in the following computation: for real A # 0,
taking the limits in an appropriate topology, one has

Ra4(\) = lim Ra (A +ie) = lim (Ha , — (A +ig)?)™*
e—0 e—0
=lim(Ha , — A —i2)e — &)t = (Ha,, — (A\* £i0)) 71,

e—0

where the + is given by the sign of A.

Proof of Proposition[A.3] We have that
Ha,=(D+A)?+q=—-A+V(x,D),

where V(z, D) = 2A.- D + D - A + q. The operator Ha , is self-adjoint with domain H?(R") and,
as such, it has real spectrum: the resolvent Ra 4()) is a bounded operator in L? if A € C satisfies
A2 ¢ R. Also, since A and ¢ are compactly supported—)V(z, D) is a short range perturbation of
—A—it is well known that the continuous spectrum of Hy 4 is (0, 00) without embedded eigenvalues
(see, for example, [H683, Chapter 14]). We now show that the point spectrum of Ha , is contained
in [—rZ,0] where 72 = 2||A |2~ + ||g||r>. Indeed, assume that A> € R and ¢ € L? are such that

Ha g =N\,

is satisfied in the sense of distributions. Then 1 € H2(R™) by elliptic regularity, so taking the L>
product with ¥ and integrating by parts gives us

NN9l? = VY] + (A - D, v) 2 + (A, D)2 + (A + @)1, 9) 2
1
> [Vol* = 2l Alle< [V = llgll 1917 > SIVEI = QIANZ~ + llgllz) I,
where we have used that A? > 0 and Young’s inequality with . Hence
1
(N + 2 AllZ + llalle=) 1911 = IVl > 0,

and thus we must necessarily have A> > —(2||A||% « + ||q||=). With this we can conclude that the
full spectrum of Hpa 4 is contained in [—rZ, 00), so that Ra 4(\) is a bounded operator in L? for
all A € C4 \ i(0,79]. Then the theory of self-adjoint operators implies two important facts.

The first is that one has the estimate
1
(A.9) [Ra,q(MlL2—z2

<
= dist(A\2, [-r3,0))’

(see, for example, [Te09, Theorem 2.15]). And the second is that Ra 4()\) : L? — H? is an
holomorphic family of operators for A € C,. This last statement follows from the fact that,
outside the spectrum, for all A\, \g € C \ (0, 7] one has the resolvent formula

Rag(\) = Rag(Mo) [ Y =) Ry ,(Mo) + (A = A)™ ' RR ,(Ao) Rag(N) |
=0

see for example [Te09, p. 75]. One can take the limit m — oo in the L? — L? operator norm to
obtain an analytic expansion of the resolvent around g, since the remainder of the series goes to
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zero if A is close enough to A\g. Then,

(A.10) Raq(\) = Ra, (M) (A = A5V R)y (M),
=0
for A close enough to A\og. Since Ra 4(A) is also bounded from L? to H?, (A.10) implies that
Ra 4(\) : L? — H? is holomorphic in C \ i(0, ro], and therefore so it is
() °Ra.,(\)(z)7% : L? — H?

since the weight ()% and all its derivatives are bounded in R”.

We now prove using . To see this write A = 0 4+ ¢u. Then it is enough to use that
dist(A2, [-7r3,00)) > [Im(A?)| > 2|ou| when p? > 02 —rg, and that dist(A\2, [-r,00)) > |Re(\?)| =
|o? — u? — ro| otherwise.

The continuity of (z) °Ra 4(\)(x) =% for A € C1\ [0, 0] it is the well known limiting absorption
principle. See for example [Yal(l Proposition 1.7.1] for the free resolvent, and [H683, Chapter 14]
for the case of short range magnetic potentials (as in this case). A more specific statement of
the limiting absorption principle (also including long range magnetic potentials) can be found in
[H683, Theorem 30.2.10], which implies that Ra ,()\) is continuous as a function from C; \ [0, 7]
to the space of bounded operators between the Hormander spaces B and B* considered with the
weak operator topology. Since B is continuously embedded in (x)~°L? this implies the (weak)
continuity of (z) 0 Ra 4(A){z)~° in Cy \ [0, 7). O

Putting together Propositions and we can now formalize the heuristic argument given

at the beginning of this section in order to prove Theorem

Proof of Theorem[T4} Let 7o = maxg—12(2||Ax||2 + |lgxllz<)"/2. By Proposition [A.3] for all
A € C, \ i[0,70] we can define

wzkﬂk ('7 A, w) = _RAIka' ((Ai +D-Ap+2 w- A+ Qk)ei)\m.w)'
Assume first that aa, ¢ (A, 0,w) = aa, 4, (), 0,w) for all A € R such that A > X\g and all § € S*~1.
Recall that aa, ¢, (), 0,w) are defined by the asymptotic expansion

Vs o (ro, \,w) = ei’\”r*anlaAk,qk(A,H,w) + o(rfanl), r—oo k=1,2.

Therefore, since Ay, and g are supported in B, for any fixed A > Ao the function YA, ¢, — Y As.q
satisfies

(*A - )‘)(1/)1\1,(11 - wAz,qg)(" )‘aw) =0 in R" \E

_n=1
(wAI;QI - wAz,qz)(xv/\NJ) = 0(|$‘ 2 ) as |JJ| — 00.
The Rellich uniqueness theorem implies that 1, 4, —¥A,.q, vanishes outside B. In particular, for
any o € C°(R" \ B), the function
(All) w@l[/\o,OO) (A) = <(’¢)A17Q1 - ¢A2,QQ)('a )‘7 w)7 ()0>R;‘7
satisfies
wtp‘[)xo,oo) = 0.

By Proposition the map A — w,, is holomorphic in C; \i(0, ro] and continuous in C \ i[0, ro].

Since it vanishes on [Ag, 00), we must have w, = 0. In particular for any ¢ > ro and ¢ € R one
has

<(wA17Q1 - ¢A2,qz)(xa o +ip,w), p(r)) = 0.
Then Proposition implies that

<(uA1,tJ1 - ’U’A2,qz)($7 t;w)v (P(Z')X(t»Rg xRy = 0.
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for all ¢ € C°(R™\ B) and x € C°(R). Therefore
(’U’Ahlh - uAqu)(Ivt;w) =0 (l‘,t) €R” x B.
Let us prove the converse statement. As in the previous sections, we take any orthonormal
coordinate system in R™ such that = = (y, z), where z = 2-w and y € {w}* (identified with R"~1).
Assume that ua, q, (2,4 w) = A, g (2, t;w) for (z,t) € (OB x R)N{t > z}. By Proposition [2.4]
the function o = ua, g, — ua,,q¢, solves

Oa=0 in {(z,t):|z] >1andt > z},

and a|@pxr)n{t>-} = 0 and satisfies all the conditions required to apply Lemma Thus, this
lemma yields that one also has d,a|@pxr)n{t>-3 = 0. Now, the Cauchy data of a vanishes on
the lateral boundary of the set {(z,t) : || > 1 and ¢t > z}, and Holmgren’s uniqueness theorem
applied in this set shows that « is identically zero in the relevant domain of dependence. However,
by finite speed of propagation the support of « is contained in the same domain of dependence.
Thus « is identically zero in {(z,¢) : |z| > 1 and ¢ > z}, which implies that

UAy g (T, 5 w) = Up, g (T, 1 w), (z,t) € (R" \E) x R.
The relation in Proposition gives that for any u > g and for any ¢ € C°(R™ \ B)

wtp(a + “/“) = <(¢A1,Q1 - wA2,q2)(xa o+ Z‘/~L7 LU), QP("E»R? =0 S R’

using the notation in (A.11]). A mentioned previously, w, is holomorphic in Cy \ (0, ro] and has
a continuous extension to Cy \ [0, o] so, in particular, it follows that

wy,()\) = <(¢A1,Q1 - ¢A27q2)(') )‘7"‘))’ ¢>RZ =0

for all A > 0. Thus (YA, ¢ — ¥A,,q) (s A,w) vanishes outside B for any A > 0. By the asymptotics
given in ([1.3), this implies that aa, 4, (A, 0,w) = aa, 4 (A, 0,w) for all A > 0 and § € S™~1. O

APPENDIX B. SOME RESULTS CONCERNING THE WAVE OPERATOR

The first part of this section is devoted to the proof of Propositions and In the second
part we prove Lemmas 2.7}2.9

B.1. Existence and uniqueness of solutions. Here we complete the proof of Proposition [2.3
and Proposition Let w € S™ 1. In what follows, we write 8, = w - V. We first prove the
existence and uniqueness of distributional solutions to

(B.1) (07 + Lwv)Us =0in R*"™' Us[pye1y = 0(t — 2+ w)
and
(B.2) (07 + Lwv)Uy =0in R"™ | Uylyey =H(t—2-w).

We start by proving the uniqueness. In both cases, it is reduced to prove that zero is the unique
distributional solution to the following homogenous equation

(07 + Lwyv)U =0 R"™ U |41y =0,

which is true by [H683 Theorem 23.2.7]. Let us now prove the existence of solutions. The method
we shall use is the so-called progressing wave expansion method, see for example [Sh85, Lemma 1]
and [RUI4, Theorem 1]. For any j > 0, define

i [s?, s>0,
(B-3) S+_{Q s < 0.
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Note that s§ = H(s) is the unidimensional Heaviside function at s € R. Let N € N and suppose
that the solutions to (82 + Lw . )U = 0 have the following expansion

N
(B.4) U(z,t) =a_1(x)d(t —z-w) + Zaj(x)(t —x- w)ﬂ_ + Ry (z,1).

=0

In the case of (B.I]) the coefficients (a;)}. _; and the remainder term Ry must satisfy the following
initial value conditions

Rnlic—1 =0, a_i|pwc—1=1, ajlpwc—1=0, j=0,1,...,N
and in the case of (B.2), the conditions
Ryli<-1=0, aolzw<—1=1, @jlpwc—1=0, j=-1,1,...,N.

A straightforward computation shows that the remainder term Ry must satisfy

(0} + Lw v)Ry(z,t) = =2((0. —w-W)a_1) 90(t — 7 - w)
— (200, —w-W)ap+ Lw va_1)d(t —z-w)
(B.5) =

Z G+D(0, —w- W)a]+1+vaa])(t—x~w)i

kv

(LW,V 0,]\/) (t — X~ w)i\_’

The task now is to prove the existence of the coefficients (a])év, ; and Ry, satisfying the recur-
sive identity (B.5| . with the corresponding initial value conditions. One expects getting smoother
remainder terms Ry as IN grows, or at least with better regularity than the Delta distribution and
Heaviside function. This can be achieved by killing most the non-smooth terms on the right-hand
side of . We now split the proof into two cases depending on the nature of the initial value
conditions.

First case. Existence of solutions of (B.1). Above discussion motivates choosing the recursive
formulae

(B.6) (0, —w-W)a_; =0, in R™, a_1|pwe—1 =1,

(0. —w-W)ag = _%LW,Va—l in R", ao|z.w<—1 =0,
(B.7) (0, —w-W)ags = *ﬁLW,V ag, in R™, ak+1|zwe—1 =0,
(B.8) (07 + Lw,v)Rn(z,t) = — (Lwvan) (t —z-w)y, inR" Rnlic-1 =0,

where £k =0,1,..., N — 1. By standard ODEs techniques, one can prove that if

0
Y(x) = / w- W(z + sw) ds,

— 00
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then we have in R” for k=0,1,...,N — 1:

a_i(x) = e?(®@)

1 0
ap(x) = —iew(m)/ e V) (L va_1)(z + sw) ds

— 00

1 0
= —§ew(x)/ [—AY — |VY|? +2W - Vi) + V] (2 + sw) ds,

1 0
e (#) = gy [ by an) o+ ) ds

It remains to prove the existence of solutions to . To do that, assume that
W e CmP2(R") and V € C™(R")
for some m € N large enough which will be fixed later. Note that
a1l S [[Wllgme+z,

and for j =0,1,..., N
lajllze S NWlem-20 + [V]cm-2i.
Setting
B =min{m —2N —2, N — 1},
we deduce that 8(¢,z) := (Lw,v an) (t — 2 -w)¥ belongs to C#(R"*1). We actually claim that for
every fixed ¢ > —1, the function 8B(¢, ) is supported in the following compact set of R”

{zeR": -1<z-w<t, |z — (- ww| <1}.

Indeed, by we immediately deduce that (t — x - w)f = (0 when ¢ < z-w. Moreover, by ,
we already known that ay(2) = 0 when z - w < —1. The explicit expression of ax given in (B.9|

combined with the compact support of W and V in the unit ball, imply that ax(z) = 0 when
| — (z-w)x| > 1. This proves the claim. In particular, the function  belongs to Hlilc (R; HﬁfC (R™))
with 8; > 0 (both will be fixed later) and 8; + B2 = 3. Since 9?2 + Lw v is a strictly hyperbolic
operator, [H0676, Theorems 9.3.1 and 9.3.2] ensures that there exists a unique solution Ry €

HP ™ (R; H? (R")) to (B.8) such that for any given T > —1 we have

loc loc

)

HRNHHHI‘H((fl,T];H[ﬁ (R™)) rs H(LW7V aN) (t - w)ﬁ”[_ﬂh ((—1,T);HB2 (R")) *

We claim that Ry € C?(R™*!) by suitably choosing the parameters m, N, 31, and 5. This regu-
larity is needed to apply, for instance, the Carleman estimate with boundary terms in Proposition
and the estimate in Lemma By [HG83, Theorem B.2.8/Vol III], this follows if for instance

n+3

3
B <Pr+pP2=p and - <pi,

2

and furthermore

BN llc2((—1,1xrn) S BN grosr (21,77 182 (®7))
(B.10) - N
~ H(Lw,v an) (t —z-w)y HHﬂl ((=1,T];HB2 (R™)) *

Equating the two parameters involved in the definition of 3, that is, m — 2N —2 =N — 1; we
choose m = 3N + 1, and hence f = N — 1. We distinguish two cases:

e When n is even we consider

6 3
Pl m=int10, Bi=2 Bh=1.

N =
2 2
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e When n is odd we consider
n+7 3 n+1

= — 1 1 :2 == .
2 ) m 2(n+ )+ 07 Bl ) ﬁQ 2

The desired claim is proved by combining above choices with (B.10). On the other hand, by (B.4)
and , we deduce that Us can be written as follows

Us(z,t) = e?@§(t — - w) +v(x, ) H(t — - w),

N =

where
N
v(z,t) = Zaj(x)(t —z-w), + Ry(z,t)
=0

is of class C? in the region {t > x-w}. This shows that v satisfies all the properties stated in
Proposition and hence the proof of existence and uniqueness of solutions to (B.1)) is completed.

Second case. Ezistence of solutions of . This case is quite similar to the previous one, and
hence we only give a brief explanation of the proof. Here we have a_; = 0 and according to
identity (B.5]), the function ag must satisfy in place of a_;. The remaining coefficients ay
satisfy The remainder term R satisfies the same equation as in , and thus its existence
is guaranteed by [H576, Theorems 9.3.1 and 9.3.2]. In this case, the solution Uy to has the

form

N
Ug(z,t) =u(z, ) H(t —z - w), u(x,t)= Zaj(:t)(t —z- w)ﬂr + Ry (z,1),
=0

where u is of class C? in the region {t > x-w}. Moreover, it satisfies all the desired properties
stated in Proposition |2.3

B.2. Proof of the energy lemmas. The proofs of the following lemmas are mainly based on
standard multiplier techniques. Here div,, and V,, stand respectively for the divergence and
gradient operators with respect to a set of variables m; while V is reserved for the gradient operator
with respect to the full spatial variables, that is V = V,. Let r = |z|. We define the radial and
angular derivatives as

x

0, = —

‘.’L’| ~V, ij:xjak—xkaj, j,k:172,...7n.
Note that 1

V(@) =0l +55 Y |20
i#£j

$5=1.3, . n
We also adopt the notation: o, := 0., a; := drx and . := O,
Proof of Lemma[2.9 This result is quite similar to Lemma [RS20a, Lemma 3.3]. Define
Hr ={(y,z,t): |(y,2)| > 1, T <t<T, t>z}.
The following identities will be useful in our computations
20,0 =divg (—2atVa7 ol + \Va|2) ,
2(z - Va)Oa = divy, (2(|Val* — of) — 2(z - Va)Va, 20 (z - Va)) + naj — (n — 2)|Val?.

Thanks to the domain of dependence theorem for the wave equation Oa = 0 in Hrp, see for
instance [Ev97, Section 2.4, Theorem 6], we deduce that « is compactly supported for each fixed
t. In particular, for each fixed ¢, one integral involving « on |z| > 1 is actually on M > |z| > 1 for
a large enough M > 1. This fact will be used several times throughout this proof.
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On the one hand, integrating the first identity over the region Hr N {¢t < 7} for any fixed
€ [-T,T], and combining Stoke’s theorem with the third equation in (2.20)), we obtain

0= / v(y,z,t) - (—24Va,af + |Val?) dS
d(Hrn{t<r})

(B.11) :/ (af + |Val?) dx+2/ ayay dS
Hpn{t=7} Zyn{t<r}

1
\/5 HTﬂ{t:Z}

We have used that the unit normal vectors v(y, z,t) are respectively equal to (0,0,1), %(O, 1,-1)
and —7 L (y,2,0) on the regions Hr N {t =7}, Hr N {t =2} and ¥, N {t <7}. A domain of
dependence argument shows that Hy Nsupp « is bounded and far away from the origin, thus 1/|z|
is well defined on that region. In particular, «,. is well defined on Hp N supp a.

On the other hand, note that o? +|Va|? + 200, = |[Vya|?+(Za)? and Za = 0 on HpN{t = z}.
Combining these facts with Young’s inequality applied with € > 0, we get from identity that

/ (of + [Val?) darge/ o? dS—I—e_l/ a?dS
HTﬁ{t:T} b3 o4

1
s [ V)P
HTﬂ{t Z}

(of + [Val® + 20ya.) dydz.

(B.12)

In a similar fashion, now integrating the second useful identity over Hp, we obtain

/ (202 + af — |Val?)dS = / ((n —2)|Val* — naj) dodt
2+ Hr

—2/ ay(z - Va)d x—— 2(|Val* — a?)
{|2|>1}n{t=T} Hrnft=z}

(B.13)
:/ (n—2)|Val* - nat)dxdt
Hr

—2/ ar(z - Va) dx— — 2|Vyal(y, z, 2)|*dydz,
{lz|=1}n{t=T1} Hrn{t=z}

where we used that |(y, z)| =1 on X, and o? = a2 on Hr N {t = z}.
Integrating inequality (B.12) in time from —T to T', and using the resultanting estimate into

(B.13)), we deduce

T
/ (@ +a?)dS < | ([Va(z)]* — a?) dS| +/ / (of + |Va?) dzdr
pIN PN — HTﬁ{t—T}

+f (02 + VaP)dot [ [9a(y.z ) dyds
Hrpn{t=T} Hrn{t=z}

<Z/ Q)2 dS + (1+ (2T + 1)e” )/ o?ds

<k 2y

+ (2T + 1)6/ a2dS+ (V2(T+1) + 1)/ \Vya(y, 2, 2) Pdydz.
s H

Tﬁ{t:z}
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Here we have also used (B.12) with 7 = T to bound the integral on Hy N {¢t = T'}. Choosing €
small enough, we obtain

(B.11) | arasslalipe,+ [ Vel Pdyds,
2+ HTﬂ{t:Z}
The last term on the right can be bounded using (2.21f). Indeed

/ IVyaly, 2, z)| dydz < / |Vya(y,z7z))|2dzdy
Hprn{t=z} ly|<1 1—|y|2<z<T

- / / 1V, 8()|2dzdy
ly|<1 1— |y|2<z<T

/<1 m“/ |y|2vyﬂ ‘ dyv
ly —

where we used that 8 vanishes on |y| > 1 —e. Since § is independent of z, and the tangential part
of the gradient to the unit sphere is 2V, — 0., we have

| /\

/ IVyaly, 2, 2)]*dydz < 5*1/ |(2Vy = yV2)aly, z,2)[dS < e Hlalfn s, np—sy)-
Hro{t=2) vl <1

This estimate and (B.14) implies
[ azas << (laln.) + lalfns. )
.

Let x € C1(Q). The chain rule shows that it also holds for ya in place of a, where the implicit
constant is proportional to [x[|c1g)- This finishes the proof. O

Proof of Lemma[2.7 Following the proof of [RS20a, Lemma 3.4], we shall prove the estimate

/B(IVac,tOél2 +laf*) (@, m)de < llalf ) + 1C+2W - V+V)alZa g, + lallin s, + 10vallias,)
for every 7 € (—=1,T]. Although the desired estimate is just the case 7 = T, our proof involves
Gronwall’s inequality, so we need to consider the left-hand side information when 7 is also far way

from T. Due to this, we split the energy level into two cases depending on whether or not the
intersection of ¢t = 7 with ¢t = z is inside @4. When 7 € (—1, 1], define

E(r) := / (@ 4 o2 + |Val*)(y, z, T)dzdy,
BN{z<t}

J(r) = / (02 + (Za)? + |Vyaf*) (4, 2 =)dzdy,
Bn{z<r}
and when 7 € (1,7, define
E(r):= / (@ +a? +|Val*)(y, z, 7)dzdy,
J = J](gl).
A straightforward computation shows

20¢ (0 + ) = divy (-2, Va, a? + |Val? + a?).
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For any 7 € (—1,T], integrating this identity over the region Q4 N {¢ < 7}, and using Stoke’s
theorem, we obtain

2/ a(0a+a) = / v(y, z,t) - (—QatVa, o? + |Val? + a2) ds
Q n{t<r} 2(Q+n{t<7})

= 7/ (o] + |Val* + a?) dxf2/ aray dS
Qin{t=7} Sien{t<7}

1
+ _
V2 Jo np=z}
Now using Young’s inequality with e = 1, we get for all 7 € (—1,T]

(af + |Val]® + 2a¢0. + o?) dydz.

E(T)§J+/ (a§+a2)ds+/ 2l (O+2W -V +V)a+ (1 -V —2W -V)a)|
Z+ Q+m{t§T}
§J+/ (af+a$)ds+/ |(D+2W-V+V)a|2+/ o’ +af + |Val?
24 Q+ Q+

< J+/ (@ + |Val? +a? + ai)dSJr/ (O+2W -V 4+ V)al? +/ E(t)dt.
Zy Q+ 0
Note that the implicit constant depends on ||V||p~ and |[W||pe~. It follows from the first line in

above estimate. Applying Gronwall’s inequality, we have for all 7 € (=1, T

E(r)SJ+ / (O+2W -V +V)af* + / (a* 4+ |Val* + af + a2)dS.
Q+ Xy
The proof is now complete by taking 7 =T. O

Proof of Lemma[2.8, As in the proof of [RS20a, Lemma 3.5], we first set v = e’%a. For any
€ [1,T], define the energy corresponding to t = 7 and t = z as follows

E(r):= / (0202 + 02 + |V|?)(y, 2, 7)dzdy,
B

J = / (020? + (Zv)? + |Vv|*)(y, 2, 2)dzdy.
B

For any 7 € [1,T], integrating the identity
20:(0v + 02v) = divy (=20, Vv, v? + |[Vu|* + c%0?).

over the region Q4 N {¢t < 7}, and using Stoke’s theorem, we obtain
2/ ve(Odv + o) = / v(y,z,t) - (—20,Vo, v} + Vo> + 0*0?) dS
Qin{t<r} 2(Qyn{t<t})

= —/ (vf + [Vv]* + 0*v) do — 2/ v dS
Q+n{t=7} Zyn{t<r}

1 2 2 2,2
+— v; + |Vul® + 2v0, + 0v?) dydz.
\/§ Q+ﬁ{t:Z} ( ! ! )
Using Young’s inequality with 20v;(0v) < o(0?v? + v?), we get
J§E(T)+2/ |vtvr\ds+/ 2lv; (O+2W -V +V)v+ (0% —2W -V = V)o) |
Zypn{t<r} Q+n{t<r}

SEm+2 [

|vev,.|dS +/ 2M0(04+2W -V + V)v| + a/ v+ | Vo2 + 0%0?,
p2EE Q+

Q+
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whenever 02 > 1+ ||V||ze + 2||W||z. Since J is independent of 7, integrating this estimate in 7
from 1 to T, we have

JS/ |vtvr\dS+/ [ve(0 4 2W -V + V)| +J/ v? 4 |Vo|? + o%0?.
PINE Q4+ Q

n
The right-hand side can be bounded by integral terms involving weighted versions of «, namely,
terms given by the right-hand side of (2.19)). This can be seen by using the following inequalities:

o] < e™lal,  Jo] + Vo] < e (|| + [Val +alal),
(O42W -V + V)| e ((O+2W -V + V)a| + o(|ae| + [Va|) + o?|al),
20|aq||al < o +0%a?,  20|Valla| < |[Val? + 0%a?.

Finally, we complete the proof by using the estimate below

/ 62‘””(02&2 + (Za)? + |Vya|2)(y, z,2)dzdy < J.
B
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